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Foreword 


Developments  in  Mechanics,  Volume  6,  represents  the  Proceedings  of 
the  Twelfth  Midwestern  Mechanics  Conference  held  at  the  University  of 
Notre  Dome,  Notre  Dome,  Indiana,  August  16-18,  1971.  Publication  of 
the  proceedings  is  tangible  evidence  of  the  new  and  significant  research 
contributions  being  made  by  the  workers  in  all  areas  of  applied  mechanics 
and  related  fields. 

Over  one  hundred  and  forty  significant  papers  were  submitted  for  the 
conference.  The  Editorial  Committee  worked  toward  the  traditional  goal 
of  excellence  in  its  final  selection  of  papers  as  well  as  endeavoring  to 
present  a  balanced  nrogram  in  a  number  of  different  areas  of  mechanics. 
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Metal  Deformation  Processing  from  the 
Viewpoint  of  Solid  Mechanics 


DANIEL  C.  DRUCKER 

UNIVERSITY  OF  IUINOIS.  URIANA 


ABSTRACT 

Deformation  processing  design  requires  the  selection  of  both  the  material  and 
the  deformation  process  io  produce  a  given  shape  of  part  with  given  properties  in 
specified  regions.  Although  solid  mechanics  has  much  to  offer  the  designer,  it 
must  be  admitted  that  at  present  the  solution  is  much  more  of  an  art  than  a  sci¬ 
ence  for  <he  common  alloys  and  is  little  of  either  for  the  esoteric  metals.  Some 
of  the  reasons  for  both  the  difficulties  and  the  successes  are  explored. 

The  appropriateness  of  the  perfectly  plastic  idea’ization  is  examined  and  refer¬ 
ence  is  made  to  theorems  for  viscous  behavior  and  to  earlier  work  on  metal  cut¬ 
ting  and  Ekstein's  paradox  of  the  1940s.  The  explanation  of  the  paradox  is  re¬ 
peated  and  the  argument  for  perfectly  plastic  behavior  restated  in  both  mathe¬ 
matical  and  physical  terms.  Only  rarely,  however,  even  in  high  rate  deforma¬ 
tion  processing  would  the  conclusion  that  perfect  plasticity  represents  physical 
reality  for  continuous  metal  cutting  be  transferable  to  metal  working. 


INTRODUCTION 


The  paper  I  should  like  to  write  would  be  specific  and  incisive  in  its  use  of  fun¬ 
damental  concepts,  addressed  directly  to  the  problems  of  practice.  It  would 
start  with  the  need  to  produce  a  given  part  with  given  properties,  such  as  duc¬ 
tility  and  strength,  at  specified  points  and  in  specified  directions.  Then  it  would 
tell  you  explicitly  how  to  select  both  the  material  and  the  deformation  process: 
rolling,  drawing,  spinning,  extrusion,  forging,.  .  .,  to  achieve  the  clearly 
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stated  objectives  at  a  price  you  could  afford  to  pay. 

For  reasons  which  will  become  more  and  more  obvious  as  1  proceed,  and  which 
have  nothing  to  do  with  shortage  of  time  and  space,  I  shall  disappoint  you.  Basic 
knowledge  is  so  far  from  complete,  that  metal  deformation  processing  is  mainly 
an  art,  or  perhaps  black  magic,  at  which  some  do  well  and  some  do  poorly  when 
asked  to  produce  new  shapes  of  new  material.  So  we  must  retreat  reluctantly 
from  the  grand  goal  of  a  combined  systems  approach  to  the  design  of  the  materi¬ 
al  and  the  design  of  the  process  with  the  aid  of  mechanics  of  solids.  We  ask  in¬ 
stead  what  our  understanding  of  mechanics  can  do  to  help  us  achieve  an  under¬ 
standing  of  metal  deformation  processing. 

Deforming  metal,  rather  than  removing  it  to  achieve  a  given  shape,  enables  us 
to  do  more  than  just  save  material  (an  objective  which  is  not  to  be  confused  with 
saving  money).  The  appropriate  process  can  produce  desired  surface  and  sub¬ 
surface  properties  through  microstructural  alignment  of  strong  elements  and  of 
defects,  and  through  the  residual  stress  pattern  induced.  Unfortunately,  an  in¬ 
appropriate  process  can  produce  severe  additional  flaws,  and  result  in  a  part 
without  adequate  integrity  prior  to  the  application  of  load.  Not  nearly  enough  is 
known  about  how  to  characterize  and  how  to  handle  even  the  moderately  difficult 
to  deform  metals  and  alloys.  Some  conclusions  after  five  years  of  study  and  dis¬ 
cussion  by  an  Ad  Hoc  Committee  on  Metalworking  Processes  and  Equipment  of 
the  Materials  Advisory  Board,  chaired  by  Professor  W.  Rostoker,  are  summa¬ 
rized  in  the  Final  Report.  [  1] 

EXAMPLES  OF  DIFFICULTIES 


The  variety  of  problems  encountered  is  fascinating.  Rolling,  Fig.  1  (from  Alex¬ 
ander  and  Brewer  [  2]),  can  result  in  a  long  or  loose  edge,  a  cracked  edge,  a 
tight  edge  or  loose  center,  or  a  herringbone  pattern  of  inclined  buckles  instead  of 
the  desired  flat  shape.  There  is  no  need  to  call  upon  sophisticated  theory  or  un¬ 
usual  production  control  to  identify  the  cause  and  the  method  of  correction  for 
the  loose  edge  or  loose  center  condition.  Longitudinal  extension  at  the  edge  is 
increased  or  decreased  by  increasing  or  decreasing  the  pull-down  force  at  the 
edge.  The  greater  the  force  the  looser  the  edge,  the  less  the  force  the  looser 
the  center.  Herringbone  is  something  else.  It  might  be  caused  by  a  periodic 
variation  of  roll  force  but  just  how  is  not  clear  and  the  corrective  procedure  is 
by  no  means  obvious.  It  is,  I  believe,  still  one  of  the  unsolved  problems  of  rol¬ 
ling  practice. 

Wire  drawing  or  extrusion,  Fig.  1,.  can  avoid  surface  or  interior  cracking  and 
produce  a  surface  of  high  quality  but  doesn't  always.  Designing  the  die  of  a  com¬ 
plex  forging  to  fill  without  folds,:  tears,  or  cracks.  Fig,  2  (from  Dieter  [3]), 
is  not  a  simple  exercise  in  the  absence  of  almost  identical  earlier  experience. 

IDEALIZATION  AS  VISCOUS  OR  PLASTIC 


As  a  consequence  of  the  myriad  of  difficulties,  almost  all  books,;  papers,  and  re¬ 
ports  start  with  assumptions  which  avoid  the  worst  of  the  problems  of  the  real 
world.  They  and  1  begin  with  the  consideration  of  an  infinitely  ductile  material 
to  avoid  temporarily  the  often  over-riding  limitations  imposed  by  ductile  or 
quasi-brittle  fracture.  Fortunately  for  the  research  worker  in  solid  mechanics 
there  are  many  fundamental  questions  of  great  interest  quite  apart  from  frac¬ 
ture,  Also  the  picture  of  continuous  ductile  flow  permits  some  estimate  of  the 
probability  of  fracture.  Insight  gained  can  help  the  practitioner  to  avoid  frac¬ 
ture  and  other  undesirable  results. 
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Defect!  in  rolling: 

<a)  'Edge  cracking' 
(b)  'Alligaioring' 


Surface  defects  in  drawing  and  extrusion 


Fig.  I  p  428  Alexander  &  Brewer  [2] 


Typical  forging  defect*  (a)  Crai  king  at  the  flaah,  {b)  cold  shut  or  fold,; 
(r>  internal  (racking  due  to  secondary  tcnailc  atrciwca 


Fig.  2 


From  Dieter  [  3] 


Hot  and  cold  deformation  processing  then  are  treated  together,  altbou,  hot 
metal  is  dominantly  viscous  while  the  cold  is  primarily  elaatic-plastj  -g.  3 
shows  the  r-tnse  of  the  close  equivalence  for  the  relevant  ranges  of  int. 

Certainly  a  time-dependent  viscous  material  is  a  very  different  idealization  from 
a  time-independent  elastic-plastic  idealization.  When  the  inelastic  strain  grows 
but  the  strain  rate  drops  to  a  low  value,  the  viscous  material  is  at  close  to  zero 
maximum  shear  stress  while  the  plastic  material  is  at  a  high  shear  stress. 
However,  in  most  deformation  processing,  interest  tends  to  be  focussed  on  re¬ 
gions  in  which  shear  strain  rates  are  high  and,  on  some  scale  of  dimension, 
span  no  more  than  a  decade  or  two.  The  maximum  shear  stress  tqv  at  a 
typ:cal  shear  strain  rate  y0  then  is  reasonably  close  to  the  value  of  the 
maximum  shear  stress  in  most  of  the  region  of  importance.  Similarly,  for  a 
work-hardening  material,  the  maximum  shear  stress  tJ*  ,  at  a  typcial  high 
shear  strain  y0  is  representative  of  the  shear  stress  at  most  points  in  the  de¬ 
forming  regions.  When  force  and  stress  calculations  are  made,  both  the  strong¬ 
ly  non-linear  viscous  behavior  and  the  work-hardening  behavior  can  be  idealized 
to  a  fair  first  approximation  as  perfectly  plastic  with  an  appropriate  yield  stress 
t0  .  Such  simplicity  is  gained  at  the  sacrifice  of  much  of  the  determinacy  or 
uniqueness  of  strain  and  displacement. 


Fig.  3  Highly  Non-linear  Viscous  Behavior 
Like  Perfectly  Plastic 

AN  ASIDE  ON  METAL  CUTTING  AND  EKSTEIN'S  PARADOX  -  THE  VALIDITY 
OF  THE  PERFECTLY  PLASTIC  IDEALIZATION  AT  HIGH  RATES  OF  STRAIN 


Almost  all  metals  do  exhibit  a  gradual  work-hardening  in  quasi-static  simple 
shear  from  an  initial  yield  stress  to  a  considerably  higher  value  at  large  strain. 
Annealed  metal.i  in  particular  may  harden  enormously  with  strain.  Yet  it  turns 
out  that  at  the  high  rates  of  strain  in  continuous  chip,  orthogonal,  metal  cutting, 
(the  standard  case  examined  by  Piispannen  [4]  and  by  Ernst  and  Merchant  [5], 
the  shear  stress  on  the  shear  plane  is  at  or  above  the  highest  values  observed  in 
quasi- static  testing;  the  perfectly  plastic  idealization  is  the  real  behavior  to  an 
excellent  approximation  [6]. 

The  paradox  was  identified  by  H.  Ekstein  in  a  sharp  and  clear  form  in  a  1945 
Armour  Research  Foundation  report  to  Shell  Oil  Company.  As  indicated  by  Fig. 
4,  the  chip  undergoes  very  large  strain  in  a  very  short  distance  (close  to  zero  on 
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the  scale  of  the  drawing).  A  free- body  sketch  of  the  shear  zone  region  and  coi- 
responding  momentum  balance  leads  to  the  rigorous  result  that  tc  •  tw,  the 
difference  in  average  shear  stress  on  planes  parallel  to  the  shear  plane  from  the 
essentially  undeformed  workpiece  to  the  tremendously  hardened  chip,  Is  well  be¬ 
low  2 pvw*  where  p  is  the  mass  density  of  the  matenal.  At  an  extremely 
high  cutting  speed  of  SO  ft/sec.  therefore,  the  average  shear  stress  could  in¬ 
crease  by  far  less  than  500  psi,  an  insignificant  number  in  terms  of  the  static 
work-hardening  curve  for  structural  metals  and  the  very  high  shear  stress  on 
the  shear  plane  in  metal  cut+ing. 


Fig.  4  Ekstein's  Paradox  (Enormous  Shear  Strain  Occurs  in  the  Traverse 
I  a  Thin  Region  of  Constant  Shear  Force) 

Requires  Perfect  Plasticity 

There  is  no  escape  from  the  conclusion  that  despite  the  enormou*  trains  and 
corresponding  hardening  which  takes  place,  the  shear  stress  re  nains  essen¬ 
tially  constant  throughout  the  zone  of  deformation.  An  alternat ;  and  fully 
equivalent  statement  is  that  the  metal  behaves  as  though  it  wer  perfectly  plas- 
i  c, 

Lynamic  or  rate  effects  do  provide  the  qualitative  explanation  for  this  paradox 
and  do  account  as  well  for  the  elevation  of  the  shear  stress  level  far  above  the 
static  values  [6],  At  the  tremendous  rates  of  strain  (in  excess  of  10®/sec),  the 
process  of  generating  and  of  moving  dislocations  in  sufficient  number  over  suf¬ 
ficient  distances  to  produce  shear  strains  of  order  unity  throughout  the  volume 
of  the  chip  is  far  more  difficult  than  in  a  quasi- static  deformation.  Dislocations 
generated  or  initially  present  in  the  workpiece  have  no  time  to  move  enough  to 
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give  visible  plastic  deformation  before  the  metal  enters  the  shear  .one. 

Metal  cutting  and  metalworking  are  very  different  kinds  of  processes  but  some 
deformation  processes  do  show  local  similarity  to  the  pattern  of  deformation  in 
orthogonal  continuous  chip  metal  cutting.  However,  in  most  instances  the  di¬ 
mensions  over  which  the  deformation  takes  place  are  much  larger,  while  the 
strains  and  str.  -ate*  are  much  smaller.  Consequently  a  cam  plastometer  i  a 
a  suitable  instrument  for  the  determination  of  flow  strengths,  and  the  metal's 
behavior  is  far  closer  to  the  quasi- static  than  to  the  high  stress  level,  perfectly 
plastic,  response  in  metal  cutting.  The  argument  for  the  use  of  perfect  plastic¬ 
ity  theory  then  rests  more  on  convenience  and  mathematical  approxima  .on  Fig. 
3,  than  on  physical  grounds.  One  conclusion  which  does  carry  over,  however, 
is  that  the  inertia  or  momentum  terms  are  almost  always  of  negligible  magni¬ 
tude  in  comparision  with  the  shear  stresses  associated  with  plastic  deformation. 
Quasi-static  solutions  generally  are  satisfactory  for  the  determination  of  stress 
fields. 


PLASTIC  LIMIT  THEOREMS  AND  ALLIED  EXTREMUM  THEOREMS 


In  the  sense  described  earlier  it  is  permissible  to  employ  either  the  limit  theo¬ 
rems  of  perfect  plasticity  or  the  analogous  extremum  theorems  of  non-linear 
viscosity  as  one  prefers  in  metalworking  calculations. 


The  plastic  limit  theorems  ot  Drucker,  Greenberg. 


and  Prager  [  7]  state: 

£ 


Lower  Bound  Theorem  -  If  an  equilibrium  distribution  of  stress  Oj:  exists 
which  satisfies  the  boundary  conditions  on  surface  traction  (T^  on  At)  and  is 
everywhere  below  yield  Ffajj  )  <k?  the  body  will  not  collapse  (continue  to  de  . 
form  plastically  at  the  given  loads). 


Upper  Bound  Theorem  -  The  body  will  collapse  (or  the  deformation  ^rpcess  will 
place)  if  there  is  any  compatible  pattern  of  plastic  deformation  Cjj  ,  u[ 

(u,  =  o  on  Au  )  for  which  the  rate  at  which  the  external  forces  do  work  equals 
or  exceeds  the  rate  of  internal  dissipation, 


dA  +  f 
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The  corresponding  upper  and  lower  bounds  for  a  non-linear  viscous  body  [8], 

[9]  arc  not  quite  as  convenient  but  are  simple  enough  for  a  power-term  material, 
€jj  =  3cp  /(h’jj  ,  cp  homogeneous  of  iegree  n  in  stress.  As  n  approaches  in¬ 
finity,  Fig.  3,  the  non-linear  viscou  i  theorems  become  indistinguishable  from 
the  limit  theorems. 


Either  set  of  theorems,  just  like  the  extremum  theorems  of  elasticity  (minimum 
potential  energy  and  minimum  complementary  energy)  are  global  theorems  in 
essence.  They  give  total  energy  or  energy  dissipation,  or  deflection  under  a 
load,  or  a  force  applied  to  a  collapsing  or  flowing  body.  The  theorems  are  pow¬ 
erful  and  useful  in  one,:  two  and  three  dimensional  problems  precisely  because 
they  are  not  much  influenced  by  the  crudity  of  the  chosen  local  strain- rate  pat¬ 
tern  or  h,  a  moderate  lack  of  homogeneity  (say  ±  20%  from  average)  of  mate¬ 
rial  yield  strength.  Consequently,  they  permit  remarkably  accurate  calculation 
of  the  iorces  needed  or  present  in  a  deformation  process.  Consequently  also, 
they  do  not  permit  close  calculation  of  the  strain- rate  distribution  in  the  process, 
the  resulting  deviations  of  final  strains  from  the  average  and  the  residual  stress 
pattern. 
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FRICTION  AND  LUBRICATION 

Frictional  boundary  condition*  are  likely  to  be  troublesome  in  all  branches  of 
mechanics  of  solids  (elasticity,  viscoelasticity,  plasticity,  .  .  . )  whenever  the 
forces  taken  by  the  frictional  supporting  surface  cannot  be  computed  fr<  -n  rigid 
body  statics  or  dynamics  alone.  Coulomb  friction  leads  to  irreversibimv  and 
path  dependence  in  an  otherwise  elastic  and  therefore  path  -'ndependent  problem. 
The  difficulty  is  typified  by  a  pair  of  supports.  Fig.  5,  which  can  exert  an  unde¬ 
termined  set  of  distributed  normal  forces  N,  N1  and  a  wide  variety  of  associ¬ 
ated  frictional  force*  over  and  above  the  force  distribution  for  any  assumed  ide¬ 
alised  situation  of  zero  initial  force  and  zero  initial  clearance  before  load  is  ap¬ 
plied.  The  distribution  of  surface  tractions  is  not  determined  uniquely  by  the 
current  value  of  the  laod  P.  The  situation  is  somewhat  analogous  to  the  inde¬ 
terminacy  produced  by  the  possibility  of  initial  stress  in  an  conventional  bounda¬ 
ry  value  problem  of  elasticity  or  plasticity,  but  is  made  worse  by  the  fact  that, 
for  Coulomb  friction,  an  inequality  rsucjjq  governs  instead  of  an  equality. 
Correspondingly,  although  initial  stresses  are  wiped  out  in  the  deforming  re¬ 
gions  of  a  perfectly  plastic  body,  any  frictional  indeterminacy  most  often  will  re¬ 
main.  Except  for  the  special  conditions  of  zero  friction  or  complete  attachment; 
the  usual  extremum  theorems  of  elasticity  and  the  limit  theorems  of  plasticity 
are  not  generally  applicable  to  frictional  systems.  Theorems  wh  ch  are  appli¬ 
cable  may  lead  to  bounds  which  are  quite  far  apart  [  10]. 


Fig.  5  Coulomb  Friction  Indeterminacy 


As  a  consequence,  the  effect  of  adding  or  changing  lubrication  in  drawing,,  ex¬ 
trusion,  or  rolling  is  not  precisely  predictable  at  best.  This  carries  no  impli¬ 
cation  that  appreciable  friction  is  undesirable.  It  is  in  fact  essential  for  the 
success  of  some  of  the  metalworking  techniques. 

SOLUTIONS  FOR  LOCAL  REGIONS  AND  THEIR  RELEVANCE 

The  serious  limitation  imposed  by  the  frictional  uncertainty  and  the  restrictive 
global  nature  of  the  information  obtained  from  the  plastic  limit  theorems  or 
other  extremum  theorems  can  be  removed  in  part  for  two  dimensional  problems 
by  obtaining  more  complete  solutions  to  the  problems  based  upon  the  appropriate 
idealizations  of  the  material.  Plane  strain,,  slip  line,,  fields  are  e  uployed  which 
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take  frictional  clipping  boundary  condition*  for  the  deforming  region  into  account 
as  in  Fig,  (6),  [11].  Completeness  a*  well  a*  uniqueness  of  solution,  however, 
may  be  suspect  in  more  complex  situations  with  incomplete  knowledge  of  bounda¬ 
ry  tractions.  More  important,  however,  the  closeness  of  the  idealization  to  the 
real  material  becomes  far  more  crucial  than  for  the  computation  of  overall 
force. 


S!i|>  lino  field  ami  plastic  region  for 
drau  ing  through  •  rough  wedge  shaped  die  gi\  mg 
a  moderate  reduction  m  thickness. 


Fig.  6  Hill  [11]  p  173 


Fig.  7  gives  an  over-simplified  illustration  of  how  sensitive  the  displacement 
field  for  the  perfectly  plastic  idealization  can  be  to  a  moderate  inhomogeneity, 
whether  pre-existing  or  resulting  from  deformation.  Also,  localization  of  strain 
along  slip  surfaces  is  typical  in  both  the  approximate  upper  bound  computations 
of  plastic  limit  theory  and  the  solutions  for  plane  strain  problems.  As  in  metal 
cutting.  Fig.  4,  when  perfectly  plastic  material  flows  through  these  surfaces  of 
discontinuity  the  strain  is  discontinuous  but  the  displacements  are  continuous. 
When  the  flow  is  purely  tangential,  the  displacement  itself  can  be  discontinuous. 
As  discussed  earlier,  neither  viscous  behavior  nor  work-hardening  would  permit 
either  the  strong  or  the  weaker  form  of  discontinuity,  because  the  mass-acceler¬ 
ation  forces  are  too  low  to  permit  large  changes  of  shear  stress  over  short  dis¬ 
tances.  Nevertheless,  a  discontinuity  in  strain  or  strain  rate  may  be  a  fair  ap¬ 
proximation  to  the  real  answer. 

I  I  i 


Fig.  7  A  Variety  of  Modes  of  Deformation  Frictionless 

Punch  Inhomogeneous  Half  Space 
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Our  choice  of  the  technique  of  solution  tend*  to  h'a*  our  description  of  the  pro¬ 
blem.  We  speak,  for  example,  of  the  undesirabi  .*y  of  redundant  work  in  a  de¬ 
formation  process  and  look  at  the  efficiency  of  tt  e  process.  Die  designs  for  an 
ideal  process  have  been  given  by  Richmond  [  17]  and  by  Hill.  Yet  we  do  not  re¬ 
ally  care  a  bo  ut  the  extra  work  nearly  so  much  as  about  the  large  local  strains 
often  associated  with  inhomogeneity  of  strain  in  the  final  product.  The  two  are 
not  unrelated  because  strain  inhomogeneity  in  rolling,  drawing,  extruding,  etc. 
implies  redundant  work,  while  zero  redundant  work  requires  homogeneity  of 
strain  in  the  process.  However,  minimization  of  the  maximum  strain  would 
seem  a  more  desirable  goal  than  minimization  of  work  when  strain  homogeneity 
is  not  possible.  Of  course,  a  meaningful  evaluation  of  the  situation  demands  far 
more  than  a  look  at  strain  alone.  The  state  of  stress  under  which  the  strain 
takes  place  is  of  critical  importance.  Inelastic  strains  in  metals  are  shear 
strains,  so  that  the  presence  of  hydrostatic  tension  in  regions  of  large  strain  is 
especially  troublesome.  Yet  the  maximum  tensile  stress  itself  also  is  signifi¬ 
cant  because  the  cracking  of  inclusion*  and  the  opening  of  the  .cracks  depends  far 
more  upon  the  uniaxial  value  than  the  mean  or  triaxial.  All  of  these  vitally  im¬ 
portant  fine  details  are  not  likely  to  be  given  well  by  any  of  the  drastic  idealiza¬ 
tions  of  the  material  which  we  use  in  order  to  obtain  solutions  and  which  in  fact 
do  represent  reasonably  well  the  gross  common  behavior  of  a  wide  variety  of 
metals  and  alloys.  Experiments  or  tests  on  model  materials  are  subject  to  the 
same  blurring  of  the  details  of  the  deformation. 

There  is,  Fig.  8,  a  remarkable  similarity  in  the  gross  features  of  the  deforma¬ 
tion  patterns  for  the  extrusion  of  water,  oil,  non-linear  viscous  fluids,  hot  met¬ 
als,  and  ductile  cold  metals  and  alloys  with  and  without  lubrication.  Extrusion 
under  high  hydrostatic  pressure  of  a  material  which  exhibits  low  ductility  under 
normal  conditions  also  leads  to  the  same  patterns.  Pictures  provided  by  Thom¬ 
sen,  Kobayashi,  Yang  [13]  and  their  colleagues  are  very  informative  as  are 
those  given  by  a  number  of  others  including  Johnson,  Kudo,  Mellor  [14],  [  1 5 ] 
and  their  associates.  Closer  examination  of  the  details  of  the  deformation  of  a 
square  grid  shows  up  cusps  or  their  absence,  strong  boundary  layers  of  high 
shear,  and  opening  of  voids  and  cracks  on  the  microscale. 

Temperature  increases  due  to  the  conversion  of  plastic  and  frictional  work  to 
heat  can  be  significantly  large  and  lead  to  strong  localization  of  the  flow  field 
(adiabatic  shear).  Many  of  the  macroscopic  and  microscopic  properties  of  the 
material  can  have  an  important  influence  on  the  local  picture,  which  in  turn  can 
drastically  alter  the  properties. 

The  suggestion  here  is  that  model  tests  or  theory  can  provide  the  appropriate  in¬ 
put  and  boundary  conditions  to  obtain  the  relevant,  highly  local,;  pieces  of  the 
sole  .ion  in  sufficient  detail.  Just  how  this  can  be  done  is  an  open  question  at 
present,  extremely  difficult  but  well  worth  exploring. 

Yet,  even  in  the  absence  of  local  solutions  to  provide  this  detailed  quantitative 
information,  our  assumption  of  unlimited  ductility  does  permit  us  to  obtain  in¬ 
sight  into  the  problems  of  fracture  control  or  avoidance  during  and  after  the  pro¬ 
cessing.  With  reasonable  ductility,,  control  of  the  stress  and  strain  pattern 
through  thoughtful  die  design  can  avoid  many  of  the  serious  problems.  A  rough 
indication  of  local  stress  and  strain  levels  in  a  region  permits  some  estimate  of 
the  likelihood  of  the  cracking  of  inclusions,  opening  of  voids,  and  coalescing  of 
voids  to  produce  fracture.  Studies  by  Gurland  and  Plateau  [  16],  Coffin  and 
Rogers  [17],  and  McClintock  [18]  are  highly  instructive.  Brittle  behavior  in 
tension  following  large  precompression  strain  also  can  be  avoided  or  at  least 
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understood  [19]. 


•  potential 
■  UP^CNBOONO 


Campari***  #f  Hi*  §rW  distortion 


Fig.-  8  Shabaik  &  Thomsen  [24] 


A  more  incisive  understanding  does  require  the  development  of  both  analytical 
and  experimental  techniques  for  the  determination  of  the  local  stress  and  strain 
fields  and  their  effect  in  a  manner  adequately  sensitivt  to  the  real  properties  of 
the  material  undergoing  processing.  Along  with  this  much  more  incisive  look  at 
the  details  from  the  viewpoint  of  mechanics  of  solids  must  go  the  experimental 
study  of  the  ability  of  metals  and  alloys  'o  undergo  the  required  history  of  stress 
and  strain  and  emerge  with  the  properties  desired  in  the  part  which  is  produced 
Neither  aspect  is  well-understood  at  present.  Eventually,  of  course,  the  me¬ 
chanics  and  the  materials  study  must  be  combined  to  permit  design  of  the  pro¬ 
cess  to  produce  the  end  product  needed. 

Superplasticity  has  been  seized  upon  by  many  as  the  magic  key  to  fracture-free 
deformation.  However,  superplasticity  at  any  given  temperature,-  as  Backofen 
[20]  has  pointed  out  so  clearly,,  is  a  manifestation  of  a  relatively  low  stress 
range  of  linear  viscous  behavior  or  its  close  approximation  and  the  consequent 
absence  of  necking  in  simple  tension.  The  linearity  of  viscous  behavior  also 
permits  the  blowing  of  bubbles  and  the  forming  of  intricate  shapes  without  local 
thinning.  In  drawing,  extrusion,  and  forging,-  the  linearly  viscous  material  in 
contrast  to  “le  non-linear  viscous  or  the  plastic  will  tend  to  have  smoother 
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strain  gradients.  However,  as  demonstrated  in  Fig.  8,  the  overall  pattern  for 
the  constrained  deformations  of  drawing  and  extruding  is  remarkably  indepen¬ 
dent  of  this  important  characterization  of  the  material  and  is  less  crucial  to  the 
success  of  the  formation  of  the  part  than  in  tensile  deformation.  Also  the  strain 
rates  at  which  superplastic  behavior  is  observed  tend  to  be  rather  too  low  for 
practical  deformation  processing. 

SOME  PROPERTIES  OF  HIGHLY  DEFORMED  METALS  ON  THE  MICROSCALE 
AND  MACROSCALE 


It  is  well  known  that  sheared  edges  or  punched  holes  in  structural  steel  plate  arc 
superb  initiators  cf  brittle  fracture.  The  damageo  material  in  the  neighborhood 
of  the  sheared  zone  must  be  removed  in  any  region  of  appreciable  stress,  or  the 
properties  of  the  steel  must  be  restored  through  some  appropriate  thermome- 
•  inical  treatment.  Such  traumatic  straining  of  any  metal  or  alloy  is  to  be 
avoided  whenever  possible  because  of  the  microstructural  damage  produced, 
which  along  with  severe  work-hardening  drastically  reduces  the  effective  duc¬ 
tility.  Yet,  the  narrow  shear  zones  characteristic  of  drawing,  extruding, shear 
spinning,  and  forging  do  bear  a  remarkable  resemblance  to  the  region  of  a 
sheared  edge.  Cracking  of  brittle  inclusions,  decoherence  of  inclusions  and 
matrix,  opening  of  voids  and  cracks  pose  similar  dangers  in  these  processes. 

The  one  great  difference,  the  essence  of  the  success  achieved,  lies  in  the  high 
compressive  stresses  induced  by  the  dies  or  tools  in  the  regions  of  high  strain 
increments.  A  material,  perfectly  homogeneous  on  the  microscale  would  have 
no  tendency  to  separate  under  shear  if  the  mean  or  hydrostatic  compressive 
stress  exceeded  the  yield  stress  in  shear.  The  presence  of  spherical  inclusions 
would  increase  the  hydrostatic  pressure  needed  by  a  small  amount  only,  but 
polycrystalline  metals  with  needle-like  or  plate-like  inclusions  can  require  much 
more.  Difficult  to  deform  metals  need  a  high  superposed  pressure  over  and 
above  that  induced  in  the  standard  process  because  they  have  a  very  high  yield 
stress  in  shear  or  they  have  a  messy  microstructure  or  both. 

If  a  metal  or  alloy  is  ductile  on  the  microscale,  it  will  be  ductile  on  the  macro¬ 
scale  if  there  is  only  moderate  localization  of  plastic  deformation  over  distances 
comparable  with  the  relevant  microstructural  dimensions.  Both  the  localization 
in  the  solution  at  the  continuum  level  which  ignores  the  microslructure  and  the 
localization  on  the  microscopic  level  are  important,  with  the  conventional  me¬ 
chanics  solution  providing  the  controlling  environment  for  the  microscale.  Void 
coalescence  [21]  in  a  thin  layer  transverse  to  applied  tensile  stress  results  in  a 
separation  fracture  ■  'pparent  negligible  ductility,  despite  an  infinuely  ductile 
matrix.  Therefore,  the  possibi  ity  of  pre-existing  cracks  and  voids  must  be 
allowed  for  in  the  thought  process,,  along  with  those  cracks  and  voids  which  form 
as  a  result  of  the  deformation.  Void  coalescence  in  a  fully  ductile  matrix  can 
lead  to  separation  or  ductile  fractui  o  under  far  less  severe  conditions  and  at  a 
much  earlier  stage  when  inclusior  are  not  bonded  to  the  matrix  than  when  the 
bond  is  perfect.  No  macroscopic  '.ensile  stress  need  ie  applied  across  the  sur¬ 
face  of  separation,  however.  Voids  which  a  -e  closely  spaced  compared  with 
their  diameter  can  be  initiated  and  ioin  up  in  a  zone  of  simple  shear  winch  is 
locally  distorted  by  inclusions  and  other  inhomogeneities.  The  entire  thermo- 
mechanicul  treatment  prior  o  and  during  the  metal  deformation  process  must  be 
considered  very  carefully  if  ihe  bond  strength  between  inclusion  and  matrix  is 
not  to  be  taken  as  close  to  zero. 

Lateral  compression  orients  defects  as  well  as  strengthening  elements  nicely 
for  subsequent  longitudinal  tension.  Rolled  sheets  or  plates,,  drawn  wires,  ex- 
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truded  bars  and  tubes,  and  the  surface  regions  of  forgings  properly  made,  do 
have  this  desirable  fibrous  or  sheetlike  texture.  Their  tensile  properties  in  the 
perpendicular  direction,  however,  are  likely  to  be  poor.  Should  this  through* 
the-thickness  tensile  strength  or  ductility  be  needed,  as  it  may  for  certain  forms 
of  attachments,  the  result  may  be  disappointing  or  worse.  Moderately  large 
compressive  pre-strain  of  the  order  of  10  or  20%  is  not  especially  deleterious 
in  this  respect  but  much  larger  strains  perpendicular  to  the  surface  are  common 
in  metalworking.  ,'Jligatoring  in  rolling.  Fig.  1,  provides  a  good  example  of 
layer  separation.  As  is  known  from  the  studies  with  Mylonas  and  our  co-work  - 
ers,  for  common  structural  steels,  compressive  prestrains  of  the  order  of  50 
or  60%  at  room  temperature  and  half  that  amount  at  the  blue  brittle  temperature 
will  lead  to  an  extremely  low  ductility  fracture  in  subsequent  tension.  When 
there  is  a  macroscopic  strain  concentration,  a  quasi-brittle  fracture  will  occur 
well  down  in  the  nominal  elastic  range.  Spall  resistance  for  shock  waves  tra¬ 
versing  the  thickness  is  likely  to  be  low. 

THE  FREE  SURFACE  PROBLEM  AND  INCREMENTAL  FORGING 

The  indeterminacy  induced  by  frictional  effects  at  boundaries  occurs  in  forging 
as  well  as  in  drawing  and  extrusion.  In  addition  the  freedom  of  the  metal  to 
choose  its  deformed  shape  may  conflict  with  the  desire  of  the  designer  and  man¬ 
ufacturer  to  produce  a  given  shape.  As  mentioned  previously  and  illustrated 
somewhat  by  Fig.  7,  free  boundary  problems  are  always  troublesome  in  me¬ 
chanics.  They  are  especially  so  far  the  perfectly  plastic  idealization  with  its 
inherent  lack  of  uniqueness  of  strain  and  displacement  and  the  consequent  great 
sensitivity  to  small  variations  in  properties  from  point  to  point  of  the  material. 

Incremental  forging  appears  to  be  a  promising  technique  to  overcome  the  pro¬ 
blems  of  properly  filling  a  closed  die  forging  and  eliminating  the  difficult  design 
and  expensive  construction  of  conventional  dies  for  open  or  closed  die  forging. 
Incremental  forging  was  recommend  in  the  MAB  report  [1]  as  the  analog  of 
machining.  Instead  of  being  removed,  metal  would  be  pushed  from  region  to 
region  with  a  simple  sturdy  tool  like  a  punch  or  roll.  A  primitive  version  of 
this  technique  is  employed  in  the  first  stage  of  production  which  transforms  a 
steel  ingot  into  a  rectangular,  square,  or  circular  billet.  Experience  and  ex¬ 
perimentation  are  relied  upon  to  determine  the  transverse  and  lo  igitudinal 
changes  in  dimension  due  to  lateral  pressing  or  forging.  The  e'ementary  and 
typical  free  surface  mechanics  problem  of  a  rectangular  bar  pressed  between 
two  equal  and  opposite  platens  on  a  portion  of  two  of  its  surfaces  with  rather 
indeterminate  friction  conditions  for  the  platen  faces  is  far  from  simple.  Wist- 
reich  at  BISRA  [22]  developed  useable  empirical  relations  only  after  an  exten¬ 
sive  series  of  tests. 

Despite  the  apparent  analog  to  the  process  of  metal  removal  by  machining,,  a 
single  tool  or  a  single  pair  of  tools  is  unlikely  to  have  the  capability  of  creating 
a  given  desired  shape  of  three-dimensional  character.  The  freedom  of  the  me¬ 
tal  to  choose  its  path  of  deformation  may  well  be  incompatible  in  general  with  an 
arbitrarily  chosen  shape.  In  mathematical  terms,  no  solution  may  exist.  Em¬ 
pirically,  Schey  and  his  co-workers  [23]  have  abandoned  the  attempt  and  gone 
over  to  a  double  pair  of  tools  for  a  practical  example  of  reasonable  but  not  ex¬ 
treme  complexity.  It  is  not  obvious  in  principle  that  this  degree  of  constraint 
will  be  sufficient  for  a  more  general  situation.  Here  then  is  another  of  the  yet 
to  be  answered  problems  of  mechanics  of  solids  as  applied  to  metal  deformation 
processing.  The  solution  for  the  degree  of  constraint  needed  to  produce  any  de¬ 
sired  change  in  shape  obviously  requires  as  a  first  step  the  ability  to  predict 
with  moderate  accuracy  the  change  in  shape  of  a  three-dimensional  body  pro- 
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duced  by  r  given  simple  tool  or  set  of  simple  tools. 
CONCLUDING  REMARKS 


The  application  of  the  mechanics  of  solids  to  metal  deformation  processing  is 
direct  and  valuable  in  the  prediction  of  global  quantities  such  as  energy  dissi¬ 
pation  and  the  magnitude  of  the  forces  required.  Less  direct  but  still  useful  is 
the  insight  given  on  preventive  measures  to  bn  taken  to  avoid  fracture  in  the  pro¬ 
cess  or  insufficient  ductility  in  the  finished  part.  Realistic  local  solutions  based 
on  idealised  overall  low  patterns  are  needed,  both  with  and  without  consideration 
of  the  microstructure,  to  make  further  significant  progress.  Free  surface  pro¬ 
blems  basic  to  forging  must  be  solved  if  incrrtnental  forging  is  to  become  a 
practical  art  for  complex  shapes  and  if  conventional  forging  is  to  move  from  an 
esoteric  art  to  an  applied  science  and  standard  engineering  technique.  The 
friction  problem,  so  troublesome  in  all  of  mechanics  of  solids,  also  needs  con¬ 
siderable  attention.  Consequently,  despite  the  great  progress  which  has  been 
made  and  the  man)  books  and  papers  which  have  appeared  in  the  last  two  decades 
much  remains  to  be  done  before  a  given  process  with  a  given  and  well-defined 
material  can  be  analyzed  correctly  in  adequate  detail.  The  r-  al  problem  is  to 
minimize  trial  and  error  in  the  choice  of  a  new  material  and  the  design  of  a 
process  to  produce  a  new  part  with  specified  properties.  The  achievement  of 
this  goal  will  remain  a  worthwhile  challenge  to  analysts  and  experimentalists 
alike  for  a  long  time  to  come. 
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The  Future  of  Applied  Mechanics 


HOWARD  W.  EMMONS 

HARVARD  UNIVfRSITY 


INTRODUCTION 


The  name  Applied  Mechanics  suggests  the  study  of  Newton's  Laws  as  related  to 
the  real  world.  Both  phenomena  of  academic  interest  and  the  solution  of  prac¬ 
tical  problems  are  included,  although  the  latter  predominate  as  they  should. 

Rigid  body  mechanics,  the  vibrating  motions  of  flexible  solids  and  the  motion  of 
liquids  and  gases  are  all  included.  Finally,  we  should  note  the  various  related 
questions  which  are  legitimate  inclusions;  applied  mathematics,  thermodynamics, 
materials  properties,  heat  transfer,;  etc. 

Over  the  years  many  of  the  simpler  problems  in  all  these  areas  have  been  solved 
for  most  practical  purposes  and  we  have  begun  to  consider  more  difficult  ques¬ 
tions.  The  buckling  of  complex  structures,  the  deformation  of  plastic  solids,  the 
failure  mechanics  of  solids,  the  flow  of  multicomponent  fluids,  the  mechanics  of 
composite  materials,  turbulent  flow  are  the  continuing  problems  which  Applied 
Mechanics  must  help  to  solve.  And  yet  if  we  look  at  a  few  issues  of  the  applied 
mechanics  journals,  we  still  find  many  papers  reporting  on  residual  minor 
points  of  the  time  honored  problems  with  relatively  little  effort  put  onto  the  lar¬ 
ger  problems  which  yet  remain.  In  fact  we  need  to  reexamine  our  potential  con¬ 
tribution  to  the  engineering  of  the  future  if  we  are  to  continue  to  justify  our  sal¬ 
ary.  We  have  become  so  expert  at  and  so  enamored  with  taking  a  few  laws,  a 
few  properties  and  some  applied  math  and  deriving  often  beautiful  but  complex 
solutions  to  special  problems  that  we  often  forget  to  look  at  the  real  world  and 
see  which  problems  are  now  most  import?  it. 

For  example,  consider  a  specialist  in  flat  plate  laminar  boundary  layer  theory 
who  has  contributed  much  to  our  understanding  of  laminar  boundary  layer  appli¬ 
cations  to  civil,  mecnanical,  and  aeronautical  engineering.  There  are  many 
points  of  interest  still  to  be  clarified.  These  now  fall  mostly  into  two  classes. 
The  first  is  relatively  unimportant  minor  points  (as  an  alternate  derivation  of  a 
well-known  result  or  a  solution  with  slightly  altered  boundary  conditions),  and 
the  second  are  problems  of  great  difficulty  for  which  new  inspiration  or  new 
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technique*  are  required  (as  laminar  flow  separation).  It  is  now  time  for  such  an 
expert  to  lend  a  hand  with  some  of  today's  more  urgent  problems.  All  the  old 
areas  of  Applied  Mechanics  similarly  have  their  share  of  inflexible  experts 
while  what  is  needed  at  the  present  day  is  a  reappraisal  of  the  important  problems 
and  a  reorientation  of  Applied  Mechanics  to  their  solution. 

In  most  cases  the  urgent  technical  problems  of  engineering  and  the  environment 
would  greatly  benefit  from  a  major  effort  of  the  old  methods  of  Applied  Mechan¬ 
ics  bringing  in  new  laws  of  material*  and  new  empirical  facts  as  needed. 

Like  all  practical  problems,  the  newly  recognized  ones  must  be  solved.  Engi¬ 
neers  will  solve  them  one  way  or  another  and  it  is  up  to  us  in  Applied  Mechanics 
to  so  develop  the  basic  understanding  that  rational  solutions  may  be  used  to  re¬ 
place  empirical  ones  when  this  is  possible. 

To  illustrate  what  1  mean,  I  am  going  to  look  at  a  part  of  the  process  of  paper 
making.  At  every  step  of  such  an  ancient  process  there  are  interesting  and  im¬ 
portant  questions  which  can  be  understood  more  completely  only  by  applying  the 
methods  of  applied  mechanics  first  at  a  perhaps  more  empirical  level  than  we 
currently  prefer  and  then  a*  our  knowledge  matures  at  an  ever  increasing  ra¬ 
tional  level. 

THE  APPLIED  MECHANICS  OF  PAPER  MAKING 

Paper  is  made  by  suspending  cellulose  fibers  in  water,  pouring  the  mixture  onto 
a  screen,,  sucking  off  the  water.,  and  drying  the  resultant  sheet  on  a  hot  drum. 
There  is  much  applied  mechanics  in  the  production  of  the  cellulose  fibers.  The 
trees  must  be  cut  and  chipped,  poured  into  piles,:  watered  to  control  temperature 
rise,  cooked  with  chemicals  to  remove  lignin,  washed  and  suspended  in  water 
for  the  paper  machine  or  dried  in  bales  for  shipment.  Thn>  part  of  the  story  is 
not  for  today.  We  begin  with  the  dilute  slurry  ready  for  the  paper  machine.  It 
has  a  composition  of  about  .  002  gms  of  dry  fiber  per  gm  of  mixture.  In  a  paper 
machine,  this  watery  mixture  is  poured  onto  a  wire  (the  fourdrinier  wire)  in  a 
layer  about  an  inch  deep  and  20  feet  wide  at  a  velocity  of  some  3000  ft/ minute. 
After  passing  over  a  number  of  support  rolls  and  over  several  vacuum  boxes,; 
the  bulk  of  the  water  has  been  removed  so  that  the  fiber  sheet  attached  to  the 
fourdrinier  wire  screen  (about  80  mesh)  is  ready  for  drying.  The  composition 
is  now  about  ,  2  gm  of  dry  fibers  with  .  8  gms  of  water.  The  wet  tangled  fiber 
sheet  is  still  too  weak  to  support  itself.  By  pressing  a  damp  felt  belt  against 
the  fibers  they  are  pi  eked  up  off  the  wire  and  transferred  to  a  yankey  drier,  a 
3team  heated  drum  some  20  feet  in  diameter.  At  the  drum  a  pressure  roll 
loads  the  felt  and  fiber  mat  at  about  300  lb  per  lineal  inch  and  thus  transfers  the 
fibers  to  the  hot  yankey  and  squeezes  out  more  water  to  about  .  4  mass  fraction 
fibers.  The  yankey  and  a  series  of  other  smaller  hot  drums  complete  the  drying 
of  the  paper  up  to  the  .  9  to  .  95  mass  fraction  fibers  with  which  we  are  all  famil¬ 
iar  as  ordinary  paper. 

The  accomplishment  of  all  these  steps  is  the  art  of  paper  making.  Now,:  let  us 
look  at  some  of  the  applied  mechanics. 

The  original  dilute  fiber  suspension  consists  of  cellulose  fibers  suspended  in  so 
much  water  that  the  fibers  can  float  freely  about.  I  say  "can"  because  in  general 
they  do  not.  The  density  of  dry  cellulose  is  about  ps=l.  55  gm/cm  ,  However,; 
in  suspension  they  absorb  so  much  water  that  they  sv/ell  in  diameter  by  a  factor 
of  about  2  with  little  change  in  length.  The  density  of  the  swollen  fiber  in  water 
is  about  pf  =1.  15  gm/cm^.:  hence  it  will  settle  out  if  not  continually  stirred. 

While  being  stirred,  the  fibers  do  not  remain  uniformly  distributed  in  the  water. 
Instead  they  form  floes,  As  or  stirs  the  slurry  the  floes  continually  interact 
by  joining  and  separating  again  along  a  different  parting  line.  Thus  the  fibers 
exchange  partners  frequently.  This  is  most  easily  shown  experimentally  by 
pouring  together  into  a  beaker  a  slurry  of  white  fibers  and  a  slurry  of  colored 
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fibers.  The  resultant  floes  in  the  beaker  are  wholly  floes  of  mixed  colors.  What 
is  the  process  of  floe  formation?  Is  it  adhesion  between  fibers  or  merely  me¬ 
chanical  entanglement?  What  is  the  size  of  the  floes?  How  do  these  behave  dur- 
ing/flow?  How  must  the  slurry  be  treated  if  a  uniform  non-floced  slurry  is  de¬ 
sired?  These  are  open  questions  of  applied  mechanics,  the  solid  mechanics  of 
floe  formation  and  breakup  and  the  fluid  mechanics  of  the  flow  of  floced  slurries. 

Thus  the  slurry  poured  on  the  fourdrinier  wire  is  not  so  simple,  but  we  will  from 
here  on  ignore  the  floes  and  assume  uniform  fiber  distribution  to  exist  in  the 
original  slurry.  Of  course  as  soon  as  the  slurry  is  put  onto  the  screen  the  water 
begins  to  run  through  while  the  longer  fibers  are  brought  by  the  water  and  fall  on 
top  of  those  already  held  by  the  screen.  Thus  a  "solid"  mat  of  fibers  builds  up 
as  the  water  is  removed.  At  this  stage  we  have  some  of  the  original  slurry  with 
a  distribution  of  sizes  of  cellulose  fibers  on  top  of  a  growing  mat  of  "solid"  fiber 
structure  containing  all  of  the  long  fibers  and  many  of  the  shorter  pieces  through 
which  flows  a  liquid  consisting  of  water  and  some  of  the  small  pieces  of  fiber. 

The  fraction  of  fibers  that  appear  in  the  paper  is  called  the" retention".  A  sta¬ 
tistical  theory  of  retnetion  has  been  attempted  by  Estridge  [1],  but  much  more 
work  is  required  before  a  satisfactory  quantitative  prediction  of  the  retention 
aspect  of  paper  making  is  attained. 

I  have  called  the  forming  paper  sheet  a  solid.  It  consists  of  cellulose  fibers 
whose  orientation  is  essentially  in  the  plane  of  the  sheet  and  has  a  direction  in 
that  plane  which  more  or  less  favors  the  direction  of  motion  of  the  wire,  the 
"machine  direction".  There  is  much  empirical  knowledge  about  fiber  orienta¬ 
tion  because  it  has  an  important  effect  on  the  "cross  strength  ratio"  of  the  paper 
formed.  The  "cross  strength  ratio"  is  the  tensile  strength  of  the  finished  paper 
in  the  machine  direction  divided  by  the  tensile  strength  in  the  sheet  perpendicular 
to  the  machine  direction.  The  theoretical  prediction  of  this  fiber  orientation  is 
still  to  be  accomplished  in  a  satisfactory  way. 

If  we  regard  the  fiber  mat  as  a  porous  solid  it  has  strength  and  deformation  pro¬ 
perties  which  in  principle  can  be  predicted  from  the  fiber  orientation  statistics 
and  the  mechanical  properties  of  the  swollen  fibers  but  which  in  practice  must 
be  measured.  In  the  first  place  the  elastic  and  plastic  properties  of  the  swollen 
wet  fibers  are  very  complex  and  only  partially  known  [£].  Second  the  calcula¬ 
tion  of  the  properties  of  the  bulk  porous  fiber  mat  from  known  properties  of  in¬ 
dividual  fibers  has  barely  begun  [3], 

What  are  the  bulk  fiber  mat  properties?  The  most  important  for  paper  making 
are  its  plastic  failure  in  compression  and  its  very  low  tensile  strength.  The 
first  controls  the  way  it  compacts  during  the  removal  of  water.,  while  the  second 
probably  controls  the  size  of  floes.  I  say  "probably"  for  the  second  because  no 
theory  nor  experiment  to  prove  the  point  is  as  yet  available. 

Figure  1  shows  experimental  compression  properties  of  a  cellulose  fiber  mat. 
This  figure  was  taken  from  reference  [4]  but  similar  data  have  been  obtained 
many  times  [5,6],  The  load  is  the  force  per  area  of  porous  fiber  mat  (not  the 
stress  in  a  fiber)  and  is  applied  to  the  mat  by  a  screen  which  permits  the  water 
to  flow  through.  The  density  coordinate  is  the  easily  measured  mass  of  dry 
fibers  per  unit  volume  of  mixture  -  the  consistency  on  a  volume  basis.  Figure 
1  shows  the  consistency  to  which  the  fiber  mat  collapses  under  the  load.  If  the 
load  is  removed  there  is  a  small  recovery  partly  elastic,,  partly  plastic.  I  ’.now 
of  no  studies  of  these  recovery  and  elastic  properties. 

At  this  point  a  short  discussion  of  the  water  filled  mat  is  appropriate.  We  vis¬ 
ualize  the  mixture  as  a  movable  liquid  filling  the  pores  of  a  mat  of  swollen  wet 
fibers  which  is  relatively  stationary.  Not  only  the  cellulose  but  the  absorbed 
water  and  the  "stationary"  water  inside  of  hollow  fibers  must  be  regarded  as 
parts  of  the  "solid  fiber  structure".  The  movable  liquid,  on  the  other  hand, 
consists  of  the  water  free  to  move  together  with  all  the  small  bits  of  swollen 
fiber  which  move  through  the  mat  pores  with  the  liquid. 


The  exact  division  between  "solid"  and  "liquid"  phase  in  the  fiber  mat  is  both 
experimentally  and  theoretically  difficult.  How  should  the  water  which  moves 
very  slowly  in  a  very  small  pore  be  classified?  How  should  we  classify  a  small 
piece  of  fiber  which  is  stuck  on  the  mat  must  of  the  time  but  which  occasionally 
breaks  loose  and  moves  a  short  distance  with  the  liquid?  A  much  more  extensive 
study  of  retention  as  related  to  particle  size  distribution  and  mat  density  is  need¬ 
ed.  For  the  present  we  conceive  of  the  mixture  as  consisting  oi  only  two  phases,, 
liquid  (movable)  and  solid  (stationary  except  for  compaction  motions). 

If  we  hold  the  mat  (with  a  screen)  and  pass  liquid  through  it,  the  liquid  will  en¬ 
counter  a  resistance  to  flow  which  transfers  load  from  the  pressure  in  the  liquid 
to  the  solid  structure  and  ultimately  to  the  screen.  Thus,  a  pressure  drop  coef¬ 
ficient,  a  is  defined. 


(1) 


where  is  the  pressure  in  the  liquid  at  position  x,  the  mean  of  the  pressure 
in  all  the  pores  at  x; 

U  is  the  mean  velocity  of  the  liquid=volume  flow/mixture  cross  section 
(not  to  be  confused  with  the  mean  velocity  of  the  liquid  in  the  pores); 
a  is  the  pressure  drop  coefficient  and  is  the  reciprocal  of  the  usual  Darcy 
coefficient. 


The  data  shown  in  Figure  1  does  not  quite  give  a  straight  line  between  x  and  c_ 
on  a  log  scale.  It  is  much  more  nearly  straight  than  data  for  a  obtained  with  p 
inert  fibers  (fibers  which  absorb  little  or  no  water)  shown  by  the  dashed  line  in 
Figure  1.  For  the  present  discussion,  it  will  be  taken  as  straight  and  therefore 
of  the  form. 


a=  ao  c^  (2) 

We  also  note  in  Figure  1  that  the  compression  data  is  well  represented  by 


Ant’  finally  and  most  importantly  we  can  use  y-  h 


The  reasons  behind  these  straight  lines  and  the  equality  of  y  and  6 are  still  open 
applied  mechanics  questions. 

To  return  to  paper  making,  we  visualize  the  water  removal  process  as  in  Figure 
2.  Water  being  removed  comes  both  from  the  original  slurry  above  and  from  the 
compaction  of  the  mat  already  formed.  To  calculate  these  phenomena  we  must 
write  the  continuity  equations  and  the  equations  of  motion  for  both  the  liquid  and 
the  fibers. 


The  one  dimensional  equations  of  motion  are 
for  the  structure: 


for  the  liquid: 
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where  the  notation  is  standard  except  that  subscript,  p  -  structure, 
and  w  •  liquid,  refers  to  structure  and  liquid  properties  per  unit 
of  mixture  area  or  volume  and 

FWp  is  the  force  by  the  liquid  on  the  structure  in  the  x  direction. 

The  interphase  force  F^  must  consist  of  a  buoyancy  and  a  flow  resistance 
term.  However,  these  terms  give  the  force  on  a  volume  of  structure  '‘'hose  top 
and  bottom  surfaces  are  exposed  to  the  liquid.  If  a  volume  element  is  considered 
inside  of  the  structure,  the  cut  structure  surface  between  pores  (at  x  and  x  4  dx) 
are  not  exposed  to  the  liquid  forces  and  a  correction  is  required.  Thus,  we  get 


wp 


=  -  PLg  xp  4  aU  +  a-  (pLAp) 


(8) 


where;  subscript  L  denotes  the  mean  property  of  the  liquid  phase  itself 
Xp  the  structure  volume  fraction 
Ap  th?  structure  section  area  fraction. 

Now  making  use  of  the  facts  that  for  a  suitably  random  structure 


and  U  =  <1-Xp)  <vw-vp>  (10) 

the  equations  of  motion  become 


and 


where 


"pT?  =  *  4  (P-PL)+  <P-PL)g  +  a  (l-^)(vw-vp) 
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p  "=  .-fk  +  p t  g  -  ad-  JS)  (v  -  v  ) 
vw  dt  3x  '  L  PL  w  p 
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(11) 


(12) 

(13) 


Several  things  should  be  noted. 

1.  The  measurable  consistency  of  Equations  2  and  3  have  jien  replaced 
(with  the  required  change  of  numerical  values  of  g.a  )  by  the  concep¬ 
tually  important  but  unmeasurable  structure  density  p  . 

2.  These  equations  apply  only  during  the  collapse  phase.,  therefore  the  load- 
up  phase  of  the  fiber  motion. 

3.  The  equations  of  motion  of  solid  and  liquid  which  arc  symmetrical  m  the 
form  of  equations  5  and  7  are  no  longer  symmetrical  as  equations  11  and 
12  since  in  fact  the  liquid  can  move  through  the  solid  without  a  density 
change  while  the  solid  structure  cannot  move  except  by  collapse. 

Now  with  the  basic  equations  in  hand,,  we  can  solve  various  problems,  check 
them  against  experimental  results  and  then  try  to  solve  the  paper  making  pro¬ 
blem. 


If  we  fill  a  tall  cylinder  with  a  fiber  slurry  and  let  it  stand  the  fibers  will  settle. 
In  general  there  will  be  three  regions  after  settlement. 
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1.  A  top  layer  of  liquid  water 

2.  A  bottom  layer  of  compreaaed  fibers 

3.  A  middle  layer  of  uncompressed  initial  slurry 


Only  the  top  layer  i-  visible  in  the  settled  fibers  and  Figure  3  shows  the  com¬ 
parison  of  the  measured  and  predicted  settlement  results.  The  theory  was  de¬ 
veloped  without  adjustable  constants  since  all  the  empirical  structure  and  flow 
constants  were  predetermined  by  compression  and  flow  tests  as  in  Figure  1. 


To  study  the  dynamic  process  of  water  removal  from  a  slurry  during  growth  of 
a  paper  fiber  mat,  we  can  reduce  the  equation  of  motion  to  a  simpler  form  by 
using  the  fact  that  both  the  iquid  density  p^  and  the  intrinsic  swollen  fibir 
density  pf  are  constants  ,not  the  fiber  mat  density  p^  and  the  intrinsic  s  wollen 
fiber  density  py  are  constants  (not  the  fiber  mat  desnity  p_)  and  hence  there  is 
a  relation  between  the  velocity  of  the  liquid  and  the  solid.  Tnis  results  in  the 
equation  (see  reference  4  for  details)  for  the  solid  mass  flow  rate  by  compaction 
of 


p  v 

P  P 


=  .ex 


(14) 


The  importance  of  the  approximate  relation  y  =  5  i'  now  evident  since  it  re¬ 
moves  the  last  non-linearity  from  the  equations  since  with  equation  14  inserted 
into  the  continuity  Equation  4  there  results  the  linear  diffusion  equation 


ap„  aV 


(15) 


where  D  =-fiX. 

tto 


If  we  now  consider  an  experiment  in  which  water  is  drawn  from  a  slurry  through 
a  screen  at  constant  pressure  drop,  we  can  compute  the  whole  process.  For  the 
Simplest  case  of  an  infinite  body  of  slurry  the  boundary  moves  as  the  half  power 
of  the  time. 

x=Zk(Dt)1/Z  (16) 

and  the  density  distribution  is  given  by 


Pp  _  k  erfc  (ri/2-fk)  ♦  terfc  k  (17) 

PQ  ”  ierfc  k 

where  k  is  dependent  upon  the  initial  and  final  density  by 


P  -P 


-  /  n  ke 


erfc  k 


(18) 


Again  without  adjustment  of  any  constants,  the  theory  and  experiment  agrees  as 
in  Figure  4.  The  experiments  were,  of  course,  performed  with  a  finite  layer  of 
slurry  and  hence  the  long  time  results  differ  from  the  above  theory.  This  region 
has  also  been  predicted  with  about  the  same  precis'on. 

It  is  clear  that  the  making  of  paper  involves  the  flow  of  water  out  of  the  forming 
mat  according  to  the  diffusion  equation  as  a  first  approximation.  Thus,  for 
rough  practical  estimates  a  few  measurements  of  fiber  properties  can  determine 
the  required  constants. 


T’.at  this  initial  understanding  is  not  the  whole  story  is  shown  by  the  fact  that  in 
F  gure  4  the  1/2  power  dependence  of  slurry  compression  on  time  is  only 
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approximate.  The  beat  fitting  straight  line  has  a  smaller  slope  averaging  about 
.  485  for  a  wide  range  of  pulps  from  a  long  fiber  pine  to  groundwood.  This  re¬ 
sult  has  also  been  found  by  others  [7]  and  is  considered  important,  but  is  not  yet 
used  in  paper  machine  design.  The  explanation  of  the  effect  is  assumed  to  be  the 
continual  relocation  of  small  pieces  of  fiber  during  the  dynamic  compression 
process  not  properly  accounted  for  by  the  static  tests  from  which  the  basic  con¬ 
stants  v  re  determined.  The  theory  needs  further  development. 

Another  fact  needing  a  theoretical  basis  is  shown  by  Figure  5  in  which  the  com¬ 
pression  constants  of  Equation  3  are  plotted  against  each  other  for  a  wide  range 
of  pulps.  There  must  be  some  general  law  of  fiber  mats  behind  this  simple  re¬ 
lation.  The  compression  law  is  thus  reduced  to  a  single  parameter  equation. 

v  2 

Ap  =  17.8  (11.2c)T  bp  in  gm  force/cm  ,  c  in  gms  dry  fibers/ml  (19) 
of  mixture 

where  y  is  the  only  parameter;  the  numbers  being  universal  constants. 

We  have  perhaps  looked  long  enough  at  this  one  step  in  the  whole  complex  pro¬ 
cess  of  paper  formation.  A  thorough  review  of  progress  through  1965  is  given 
in  a  report  of  the  Institute  of  Paper  Chemistry  [6J.  You  should  not  conclude 
that  the  above  exhausts  the  applied  mechanics  of  paper  making.  Far  from  it. 

I  will  now  quickly  review  some  of  the  other  outstanding  problems. 

1.  The  removal  of  wate.  from  the  slurry.  This  may  sound  like  what  we 
have  just  been  discussing.  However,  nothing  has  yet  been  said  about  how  the 
pressure  difference  is  applied  to  remove  the  water.  Figure  6  shows  a  table  roll 
(R)  and  a  suction  box  (B)  over  which  runs  the  fourdrinier  wire  carrying  the 
slurry.  Gravity  removes  some  water  but  not  very  much.  The  diverging  space 
between  the  roll  supporting  the  fourdrinier  wire  and  the  wire  itself  exerts  a  ma¬ 
jor  suction  on  the  water.  This  problem  on  which  Sir  Geoffrey  Taylor  [  8  J  did 
some  pioneer  work  is  moderately  well  understood.  The  suction  box.  of  course 
applies  a  pressure  difference  directly. 

2.  The  paper  pickup.  The  problem  of  the  mechanism  by  which  a  damp  felt 
belt  picks  up  the  paper  sheet  from  the  wire  is  most  interesting  and  is  essentially 
uni  '..ed  from  an  applied  mechanics  point  of  viev.-. 

3.  The  properties  of  the  three  phase  mixture.  Before  reaching  the  pickup 
felt,  "all"  the  loose  water  is  sucked  out  of  the  fiber  mat.  In  the  process  a  me¬ 
niscus  separating  liquid  and  gas  is  formed  in  the  pores.  Thus,  the  mat  is  ad¬ 
ditionally  compressed  and  some  of  the  liquid  is  left  behind  in  small  pores. 

Little  work  has  been  done  on  the  mechanical  properties  of  and  dynamics  of  this 
mechanically  very  weak  three  phase  mixture, 

4.  The  pressure  roll.  In  Figure  7  the  weak  wet  paper*  20%  by  weight  dry 
fiber,  stuck  to  a  felt  is  run  under  a  roll  a  foot  or  so  in  diamter.  The  roll  is 
heavily  loaded  to  apply  300  lb/in  to  the  paper  and  felt.  Some  water  is  squeezed 
out.  Some  is  forced  from  the  paper  into  the  relatively  drier  felt.  What  is  the 
applied  mechanics  of  this  process?  Clearly,  we  need  information  about  the  com¬ 
pression  properties  of  both  the  paper  and  the  felt.  Both  materials  are  three 
phase  mixtures  and  the  properties  of  neither  one  are  known.  Here  is  an  excel¬ 
lent  applied  mechanics  problem  for  the  future. 

5.  The  drying  of  the  paper  sheet.  All  of  the  problems  of  mechanical  pro¬ 
perties  of  the  paper  mat  are  here  enlarged  by  introducing  the  temperature  var¬ 
iation  that  will  drive  out  the  water.  Water  evaporates  and  flows  out  of  the  pores. 
It  evaporates  and  diffuses  about  and  sometimes  recondenses  in  cooler  locations. 
The  water  may  flow  as  liquid  in  small  pores,  thus  producing  the  heat  pipe  ef¬ 
fect.  At  present  the  whole  drying  process  -  other  than  some  overall  heat  bal¬ 
ances  -  are  purely  empirical  and  await  the  applied  mechanics  of  the  future  to 
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clarify  the  important  detail*  and  make  the  deaign  process  more  rational, 
CONCLUSIONS 


This  is  perhaps  sufficient  discussion  of  paper  making,  even  though  that  subject 
is  by  no  means  exhausted.  I  hope  1  have  convinced  you  that  there  are  interest¬ 
ing,  important,  and  doable  applied  mechanics  problems  awaiting  at  every  step 
of  the  paper  making  machine.  And  further,  it  is  clear  that  what  is  true  of  paper 
making  is  equally  true  of  every  empirically  developed  manufacturing  process. 

You  may  ask  -  why  are  any  of  these  things  important  -  the  processes  work  well, 
do  they  not  ?  The  answer  is  that  present  processes  have  some  minor  difficulties 
but  do  work  remarkably  well.  The  applied  mechanics  understanding  might  help 
a  little  with  present  processes  but  not  much.  Their  real  value  is  in  the  further 
development  of  the  processes.  Use  of  alternate  materials,  run  the  machine 
faster,  use  cheaper  methods,  etc.  Every  minor  change  is  now  a  major  evolu¬ 
tionary  process.  A  quantitative  understanding  would  permit  an  occasional  giant 
step  to  something  really  new. 

I  do  not  believe  the  future  of  Applied  Mechanics  lies  in  the  refinement  of  our  so¬ 
lutions  of  the  old  problems  in  the  old  areas,  but  the  acceptance  of  the  challange 
to  analyze  and  understand  the  urgent  problems  of  today  and  tomorrow.  I  hope  to 
see  the  applied  mechanics  papers  of  the  future  encompass  a  much  wider  range 
of  problems  at  a  high  level  of  understanding  just  as  the  papers  of  the  past  have 
solved  the  urgent  problems  of  a  bygone  day. 
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PRESSURE  DROP  COEFFICIENT 


FIBER  STRESS  p-pL  gmf/Cmf 

Figure  1.  Compressive  strength  and  pressure  drop  coefficients  for  a  specific 

sample  of  green  Scott  tissue.-  (softwood  bleached  sulfite  39%.  hardwood 
bleached  Kraft  39%,  mechanical  fiber  22%). 


Figure  2.  The  removal  of  water  from  paper  fibers  on  a  fourdrinier  wire, 
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Figure  5.  On  empirical  relationship  between  compression 
constants  for  fiber  beds. 
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Figure  7.  Paper  transfer  and  water  removal  by  a  pressure  roll. 


— topKiiti  in  Mechanics,  Vol.  4.  Proceedings  of  Hie  12th  Midwestern  Mechanics  Conference: 


3 


Muscle  Controlled  Flow 


Y.  C.  FUNG 

UNIVERSITY  OF  CALIFORNIA,  SAN  DIEGO 


ABSTRACT 

Body  fluids  are  generally  contained  in  muscular  organs.  Thus  we  cannot  un¬ 
derstand  blood  circulation,,  lymph  flow  etc.  without  knowledge  of  the  function  of 
the  muscles.  In  this  article  a  basic  formulation  of  the  mechanics  of  the  mus¬ 
cular  organ  is  presented,  and  is  illustrated  by  the  problem  of  ureteral  peri¬ 
stalsis. 


INTRODUCTION 

Our  blood  is  pumped  by  the  heart,,  and  the  heart  is  a  miucle.  Our  ureters  col¬ 
lect  urine  from  the  kidneys  and  peristaltically  send  it  to  the  bladder,  and  both 
ureters  and  bladders  are  muscles.  Arteries  and  veins  contain  muscles,;  which 
control  the  dimensions  and  elasticity  of  the  vessels.  Lymph  nodes  pump  con¬ 
stantly;  so  do  the  intestines.  It  is  clear  that  one  cannot  understand  these  bio¬ 
logical  fluid  flows  without  understanding  these  muscles. 

If  we  know  how  muscles  behave  under  stress  and  strain,  then  we  can  wrap  them 
around  the  fluids  and  formulate  a  btofluid  mechanics  exactly  as  we  formulated 
the  theory  of  aeroclasticity.  Unfortunately,;  it  is  at  the  very  first  step  that  we 
get  hung  up.  We  run  to  the  physiologists  and  demand  a  description  of  the  me¬ 
chanical  properties  of  the  muscles.  We  ask  for  "constitutive  equations"  for 
the  muscles.  (In  physiology,-  the  terminology  is  the  length- tension- velocity- 
time  relationship;  here  "length"  refers  to  the  total  length  of  the  muscle,,  "ve¬ 
locity"  refers  to  the  shortening  velocity  of  the  contractile  element,  and  "time" 
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refer*  to  the  time  after  stimulation).  But  we  shall  be  disappointed.  The  physi¬ 
ologists  can  give  us  a  tremendous  amount  of  information,  a  library  of  literature, 
and  mountains  of  data,  but  not  a  simple  constitutive  equation.  For  the  skeletal 
muscles  and  the  heart  muscle,  such  equations  are  almost  there;  but  for  the 
smooth  muscles  of  the  blood  vessels,  ureter,  intestine,  etc. .  they  are  not  in 
sight. 

We  cannot  blame  the  physiologists  for  this  lack  of  information.  They  are  inter¬ 
ested  in  other  things.  They  are  not  interested  in  the  details  of  fluid  flow  or 
stress  and  strain  distributions.  Not  too  many  physiologists  are  equipped  with 
the  kind  of  mathematical  tools  required  to  handle  the  particulate  flow  of  the 
blood  encased  in  a  vessel  whose  material  is  a  complex  composite,  and  suffers 
finite  deformation  most  of  the  time.  Therefore  the  responsibility  falls  on  the 
bio-engineer  who  wants  to  clarify  these  basic  problems. 

The  engineer's  first  reaction  is  probably  to  take  a  piece  of  muscle  out  of  the 
body  and  perform  a  mechanical  test.  Ideally  one  should  test  single  cells  or  sin¬ 
gle  fibers;  but  this  is  in  general  difficult  for  smooth  muscles  because  of  the  ex¬ 
treme  shortness  of  their  fibers  -  in  the  arterial  wall,  for  example,  they  are 
only  0. 02  mm  long  (the  "average  length"  for  mammalian  tissue  is  given  as  50  - 
1 50  u  and  the  breadth  5  -  50  u  in  central  region).  The  next  best  is  to  test  iso¬ 
lated  segments  of  the  tissues  (a  segment  of  an  artery,  a  ureter,,  etc.).  There 
are  practical  difficulties  in  doing  this:  in  addition  to  the  normal  precautions  of 
material  testing,  we  must  try  to  keep  the  tissues  alive,,  provide  them  with  the 
correct  physiological  environment,  with  controlled  temperature,  ph  values,; 
c, smolarity,  etc.  There  are  always  the  questions  of  evaluating  the  effects  of  in¬ 
jury  and  deviations  from  physiological  conditions.  Since  cells  in  an  animal  are 
kept  alive  by  blood  circulation,  when  circulation  is  interrupted  we  must  provide 
other  means  to  nourish  them.  The  simplest  approach  is  to  use  diffusion  directly: 
by  bubbling  oxygen  and  CO2  in  a  suitable  solution  (such  as  Kreb's).  This  re¬ 
quires  rather  small  specimens  to  keep  the  path  of  diffusion  short. 

The  alternative  approach  is  to  observe  the  intact  animal.  For  example,  although 
it  is  hard  to  get  a  nice,,  living  specimen  of  heart  muscle  to  be  tested  in  a  me¬ 
chanical  testing  machine,  it  is  quite  possible  to  measure  the  geometric  details 
of  a  beating  heart  by  biplane  X-ray  cinematography.  Similarly,  although  we  do 
not  have  a  good  method  to  get  a  specimen  of  ureter  without  inflicting  t  •emendous 
injury  to  the  specimen,  we  can  quite  easily  observe  the  peristalsis  in  .1  normal 
ureter  through  x-ray.  Thus  the  question  arises:  can  we  deduce  the  mechanical 
properties  of  the  tissues  in  the  heart  and  in  the  ureter  by  physiological  observa¬ 
tions  on  intact  animals? 

Here  we  encounter  an  age-old  dilemma  in  scientific  research:  an  easy  experiment 
is  not  easy  to  analyze;  whereas  the  conditions  for  a  simple  theory  are  difficult  to 
produce  in  the  laboratory..  In  the  world  of  the  living  the  distance  between  an  ob¬ 
servable  quantity  and  the  basic  laws  and  basic  physical  constants  is  usually  tre¬ 
mendous.;  To  understand  a  physiological  phenomenon  from  the  basic  theoretical 
point  of  view  requires  extensive  analysis.  To  extract  the  basic  laws  and  basic 
physic.  1  constants  from  convenient  observables  requires  Herculean  effort.. 

It  is  perhaps  the  attitude  one  takes  at  this  point  that  distinguishes  a  bio-engineer 
from  a  physiologist.  Both  aim  at  the  clarification  of  physiological  phenomena. 
But  the  engineer  tends  to  make  exhaustive  analysis,;  to  study  the  effects  of  the 
variation  of  the  physical  parameters  and  boundary  conditions.  Isn't  this  the 
hallmark  of  Applied  Mechanics?  On  the  other  hand,  the  tradition  in  physiology 
is  to  create  incisive  experiments  and  make  immediate  deductions.  In  a  tradi- 
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tional  physiological  paper  the  distance  between  hypotheses  and  conclusions  is 
usually  very  short.  Although  modern  physiology  is  a  quantitative  science,  most 
of  it  has  managed  to  be  presented  without  mathematical  formalism. 

Whatever  be  the  personal  reason  for  an  engineer  to  invest  his  time  and  energy  to 
study  biology  and  medicine,  there  is  perhaps  an  intuitive  conviction  that  his  me¬ 
thod  of  approach  will  bring  new  developments  to  the  field.  Only  time  will  tell 
how  fruitful  the  engineers'  labor  will  be.  But  a  beginning  has  to  be  made. 

In  this  article  the  mathematical  representation  of  the  mechanical  properties  of 
the  muscles  will  be  discussed,  then  a  basic  scheme  of  analyzing  living  organs 
will  be  presented.  Finally,  using  ureteral  peristalsis  as  an  example,  we  shall 
illustrate  an  application  of  the  theory. 

MATHEMATICAL  DESCRIPTION  OF  THE  MECHANICAL  PROPERTIES  OF 
MUSCLE. 


(A)  Hill's  Equation 


There  are  many  kinds  of  muscles.  Different  muscles  may  behave  quite  differ¬ 
ently  mechanically.  Therefore  in  speaking  of  muscles  we  should  specify  clearly 
which  muscle.  The  bulk  of  knowledge  about  muscle  mechanics  exists  today  only 
for  two  muscles:  the  skeletal  muscle  of  the  frog,  and  the  heart  papillary  muscle 
of  the  cat  and  the  rabbit.  The  reason  why  these  two  muscles  are  specifically 
favored  is  because  they  meet  the  requirements  on  size,  shape,  and  preparation 
without  extensive  injury.  Other  muscles  have  been  studied  too.  of  course,  but 
not  as  extensively. 

r 
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Contractile 

Element 
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Element 


Fig.  1  Hill's  functional  model  of  the  muscle 
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For  the  skeletal  muscle  many  theories  have  been  proposed,  but  Hill's  ideas  are 
most  widely  accepted.  Hill  distinguishes  two  states  of  the  muscle.  When  it  is 
relaxed  and  not  stimulated,  the  muscle  behaves  passively  like  other  polymeric 
material.  When  i  t  is  stimulated,  it  is  capable  to  contract  and  generate  tension. 
Hill  presents  the  muscle  in  a  functional  diagram  as  shown  in  Figure  I.  In  the 
unstimulatcd  condition,  the  contractile  element  is  assumed  to  be  stress  free;  the 
moR-cules  that  make  up  the  contractile  element  can  slide  against  each  other 
freely.  Mechanically,  then,  the  stress-strain  relationship  of  an  unstimulated 
muscle  can  be  represented  by  that  of  a  “parallel  element"  as  shown  in  the  figure. 
Upon  stimulation,  the  contractile  clement  will  shorten  at  a  specific  velocity,  and 
tension  will  be  generated.  The  function  of  shortening  is  represented  by  the  slid¬ 
ing  element  s  of  the  contractile  element;  the  generation  of  tension  is  represented 
by  the  elasticity  of  the  "series"  element.  The  activity  due  to  stimulation  is  re¬ 
garded  as  the  engagement  of  a  ratchet  mechanism  between  the  sliding  elements 
of  the  contractile  element. 


Since  early  1950's  A.  F.  Huxley,  H.  E.  Huxley  and  their  associates  have  studied 
the  contractile  clement  with  electron  microscope,  x-ray  diffraction,  and  chemi¬ 
cal  kinetics.and  a''sliding  elements1' theory  is  established  [  16,  17].  Briefly  the 
sliding  elements  consist  of  thick  myosin-containing  fibers  and  thin  actin-contain- 
ing  fibers,  arranged  in  a  regular  array  which  is  shown  schematically  in  Figure 
2a.  Repetition  of  these  units  as  shown  in  Figure  2b  makes  up  the  striated  ap¬ 
pearance  of  these  muscles.  The  units  repeat  themselves  within  the  cell  along 
the  Z-lines.  When  muscle  fibers  are  macerated  they  tend  to  break  at  the  Z-line,, 
hence  the  unit,,  or  sarcomere,  of  the  fiber  is  defined  as  the  region  enclosed  be¬ 
tween  two  successive  Z-lines.  As  indicated  in  the  figure,  the  bands  formed  by 
the  myosin  fibers  are  called  A-bands,,  the  remainder  are  called  I-bands. 
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Fig.  2b  Nomenclature  of  dimensions  within  a  sarcomere. 

Between  the  sliding  elements  are  molecules  that  form  "bridges"  between  actin 
and  myosin.  Upon  stimulation  these  bridges  are  activated;  the  myosin  and  actin 
fibers  are  drawn  toward  each  other  and  tension  is  generated. 

If  we  accept  Hill's  model  for  the  function  of  the  skeletal  model,  we  sec  that  the 
mechanical  properties  of  the  parallel  element  can  be  determined  by  testing  the 
muscle  in  the  unstimulated  condition.  The  elasticity  of  the  series  element  can 
be  measured  by  a  sudden  change  of  tension  in  a  stimulated  muscle. 

If  a  skeletal  muscle  is  stimulated  by  a  steady  train  of  electric  pulses  at  a  high 
frequency  it  can  be  maintained  in  a  state  of  constant  maximum  tension  and  the 
muscle  is  said  to  be  tetanized.  If  the  tension  in  a  tetanized  muscle  is  suddenly 
reduced  to  a  lower  level,  at  first  there  will  be  a  sudden  change  of  length  because 
of  the  shortening  of  the  series  elastic  element,  then  a  continuous  shortening  will 
follow.  Since  at  a  steady  tension  the  length  of  the  series  elastic  clement  is  con¬ 
stant,,  the  continued  shortening  is  due  entirely  to  that  of  the  contractile  element. 
The  velocity  of  shortening  of  the  contractile  element  can  be  measured.  From 
the  experimental  results  Hill  [15]  obtained  his  famous  equation 

(P  +  a)(v  +  b)  =  (PQ  +  a)b  =  constant  (1) 

i.  e.  ,, 


v  - 


b(PQ  -  P) 
a  4  P 


(la) 


where 


P  r  tension  in  the  muscle 

Pq  -  maximum  (tetanized)  tension  in  the  muscle 
v  -  velocity  of  shortening  of  the  contractile  element 
a,b=  constants.  For  the  frog  sartorms  muscle,  a/Pg  0.  2S,. 
b  =  0.  34  length/ sec,  at  0°  c. 

This  equation  was  originally  derived  by  Hill  in  ’939  [  15]  from  hts  experimental 
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results  on  the  heat  of  liberation  associated  with  shortening,  (related  to  the  con¬ 
stant  a).  Figure  3  illustrates  Hill's  velocity- tension  relationship. 


Fig.  3  Hill's  velocity-tension  relationship.  From  Ref.  15. 


Hill's  equation  is  the  cornerstone  of  the  edifice  of  muscle  mechanics.  For  the 
Ir’jg  sartori  the  tension  developed  in  the  parallel  element  is  negligible  in  com¬ 
parison  with  Pg,  and  that  element  can  be  ignored. 

(B)  The  Modified  Hill's  Equation 

Heart  muscle  is  also  a  striated  muscle,  microscopically  similar  to  the  skeletal 
muscle,  and  hence  presumably  the  sliding  element  concept  can  be  applied.  The 
heart  muscle  differs  from  the  skeletal  muscle  in  two  important  aspects:  (1)  it 
cannot  be  tetanized,  (2)  the  tension  contributed  by  the  parallel  element  cannot  be 
ignored  in  comparison  with  that  developed  in  the  series  element.  Because  of  (1),. 
the  applicability  of  Hill's  equation  should  be  questioned.  Because  of  (2),  the  par¬ 
allel  element  should  be  considered  in  detail. 


An  unstimulated  papillary  muscle  behaves  very  much  like  other  soft  tissues. 
See,  for  example,  Figure  4.  Analytically,  if  L  denotes  the  length  of  the  mus¬ 
cle,  and  P  denotes  the  tension  in  the  parallel  element,  then  the  loading  curve 
(increasing  load  and  increasing  length)  can  be  represented  analytically  in  the 
form  » 


P  =  (P  +  8)  e 


a  (L  -  ) 


8 


(2) 


where  a,  8  and 
when  L  =  L*. 


P  ,  L  are  physiological  constants,  P  is  the  value  of  P 


The  elastic  behavior  of  the  series  element  has  been  studied  by  Sonnenblick  and 
others,  [22]  [5]  [23], The  data  of  Parmley  and  Sonnenblick  [19]  can  be  repre¬ 
sented  by  the  following  equation: 

a  (t)  -  r\*) 


S  =  (S  +  8)e 


S 


(3) 


38 


where  S  denotes  the  tension  in  the  series  element,  r  denotes  the  extension  of 
the  series  elastic  element,  and  a.  0.  S°.  ~  are  physiological  constants. 

Figure  5  shows  that  the  series  element  has  an  elasticity  similar  to  but  much 
stiffer  than  the  parallel  element;  the  exponent  <*  being  almost  twice  as  large  as 
a. 


LOAD  (gm) 


The  stress-strain  relationship  of  the  scries  element  of  the  heart 
muscle  of  the  cal.  From  Parm'ey  and  Sonnenblick,,  Ref.  19. 
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The  total  tension  in  a  specimen  of  a  stimulated  muscle  is  the  sum  of  the  tensions 
in  the  series  and  parallel  elements: 

T  =  P  +  S.  (4) 

The  elastic  stretch  f)  and  the  muscle  length  L  are  related  in  the  model  shown 
in  Figure  1.  From  Figure  2  it  is  seen  that  when  the  muscle  is  unstimulated  its 
sarcomere  length  L  is  equal  to  the  sum  of  the  lengths  of  the  actin  fiber  C  and 
the  myosin  fiber  M,  minus  the  overlap  A,  i.  e.  Lo  =  (M  -f  2C)  -  A.  When  it  is 
stimulated  both  the  series  and  the  parallel  elements  extend  by  an  amount  tv 
Hence 


L  =  (M  +  2C)  -  A  +  tv 


(5) 


We  shall  call  A  the  "insertion"  of  the  actin  and  myosin  fibers.  Although  we 
speak  of  these  lengths  in  terms  of  a  single  sarcomere,  it  is  clearly  possible  to 
define  the  length,  insertion,  and  stretch  for  a  whole  muscle  in  the  same  fashion 
by  a  change  of  units,  because  a  muscle  cell  consists  of  a  repetition  of  sar¬ 
comeres,  and  the  whole  muscle  is  composed  of  muscle  cells.  In  the  same  token 
the  word  tension  used  above  may  be  converted  to  tensile  stress  after  reduction  of 
the  data. 

It  remains  to  describe  the  contractile  element.  For  a  skeletal  muscle  Hill's 
equation  (la)  provides  the  desired  relation  if  we  identify  v  with  dA/dt  and  P 
with  S.  Extensive  work  by  Sonnenblick  and  others  has  shown  that  in  many  ways 
Hill's  equation  offers  a  valid  model  for  the  contractile  element  of  the  heart  mus¬ 
cle  when  P0  is  interpreted  as  the  maximum  tension  reached  in  an  isometric 
twitch.  However,  some  workers,  notably  Brady,  point  out  the  many  difficulties 
with  Hill's  equation.  Currently  there  is  a  controversy  about  how  the  series  ele¬ 
ments  should  be  arranged;  (questioning  whether  the  experimental  data  are  better 
simulated  by  the  so-called  Maxwell  model  of  Figure  1,  or  the  Voigt  model  which 
differs  from  that  shown  in  Figure  1  by  placing  the  series  element  outside  the 
square  box  next  to  T).  In  my  opinion  these  arguments  are  misdirected  because 
if  one  does  not  assume  that  the  elastic  modulus  of  the  series  element  is  indepen¬ 
dent  of  the  length  of  the  muscle,  then  these  two  models  are  equivalent;  and  they 
are  convertible  into  each  other.  The  real  issue  is  Bimply  that  Hill's  equation 
must  be  modified  to  include  time  as  a  factor.  The  dependence  of  contractile 
velocity  on  time  alter  stimulation  must  be  brought  in.  In  the  original  form  of 
Eq.  (1),;  time  is  absent,  and  the  course  of  a  single  twitch  cannot  be  described. 
For  example,,  if  Eq.  (1)  is  applied  to  an  isometric  contraction,-  it  can  be  shown 
that  the  maximum  tension  can  be  reached  only  as  t  -»  ■>.  Sn  rly,  in  an  >ro- 
tomc  contraction  Hill's  equation  would  predict  that  the  shortening  velocity  will 
monotonic.'  lly  decrease  to  zero  only  at  t  =  *. 

How  to  modify  Hill's  equation  is  the  problem.  In  Ref.  [12],  the  author  proposed 
the  following  equation: 


dA  b[S0f(t)-S]n 
dt  a  +  S 


(6) 


in  which  v  is  the  contractile  element  velocity,;  a,  b  are  functions  of  the 
length  L,  S  is  the  tension  in  the  contractile  element,  So  is  the  peak  tension 
arrived  in  an  isometric  contraction  at  length  h,-  n  is  a  positive  exponent,  t 
is  the  time  after  stimulation,  and  fit)  is  a  function  of  time.  Comparison  with 
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experimental  results  of  Ross  et  al  shows  that  n  is  about  0.  5.  Brady's  plot  of 
(So  -  S)/v  against  S  for  rabbits’  papillary  muscle,  which  sharply  differs  from 
Hill's  equation,  can  be  fitted  by  the  equation  above  with  n  =  0.  5.  The  active 
state  described  by  Edman  and  Nilsson  suggests  that  f(t)  can  be  represented  by 
a  half-sine  wave: 


f(t)  =  X  sin  [n(t0+  t )/  <2tm)]. 


(7) 


where  X,  t0,  tm  are  constants,  with  X  to  be  chosen  so  that  in  an  isometric 
contraction,  fit)  r  1  at  the  instant  of  time  when  the  tension  S  reaches  the  peak 
value  S0.  Physically,  tp  defines  the  initiation  of  an  active  state  at  stimula- 
tion,  tm  defines  the  half-time  to  peak  activity.  Equation  (6)  becomes  ambigu¬ 
ous  when  S  f (t)  -  S  is  negative;  then  it  is  replaced  by 


v 


b|SQ  fit)  -  S|" 
a  +  S 


(6a) 


Figure  6  shows  the  relationships  (6)  and  (6a)  in  a  normalized  form.  Thus  our 
modified  equation  resembles  Hill's  hyperbola.  At  any  instant  of  time  t  the 
difference  lies  mainly  in  the  neighborhood  of  the  maximum  tension  Sq. 


Stress  Ratio,  a  =  S/S, 


Fig.  6  The  modified  velocity-tension  relationship  for  the  heart  muscle. 


The  argument  leading  to  this  generalization  is  too  long  to  be  reproduced  here. 
But  as  long  as  it  is  an  empirical  generalization  the  only  justification  is  that  its 
features  seem  to  agree  with  experimental  results.  We  have  to  say  "it  seems" 
because  a  full  verification  is  not  yet  done.  The  existing  literature  does  not  con¬ 
tain  a  complete  set  of  data  from  which  all  the  constants  can  be  determined  for  a 
single  muscle.  In  rticular  the  details  o(  relaxation  after  contraction  are  not 
known.  Work  is  ir  x>r  gross  along  this  direction. 


42 


A  different  proposition  was  made  by  Apter  and  Craessley  [1]  who  made  use  of 
the  fact  that  the  generation  of  tension  in  a  muscle  requires  the  transfer  of  cal¬ 
cium  ions.  A  viscoelastic  model  was  assumed  whose  physical  constants  (elastic 
moduli  and  viscosity)  as  well  as  the  initial  length  (with  respect  to  which  the 
strain  is  calculated)  were  made  to  depend  upon  an  ionic  current  >.(t)  whose 
time  course  is  specified.  Her  scheme  is  also  empirical,  and  in  application  it  is 
considerably  more  complex  than  the  procedure  presented  above. 

We  remark  that  Eqs.  (2)  to  (6)  describe  the  mechanical  behavior  of  a  muscle 
fiber  in  a  general  course  of  tension  and  stretch.  If  L  is  kept  constant  we  have 
an  isometric  process.  If  t  is  kept  constant  we  have  an  isotonic  process. 

Before  leaving  the  subject  let  us  give  some  typical  values  for  the  cat  papillary 
muscle.  The  functions  a(L)  and  b(L)  are  nearly  constants.  When  data  were 
reduced  with  n  =  1  Sonnenblick  gave  a/Sg  =  0.  45.  If  S  =  0,  and  fit)  =  1,  Eq. 
(6)  yields  the  maximum  velocity 


which  is  of  the  order  of  1  to  2  muscle  lengths  per  sec.  The  maximum  isometric 
tension  Sg  is  a  function  of  length.  Brutsaert  and  Sonnenblick  [5]  gave  the  re¬ 
sult 


VklL+k2 


(9) 


with  kj  about  5  g/mm2  /  (muscle  length)  k2  about  -  3g/ mm2.  The  elastic  stress 
in  the  series  elastic  element  is  a  function  of  ri  and  L.  The  derivative  3S/3ti 
is  proportional  to  S: 


|S-  =  a  (S  +  (10) 

Parmley  and  Sonnenblick  [  19]  show  that  a  is  of  the  order  of  40  per  muscle 
length,  g  is  about  2g/mm2.  The  other  derivative  3S/3L  is  usually  treated  as 
zero.  For  the  parallel  element,  a  is  of  _>rder  19,  p  is  about  zero.  All 
these  numbers  are  not  accurately  known,  and  are  subjected  to  future  revision. 

COMPOSITION  OF  MUSCLE  FIBERS  INTO  AN  ORGAN 

Each  organ  has  its  own  particular  structure.  When  muscles  in  the  organ  are 
stimulated  in  certain  order,  each  fiber  cannot  contract  freely  as  if  it  were  iso¬ 
lated.  Mutual  interference  must  occur  in  order  to  maintain  the  whole  as  a  con¬ 
tinuum.  A  formalism  to  deal  with  this  situation  will  be  presented  in  this  section. 

We  shall  consider  the  heart  as  a  typical  example.  The  muscle  structure  of  the 
left  ventricle  of  the  dog  has  been  detailed  by  Streeter  et  al.  [25].  See  also  [24], 
Figure  7  shows  the  orderly  variation  of  the  fiber  direction  in  ti.e  heart  from  the 
outside  (epicardium)  to  the  inside  (endocardium).  For  the  purpose  of  the  fol¬ 
lowing  discussion,  we  assume  that  the  structure  is  known.  Let  (i  =  1,2,  3) 
be  a  set  of  fixed  rectangular  cartesian  coordinates.  Let  e-  and  E^  be  the 
Eulerian  and  Lagrangian  strain  tensors  respectively,  which  describe  the  deform¬ 
ation  of  the  heart  from  a  reference  state  (preferably  the  diastolic  state).  Finite 
strains  may  be  considered.  If  daj  is  a  differential  element  in  the  reference 
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state,  and  dxj  is  the  corresponding  element  alter  deformation,  and  if  dsg  and 
ds  represent  the  lengths  of  the  elements  daj  and  dxj  respectively,  then  by 
definition  (in  the  notations  of  Ref.  [9]  ): 


2  2 

ds  -  ds„  =  2E. .  da.  da.  =  2e. .  dx.  dx. 

0  ij  »  J  »J  t  J 

(11) 

Hence  the  stretch  ratio 

X  =  ds/dSp 

(12) 

is  related  to  the  direction  cosines 

n.  =  da./ds_,  v.  =  dx./dsn 
i  i  0  i  l  0 

(13) 

by  the  equations 

X2  -  1  =  2E..  n.  n. 

>J  i  J 

(14) 

1  -  -q-  =  2e. .  vi. v. 

X2  IJ  1  J 

(15) 

Now  if  dai  is  an  element  (say,  a  sarcomere)  of  a  muscle  fiber  (so  that  dsp 
represents  the  sarcomere  length  in  the  reference  state),  then  dx;  is  the  de¬ 
formed  element  and  ds  represents  the  instantaneous  sarcomere  length  which 
can  be  identified  with  the  length  L  in  Eq.  (5).  We  notice  that  in  our  previous 
formulation  of  the  muscle  action  we  need  to  distinguish  L  from  the  "insertion" 
-  A  and  the  series  elastic  element  extension  ri.  The  same  must  be  true  for 
the  heart  which  is  a  composite  of  such  fibers.  Therefore,  the  strain  tensor 
ejj  must  be  decomposable  into  the  insertion  tensor  -  Ajj  and  the  scries  elastic 
strain  tensor  T|jj.  But  all  the  muscle  fibers  cannot  act  individually  without 
interference.  If  Axj  and  r^j  were  computed  as  if  each  fiber  can  deform 
freely,  then  the  strain  -  Ajj  +  rijj  in  general  will  not  satisfy  the  condition  of 
compatibility.  Therefore,  a  compatibility  strain-tensor  f.j  must  be  intro¬ 
duced  so  that 


e  . 
>J 


-  -  A. .  4 
U 


V 


satisfies  the  compatibility  equation 


Rijkf 


0 


If  ejj  were  infinitesimal,,  reduces  to 


(16) 


(17) 


Rijkf  '  ij.kf  +  6k/,ij  Pik,j6  '  ej-t,  ik 


(18) 


Whi-  e-j  is  finite,  is  more  complex,,  see,  for  example,;  Green  and 

Zer  (  30]  It  is  not  our  concern  at  this  time  to  worry  about  the  exact  form  of 
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Rjjkjj,  but  we  note  that  gjj  i*  defined  by  way  of  Eq.  (16). 

Let  a  set  of  local  carteaian  coordinate  axes  yj,  y.,,  yj  be  chosen  so  that  yj 
lies  in  the  direction  of  the  muscle  fiber.  Then  on  account  of  the  incompressi¬ 
bility  of  the  muscle  we  may  write: 


(I);  1  = 


(19) 


(20) 


where  A  and  t)  have  the  same  significance  as  in  Eq.  (5).  The  factor  n  cor¬ 
responds  to  the  Poisson's  ratio.  For  the  compatibility  strain  tensor,  we  re¬ 
quire  that  g  |  j  =  0,  so  that  the  length-tension  relationship  for  each  muscle  fi¬ 
ber  is  not  disturbed.  Hence, 


1 

?12 

513  \ 

21 

?22 

?23 

} 

J  (21) 

31 

?32 

if  the  axes  x^,  x^,  x^  are  related  to  y^,  y^,  y^  by  the  equations 


then 


x.  =  e. .  y. 

1  IJ  J 


^ij  _  ^ki8iik8jf 


(22) 


(23) 


?ij  =  ?ij8ik@jf 


(24) 


Now  turn  our  attention  to  the  stress  tensor,  tjj,  which  can  be  decomposed  into 
the  sum  of  a  stress  tensor  for  the  "parallel  element"  and  one  for  the  "series 
element",  respectively: 


T.  . 


(25) 


Referred  to  the  muscle  axes  yj,  73,  yj,,  we  have 
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(26) 


0  0  0 


Hence 


Tk l 


(27) 


Finally,  we  can  pose  the  general  formulation  as  follows: 

(1)  Ty^  is  related  to  e^  by  a  generalization  of  Eq.  (2),  to  be 
determined  by  methods  already  developed  in  the  theory  of  finite 
elasticity. 


(2)  S  is  related  to  r)  by  Eq.  (3). 


(3)  The  velocity  of  insertion  of  actin  and  myosin  fibers,  dfi/dt,  is 
given  by  Eq.  (6). 


Then  the  stress  tensor  Ty  is  fully  determined  when  the  history  of  stimulation 
and  constraints  are  prescribed.  The  structural  details  of  the  heart  are  pre¬ 
scribed  by  the  tensor  The  equation  of  motion  is,  as  usual, 


T.  .  ,  +  pX. 
1J,J  1 


(28) 


where  Vj  is  the  velocity  vector,  DVj/Dt  is  the  acceleration,  Xj  is  the  body 
force  per  unit  mass,  and  p  is  the  density.  Together  with  the  condition  of  in¬ 
compressibility,  the  system  of  field  equations  is  now  complete. 


A  key  point  in  the  formulation  above  is  the  introduction  of  the  compatibility  ten¬ 
sor  §.-j,  which  makes  individual  muscle  fibers  compatible  in  a  continuum. 

The  equations  above  provide  a  foundation  for  the  mechanics  of  the  heart.  Bound¬ 
ary-value  problems  can  then  be  formulated  and  solved,  so  that  experimental 
evaluation  can  eventually  be  done.  The  details  of  the  stress  distribution  in  the 
heart  during  systole  and  diastole,  the  details  of  its  movement,  the  field  of  flow, 
the  dynamics  of  the  valves,  the  influence  of  hypertension,  and  so  on  can  then  be 
investigated.;  It  is  axiomatic  to  all  engineers  that  we  must  be  able  to  calculate 
the  stress  and  strain  and  dynamic  responses  accurately  and  in  detail.  It  would 
be  inconceivable  to  do  advanced  engineering  if  we  could  not  do  so.  We  feel  that 
the  same  must  be  true  for  the  heart  specialist.  We  are  not  suggesting  that 
every  physician  and  surgeon  should  be  able  to  handle  tensor  analysis  or  finite- 
elements  computer  programs;  not  anymore  than  we  expect  the  aircraft  managers 
and  users  to  analyze  the  airplane  design.  But  somewhere  in  the  organization 
this  capability  must  exist. 


We  would  like  very  much  to  illustrate  the  theory  with  practical  results,  but  the 
matter  is  very  complex  and  not  enough  definitive  results  have  been  achieved. 
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For  the  purpose  of  illustration  we  shall  turn  to  the  problem  of  ureteral  peristal¬ 
sis,  which  is  of  a  simpler  geometry  and  slower  motion,  and  greater  simplifica¬ 
tion  can  be  theoretically  justified, 

APPLICATION  TO  URETERAL  PERISTALSIS 


The  hydrodynamics  of  the  upper  urinary  tract,  from  the  kidney  to  the  bladder, 
attracted  attention  from  the  earliest  days  of  biology  and  medicine,  (it  was  dis¬ 
cussed  by  Aristotle),  but  even  today  the  hydrodynamics  of  the  ureter  is  not  fully 
understood.  The  present  status  of  research  can  be  seen  from  Ref.  [3].  The 
ultrastructure  of  the  ureter,  the  mechanical  properties  of  the  ureteral  smooth 
muscle,  etc. ,  need  further  clarification. 

Theoretical  and  experimental  studies  on  peristalsis  considered  as  a  problem  of 
a  harmonic  traveling  wave  on  a  channel  or  a  cylinder,  have  been  reported  by 
Fung,  Yih,  Yin,  Shapiro,  Jaffrin,  Weinberg,  Barton,  Raynor,  Burns,  Parkes, 
Hanin,  Lykoudis,  Zien,  Ostrach,  Li,  and  others.  [6,11,14,18,21,26,28,29]. 

The  principal  differences  between  these  theories  are  concerned  mainly  with  the 
effects  of  amplitude,  wave  length,  and  Reynolds  number.  Shapiro  et  al.  solved 
the  problem  elegantly  and  simply  under  the  assumption  of  very  long  waves. 

Some  other  works  are  concerned  with  the  higher  order  effects. 

In  the  limiting  case  where  all  theories  apply,  all  the  papers  agree,  and  the  ex¬ 
perimental  results  of  Yi  n  and  Fung  [  28]  do  confirm  the  theory  where  applicable. 
Shapiro  and  1  did  have  different  definitions  for  the  term  reflux,  but  if  it  helps 
the  matter  I  am  willing  to  accept  Shaprio's  definition,  and  rename  what  I  used  to 
call  reflux  the  mean  flow  reversal,  and  limit  its  use  only  to  waves  of  small 
amplitude. 

One  of  the  conclusions  of  these  works  is  that  peristalsis  is  a  very  ineffective 
means  of  propulsion  if  the  tube  does  not  contract  down  so  as  to  almost  occlude 
the  flow  at  the  minimum  section.  The  real,  healthy  ureter  does  contract  this 
way.  How  does  the  ureter  do  it  cannot  be  understood  without  taking  the  muscles 
into  account.  But  we  could  not  find  much  data  in  the  literature  about  the  me¬ 
chanical  properties  of  the  ureteral  smooth  muscle. 

It  is  commonplace  for  a  radiologist  to  measure  the  geometry  of  the  moving  urine 
bolus  in  the  ureter.  It  is  also  possible  to  measure  the  pressure  history  in  the 
ureter  with  pressure  gages  inserted  on  a  catheter.  We  therefore  ask  whether  it 
is  possible  to  deduce  some  of  the  physiological  constants  of  the  ureter  from 
these  measurements.  To  test  this  idea,  a  theoretical  study  was  made  [13]. 
Subsequently,  supplementary  biological  data  about,  the  ureter  were  collected  [27] 
We  shall  present  an  improved  version  below. 

Before  analyzing  the  problem,  let  us  present  some  physiological  data.  The 
ureter  collects  urine  at  the  upper  end  and  sends  it  down  in  the  form  of  success¬ 
ive  boluses  of  fluid  as  shown  in  the  x-ray  photograph  in  Figure  8.  On  the  aver¬ 
age,  the  dimensions  and  flow  characteristics  of  normal  ureters  are  given  by 
Boyarsky  [3]  as  follows: 


48 


Human 

Oof 

Length,  cm 

27-37 

25  -  27 

Frequency,  number  per  min. 

1  -  5 

2-8 

Volume  flow,  ml/min/ureter 

0.5-3 

0. 1  -  6. 0 

ml /bolus 

0. 1  -  0. 6 

Conduction  rate,  cm /sec 

3 

3 

Back  peristaltic  pressure,  mm  Hg 

10-40 

10-50 

Renal  pelvic  capacity,  ml 

4-8 

1  -  2 

Bolus:  max.  diameter,  mm 

1  -  4 

5 

length,  mm 

30  -  130 

10  -  80 

At  the  upper  end  where  the  ureter  join*  the  kidney  at  the  pelvi*,  there  i*  no 
valve.  At  the  lower  end  the  ureter  enter*  the  bladder  in  a  very  delicate  fold 
which  form*  a  one-way  valve.  The  intramural  portion  i*  about  1.  25  cm  long. 

If  this  valve  -  the  so-called  ureteroveaicular  juncture  -  i*  damaged  or  if  the 
peristalsis  is  too  weak  urine  will  be  accumulated  in  the  ureter,  which  will  then 
be  dilated.  In  that  pathological  condition  the  kidney  will  be  injured. 

For  the  analysis  of  peristalsis  in  a  normal  ureter,  we  note  that  the  fluid  is  New¬ 
tonian,  the  tissues  are  incompressible,  and  the  Reynolds  number  of  the  flow  is 
small  (of  the  order  of  1)  so  that  the  inertia  force  may  be  neglected.  We  then 
make  the  following  assumptions:. 

(1)  The  fluid  bolus  is  axisymmetric  and  is  so  slender  that  its 
diameter  is  much  smaller  than  its  length. 

(2)  The  muscle  behavior  can  be  described  by  Eqs.  (2)  to  (6). 

Because  of  the  slender  geometry,  the  compatibility  strain  tensor  discussed  in 
the  previous  section  has  no  effect  on  the  average  stress  in  the  ureter  wall. 

Hence  when  we  focus  our  attention  on  the  fluid  and  only  ask  for  an  approximate 
solution  for  the  mean  stress  in  the  ureter,  we  may  ignore  the  compatibility  ten¬ 
sor.  Furthermore,  it  is  easy  to  show  that  the  tangential  shear  stress  due  *o 
fluid  motion  is  negligible  in  comparison  with  the  circumferential  stress,  and 
that  the  longitudinal  tension  in  the  ureter  has  a  negligible  effect  on  the  bolus. 

Let  us  take  a  set  of  polar  coordinates  (r,  6,  x)  with  the  x-axis  coinciding  with 
the  axis  of  the  ureter.  See  Figure  9.  We  denote  the  velocity  components  by 
vr<  v0»  vx,  the  normal  stresses  by  cr,  og,  ox,  and  the  shear  stresses  by 
°r0’  °rx’  ox0*  T*le  inner  wa^  of  ureter  is  located  at  r  =  rj  (x,  t);  the  outer 
at  r=  rg(x,  t),  where  t  denotes  time.  The  equation  of  equilibrium  of  the 
tube  wall  yields  the  relation: 

./O 

Vi  -  p0r0  =  (r0  •  ri>  ’  <T>  5  Jr.  0  0  dr  (Z9) 


where  pjf  pg  are  the  pressures  in  the  lumen  and  outside  the  ureter  respect¬ 
ively,  and  <T>  is  the  average  tensile  stress  in  the  wall.  For  the  fluid,  the 
Stokes  equations 


dx 


4 


1  d 
u77r 


dv 


(30a,  30b) 
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and  the  equation  of  continuity  for  an  incompressible  fluid. 


r  dr  r  r  30  dx 


(31) 


are  subjected  to  the  boundary  conditions 


v  =  v  =  0  at  r=r., 
x  r  i 


3v 
_ x 

3r 


0  at  r  =  0. 


(32) 


Deformed  stole 


(o)  Velocity  Components 


Fig.  9  Notations  and  coordinates. 

Noting  from  (30b)  that  p  is  independent  of  r,  we  obtain  from  (30a)  and  (32) 
that 

2 

vx(r,x,t)  =  U(x,t)  (  1  -  ~)  .  (33) 


On  the  other  hand,  (31)  and  (32)  yields,  for  an  axisymmetric  flow,  the  relation 


(r,  x,  t) 


j  „r  3vx(r,x,  t) 
r  Jo  r  3x 


dr  . 


(34) 


On  the  inner  wall  of  the  tube,  the  radial  velocity  vr  (rj,  x,  t)  is  precisely  the 
velocity  of  the  wall  3rj(x,  t)/3t.  On  substituting  (33)  into  (34),  integrating, 
then  setting  r  =  rj,  and  equating  it  with  3r.  (x,  t)/3t,  we  obtain 


3r.(x,t) 

“It 


8U(x,t) 
4  3x 


(35) 
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In  *  steady  peristaltic  motion  for  which  the  whole  pattern  moves  to  the  right  at  a 
constant  velocity  c,  rj  and  U  are  functions  of  the  single  variable  x  -  ct  *Q . 
and  Eq.  (35)  can  be  integrated  to 


h  u  «>• 


(36) 


with  an  integration  constant  A.  Thus  the  velocity  U  is  positive  (agreeing  with 
the  direction  of  propagation  of  the  peristaltic  wave)  when  rj  >  A;  it  is  negative 
when  r .  <  A.  Backward  flow  (U  negative)  occurs  if  the  tube  is  open  with  radius 
<  A,  as  a  consequence  of  the  conservation  of  mass.  This  backward  flow  can  be 
stopped  if  the  ureter  is  closed  off  both  at  the  front  and  the  rear  when  r^  =  A  as 
shown  in  Figure  10;  as  indeed  it  does  in  reality. 


c 


(b)  LUMEN  0CCLU0E0  WHEN  rj<A 


Fig.  10  Fluid  velocity  distribution  as  demanded 
by  the  equation  of  continuity. 


Now  we  must  consider  the  action  of  the  muscle.  A  complete  analysis  of  the 
ureter  is  complicated  because  the  tensile  stress  o  g  varies  throughout  the 
thickness  of  the  wall.  To  simplify  the  analysis,  note  that  according  to  Eq.  (29) 
we  need  only  the  mean  stress  <  T  >.  Let  a  neutral  surface  with  radius  r^ 
be  defined  so  that 


<  T  >  = 


c  e'V 


(37) 
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Let  the  neutral  surface  be  located  at  r  =  RN  when  the  ureter  is  unstressed, 
and  at  r  =  rN  when  the  ureter  is  distended.  Then  we  can  take  R^  as  the 
unit  of  length  for  the  muscle  and  write  rN/RN  and  r^/R^  in  place  of  L  and 
L*  in  £4.  (2),  and  p/Rj^  and  n*/Rjj  in  place  of  p  and  p*  in  Eq.  (3).  Then, 
for  the  ureteral  wall  we  have,  from  Eqs.  (2)  -  (8), 


(38) 


(39) 


£  $  *  * 

where  P  ,  S  ,  a,  a,  8,  8  are  values  appropriate  for  the  ureter.  Note  that 
according  to  (38),  (39) 


3P  a 


<P+  8) 


(40a) 


If  *  <s  +  e)  .  (40b) 
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The  rate  of  change  with  respect  to  time  of  the  average  tension  <  T  >  ( which 
will  be  written  as  T  for  simplicity),  is,  from  (4) 

dT  aP_  as  dri_  3S.  dfl_ 

dt  =  drN  dt  5t)  dt  38  dt  (41) 


Since  dr|/dt  =  drN,'d'.  +■  dfl/dt  according  to  Eq.  (5), 


dT  _  '3P_  as  '  drN  'dS  dS\  dfl 

dt  *  \ arN  an  /  dt  Ian  w/  dt  (42) 

Finally,  d4/dt,  the  rate  of  insertion  of  actin  and  myosin,  is  given  by  the  modi¬ 
fied  Hill's  equation  (6),  (7),  and  (8).  Thus 


A  definition  of  the  "natural  state”  or  "unstressed  state"  of  the  ureter  is  re¬ 
quired..  It  is  natural  to  consider  a  ureter  as  unstressed  as  it  is  grown  in  the  body 
under  a  constant  peritoneal  (approximately  atmospheric)  pressure.  Then  the 
muscle  tension  T  =  P  +  S  is  the  stress  above  the  peritone.-l  pressure  pQ.  With 
the  internal  pressure  p.  measured  as  the  gauge  pressure  with  respect  tc  pQ, 
then  we  should  set  p^  =  0  in  our  equations. 


S3 


(43) 


In  •  peristaltic  wave  of  constant  speed  both  rN  and  T  as  functions  of  space 
and  time  are  functions  of  a  single  variable  (  >  x  -  ct  Hence,  d/dt  *  -cd/d£. 
Substituting  this  and  S  =  T  -  P  into  (43),  we  obtain  the  first  basic  equation 


♦  M 


where 


(44) 


•  A  AA  -i  | 

L  =  j  aT  -  (a  -  a)  P  +  a|  +  aB  .  ■=- 

l  jkn 


(45) 


M  = 


c  La(T 


P)  ♦  aB  + 


8S  i  1  b  **"iS0,(t>  '  T  +  P«" 

bb  RN  j  Rn  a+  T  -  P 


(4*) 


To  derive  a  second  equation,  we  combine  (33),  (3b)  and  (3Ua),  and  introduce  £ 
to  obtain 


r. 

i 


(4  V) 


We  then  differentiate  Eq.  (29)  with  respect  to  £  to  obtain 


.  .  dT  x  /3rfl 

S'  ri>  dC  +  'dT 


3r.  dp.  dr.  dr  8p„ 

i  \  i  i  0  rfl 

bT T  =  rfdF  +  pi  “dr  *  po  IT '  ro'aT 


(48) 


Substituting  pj  and  dpj/d£  from  (29),  (47)  into  (48),  setting  pQ  =  0, 
and  expressing  the  radii  rj,r0,  and  their  derivatives  in  terms  of  r^ 
and  drj^/dC  by  the  condition  of  incompressibility  of  the  ureteral  wall, 


where  Rj,  Rq,  F._  are,  respectively,  the  radii  of  the  inner  wall,  outer  wall, 
and  neutral  surfa  of  the  contracted  ureter  (hence  R^  =  0),  we  obtain 
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where 


K  = 


(51) 


N  =  - 


r 

1 


(52) 


Equations  (44)  and  (50),  governing  the  segment  of  the  ureter  in  which  the  muscle 
is  active,  can  be  written  as 


N  -  M 
L  -  K  ’ 


II 

dC 


M  +  L 


'N-M'i 
\  L  -  K  1 


(Active) 


(53) 


dT  M(L  -  K) 

drN~  N  -  M 


(Active)  (54) 


These  equations  ar :  of  the  type  discussed  in  the  theory  of  nonlinear  vibrations 
of  autonomous  systems.  They  can  be  solved  numerically  without  difficulty.  The 
right  hand  sides  of  both  equations  do  not  vanish  in  the  range  of  interest,  hence 
there  are  no  singular  points. 

An  integration  of  (53)  -  (54)  yields  the  tension  and  the  radius  of  the  bolus  in  the 
segment  when  the  muscle  is  actively  contracting.  The  corresponding  equation 
in  the  passive  segment  can  be  obtained  by  setting  S  =  T  -  P  =  0,  because  then 
no  tension  exists  in  the  contractile  element.  On  substituting  P  for  T  in 
Eq.  (50),  noting  that  dP/d£  =  (dP/dr^)  (drN/d£)  and  using  Eq.  (40a),  we 
obtain, 


=  -jj  S~  (P  +  8 )  -  K  I  (Passive)  (55) 

N  N  J 

These  segments  are  jointed  together  at  a  section  which  may  be  designated  £  -  ft 
where  T  =  P.  This  completes  the  basic  theory. 

To  integrate  these  differential  equations  it  is  easiest  to  start  from  the  point 
£  =  0  where  the  diameter  of  the  neutral  surface  is  the  maximum.  The  integra¬ 
tion  constants  are  the  values  of  r^j  and  T  at  £  =  0,  Ii  the  bolus  moves  to 
the  right,  the  segment  £  >  0  corresponds  to  the  passive  state  of  the  ureter, 
whereas  £  <  0  corresponds  to  the  active  segment.  The  section  at  £  =  0  marks 
the  beginning  of  muscle  contraction.  It  can  be  verified  a  oost'.nori  that 

r  =  rN  max  when  C  =  °- 


The  constants  P*,  A*,  may  be  expressed  in  terms  of  P(r. 


N  max 


) 


A  (In 

P'rN>=KmJ+^  "" 


rN  max  | 

rn  >  2 


(56) 


The  derivative  3S/3A  is  unknown  and  is  presumed  to  be  zero. 

With  the  initial  values  r  =  r„  max.  T  =  T(rN  max)  =  P(rN  max».  Eq.  (54)  can  be 
integrated  numerically  to  obtain  T  as  a  function  of  r^;-  then  C  can  be  obtained 
by  integrating  the  first  of  Eq.  (53).. 


C(rN) 


frN  max 

i 


(L  -  K) 
N  -  M 


dr. 


(Active) 


(57) 


because  £  (r^  mJJi)  =  0  For  the  passive  segment,  Eq  (55)  can  be  integrated 
directly.. 


ILLUSTRATIVE  EXAMPLE 


The  physiological  problem  of  the  ureter  contains  a  large  number  of  parameters 
which  are  unknown  at  the  present  time.  To  illustrate  the  theoretical  procedure, 
as  well  as  to  gain  insight  to  the  physiological  problem,  an  example  is  given  The 
results  are  shown  in  Figure  1 1 ,;  the  assumed  values  of  the  parameters  are  listed 
in  the  caption.  All  pressures  are  gauged  to  the  peritoneal  cavity.  The  course  of 
the  active  state  of  the  muscle,;  specified  by  f(t)  in  Eq.(6),  is  not  known  for  the 
ireter.  In  contrast  to  the  heart  muscle  which  required  electric  stimulation,;  the 
ureter  can  be  excited  mechanically  by  stretching  The  relationship  between  the 
active  state  and  stretching  in  smooth  muscles  is  one  of  the  most  important  and 
interest:ng  problems  being  investigated.  For  the  purpose  of  this  illustration  we 
assume  that  the  muscle  can  be  passively  stretched  to  certain  extent,;  then  it  be¬ 
comes  active,,  so  that  a  course  of  activity  f(t)  =  sin  ff(t  A  tQ) /t  similar  to  that 

for  the  heart  muscle  is  fallowed.-  Negative  activity  is  considered  unlikely  so  that 
f(t)  is  set  to  /.era  for  t  >  t  -  t...  Three  values  of  the  ratio  t _ /t  -  0,  I  /A  and 

%  I  •y  i  A  r  ^  v  W  IT! 

1/6  arc  shown  in  the  figure. 

The  constant  A  is  indeterminate  if  mean  flow  reversal  (or  reflux)  is  permitted 
But  if  such  reversed  flow  is  prevented  then  the  fluid  must  move  with  the  wave 
At  the  maximum  diameter  the  fluid  velocity  is  parallel  to  the  cylinder  axis  and 
the  mean  fluid  speed  must  be  equal  to  c.  Hence  the  maximum  speed  U  “  1c  and 

Eq  (36)  yields  A  -  r  1  \e 

l  max 

The  upper  drawing  of  Fig  1  1  shows  the  calculated  contours  of  the  fluid  bolus  un¬ 
der  the  assumed  constants.  The  values  of  cr ,  are  the  mean  values  for  the  dog 
recently  measured  in  our  laboratory  The  point  £  --  0  on  the  abscissa  marks 
the  beginning  of  the  muscle  contraction  The  bolus  moves  to  thi  right  To  the 
right  of  the  origin  the  ureter  is  passive,,  to  the  left  the  muscle  is  actively  con¬ 
tracting  The  middle  curves  refer  to  a  normal  ureter  free  of  obstruction.  The 
lower  curve  refers  to  the  pressure  experienced  by  a  pressure  gage  inserted  on 
the  side  of  a  catheter  The  diameter  of  thi  catheter  is  assumed  to  be  1  58  mm 

(si/.e  5F)  so  that  the  inner  lumen  of  ihe  ureter  is  limited  to  r  -  0..79  mm  it  is 

] 

seen  that  with  the  assumed  parameters,-  there  is  a  rise  in  pressure  due  to  iso¬ 
metric  contraction  of  the  muscle  onto  the  catheter  tip  after  the  passage  of  the 
bolus  In  this  particular  case  the  high  pressure  rise  is  an  artifact  caused  by  the 
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Figure  1 1  .• 

A  theoretical  example.  Upper  curves :  Shape  of  the  neutral  surface  (upper 
curve)  and  the  corresponding  distribution  of  differential  pressure  across  the 
ureteral  wall.  Parameters: 

■v  a  2 

a  =  7.  53  per  muscle  length,  0  =  0.  283  dynes /cm 

a  =  33,  3  per  muscle  length,  0  =  0  dynes/cm^ 


rN  max 


1,  5  mm 


R.  =  0 

1  2 
T(0.  15)  =  P(0.  15)  =  200  dynes/cm 


c  =  3  cm/  sec. 

SQ(0.  15)  =  10^  dynes/cm^,. 
b  =  0.  05 


n  =  1, 
f(t)  = 


sin  tr  (t  +  tg) 

- 

m 


Rj^  =  1  mm 

Rq  =  2  mm 

p  =  0.  009  poise 

v  =0.2  length/sec., 
max 

V  =  1/4 

^  rim//e 

t  =10  sec. 
m 


Lower  curve:  Course  of  pressure  measured  on  the  surtace  of  a  catheter  of 
diameter  1.  58  mm  inserted  in  the  ureter.  Contraction  becomes  isometric 
when  the  inner  lumen  of  the  ureter  is  reduced  to  the  catheter  diameter.. 


\ 


I 
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catheter;  the  rise  depends  on  the  catheter  size.  The  pressure  peak  is  caused  by 
the  continued  contraction  of  the  muscle,  which  will  subside  only  when  the  active 
state  decreases  to  zero.  One  expects,  in  general  a  phase  shift  between  the  larg¬ 
est  diameter  of  the  fluid  bolus  and  the  peak  muscle  tension;  hence  the  intra -lu¬ 
men  pressure  is  out  of  phase  with  the  lumen  diameter..  This  phase  lag  has  been 
found  by  Barry,  Absher  and  Boyarski  [ 2  J  with  catheter  tip  pressure  measure¬ 
ments  in  the  dog,  see  Fig.  12.. 


U-K 
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C«CN 


V  ;«U  CATKTtt 
ISISM 

J-sr.) 

1$Ut  Fla* 


LIFTSKTW 
■SMtum 
-HJ0CCM 
-*2»  cum* 


Fig.,  12.  Correlation  of  peristaltic  wave  with  pressure  measured  by  catheter  tip 
pressure  gages. 

Upper  curve  Pressure  wave  in  ureter  correlated  with  the  location  of  fluid  bolus 
relative  to  the  catheter  tip  holes  for  pressure  gages.  Ordinate 
pressure  in  mm  Hg.  Abscissa,  F rame  number  related  totime  sequence 

Lower  curve  ■  Details  showing  fluid  bolus  relative  to  the  catheter.  The  inclined 
line  marks  the  location  ol  the  pressure  hole.  Shaded  areas  indi¬ 
cate  catheter.  In  frames  235  -  250  the  catheter  is  enveloped  in 
fluid  bolus. 

Courtesy  Drs.  Barry.  Absher,;  and  Boyarsky.  From  Ref.,  2.. 
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A  remarkable  feature  is  the  small  value  of  the  ureteral  wall  tension  required  to 
accommodate  and  to  move  the  urine.  In  Figure  11  the  maximum  wall  stress 
P  (0.  15)  =  T(0.  15)  is  only  ZOO  dynes/cm‘  .  The  corresponding  transmural  pres¬ 
sure  p.  -  p«,  is  also  small.  This  small  demand  on  muscle  shows  the  ease  with 
which  a  ureter  containing  a  fluid  can  form  a  bolus.  It  explains  why  no  special 
organ  is  needed  at  the  renal  pelvis  to  initiate  a  urine  bolus.  It  also  suggests  that 
most  of  the  power  of  the  muscle  is  spent  not  to  move  the  bolus  but  to  assure  a 
tight  closure  behind  the  bolus,  and  to  force  the  fluid  into  the  bladder.. 

A  survey  of  the  effects  of  varying  the  physical  parameters  on  the  bolus  shape  and 
pressure  history  was  made..  Increasing  the  wall  stress  P(rN  max)  will  make 
the  bolus  longer.  Decreasing  the  contractile  element  velocity  b  ,  or  the  initial 
activity  time  t.j/tm  has  the  same  effect.  Higher  tQ/t  implies  stronger  ini¬ 
tiation  of  muscle  activity  and  therefore  shorter  length  o?  bolus  on  the  active  side. 
Variation  of  the  elastic  constants  <*,p,  0t,fi  has  only  a  minor  effect  on  the  bolus 
length.  The  maximum  radius  rN  max  and  the  maximum  tension  SQ  are  the 
most  important  parameters  influencing  the  peak  pressure  in  the  lumen  after  the 
passage  of  the  fluid  bolus.  When  r^  ma  is  large  such  high  peak  pressure  does 
not  arise..  The  initiation  time  tg  also  affects  the  peak  pressure  significantly 
when  there  is  an  obstruction. 

To  complete  our  understanding,  further  experimental  data  on  muscle  dynamics 
must  be  obtained.-  However,  the  theoretical  analysis  does  provide  a  framework 
in  which  the  effect  of  various  physical  parameters  can  be  studied,;  thus  it  can  heln 
unravel  pathological  and  comparative  aspects  of  ureteral  hydrodynamics. 
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ABSTRACT 

It  is  suggested  that  the  large  organized  motions  which  are  observed  in  inhomo¬ 
geneous  turbulent  flows  may  be  those  the  net  energy  of  which  as  the  largest 
growth  rate  (the  smaller  scale  turbulence  being  replaced  by  a  constitutive  rela¬ 
tion).  This  ia  similar  to  the  classical  energy  method  for  stability  analysis;  a 
modern  extension  of  this  method  (by  Serrin,  1959)  is  described,  and  the  impli¬ 
cations  of  the  method  carefully  evaluated.  It  is  concluded  that  the  method  de¬ 
scribes  dynamically  possible  motions;  the  work  of  Petrov  (1938),  in  which  the 
contrary  conclusion  is  reached,  is  examined.  The  motions  are  found  to  be  nec¬ 
essarily  nonlinear,  and  to  evolve.  The  method  is  applied  to  longitudinal  rolls  in 
che  wall  region  of  boundary  layer  flow  (found  by  Joseph,  1966,  to  be  least  stable 
in  Couette  flow,  and  observed  in  the  wall  region).  The  resulting  equations  are 
solved  by  asymptotic  techniques;  these  make  clear  that  unstable  eddies  experi¬ 
ence  viscosity  only  near  the  wall;  that  streamwise  disturbances  are  produced 
from  the  mean  gradient  by  vertical  disturbances;  that  in  the  viscous  region  tran¬ 
sverse  disturbances  decay,  while  still  producing  streamwise  disturbances.  As 
a  check  on  the  asymptotic  analysis,  it  is  also  applied  to  rectlinear  Couette  flow, 
where  it  gives  the  classical  value  for  the  zero-growth-rate  Reynolds  number 
(Serrin,  1959;  Joseph,  1966).  The  eigenvalue  relation  for  the  wall  layer  indi¬ 
cates  very  large  growth  rates  (in  sublayer  variables)  at  observed  Reynolds  num¬ 
bers,  in  agreement  with  observation.  Predicted  wavenumbers  are  larger  than 
observed;  a  way  is  suggested  by  which  the  reduction  in  shear  due  to  the  presence 
of  the  eddies  would  reduce  the  wavenumber  to  that  observed. 


INTRODUCTION 


It  is  now  well  known  that  inhomogeneous  turbulent  flows  exhibit  recurrent  struc¬ 
tures  in  the  velocity  field,  which  are  referred  to  as  "large  eddies"  (Townsend, 
1956).  The  dynamical  role  which  these  motions  play  was  discussed  at  length  in 
Townsend  (1956),  and  several  guesses  made  as  to  the  form  of  eddy  required  to 
explain  the  measurements  in  various  flows.  Suggestions  have  been  made  (Lum- 
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ley,  1967,  1970b)  as  to  how  these  motions  might  be  identified  objectively  in  cor. 
relation  data.  The  dynamical  equations  obeyed  by  these  eddies  have  been  dis¬ 
cussed  (Townsend,  1966;  Lumley,  1967).  Both  discussions  suggest  replacing  the 
turbulent  velocities  of  smaller  scale  by  a  constitutive  relation;  that  is.  treating 
the  large  eddy  deterministically,  as  weather  is  treated  meteorologically,  while 
the  smaller  scale  turbulence  is  treated  statistically.  Although  this  is  justified 
in  meteorology,  it  is  probably  not  in  flows  in  the  laboratory:  it  is  not  hard  to 
show  that  a  spectral  gap  hall  a  decade  wide  is  required,  for  such  a  treatment  to 
be  rigorously  justified  (Lumley.  1970c).  In  laboratory  flows,  there  is  some- 
times  a  gap  of  sorts,  but  it  is  neither  wide  enough  nor  deep  enough.  Neverthe¬ 
less.  there  are  even  less  propitious  applications  of  this  technique  (to  cases  with 
no  gap  at  all)  which  have  been  remarkably  successful,  such  as  the  Heisenberg 
(1946)  treatment  of  the  spectrum.  Certainly  this  approach  does  not  violate  phy¬ 
sical  laws  (such  as  the  second  law  of  thermodynamics),  it  can  be  made  to  meet 
global  requirements  (such  as  dissipating  the  proper  amount  of  energy)  and  can 
be  endowed  with  certain  known  characteristics  of  the  real  situation  (such  as  vis¬ 
coelastic  behavior;  c.  f.  Lumley.  1970a);  hence  there  is  a  certain  justification 
in  hoping  for  qualitatively  correct  results.  The  method,  in  addition  has  the  vir¬ 
tue  of  simplicity. 

The  equations  of  motion  for  the  large  eddy  are  now  reduced  to  the  Navier- Stokes 
equations,  if  a  simple  eddy  viscosity  is  assumed,  or  some  more  complicated 
equivalent,  if  a  more  realistic  constitutive  equation  is  adopted.  Although  this 
represents  a  considerable  simplification,  it  still  does  not  make  possible 
straight  forward  calculation:  the  number  of  known  exact  (or  even  asymptotic) 
solutions  to  the  Navier-Stokes  equations  is  remarkably  small.  Ordinarily,  for 
given  boundary  conditions,  the  variety  of  solutions  that  can  be  generated  by  var¬ 
ious  initial  conditions  is  considerable;  which  one  is  the  large  eddy?  According¬ 
ly,  another  principle  appears  to  be  needed,  to  isolate  the  large  eddy.  It  has 
been  suggested  (Lumley,  1967)  that  the  mean  velocity  profile  might  be  neutrally 
stable  (in  the  small  disturbance  sense)  to  the  large  eddy,  thus  identifying  the 
latter  as  the  eigenfunction  of  the  Orr-Sommerfeld  (or  equivalent)  equation  cor¬ 
responding  to  the  minimum  value  of  Reynolds  number.  Unfortunately,  direct 
calculation  (Reynolds.  Tiederman,  1967)  indicates  that  turbulent  boundary  layers, 
at  any  rate,,  are  stable  to  all  such  disturbances. 

We  are  proposing  here  another  principle,  that  the  large  eddy  observed  is  that 
motion  which  can  most  efficiently  extract  energy  from  the  mean  motion  and  give 
up  as  little  as  possible  to  the  (turbulent)  dissipation.  This  is  the  motion  which 
can  therefore  grow  largest  under  given  circumstances.  Application  of  this 
principle  gives  a  well  defined  and  relatively  simple  eigenvalue  problem,  at  least 
for  the  case  of  a  Newtonian  constitutive  relation.  In  this  case,  it  is  formally 
equivalent  to  what  is  known  classically  as  the  energy  method  of  stability  analysis. 

We  will  restrict  ourselves  to  a  Newtonian  constitutive  relation,  since  we  have  in 
mind  applying  this  analysis  to  the  wall  region  of  a  boundary  layer  or  pipe  flow. 

In  such  a  flow,  the  maximum  shear  and  minimum  viscosity  is  in  the  sublayer,, 
which  is  Newtonian;  one  may  reasonably  expect  that  the  dynamics  of  such  large 
eddies  as  exist  may  be  dominated  by  Newtonian  phenomena.  In  fact,,  we  will 
find  from  the  asymptotic  analysis  that  the  nature  of  the  effective  viscosity  out¬ 
side  the  sublayer  has  no  influence  on  the  energy  balance  of  the  eddies.  This 
would  certainly  not  be  generally  true;  in  attempting  to  calculate  the  form  of 
large  eddies  in  shear  layers,  for  example.:  one  might  expect  the  character  of 
the  effective  constitutive  relation  to  be  important,  since  the  maximum  shear 
region  occurs  where  the  turbulence  is  strong;  the  energy  balance  then  will  be 
between  production  and  turbulent  dissipation,  and  the  effective  constitutive 
relation  is  certainly  not  Newtonian  (Lumley,.  1970a). 

THE  ENERGY  METHOD  OF  SERR1N 


The  classical  energy  method  is  associated  with  Orr  (1907).  This  was  limited 
to  two-dimensional  disturbances  to  the  basic  flow,  and  continuity  was  satisfied 
by  the  use  of  a  stream  function.  In  1959,  Scrrin  extended  the  method  to  three- 
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dimensional  disturbances,  using  Lagrange  multipliers.  Our  derivation  will  be 
restricted  to  a  Newtonian  constitutive  relation,  and  is  a  trivial  generalisation  of 
Serrin's.  using  a  slightly  different  method. 

We  are  seeking  the  disturbance  u.  to  the  basic  flow  Uj  which,  subject  to  the  con¬ 
dition  1 


has,  at  a  fixed  time  t,  for  a  fixed  value  and  distribution  of  v.  an  extremal  value 
of 

a  =  (l/2E)dE/dt  (2) 

where  E  is  the  global  disturbance  energy.  That  is.  the  disturbance  which  can 
most  efficiently  extract  energy  from  the  basic  flow,  losing  as  little  as  possible, 
will  have  the  largest  growth  rate.  That  this  extremism  is  truly  a  maximum  can 
be  seen  more  mathematically  by  considering  that,  for  a  fixed  distribution  of  v. 
thedissipation(which  must  always  be  nonnegative)  may  be  made  arbitrarily  large 
by  selecting  u-  having  sufficiently  small  characteristic  length  scales.  The  pro¬ 
duction  is  bounded  (relative  to  the  energy)  above  and  below  (by  the  negative  of 
the  least  and  greatest  eigenvalues  of  the  strain  rate  tensor  of  the  basic  flow). 

Oue  to  the  dissipation,  however,  the  range  of  growth  rates  is  bounded  only  above,, 
and  unbounded  below. 

Using  the  integral  of  the  equations  of  motion,  we  have  from  (2) 

a  -  f-fs. .u.u.dV  -  fu.  -v2s..dVf  /  <*u.u.dV  (3) 

v  J  ij  i  j  jj  '  tiii 

where  Sjj  and  s,j  are  respectively  the  strain  rate  tensors  of  the  basic  flow  and 
of  the  disturbance.  Note  that  all  transport  terms  vanish,  since  they  are  conser¬ 
vative.  Applying  the  usual  techniques  of  the  calculus  of  variations.,  we  obtain 
(indicating  by  o*  the  maximum  value) 

f{o+u.  +  S..u.  -  2  (vs.y  jHu.dV  =  0  (4) 

Now,  if  the  variation  is  over  incompressible  motions,,  the  6u.  are  not  indepen¬ 
dent,  but  are  related  by  1 


We  may  specify  Juj  and  fiuj  independently,,  for  example,,  and  then  5uj  is 
given.  If  we  write 

0+u,  +  S.jUj  -  2  (vs.j)  j  =  X.  (6) 

for  convenience,  then  (4)  becomes 

JX.Su.dV  =  J  (XjiUj  +  X26u2  +  XjiUj)  dV  =  0  (7) 

If  wc  set  Xj  =  -  tt  j/p.,  where  n  is  an  arbitrary  function,,  then  integration  by 
parts  (usingJthe  condition  that  uj  and  6uj  either  vanish  on  the  boundaries  or 
satisfy  a  cyclic  boundary  condition)  gives 

JX.6u.dV  =  J  (Xj6iij  +  X26u2  +  3  n/p)  dV 


j  (XjSiij  +  X2f,u2  -  1 5 u j  j  +  6 u.,  2I  r/p)  dV 


=  J*  [  X  J  t  TT  j/pfSUjt  (X2ttt  2/r)6u2J  dV 
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(9) 


Since  6u|  and  6u£  are  independent,  we  have 

o*  u.  ♦  S..u.  =  -  v  ./ft  Z(vs. .)  .  u.  .  =  0 

«  *J  J  »J  .J  ».« 

Thi*  is  the  same  as  that  derived  in  Serrin  (1959)  with  the  exception  of  the  in¬ 
clusion  of  a  non- zero  growth  rate,  and  variable  viscosity.  The  pressure  tt  is 
that  required  to  assure  (1),  and  hence  may  be  regarded  as  a  Lagrange  multiplier. 

This  has  been  applied  by  Serrin  (1959)  to  Couette  flow  with  uniform  viscosity  and 
a*  -  0.  Two-dimensional  disturbances  of  the  same  flow  were,  of  course,  cal¬ 
culated  by  Orr  (1907);  he  found  that  the  Reynolds  number  at  which  o+  =  0  (the 
critical  Reynolds  number)  for  such  disturbances  is  6. 65,  based  on  the  shear 
veloc.ty  and  the  half  width.  Although  Orr  (1907)  said  "Analogy  with  other  pro¬ 
blems  leads  us  to  assume  that  disturbances  in  two  dimensions  will  be  less  stable 
than  those  in  three;  ...  "  as  pointed  out  by  Joseph  (1966),  Serrin  (1959)  found 
that  longitudinal  rolls  could  survive  to  a  lower  Reynolds  number,  namely  4.  54 
(on  the  same  basis);  evidently  such  disturbances  can  extract  energy  more  ef¬ 
ficiently.  Serrin  (1959)  did  not  show  that  this  type  of  disturbance  was  the  most 
efficient,  i.  e.  -  that  it  corresponded  to  the  largest  growth  rate  (=0)  at  a  given 
Reynolds  number,  or  to  the  lowest  Reynolds  number  at  a  given  growth  rate. 
Joseph  (1966)  however,  by  considering  the  combined  problem  of  Couette  flow  of 
a  Boussinesq  fluid  heated  from  below,  showed  that,  in  fact,  the  longitudinal  rolls 
are  the  most  efficient. 

Taylor  (1960)  suggested  using  this  type  of  analysis  for  a  purpose  different  from 
ours:  namely,  viewing  a  Couette  flow  as  two  viscous  sublayers  face  to  face,  the 
thickness  Reynolds  number  (defined  as  above)  corresponding  to  a  maximum 
growth  rate  ci  zero  appears  to  give  the  thickness  of  the  layer  next  to  the  wall  in 
which  no  disturbance  can  survive  without  importing  energy  from  above.  He  used 
the  analysis  of  Lorentz  (1907)  who  did  not  actually  solve  the  extremum  problem, 
but  guessed  at  a  solution.  Using  Serrin  and  Joseph's  solution,  this  would  sug¬ 
gest  a  viscous  sublayer  thickness  of  y+  =  4.  54.  which  is  near  the  point  at  which 
the  mean  velocity  profile  bends  away  from  the  linear,  although  well  below  the 
point  (~9)  at  which  measured  dissipation  first  exceeds  production  (Townsend, 
1956). 

Before  applying  (9)  to  a  specific  calculation,  we  must  examine  the  implications 
of  the  method,  so  that  we  will  know  what  to  expect  of  it. 

CRITIQUE  OF  THE  ENERGY  METHOD 

The  energy  method,  as  applied  to  flows  without  buoyancy  ',  has  been  subject  to 
extensive  criticism.  For  example,  Lin  (1955)  states:  "Even  here  only  the  lower 
limit  for  the  critical  Reynolds  number  can  be  expected,  because  stability  must 
be  established  for  all  disturbances  in  the  present  method,  while  in  reality  only 
those  satisfying  the  hydrodynamic  equations  need  to  be  considered.  The  inclu  - 
sion  of  the  spurious  disturbances  ..."  (page  59)  and  "The  energy  equation  thus 
gives  critical  Reynolds  numbers  that  are  too  low,"  (page  61).  Serrin  (1959) 
states:  "It  is  important  to  note  that  the  energy  method  cannot  provide  accurate 
knowledge  of  the  limits  of  stability,  such  as  can  be  gained  from  the  linearized 
perturbation  theory  ...  The  reason  is  that  in  the  energy  method  one  establishes 
stability  relative  to  arbitrary  disturbances,  while  in  reality  only  those  satisfy¬ 
ing  the  hydrodynamical  equations  need  be  considered,  "(page  4).  Joseph  (1966) 
states  "The  functions  which  are  admitted  for  review  need  not  be  possible  solu¬ 
tions  of  the  conservation  equations  (momentum  and  energy).  It  is  in  this  sense 
that  one  may  speak  of  dynamically  inadmissible  disturbances,"  (page  181),  And 
further:  "Evidently  ...  the  energy  method  reflects  a  sensitivity  to  spurious  and 
dynamically  inadmissible  disturbances,"  (page  182).  None  of  these  allegations 
is  supported.  However,  Monin  and  Yaglom  (1971)  state  "Analyzing  this  fact 
(that  the  energy  method  gives  lower  critical  Reynolds  numbers  than  the  linear 
theory]  Petrov  (1938)  came  to  the  conclusion  that  the  values  of  i|  at  which 

‘-with  a+  =  0,  and  uniform  viscosity. 
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F  ft  j  take*  a  maximum,  taking  into  account  the  time  variation  of  all  the  func¬ 
tions,  will  apparently  in  no  case  generate  a  dynamically  possible  motion.  Thus 
the  energy  method  can  never  give  an  exact  value  of  Re,-  mi_,  but  is  only  suit¬ 
able  for  making  preliminary,  very  rough  estimates  of  tms  value. " 

The  question  of  why  the  critical  Reynolds  numbers  predicted  by  the  energy  met¬ 
hod  in  flows  without  buoyancy  are  substantially  lower  than  those  predicted  by  the 
linear  theory*  is  certainly  an  interesting  one,  although  whether  they  are  "too 
low"  as  stated  by  Lin  (supra)  and  in  what  sense,  remains  to  be  seen.  The  ex¬ 
planations  given  by  Lin,  Serrin  and  Joseph  are  clearly  not  satisfactory,  since 
function*  are  "admitted  for  review"  at  a  fixed  time  only;  any  velocity  field  at  a 
fixed  time  satisfies  the  hydrodynamical  equations,  which  serve  to  determine  its 
evolution,  i.  e.  -  the  time  derivative.  The  only  substantial  argument  appears  to 
be  that  of  Petrov  (1938). 

Since  the  paper  of  Petrov  (1938)  appears  never  to  have  been  translated,  a  trans¬ 
lation  of  the  relevant  section  (pages  20-24)  is  appended  (some  obvious  misprints 
in  the  equations  have  been  corrected).  The  remainder  of  the  Petrov  paper  is  a 
concise  introduction  to  classical  small  disturbance  stability  theory  and  the  ener¬ 
gy  method,  and  need  not  concern  us  here.  Petrov,  of  course,  is  reasoning  pri¬ 
marily  about  linearised  disturbances  having  exponential  behavior  in  time. 

His  argument  may  be  summarised  as  follows:  the  small  disturbance  equations 
obtained  from  the  Navier-Stokes  equations,  and  the  equations  obtained  from  the 
energy  method  are  not  the  same;  both  cannot  be  satisfied  simultaneously  (the 
difference  is  Petrov's  equation  (22) );  hence,  disturbances  considered  in  the 
energy  method  do  not  satisfy  the  (small  disturbance  limit  of  the)  Navier-Stokes 
equations. 

This  conclusion  is  correct  when  applied  to  the  small  disturbance  limit  of  the 
Navier-Stokes  equations  (though  misleading);  it  is  not  correct  for  the  full  equa¬ 
tions.  The  difference  lies  in  the  interpretation  of  the  time  derivative.  The 
energy  method  specifies  a  global  growth  rate;  locally  the  growth  rate  may  be 
greater  or  less,  with  the  non-linear  terms  transferring  energy  from  one  region 
to  another  as  required.  These  non-linear  transport  terms,,  being  conservative,; 
do  not  appear  in  the  integrals,  so  that  the  equations  of  the  energy  method  apply 
to  large  disturbances  whether  this  is  intended  or  not.  The  difference  between 
the  equations  of  the  energy  method  and  the  Navier-Stokes  equations  serves  to 
determine  the  local  growth  rate.  Only  in  the  linearized  case,  where  no  mechan¬ 
ism  is  present  to  transport  energy  from  one  level  to  another  (in  a  parallel  flow) 
is  the  growth  rate  required  to  be  the  same  at  all  levels,  and  only  then  does  in¬ 
consistency  result.  Hence,  it  is  the  assumption  of  linearity  that  is  inconsistent. 
Let  us  examine  the  equations. 


The  condition  (2)  does  not  imply  that  3u./at  =  ou^  at  each  point  in  the  fluid  at  the 
instant  in  question.  The  growth  rate  of  the  disturbance  may  be  larger  or  smaller 
than  optimum  loyally,  so  long  as  (2)  is  satisfied.  In  fact,  of  course,  u^  must 
also  satisfy  the  Navier-Stokes  equation 


u.+U.  .u.+  u.  .U.+  u.  ,u  .  =  -  p  ,/p  +  (v(u.  .  +  u.  .)  )  . 
i  i.J  J  ‘.J  J  i.J  J  .«  M  i.J  ■) 

and  the  local  growth  rate  can  be  obtained  by  substracting  (9)  from  (10) 

u.-o+u.  =  -  fl.  ,u.-u.  ,U  -u.  ,u.  -  (p-n)  .  / p 
i  >  ij  J  i.J  J  i.J  J  y  .i  ¥ 


(10) 


(11) 


In  Joseph  (1966)  it  is  shown  that  in  several  flows  with  buoyancy,  the  critical 
Reynolds  numbers  predicted  by  the  energy  method  are  close  to,  or  the  same  as,: 
those  predicted  by  the  linear  theory. 
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where  Uj  :  =  Sj:  ♦  fly,  Ojj  being  the  antisymmetric  part.  Aa  required  by  (2), 
multiplication  oi  (lljby  Oj  and  integration  over  the  region  gives 

dE/dt  =  (d/dt)  fu.u.dV/2  =  fu.ii.  dV  =  o+  fu.u.dV  (12) 

J  I  I  4  11  4  1  1 

If  our  explanation  is  correct,  aquation  (11),  when  restricted  to  a  linearised  two- 
dimensional  disturbance  of  a  two-dimensional  parallel  flow,  should  give  Petrov's 
equation  (22).  Let  U.  =  (U(Xj,),  0,  C), 

0  u’/2  0  0  U/2  0 

Sy  =  u’/2  0  0  ,  fi..  =  -U  /2  0  0  (13) 

0  0  0  0  0  0 
i 

where  U  =  U  y  Let  us  satisfy  (1)  by  the  use  of  a  stream  function  uj  =  t,2>u2 
s-  f,  j.  Eliminating  the  pressure  between  1  and  2  components  of  the  linearized 
(11)  gives 

o/at)vz*  -  0V*  =  u"  t  j/2  -  U72 1  j  -  u%  21  (i4) 

Now.  in  the  linear  case  (considering  constant,  uniform  viscosity)  the  coefficients 
of  (10),  or  of  the  equation  for  the  stream  function  obtained  from  it,  are  indepen¬ 
dent  of  Xj,  t,  and  hence  the  solution  may  be  written  as  a  sum  of  terms  of  the 
form 

*  =  eia<VCt>  c  =  Cj.  <■  ic.  (15) 

where,  from  (2)  and  (15)  we  necessarily  have 

o+  =  ac^  (16) 

Substituting  this  in  (14)  we  obtain  immediately  Petrov's  equation  (22)  - 

(U  -  cr)  (o"  -  aZ0)  -  u" $/ 2  +  u  i  -  0  (17) 

That  this  is  inconsistent  is  clear  because,,  as  Petrov  points  out,  one  parameter 
(the  viscosity)  is  absent  from  (17);  hence  an  eigen- solution  of  (17)  cannot  be  con¬ 
sistent  with  an  eigen- solution  of  the  Orr-Sommerfeld  equation  (obtained  from  the 
linearized  equation  for  the  stream  function  obtained  from  (10),  on  substitution 
of  (15)  ),  since  the  latter  contains  the  viscosity. 

Hence,  we  must  conclude  that  the  extremal  disturbance  generated  by  the  energy 
method  is  necessarily  non-linear,  entailing  transport  of  disturbance  energy, 
and  necessarily  has  a  local  growth  rate  of  the  disturbance  energy  differing  from 
the  global  growth  rate,  but  averaging  spacially  to  the  latter.  The  disturbance 
does  satisfy  the  hydrodynamical  equations,;  which  serve  to  determine  the  local 
growth  rate.  Since  the  class  of  disturbances  considered  is  no  smaller  than,  and 
may  be  larger  than  that  considered  in  the  linear  theory  (wh  ch  necessarily  have 
no  transport,  and  the  same  growth  rate  everywhere)  the  Reynolds  number  ob¬ 
tained  for  the  extremal  value  o+  =  0  is  no  larger  than,  and  may  be  less  than,, 
that  obtained  from  the  linear  theory. 

As  an  aside,  it  may  be  noted  that,  since  the  (necessarily)  non-linear  disturbance 
generated  by  the  energy  method  for  o  =  a+  (necessarily)  has  local  growth  rates 
different  from  a+  it  will  cv  ,lve  in  form;  at  an  instant  following  (or  preceding) 
the  instant  of  analysis,-  it  will  have  changed  and  may  no  longer  be  optimum. 

But,  if  the  optimum  disturbance  evolved  continuously  through  optimum  states,; 
equation  (9)  would  have  to  be  satisfied  in  some  neighborhood.  We  would  thus 
have  two  eigenvalue  problems  in  this  neighborhood:  either  (9)  and  (10),,  or 
equivalently  (9)  and  (11).  But  we  may  use  Petrov's  argument  that  the  sets  (9) 
and  (11)  cannot  be  simultaneously  satisfied,  due  to  the  aosence  of  the  viscosity 
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in  (11).  Hence.  (9)  end  (11)  can  at  moat  be  simultaneously  valid  at  a  point,  and 
the  optimum  disturbance  must  evolve  to  one  which  is  not  optimum,  and  hence  has 
a  growth  rate  less  than  the  extremal  value  a*.  Hence,  the  disturbance  energy 
has,  at  the  instant  of  analysis,  a  global  growth  rate  of  2 o*.  and  in  some  reigh- 
borhood  of  that  time  a  smaller  growth  rate.  At  no  time  can  the  energy  have  a 
larger  growth  rate  than  the  optimal  one;  if  the  optimal  disturbance  were  not 
unique,  the  disturbance  energy  might  at  later  times  evolve  to  other  optimum 
states,  producing  points  of  growth  rate  equal  to  2o*;  by  the  preceding  argument, 
however,  these  must  be  isolated,  so  that  the  disturbance  energy  has  a  growth 
rate  almost  everywhere  less  than  2o  ,  Hence,  the  optima)  disturbance  energy 
is  bounded  from  above  by  the  exponential  with  growth  rate  Zo*  (  a  result  of 
Serrin,  1959,  obtained  in  a  different  way),  and  has  this  growth  rate  at  the  in¬ 
stant  of  analysis;  at  other  times,  the  growth  rate  is  almost  everywhere  smaller. 
Thus,  optimum  disturbances  obtained  for  o+  =  0  have  a  disturbance  energy 
which  is  monotone  decreasing  almost  everywhere. 

We  must  note  that  we  have  not  excluded  the  possibility  that  disturbances  which 
have,  at  the  instant  of  analysis,  positive  global  growth  rates,  will  ultimately 
decay.  These  would  also  be  counted  stable.  For  this  reason  also  (and  perhaps 
primarily)  the  critical  Reynolds  number  given  by  the  energy  method  for  o*  ~  0 
is  conservative,  it  assures  that  no  disturbance  can  grow  ultimately,  and  that  at 
a  higher  value  some  disturbance  can  grow  initially;  it  does  not  guarantee  that 
there  is  a  disturbance  which  can  grow  ultimately  at  a  higher  Reynolds  number. 
Thus,  one  says  that  at  a  given  Reynolds  number  the  energy  method  determines 
stability,  but  cannot  determine  instability.  In  fact,  Joseph  has  recently  proved 
(1971)  that  longitudinal  rolls  in  a  shear  flow,  although  they  have  an  initially  in¬ 
creasing  disturbance  energy,  always  decay  ultimately. 

We  may  speculate  that,  in  Hows  with  heat  transfer,  there  is  a  smaller  disparity 
between  the  linear  and  non-linear  critical  values  because  the  buoyancy  provides 
a  mechanism  for  transport  of  disturbance  energy  normal  to  the  flow  even  in  the 
linearized  case. 

APPLICATION  OF  THE  METHOD  TO  THE  CONSTANT  STRESS  LAYER; 

THE  ASYMPTOTIC  SOLUTION 


We  are  going  to  apply  this  method  to  the  constant  stress  wall  layer  of  a  turbulent 
boundary  layer  or  channel  flow  with  zero  pressure  gradient.  Rather  than  at¬ 
tempt  to  And  the  general  type  of  disturbance  which  is  most  efficient,  we  will  use 
the  result  of  Serrin  (1959)  and  Joseph  (1966)  for  the  Couette  flow,  presui.dng 
that  here  also  longitudinal  rolls  will  be  most  efficient;  thus  we  will  assume  a 
disturbance  independent  of  Xj  (the  streamwise  direction'  and  periodic  cross¬ 
stream.  Setting  llj  =  (U(x2>,  0,  0)., 


(18) 

...  ikx,  . 1  ikx. 

u.,  =  iki|i  e  3,  Uj  =  -  i)  e  3 

where  u,  and  i)  are  functions  of  x^,  and  a  prime  denotes  differentiation  with 
respect  to  X2>,  equation  (9)  becomes* 

+  1  .  i  i  2 

0  u  +  U  iki)/2  =  (vu  )  -  k  vu 

+  1  1  11  "2 
iko  (i+U  u/2=-n/p  +  2  (vikiji  )  -  ikv(\)  +  k  (i)  (19) 

-f  1  n  2  1  2  1 

-  0  t|r  =  -  nik/p  -  [ v(i)  +  k  f)J  +  2vk  (i 
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Eliminating  the  pressure  rr  between  the  second  and  third  of  (19)  results  in 
(writing  -  kz,  D  =  d/dy) 

0+7Z*  +  u'iku/Z  =  (wV  +  2vVd  +  v"  [  DZ  +  k2J  )  * 


+  i  2  1 

a  u  +  U  ik^i/Z  =  (v7  +  V  D) 


(20) 


In  the  constant  stress  layer  of  a  turbulent  boundary  layer  we  may  write 
v  =  uj  ‘/U  ,  where  uT  is  the  shear  velocity.  Thus,  in  the  viscous  sublayer. 


v 


v 


m 


the  molecular  value,  while  :n  the  logarithmic  region  we  have 


(21) 


v  ~  u^y 


(22, 


where  K  is  von  Karman's  constant,  *v  0.4.  We  may  use  Reichardt's  (1951) 
expression,  which  agrees  with  measurement  reasonable  well  through  the  entire 
region  (see  Figure  1): 


v  =  vm  [  1  +  1C  (y+  -  R  tanh  y  +  /R)] 


(23) 


where  R  is  the  point  where  the  extended  wall  profile  meets  the  extended  logar¬ 
ithmic  profile,  roughly  11.6  and  y+  =  yuT/vm.  We  will  find  that  our  final  ans¬ 
wer  is  only  weakly  dependent  on  the  particular  form  chosen  for  (23);  it  is  only 
essential  th^t  the  first  two  derivatives  vanish  at  the  wall.  Using  (23),  it  can  be 
seen  that  v  is  zero  in  the  sublayer,,  rises  near  R,  and  takes  the  constant  value 
K  in  the  logarithmic  region;  v  is  zero  in  the  sublayer  and  in  the  logarithmic 
region.,  be^ing  non- zero  (and  positive)  only  near  y+  =  R.  From  the  relationship 
V  =  uT  *7 U  ,  we  can  evide  tly  express  the  mean  velocity  gradient  also  in  terms 
of  the  function  (23).  If  we  non-dtmensionalize  y  by  the  value  corresponding  to 
y+  =  R.  say  y*  so  that  the  dimensionless  y  =  y+  /R  s  y/y...,,  and  with 
X  =  y,..  i  o+  /vm>1  then  the  equations  can  be  written  as 


\VZ|(|  +  (RZik/2f)  u  =  fvViJ,  4  2f'  7ZD('  4  f"  (DZ  +  k2)  I (, 

2  2  '  (24) 

Xu  4  (P  ik/2f)  t  =  ft  u  4  f  Du 

with  Reichardt's  form  for  f 

1=14*  R(>'  -  tanh  y  j  (25) 

We  see  (c.  f.  Fi  gure  2)  that  the  term  in  R6  is,;  for  R  =  1) .  6  (the  true  value  in 
the  boundary  layer)  nearly  10Z  times  the  terms  on  the  right-hand  side  near 
y  =  1.  As  y  increases,;  the  terms  do  not  become  comparable  until  y  ~  10*. 
This  suggests  an  asymptotic  solution  (dole,  1968)  using  R^  as  the  large  para¬ 
meter  (but  holding  the  implicit  R  which  appears  in  the  definition  of  f  iixed  ). 
In  order  to  make  a  sensible  (non-trivial)  problem,-  we  must  assume  that  X  - 
0(R7  also;  that  is,  that  outside  the  (viscous)  wall  layer  production  and  growth 
balance,;  while  in  the  wall  layer,  viscous  loss  is  unp'^a  t. 


•sIt  appears  to  be  possible  to  construct  an  expansion  a.  ing  this  R  to  vary 
also;  it  is  more  complicated  however,  in  that  three  distinguished  limits  are 
found,;  and  the  behavior  of  the  solutions  in  our  range  of  parameters  is  the  same. 
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* 


Sufficiently  far  outside  (for  y  >  101)  there  must  again  be  a  region  where  viscos¬ 
ity  is  important,  but  there  tl.  *  solution  is  already  so  small  that  we  may  safely 
ignore  the  transition  to  this  new  region’  .  Thus,  writing  p‘=X/R  ,  R=  e'*,  we 
have 


eV*  +  (ik/2f)  u  =  e2  (f ?Vt  +  2f'v2Dt  +  f"(DZ  +  k2)  *) 


g2  u  +  (ik/2f)  it  =  c2(ftf2u  +  f  u  ) 


(26) 


Now,  for  the  inner  problem  (next  to  the  wall)  we  can  write  p  =  y/e,  and 


qr  =  Vq  (e)  (gQ  (ti)  +  e2g1<Tl)  +  •••  ) 
u  =  vfl  (e)  (hQ  (n)  +  e2hj  (ti)  +  *  •  * ) 


(27) 


The  order  of  the  boundary  layer  thickness  was  determined  from  the  necessity 
of  keeping  the  highest  order  derivative  in  the  equations.  The  order  of  the  s 
ond  order  terms  in  (27)  was  determined  fri  m  the  desire  to  obtain  a  gj ,  hj 
different  from  gp,  hg.  If  necessary  for  the  matching  (it  will  not  be)  another  g0 
and  hg  of  order  between  and  1  might  be  added  in  (27).  The  equality  of  the 
orders  of  the  leading  terms  arises  from  the  need  to  retain  i|r  terms  in  the  u 
equation,  ah'*  u  ter'~s  in  the  i|i  equation.  The  equations  are  (after  cross- sub¬ 
stituting) 


mi  2  '  '  1111  2  "  2  "  2  2 

80  -  8  g0  =  0;  gj  -  8  gj  =  ikhg/2  +  2k  gQ  -  8  k  g() 


ho"  '  *ZV  lkV2:  hi  ' '  g2hi =  k2ho +  ik®l/Z 


(28) 


The  boundary  conditions  at  the  wall,  of  course,  are  i|i(0)  =  (i  (0)  =  0;  u(0)  =  0. 
Applying  these,  the  solutions  which  we  need  become 

gg  =  D  [1  -  gn  -  e  'grJ 
h0  =  D  [ e'@T1  -  1  +  8n  +  (Pn/2)e'@T1]ik/282 
gl=B(e'BT1-l)+8n[B+(9/444e4)k2D/2486]-(l-4B4)  (B^-B V/3)k2D/866 


-Bn  c'Bti(9/4  +  484)k2D/24B6  +  gV  e  'Bi\20/32B6  (29) 

We  have  also  discarded  terms  that  are  transcendentally  large  as  n  ->  ®,  which 
would  preclude  matching.  The  constant  B  must  be  found  in  terms  of  D  by  the 
matching.  D,  of  course,  must  remain  arbitrary,-  since  the  equations  are  homo¬ 
geneous.  In  add  tion,  ot  course,;  we  will  have  to  determine  vg  from  the 
matching. 

It  is  interesting  to  note  in  equation  (28)  that  to  zeroth  order  4i  (1.  e,  -  the  lateral 
motion)  simply  experiences  a  balance  between  decay  and  dissipation;  the  stream- 
wise  motion,,  however,  experiences  some  production  due  to  the  lateral  motion, 

__  j 

That  is,,  we  will  find  that  it  is  the  matching  to  the  solution  between  1  and  10 
that  determines  the  eigenvalue  relations  to  the  order  in  which  we  are  interested. 
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This  agrees  with  the  conclusions  oi  Joseph  (1971).  From  tne  equation  for  hy  it 
is  clear  that  tne  vortices  are  sweeping  slow  moving  fluid  up  from  the  wall  (and 
vice  versa)  producing  disturbances  in  the  streamwise  motion. 


We  may  now  attack  the  outer  problem.  Since  the  amplitude  of  the  solution  is  ar¬ 
bitrary,  we  may  take  it  to  be  of  order  unity,  writing 


(y)  +  e 


(y)  + 


u  —  Hq  (y)  +  c  Hj  (y)  +  •** 


(30) 


where,  again,  the  order  of  the  second  term  is  fixed  by  requiring  that  G,  be 
dilferent  from  Gq  la  term  of  intermediate  order  similar  to  Gy  could  be  in¬ 
cluded,  but  will  not  be  necessary).  To  first  order  we  have 


gZH0  +  (ik/2f)  G0  =  0 
6  Vg0  +  (ik/21)  H0  =  0 


(31) 


The  first  of  these  is  the  "mixing  length"  assumption,  frequently  made  (see  Bake- 
well,;  Lumley,  1967):  that  the  perturbations  in  u  are  those  produced  from  the 
mean  velocity  gradient  by  the  lateral  motion.  Combining  the  two  equations  (31), 
we  obtain 


Gq  -  k2  (1  -  l/4fV)  Gq  -  0  (32) 

It  is  fairly  simple  to  show  that  this  solution  cannot  match  with  (29)  unless  there 
is  a  turning  point  -  l.  e.  -  unless  1  -  l/4f^g’  has  a  zero  somewhere.  This  is 
a  simple  kinematic  requirement:  if  (32)  has  no  turning  point,,  the  lateral  vel¬ 
ocity  (outside  the  viscous  layer)  is  monotone  with  distance  from  the  surface, 
producing  upward  and  downward  streaming  jets,,  rather  than  cells.  These  do 
not  satisfy  the  requirement  that  the  stream  function  and  its  derivative  must  van¬ 
ish  at  infinity.  If  (32)  has  one  turning  point,  we  have  one  cell  (see  Figure  3). 

Two  turning  points  correspond  to  two  cells,  each  on  top  of  the  other,,  and  so  on. 
Clearly,  more  cells  means  a  smaller  length  scale,  and  hence  greater  dissipation 
Thus,;  the  cases  of  two  and  more  turning  points  correspond  to  a  lower  growth 
rate.  We  will  consider  only  the  case  of  a  single  turning  point. 

A  simple  form  of  the  solution  for  (32)  may  be  obtained  (Cole,  1968)  formally 
valid  for  large  k  (but  probably  satisfactory  for  k  as  small  as  3)  by  the  two  var¬ 
iable  expansion  procedure.  If  we  designate  by  yc  the  point  where 

2@2f(yc!  =  1  (33) 

tnen  for  y  >  yc  we  can  write 

Gq  -  [1  -  l/4fVj  '1/4  e'kY  t,  Y4  ;  J’V  [  1  -  l/4f2e4]1/2dy'  (34) 

'  c 

where  we  have  discarded  the  positive  exponential.-  Now,;  for  y  <  yr  the  solu¬ 
tion  takes  the  form  of  trigonometri  functions.  The  proper  branch  (i.  e.  -  the 
continuation  of  (34)  maybe  selected  by  constructing  an  inner  expansion  of  (32) 
near  the  turning  point,-  as  is  discussed  in  Cole  (1968)  (see  Figure  4).  The  re¬ 
sult  is  for  y  <  yc>. 
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(35) 


G0  =  Z/TTT (%\n  tt/IZ+co*  tt/12)  [  l/4gV-l J*  1/4sin(3n/4-kY 

v.  =  y;Vc  UMaV-lI^dy' 


For  smaller  k,  the  coefficient  in  (12)  becomes  a  series  in  k*  ,  the  terms  involv¬ 
ing  integrals  and  derivatives  of  l/4g’f‘  -  1.  A  little  manipulation  of  the  equa¬ 
tions  is  sufficient  to  show,  however,  that,  as  written  in  (35),  the  coefficient  has 
vanishing  first  and  second  derivatives  at  the  wall,  while  the  full  series  repre¬ 
sentation  of  the  coefficient  has  vanishing  first  through  third  derivatives,  due  to 
the  vanishing  of  the  first  two  derivatives  of  f.  (Substitution  of  a  form  such  as 
(35)  with  arbitrary  coefficient  into  (32)  gives  an  equation  for  the  coefficient, 
from  which  the  derivatives  at  the  wall  may  be  determined;  if  the  first  derivative 
vanishes,  the  first  three  derivatives  vanish.  But  a  non-vanishing  first  deriva¬ 
tive  produces  a  term  which  could  only  be  matched  with  (29)  if  f  or  f  had  been 
assumed  not  to  vanish  at  the  wall. )  Thus,  although  the  proper  form  of  the  coef¬ 
ficient  for  finite  k  will  change  the  shape  of  Gq  away  from  the  wall  somewhat, 
it  will  not  affect  the  matching  through  third  order;  we  will  need  only  second 
order. 

The  second  order  equations  for  Gj  and  Hj  are,,  of  course,. 


P2v2Gj  +  ikHj/2f  =  fV2y2G0  +  2f'y2DC0  +  f"  (D2  +  k2)  GQ 
e2Hj  +  ikGj  /2f  =  fy2H0  +  f'  Hq’ 


(36) 


and  the  right  handsides  may  be  evaluated  in  terms  of  Gq  and  Gq  using  equa¬ 
tions  (31)  and  (32).  We  are  primarily  interested  in  the  behavior  of  the  solutions 
near  the  wall,,  however.  If  account  is  taken  of  the  fact  that  Gq(0)-0(c),  Gq  (0)  = 
0(1)  (which  we  can  only  know  from  the  first  order  matching;  i.  c.  that  the  invis- 
cid  boundary  condition  is  nearly  satisfied,;  while  the  no  slip  condition  is  not)  then 
the  leading  term  (through  linear  terms  in  y)  is 


eVGj  +  ikHj/2  =?  (k2/4p4)2G0 
g2Hj  +  ikGj/2«(ik3/8e6)G0 


(37) 


or 

•»  2  4  4  10 

Gj  +  k  (l/4p*  -  1)  Gj  -  (2k  / 160  )  CQ  (38) 

To  linear  terms,  then,;  the  particular  solution  will  be 

(Gj  j  =  (2k2/lt>610)  (1/404  -  1)  '•Gq  (39) 

This  result  is  the  mathematical  expression  of  the  physical  truth  that  near  tne 
wall,>  the  variation  of  viscosity  wi.th  y  is  not  important. 

The  general  solution  will  be  exactly  like  (35)  -  we  can  thus  write  to  tne  order  of 
linear  terms  in  y,: 

;  -  Gq  +  I  2(CGq  4  (2k2/l(.e10)  (l/4g4  -  1)-1Gq»  4  •••  (40) 


n 


where  C  is  an  unknown  constant  that  must  be  determined  from  the  matching. 

We  may  now  proceed  to  the  matching,  using  an  intern  ediate  limit  in  which  y/6 
=yj  =  0  (1),  6(c)  0.  6/e-y  «•,  so  that  =6y j/e-#  ».  The  inner  solution  be¬ 

comes  (we  will  do  the  matching  only  in  if) 

*2*0D<l-e6y  /e)+e2v0{-B+p(6y  /e)  [B+(?/4+4p4)kZD/2406l 

(41) 

-(1-4U4)  [B2«y6/e)Z-B3  (6y6/e)3  /3jkZD/8f36}  +••• 

neglecting  transcendentally  small  terms. 

Writing 

3n/4  -  kY_  =  u(c)  +  k(l/4B4  -  1)  1/2  fty8  +  0  (64)  (42) 

near  the  wall,,  we  can  write  (to  third  order) 

G0  »  P  sin  [u(c)  +  k(l/4p4  -  1)  1/Z6y6  +  •••  J  (43) 

where  P  is  a  constant.  Thus,  through  terms  0(6  3),  0(u3), 

G0=P{M-u3/6+6y6k(l/4B4-l)1/2(l-u2/2)-k2(l/4p4-l)(M-u3/6)(6y8)2/2 

(44) 

-  k3  (1/4B4-1)3/2  (1-m2/2)  (6yfi)3/6  +  •••  ) 
and,,  from  (40),  i)  is  given  by 


*  =  (44)+Pc2{ C+(2kZ/i6g10)  (1/ 4g4-l)' 
{W-U3/6+6yfik(l/484-l)1/Z  (1-u2/2)  t  •••  } 


(45) 


where  the  second  term  ic  correct  to  0(6). 

Matching  the  term  of  0  (6)  in  (45)  we  find  that  we  must  have  Vq  =  € 

••  ,D  =  Pk(l/4e4-l)1/Z  (46) 


Writing 


2  3 

u(e)  =  oi  j€  +  *2£  +  ‘*i3E  + 


(47) 


we  may  match  the  term  of  0  (e)  in  (41),.  giving 

D  -  Pmj  f 48) 

Since  there  is  no  term  of  0  ( c 2 )  in  (41),.  uig  =  0.  Matching  termc  of  0(c^),,  we 
have 

-3  =Pu,3  -  hi,3  P/6  +  P[C  +  (2k2/16g10)  ( 1  / 4g4- 1 ) ” 1 J  Uj  (49) 
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Term*  of  0(e^6)  give 

0  (B  +  (9/4+  404)k2D/2496J  =  -  Pk(l/404  -  l)1/2lt'12/2 

+  P{C  +  (2k2/16010)  (l/404-l)*1]k()/404-l)1/2 
Term*  of  0  (c6  2)  give 


-(1  -  404)  02k2D/806  =  -  Pk2(l/404-l)ttJl/2 


and  of  0  (6  ) 

+  (l-404)03k2D/2406  =  -  Pk3(l/404-l)3/2/6  (52) 

As  a  result  of  (46),  (51)  and  (52)  are  satisfied  exactly.  Equations  (49)  and  (50) 
represent  tv/u  equations  in  three  unknowns;  fortunately  two  of  the  unknowns  occur 
in  the  same  combination,  giving 

1S3  =  -  (1/ 404  -  1)  1/2  (1/4804  -t  l)k3/2g3  (53) 

The  other  combination  of  constants  need  not  concern  us. 

We  can  thus  write,  using  (46),  (47),,  (48)  and  (53),  our  eigenvalue  conditions: 
3n/4-kY_o=-(l/404-l)1/2ek/0-(l/4e4-l)1/2(l/4884+l)e3k3/2B3+  •••  (54) 


to  0(e  ),  where  Y  Q  is  given  by 


Y-0  =  0/"  I1/^2-!]1'2  dy’  (5?) 

Expression  (54)  gives  the  offset  (see  Figure  5)  by  which  the  outer  (tnviscid)  so¬ 
lution  fails  to  meet  the  inviscid  boundary  condition  to  leave  room  0(e)  for  the 
viscous  (eddy)  boundary  layer.  Equation  (54)  has,  in  general,  two  positive  roots 
for  k  (for  fixed  e,  g);  we  are  interested  in  the  critical  condition  when  there  is 
only  one  (double)  root.  This  may  be  obtained  by  differentiating  the  expression 
(54)  with  respect  to  k,  requiring  that  the  derivative  vanish  also  at  the  same  value 
of  k.  If  we  indicate  by  k+  this  critical  value,  we  ovtain  (noting  that  g/e  =  /\  ) 

(/T" /k,)3  =  (4/ 3tt)  <l/4g4-  l)I/2(l/48p4+  1> 


Y  JT  =  (l/484-l)1/Z  +(l/4a4- 1) 1  /6{1  /48&4+  1)  1/3(3/2J /3)(3tt/8)2/3 

'0 

If  now  a  value  of  0  is  selected,,  Y.q  may  be  calculated,,  as  well  as  k ■  l/\~  and 
A  Y.q;  from  the  latter  then  we  have  /X  ,  and  from  the  former,,,  k, ,  while 
from  F  =  /x/g  we  obtain  R. 


and  from  the  former,,,  k(,  while 


If  Figure  6  we  show  a  plot  of  X  and  k+  versus  R  (holding  the  R  in  f  fixed  at 
11.  6).  It  is  worth  noting  that  the  form  of  the  viscosity  outside  the  sublayer  did 
not  influence  the  solution;  the  only  property  we  used  was  the  varishing  of  the 
first  two  derivatives  at  ihe  wall,  a  kinematic  requirement  in  a  zero  pressure 
gradient.  The  form  of  the  mean  shear  only  influences  expression  (55). 


COUETTE  FLOW 


The  amount  of  algebra  involved  in  arriving  at  (56)  ia  auch  aa  to  make  one  auapic- 
ioua  of  the  reault  in  the  abaence  of  an  independent  check.  Fortunately,  one  ia 
available.  The  caae  of  Couette  flow,  aolved  by  Serrin  (1959)  and  Joaeph  (1966) 
can  be  handled  by  the  name  technique.  The  inner  aolution  (29)  remaina  the  aame, 
aa  doea  the  outer  aolution;  we  have  only  to  aet  f  a  1;  the  fact  that  f  varied  af¬ 
fected  the  matching  only  through  the  value  of  Y.  q.  To  determine  the  value  of 
Y.  (j,  we  have  only  to  determine  the  value  of  yc,  and  here  we  muat  replace  our 
previoua  condition  (that  f  decay  exponentially)  by  a  requirement  that  $  be  aym- 
metric  about  the  mid-point  of  the  channel.  Thun  yc  muat  be  fixed  ao  that 
3n/4-kY_|  =  n/2.  or 


3n/4  -  k(l/4B4  -  1)I/2  (yc  -  1)  =  n/2  (57) 

Subatituting  in  (54),  we  have 

Ti/2-i<(i/4e4-i)1/2=-(t/404-i)1/2ek/e-<i/4e4-i)1/2(i/4se4+i)c3k3/2p3+ — 

(58) 

4  1/2 

We  may  thus  go  directly  to  (56).  substituting  n/2  for  3tt/4.  and(l/4f>  -1) 
for  Y.q;  thus,  we  have 

(/T7k+)3  =  (2/n)(l/4g4-l)1/2(l/48B4+l) 

(l/4e4-l)1/Z/T  =  (1/4B4-1),/Z 

+  (1/4B4-1)1/6  (l/48g4+ 1)  1/3(3/21/3)  (n/4)Z/3 


The  same  computations  have  been  carried  out  using  these  equations;  the  results 
are  also  shown  in  Figure  6.  It  may  be  seen  that  the  curve  of  X  vs.  R  extra¬ 
polates  through  the  exact  value  of  R  =  4.  54  as  X 0.  while  the  curve  of  k+ 
extrapolates  to  the  exact  value  of  1.  56  at  the  same  value  of  R. 

Wc  may  conclude  from  this  that  our  estimate  for  X  ia  satisfactory  for  X  £  20., 
while  the  k  estimate  is  somewhat  less  reliable,  being  good  for  perhaps  k  1  5. 
The  bending  away  of  both  curves  below  these  points  must  be  attributed  to  pro¬ 
gressive  failure  of  the  approximation. 

DISCUSSION  OF  THE  RESULTS 


Examining  Figure  6,  we  evidently  have  at  R  =  11, 6  a  growth  rate  of  X  ~  31.  5 
and  a  k+  ~  3.  7  (the  latter  value  being  somewhat  less  reliable).  The  critical 
Re}  tolds  numb  r  for  this  type  of  flow  (corresponding  to  \  -  0)  is  evidently  about 
9.  2.  That  this  should  be  larger  than  that  for  the  Couette  flow  can  be  justified  by 
noting  that  in  the  Couette  flow  the  top  halves  of  the  eddies  are  subjected  to  the 
same  strain  rate,  and  hence  are  self-sustaining;  in  the  wall-layer  flow,  the 
shear  drops  rapidly,  and  the  outer  parts  of  the  eddies  must  be  sustained  by  the 
inner  parts;  hence  the  shear  must  be  proportionately  higher,:  °r  the  dissipation 
lower,,  resulting  in  a  higher  critical  Reynolds  number. 

The  growth  rates  are  quite  large  measured  in  sublayer  variables;  since  sublayer 
time  scales  are  themselves  the  shortest  in  a  wall  flow,,  the  evolution  of  these 
eddies  must  be  regarded  as  extremely  rapid.  In  this  connection,  the  observa¬ 
tions  of  Kline  and  his  group  (  e.  g.  -  Kline,  et,  al. 1967)  are  relevant:  wall 
eddies  of  this  general  form  were  observed  to  "burst.”  i.  e.  -  evolve  very  rapidly 
relative  to  other  sublayer  phenomena. 
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In  other  respect*  the  dynamics  of  the  eddies  (from  the  asymptotic  analysis) 
agree  well  with  observation*,  in  particular  the  "mixing  length  approximation” 

(eg.  31a),  which  has  often  been  used  (Townsend.  1956;  Bake  well  and  l^imley. 
1967;  Payne  and  Lumley,  1967). 

The  single  disappointing  feature  of  these  eddies  is  their  size.  Referred  to  sub¬ 
layer  variables.  k+  =  3. 7  corresponds  to  a  transverse  wave  length  of  roughly 
20,  while  observed  wave  lengths  (e.  g.  Bake  well  and  Lumley.  1967)  are  closer  to 
100.  Our  eddies  have  their  apparent  centers  (the  maxima  of  f )  at  about  10. 
while  observed  eddies  seem  to  have  their  centers  closer  to  30.  Evidently  these 
eddies  are  too  small  by  a  factor  between  3  and  5;  can  thi  s  be  explained? 

In  our  considerations,  we  have  not  taken  into  account  the  effect  of  the  presence 
of  the  eddy  on  the  undisturbed  velocity  profile;  to  an  inviscid  first  order  approxi¬ 
mation  the  meaii  shear  will  be  reduced  (outside  the  viscous  region  at  the  wall) 
by  an  amount  k*  f*  / 2f3z  (l/2gz  ~  2  when  R  =  11.  6).  This  reduction  in  shear 
will  favor  the  growth  of  an  eddy  with  the  same  value  of  k+,  but  a  smaller  k  due 
to  the  greater  thickness  of  the  layer.  That  is.  as  the  shear  is  reduced,  all 
length  scales  will  grow  to  keep  R,  k_,  roughly  constant.  Hence,  the  k  we  have 
found  is  evidently  a  starting  value;  evolution  of  the  eddy  will  involve  progressive 
decrease  in  the  dimensional  k,  until  the  disturbance  energy  reaches  its  peak  and 
begins  to  decay.  Viewed  another  way.  as  the  shear  is  reduced,  the  effective 
Reynolds  number  is  being  reduced''  -  the  eddy  still  feels  the  same  effect  of  vis¬ 
cosity  at  the  wall,  but  has  a  smaller  energy  source;  we  may  rxpecl  the  eddy  to 
move  down  the  curve  toward  \  -  0.  having  at  that  point  a  k+  -  0.  7  (from  rather 
uncertain  extrapolation  of  the  curve  of  Figure  6).  This  corresponds  roughly  to 
the  value  observed,,  in  sublayer  variables.,  of  —  100. 
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APPENDIX  I 


Excerpt  from:  C.  L  Petrov.  On  the  Growth  of  Oscillations  in  a  Viscous  Liquid 
end  Trwitiw  to  Turbulence.  Publication  Number  345,  Trans¬ 
actions  of  the  Central  Aero-Hydrodynamic  Institute.  Moscow, 
1938:  pp.  20-24. 

Lorentx.  selecting  an  initial  velocity  distribution  in  the  form  of  elliptical  vor¬ 
tices,  obtained: 


R 


h/v  =  72 


From  a  more  precise  statement  of  the  problem,  Karman  and  Orr  obtained  an 
even  lower  value  Re  ~  42,  which  obviously  does  not  correspond  to  reality. 


Below,  we  will  attempt  to  give  an  explanation  of  this  fact,  and  to  show  how  this 
problem  may  be  correctly  formulated. 


The  linearised  equation  for  the  disturbance  stream  function,  superimposed  on  a 
stationary  plane  parallel  flow,  has  the  form: 


AAt  -  R[  U  dAt/dx  -  u"  3i/dx  +  &At/»T  J  =  0.  (8) 

As  we  have  already  shown,  it  is  convenient  to  assume  a  solution  of  the  form 
fjx.yle"1®1. i.  e.  .  in  the  form  of  an  oscillation,  the  ampliude  of  which  is  a  fvnc- 
tion  of  x  amt  y.  The  distribution  of  the  initial  amplitude,  or  the  function  f. 
may  be  obtained  from  the  equation: 

AAf  -  r[  u  aAf/ax  -  u”  af/ax  -  ieafj  =  o  <  9> 

and  corresponding  boundary  conditions.  This  equation  is  of  the  fourth  order, 
and  cannot  be  placed  in  self-adjoint  form.  The  coefficients  of  the  equation  con¬ 
tain  two  characterizing  parameters  R  and  3.  of  which  the  first,  in  accordance 
with  its  physical  interpretation,  is  always  real,  while  the  second  is  in  general 
complex.  Thus,,  the  problem  may  be  stated  as:  for  a  given  value  of  R  (which 
defines  the  basic  flow)  find  a  system  of  eigenvalues  8  and  a  corresponding  sys¬ 
tem  of  functions  flx.y),  assuming  that  an  arbitrary  initial  disturbance  may  be 
expanded  in  a  series  of  these  functions,  or,  in  a  different  formulation,  find  a 
value  of  R  which  is  associated  in  some  way  with  a  definite  region  of  the  values 
of  3  (for  example,  the  minimum  value  of  R,  below  which  all  given  oscillations 
will  decay,  i.  e.  ,  the  imaginary  part  of  g  will  be  negative).  This  value  of  R  is 
ordinarily  used  in  calculating  critical  numbers.,  both  as  we  have  seen,,  in  con¬ 
nection  with  the  problem  of  stability  of  the  flow  of  a  viscous  fluid  and.,  as  it  is 
ordinarily  formulated,,  the  determination  of  the  point  of  transition  of  a  laminar 
flow  to  turbulence. 

Neither  of  these  formulations  is,  at  first  glance,  obvious.  The  first,  because 
it  is  not  known  with  certainty  whether  the  complete  solution,  expanded  in  a  scr¬ 
ies  of  periodic  oscillations  of  the  form  f(x,y)  e*1®1,  will  decay.  And  the  second 
because  the  critical  number  R  determines  an  initial  growth  diverging  from  the 
real  velocity  of  the  fluid,  and  this  change  in  the  regime  determines  a  change  in 
the  mean  velocity  field. 

Let  us  look  at  several  general  properties  of  our  system.  As  we  have  already  re¬ 
marked,  equation  (9)  r  .•  not  be  placed  in  a  self-adjoint  form,  and  the  eigenvalues 
of  our  system  will  ir  gem  .-al  be  complex,,  in  addition  to  the  obvious  difference 
from  systems  ordinarily  considered  in  the  theory  of  oscillations,  that  the  char¬ 
acteristic  parameters  appear  in  the  coefficients  of  the  derivatives. 

Let  us  examine  the  following  expression: 
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7  (*.  y)L(f(x.  ylldxdy 


^  J 


the  integral  being  taken  over  the  region  of  the  flow. 
Here: 

Ufl  *  3if  -  R(U»if/9x  -  u  ’af/?x  -  ifafl. 


i.  e. .  the  right-hand  (aid  side  of  equation  (9). 

This  expression  can  be  transformed  to  the  following  form: 

'7(x.  y)L(f(x.y)dxdy  s  j^ififdxdy  4  R  J  J  ( U  af/?x  if  + 
u"  7  df/?x  4  i$T  ifldxdy  4  •  •  • 


(201 


plus  a  contour  integral. 

If  the  function  f(x,y)  satisfies  equation  (9),  then  expression  (20)  must  equal 
zero,  and  we  may  determine  R  as  the  ratio  of  the  two  integral  expressions, 
and  seek  the  critical  value  as  the  minimum  of  this  ratio,  setting  £j  equal  to 
several  values. 

Since  we  have  given  boundary  confitions,  let  us  examine  the  variation  of  just  the 
double  integrals.  The  ;  iblem  of  the  determination  of  the  critical  value  may  be 
set  as  an  isoperimetric  problem,  i.  e.  ,  to  find  the  extremum  of  the  functional 
I|  -  '  ^i7ifdxdy  under  the  condition 

*2  =  JV  *  l  U  +  U"  7  ?f/4x  *  =  I- 

The  Euler  equation  for  our  problem  will  be  equation  (9),  and  for  f  the  equation 
of  its  adjoint: 

iif  -  \  [  u  ?a7/dx  +  2u’  a27/&xdy  -  igaf  j  =  o.  (21 1 


But,  in  order  that  our  integrals  have  the  same  physical  interpretation  as  in  the 
workjjf  Lorentz,  Karman,  et.  al.  which  we  described  above,  we  must  assume 
that  f  is  the  complex  conjugate  of  a  complex  function  f,  i.  e.  that 


f  =  f  +  if.,  to  f  -  f  -  if., 
r  i  r  1 

All  of  our  conclucions  follow  from  the  form  of  the  ititial  disturbance,  i.  e.  by 
taking  into  account  that  the  coefficients  of  our  equation  do  not  depend  on  x,. 
taking  f  =  Jc,3X  and  then  f=®(y)e‘'aX(where  7(y)  t*  the  complex  conjugate  of  g(ylli 

Then  the  expression  (2)  takes  the  following  form: 

q^1  (?,.-"*2a2?;,4a+5tf)dy+Rj|aU  1/Z(j  i'-fi’)  -g^'J’ta;?)  |  dy 


-  i:R  0j'1  [ ( U  -  cr)  (f'i'  t  az:c)  t  1/2  l!" j?)  dy 


(20a) 


The  integrals  are  taken  over  a  region  contained  bwtwcen  the  walls,  and  over  a 
wavelength  of  the  given  disturbance,  so  that  the  contour  integral  will  vanish. 
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The  real  part  of  expression  (20a)  can  be  regarded  as  the  change  in  energy  in  a 
strip  of  one  wavelength  of  the  disturbance,  and  may  be  obtained  by  examining 
the  expression  for  dC/dt  dx  dy  (see  expression  (6)).  taking  into  account  that  the 
real  part  of  the  stream  functior.  is  ;  =  e  (y)e'fex-gt)  an<j  integrating  in  x  over 
one  wave  length. 

The  same  functional  can  be  obtained  as  an  expression  q '  J  ilUc I  +  ;L  (?)  (dy. 
where  L(*)  is  the  left-hand  side  of  equation  (13),  while  ‘C  (?)  is  the  corres¬ 
ponding  expression  for  the  conjugate  function,  and  has  the  form: 

L  (ot ■  CIV  -  2 02?‘  +  a*i  +  iaRl(U  -  c>  (?•  -  ct**)  -  b-?]. 

i.  e.  -  the  left-hand  side  of  equation  (13)  with  the  complex  parameters  changed 
to  their  conjugates. 

The  imaginary  part  of  expression  (2)  may  be  obtained  as  an  expression 


0<jrl  (s?  L  (?)  -  ?L  (tf>)  dy 

Both  of  these  expressions  for  functions,  satisfying  equation  (13),.  must  vanish. 
Then  from  the  real  part  we  may  express  R,  or  g  for  given  R,,  as  a  ratio  of 
functionals.  The  imaginary  part  satisfies  a  Zol  'berg  condition,,  from  which  it 
follows  that  for  undisturbed  velocity  profiles  not  having  an  inflection  point,  cr 
is  always  less  than  UmaJC,  and  we  may  obtain  the  phase  velocity  cr  or  the  wave 
number  Sr  as  a  ratio  of  functionals. 

But  in  order  that  the  disturbance  be  dynamically  possible,  i.  c. satisfy  equation 
(13),  the  real  and  imaginary  parts  must  vanish  simultaneously,  and  the  problem 
of  the  critical  value  must  be  formulated  as  a  problem  of  the  extremum  of 
0  1  (5*';"  +  2c Z?‘S'  +  a’^ifldy  under  the  condition 

(K'1{l/2aU<?'c-‘5tf')  +  iotj  (U-cr)(c'?+sZc7)  1/2  Ue'?|ldyrl 

(which  includes  the  condition  that  the  imaginary  part  vanish).  The  Euler  equa¬ 
tions  for  this  problem  are  equation  (13)  for  £  and  its  adjoint  for  ~,  i.  e. 

eIV  -  2a2?’  ^  a4C  -  iaR[(U  -  c)  (?’  -  c2;)  i  2U'?']  .0. 

But,  if  £  satisfies  equation  (13),  then  the  function  must  satisfy  the  equation 
E(2)  =  0.  This  is  possible  only  if  the  following  ri.ation  holds: 

(U  -  cr>  <7"  -  a2^)  -  1/2  L’"7  t  l"?'  r  0.,  (22) 


i.  c.  -  if  equation  1 1  3)  and  its  conjugate  arc  anti-syfnmctric. 

But  the  condition  (22)  very  much  reduces  the  class  of  functions  which  can  give 
our  solution.  Since  the  solution  of  equation  (22)  depends  only  on  two  arbitrary 
parameters,  the  solution  of  the  variational  problem  in  such  a  formulation  is  ap¬ 
parently  impossible.  This  explains  the  failure  of  all  the  attemps  to  resolve  the 
problem  of  the  so-called  energy  method,-  since  apparently  disturbances  obtained 
from  the  minimum  value  of  the  ratio  which  determines  R,  are  dynamically  im¬ 
possible. 

Thus,  the  critical  number  R  may  be  found  as  the  smallest  value  of  the  ratio 
I j / R ( 1 2>  (where  Rllj)  is  the  real  part  of  the  comple-  quantity  I^l,-  in  which  are 
substituted  solutions  of  equation  ( 9 ) ,.  but  these  functions  do  not  gi\c  an  extremum 


of  this  ratio.  It  may  also  be  said  regarding  the  eigenvalues  0  =  0r  +  ifjj,  that  in 
the  system  under  consideration  they  apparently  do  not  possess  an  extremal  -.h»r- 
acter. 


Figure  1  Reichardt's  (1951)  Viscosity  Expression. 


Figure  3  Continued 


Figure  4  Form  of  the  First  Order  Outer  Solution,  After  Cole 

(1968).  The  Corresponding  Solution  for  Couette  Flow 
is  Sketched  (dashed). 


Figure  6  Plot  of  Growth  Rate  and  Wave  Number  vs.  Reynolds  Number 
for  Couette  Flow  and  for  the  Boundary  Layer. 
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Fluid  Mechanics  and  DesaBnatian 


RONALD  F.  PROBSTEIN 

MASSACHUSETTS  INSTITUTE  Of  TECHNOLOGY 


ABSTRACT 

Two  promising  techniques  for  the  desalination  of  brackish  water,,  which  has  a 
salt  content  about  a  tenth  that  of  sea  water,,  are  reverse  osmosis  and  electro¬ 
dialysis.  Both  of  these  processes  employ  membranes.  One  of  the  main  limita¬ 
tions  of  reverse  osmosis  has  been  the  relatively  slow  rates  of  product  water 
flow  through  the  membrane,,  while  in  electrodialysis  a  lirmtatic  n  has  been  exces¬ 
sive  membrane  d-  .erioration  under  high  rates  of  salt  removal. 

In  reverse  osmosis  the  saline  water  is  separated  from  the  fresh  water  by  a 
membrane  supported  by  a  structure.  Tne  application  of  a  large  enough  hydro-: 
static  pressure  to  the  saline  water  causes  desalted  water  to  pass  through  the 
membrane,;  which  is  relatively  permeable  to  the  water  as  opposed  to  the  salt 
which  remains  behind.  Electrodialysis  makes  use  of  the  fact  that  salt  in  water 
exists  in  the  form  of  positively  and  negatively  charged  ions.  Channels  through 
which  the  saline  water  passes  are  made  up  by  alternating  positive  ion  and  then 
negative  ion  permeable  membranes,  many  such  channels  consituting  a  cell.  The 
passage  of  a  direct  current  through  the  cell  results  in  the  depletion  and  enrich¬ 
ment  of  the  salt  in  alternating  channels,,  because  the  ions  move  toward  the  elec¬ 
trode  with  opposite  charge. 

In  the  present  paper  a  review  of  a  fluid  mechanic  analysis  of  porous  reverse 
osmosis  membranes  is  presented  in  which  the  membrane  is  considered  to  be 
composed  of  pores  whose  surfaces  are  electrically  charged  when  the  brackish 
water  flows  through.  This  phenomenon  sets  up  an  electric  field  which  tends  to 
retard  the  salt  flow  compared  to  the  flow  of  water.  It  is  shown  both  by  theory 
and  experiment  that  it  may  be  possible  to  construct  membranes  of  charged  po¬ 
rous  materials  with  much  higher  product  flow  rates  though  somewhat  lower  salt 
rejection  rates  than  present  cellulose  acetate  membranes,;  which  reject  salt  by 
an  activated  diffusion  mechanism. 

In  an  electrodialysis  cell  the  total  current  through  a  cell  pair,-  which  is  propor¬ 
tional  to  the  amount  of  salt  removed,,  at  first  increases  linearly  with  the  applied 
voltage  and  *'  en  at  higher  voltages  levels  off  as  the  salt  concentration  decreases.; 
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thereby  causing  an  increase  in  the  electwcal  resistance  of  the  fluid.  This  level* 
ing  off  or  "polarisation"  phew  mens,  which  results  in  *-  rmbrane  deterioration 
depends  on  th>:  flow  conditions.  It  is  t  bourn  that  polarisation  does  not  take  place 
until  a  higher  salt  removal  rate  with  increasing  flow  velocity  sad/or  fluid  tur¬ 
bulence  level.  The  polarisation  behavior  is  described  both  theoretically  and  ex* 
pcrimcntally  for  laminar,  intermediate  and  turbulent  flow  conditions,  with  and 
without  the  presence  of  membrane  fouling  material  in  the  water.  It  is  indicated 
how  the  results  obtained  may  be  applied  to  operate  systems  at  higher  salt  re¬ 
moval  rates  without  excessive  polarisation. 
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Nonlinear  Models  of  Normal  and  Abnormal 

Heart  Rhythms 


R.  M.  ROSENBERG  and  C.  H.  CHAO 

UNtvasiTY  or  California,  mnur 


ABSTRACT 

A  mathematical  model  of  electrical  heart  activity  and  of  the  electrocardio¬ 
graph  is  described.  The  electrocardiograms  o  normal  and  abnormal  heart 
rhythms  of  this  model  are  compared  with  those  obtained  clinically ;  the  agreement 
between  them  is  satisfying. 


IHTROi/imON 


It  is  a  startling  fact  that  the  human  heart  pumps  75  gallons  of  bicod  in 
one  hour,  or  nearly  18  million  barrels  in  70  years,  and  it  does  this  with  a  pump 
having  an  average  capacity  of  only  18  fluid  ounces  [  1  ] The  heart  consists  of 
two  halves  (right  and  left),  and  each  has  two  chambers,  the  atrium  and  tne 
ventricle.  In  each  half,  a  valve  permits  flow  from  the  atrium  to  the  ventricle, 
but  not  in  the  opposite  direction.  The  pumping  is  accomplished  by  a  periodic 
contraction  (systole)  <ind  subseqient  relaxation  (diastole)  of  the  heart  chambers ,, 
The  abrupt  closings  of  the  valves  produce  a  thumping  noise  that  can  be  heard  at 
the  chest  wall,  and  leaking  valves  produce  a  Jet  noise  called  a  heart  "murmur." 

The  heart  performs  the  periodic  contractions  and  i  “Taxations ,  i.e.,  it  beats, 
because  it  is  a  muscle — a  very  complex  one  to  be  sure,  ut  nevertheless  a 
muscle--,  ard  muscles  have  the  ability  to  shorten  under  suitable  excitation. 

The  muscle  libers  surround  the  heart  in  a  spiral  arrangement;  when  they  shorten 
they  produce  a  volume  reduction  of  the  chambers. 

The  excitation  which  produces  the  muscle  contraction  in  the  heart  is 
electrical.,  A  muscle  fiber  may  be  considered  as  a  chain  of  cylindrical  cells, 
arranged  end  to  end.  When  a  potential  difference  is  applied  to  the  extremities 
of  such  a  fiber,  it  shortens;  when  the  potential  is  removed,  the  fiber  regains 
its  original  length  again. 
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Certain  condition*  nut  be  satisfied  for  the  heart  to  function  properly; 
aaong  thee  are  these:  (a)  all  coaponents  of  the  heart  sust  "beat"  with  the 
saae  frequency;  (b)  *.>ere  aust  be  a  suitable  phase  shift  between  the  action  of 
these  coaponents;  (c)  the  wave  fora*  of  the  coaponent  notions  must  be  "correct." 
It  is  easy  to  understand  therefore,  that  the  heart  action  is  governed  by  an 
intricate  electrical  control  systea  uhieh  activates  each  coaponent  cf  the  heart 
at  the  proper  instant  of  tine,  and  in  the  correct  Banner.  This  control  system 
is  not  external  to,  but  is  located  in,  the  heart  itself. 

The  electrical  activity  of  the  heart  produces  currents  throughout  the  heart 
which  give  rise  to  a>  electric  vector  field;  that  field  is  conveniently  repre¬ 
sented  by  a  di-ole  distribution  over  the  heart  surface.  The  measurement  of  the 
resultant  **r  the  dipole  distribution  is  achieved  by  means  of  a  recording 
galvanometer  called  an  electrocardiograph  vhich  measures  components  of  the 
resultant  dipole  directions  which  are  determined  by  the  choice  of  points  of 
application  of  the  electrocardiograph  terminals.  The  recordings  of  the  cardio¬ 
graph  are  called  electrocardiograms  (ECC's),  and  a  modem  ECC  consists  of  twelve 
different  recordings,  as  described  in  more  detail  later  on. 

The  purpose  of  this  paper  is  to  describe  a  mathematical  model  of  the  heart 
and  of  an  electrocardiograph  which  can  compute  the  ECO  of  the  heart  model.  More 
precisely,  we  propose  to  construct  a  system  of  nonlinear  oscillators  and  a 
coupling  K*ween  them  so  that  this  system  reproduces  the  crntrol  system  of  the 
heart.-  In  addition,  we  construct  a  model  of  the  electrocardiograph  uhieh 
produces  six  of  the  twelve  traces  of  the  ECC.  There  is  no  difficulty  in  produc¬ 
ing  the  six  others  as  well,  but  this  was  not  considered  essential  for  the 
purpose  of  this  paper. 

The  muscle  action  which  is  excited  by  the  electrical  heart  activity  is 
ignored  in  our  model  because  we  are  interested  here  only  in  mouelling  the  control 
system  of  the  heart.;  Nevertheless,  it  is  pro  ably  possible  to  generalise  our 
model  so  as  to  include  the  effects  of  infarctation.- 

It  is  a  simple  matter  to  introduce  certain  arrhythmias  (and  also  mechanical 
pacemakers)  into  our  heart  model.  If  the  corresponding  ECC's  of  our  model 
resemble  those  obtained  from  patients  suffering  from  these  arrhythmias,  there  is 
good  evidence  to  believe  that  this  model  is  adequate.  In  that  case,  it  as  anti¬ 
cipated  that  the  model  ECG's  vail  be  characterized  by  their  Fourier  coeffacients 
and  are,  then,  available  for  matching  vith  the  coefficients  of  clinacal  ECC's.. 


THE  MACROSCOPIC  DESCRIPTION 


The  heart  is  made  up  of  two  characteristically  different  kinds  of  muscle 
tassue.  One  of  these  consasts  of  lumps  and/or  bundles  of  muscle  fiber  which 
car  and  do  spontaneously  generate  periodic  electrical  impulses.  They  are  called 
tne  pacemaker.,,  and  their  periods  are,  an  general,  unequal..  The  remainang  tassue 
does  the  contrc --ave  work  and,  an  electrical  terms,  it  t’-ansmits,  but  does  not 
Cleate,  electrical  impulses.. 

In  l  ag.,  C,  the  pacemakers  are  shown  in  black,  the  remaining  tassue  in  gray 
[1],  The  sanoatrial  node  (C-A  node),  generates  approximately  seventy-two 
impulses  per  minute.  It  has  the  largest  frequency  of  all  pacemaker  .,  Its 
impulse  is  transmitted  an  the  directions  shown  by  the  arrows  in  Mg.-  2.  When 
tne  imjulse  arrites  at  the  atrioventraoular  node  (A-V  node),  that  node  fires 
(with  some  delay),  at  the  same  frequency  as  the  arriving  ampulse,  not  at  its  own 
(lesser)  frequency.-  The  two  branches  of  pacemaker  tassue  of  Fag.-  2  whach  leave 
the  V-A  node  arid  lie  along  the  ventricle  walls  are  the  so-called  bundles  of  Ms 
u'cnceptually,  one  may  divade  them  anto  aeces  of  finite  length,  each  with  a 
lesser  frequency  than  its  neighbor  nearer  the  V-A  node..  Nevertheless,  all  fire 
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at  the  frequency  of  the  S-A  node  signal  as  transmitted  by  the  V-A  node,  rather 
than  at  their  own  still  lesser  frequencies..  Therefore,  the  S-A  node  controls 
the  frequency  cf  the  beat  of  all  parts  of  the  normal  heart. 

The  numbers  in  Fig.  2  give  the  tine  in  seconds,  elapsed  since  the  firing  of 
the  S-A  node  when  that  impulse  arrives  at  the  point  where  each  number  is  printed. 
For  instance,  the  S-A  node  impulse  arrives  at  the  left  atrium  approximately 
.06  seconds  after  firing,  but  it  requires  nearly  .2  seconds  before  that  signal 
arrives  at  the  top  of  the  ventricle  wails.: 

It  is  not  certain  whether  the  A-V  node  is  actually  a  pacemaker  or  not.  For 
instance,  Hofftean  and  Cranefield  thought  sc  in  I960  [2],  but  changed  their  minds 
in  1961*  [3).  However,  it  is  generally  believed  that  "...;  the  rate  of  the  heart 
depends  on  the  rate  of  discharge  [impulse]  of  its  most  rapidly  firing  automatic 
cells"] 3],  and  Lister  et  al  [*»]  stated  in  1967  "That  the  fastest  pacemaker  of 
the  heart  will  activate  the  entire  heart  in  an  axiom...". 


3-  THE  MICROSCOPIC  DESCRIPTION 


The  cells  of  the  heart  may  be  grouped  in  two  sets:  they  are  either  "auto¬ 
matic  cells,"  or  they  are  not  [3]. 

Consider  an  automatic  cell.;  In  the  state  of  (electrical)  rest,  the 
interior  of  the  cell  has  a  negative  potential  difference  of  approximately  -90  mv 
relative  to  the  cell  exterior;  the  cell  is  said  to  be  "polarized."  In  an  auto¬ 
matic  cell  there  occurs  now  a  slow  potential  increase  up  to  a  threshold  value  of 
approximately  -60  mv,  at  which  time  the  increase  in  potential  becomes  very 
rapid  and  rises  to  approximately  +10  mv.  This  phase  of  cell  activity  is  called 
"depolarization.."  The  potential  now  decreases  slowly  (this  is  usually  referred 
to  as  "repolarization")  until  it  reaches  its  minimum  of  -90  mv  again.;  This 
process  of  de-  and  repolarization  is  a  self-excited  oscillation  whose  mechanism 
it  not  completely  understood.  It  is  known,  however,  that  the  increase  in 
"transmembrane  action  potential"  is  produced  by  a  penetration  into  the  cell 
interior  of  positively  charged  sodium  ions  and,  that  the  permeability  of  the  cell 
membrane  to  these  ions  is  relatively  small  at  large  potential  differences  but 
increases  greatly  when  this  difference  reaches,  or  is  less  than,  the  threshold 
value  of  -60  mv. 

A  non-automatic  cell  does  not  develop  spontaneous  oscillations  of  its  trans¬ 
membrane  potential.;  However,  "when  a  cell  is  excited  ( . . .;  by  the  arrival  of  a 
propagated  action  potential),  there  is  a  rapid  depolarization...;  A  gradual 
change  of  potential  back  toward  the  resting  state  then  follows,  terminated  by  a 
more  rapid  repolarization.,"  [3l*  The  voltage-time  curves  of  an  automatic  cell 
and  of  a  non-automatic  one,  shown  m  Fig.  3,  are  taken  from  Hoffman  and 
Cranefield  [3].  The  curve  labelled  S  A  is  that  of  an  automatic  cell,  the  one 
labelled  A  is  that  of  a  non-automatic  cell. 

It  is  evident  that  the  functional  relation  between  automatic  and  non¬ 
automatic  cells  is  very  similar  to  that  between  pacemaker  and  non-pacenaner 
muscles  of  the  heart.  It  is  for  this  reason  that  one  model  may  be  used  for 
both,  the  macroscopic  and  the  microscopic  description  of  electrical  heart 
activity.- 


The  term  "action  potential"  is  Juxtaposed  with  "resting  s.ite  potential."  It 
refers  to  that  portion  of  the  voltage-time  curve  where  ti  a  voltage  is  not 
constant. 
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TOE  ELECTROCARDIOGRAPH 


TO*  electrocardiograph  la  simply  a  recording  g&lvanooeter  which  measures  the 
potential  difference  between  two  points  of  the  body.  It  was  invented  in  1903 
by  Einthoven  [5].  From  Eintboven's  time  until  the  middle  of  the  19U0's,  the 
electrocardiogram  remained  a  useful  but  empirical  clinical  tool;  the  gross 
relations  between  the  ECG  and  electrical  heart  activity  were  being  discovered, 
but  little  vas  known  about  electrical  activity  or  the  heart  cells  in  generating 
and  conducting  electrical  impulses. 

Consider  Fig.  1*  which  shows  an  element  of  heart  volume  of  area  dA  and 
thickness  £,  charged  with  a  charge  q.  The  resulting  dipole  is  well  known 
to  be  i*q£n,  where  n  is  the  outward  unit  normal.  Then  the  potential 
relative  to  infinity  at  a  point  P,  due  to  this  dipole  is 


dV 


F 


vr 


Eire 

o 


-£2S a 


dA 


where  eQ  is  the  dielectric  constant  of  the  body,  r  is  the  position  vector  of 
the  centroid  of  dA  relative  to  P,  and  6  is  the  angle  subtended  by  v  and  r_. 
Thus,  if  we  measure  the  voltage  at  a  point  P,,  produced  by  n  elements  of 
equal  area  AA  having  centroid  positions  r.,  relative  to  P,,  each  with 
dipole  strength  vi(t),  we  find  -  “ 
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where  K  is  a  constant,  and  v.  is  the  time  dependent  potential  of  the  i’th 
element.  The  potential  difference  between  two  points  Pj  and  Pk  is,  then. 
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Equation  (l)  is  an  analytical  expression  for  the  potential  difference  between 
two  points,  as  measured  by  the  electrocardiograph.  It  is  a  well-known  result 
which  follows  directly  from  elementary  theory.. 


5.  THE  VAM  PER  POL  MODEL 

In  1928,  van  der  Pol  arid  van  der  Mark  published  a  famous  paper  [6]  divided 
into  two  parts.  The  first  contains  a  second-order  nonlinear  differential 
equation  with  a  parameter,  now  known  as  the  van  der  Pol  equation;  the  second 
describes  a  heart  model. 

The  van  der  Pol  equation  is  shown  to  have  as  solution  a  self-excited 
oscillation  when  the  parameter  is  positive.  This  oscillation  resembles  simple 
harmonic  motion  when  the  parameter  is  small,  but  it  has  a  very  different 
character  when  the  parameter  is  large.  The  latter  type  of  motion  was  called 
"relaxation  oscillation"  by  the  authors.; 

The  heart  modelled  in  the  second  part  is  considered  to  consist  of  the  S-A 
node  (called  sinus  in  the  paper),  one  atrium  and  one  ventricle.  The  simulatio- 
of  this  model  was  accomplished  by  three  coupled  relaxation  oscillators  and  a 
retardation  system;  the  latter  was  included  to  produce  the  time  delay  between 
the  atrium  and  ventricle  responses 
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The  authors  also  present  an  ECG  produced  by  the  heart  simulator,  and  this 
ECG  shovs  ail  but  one  of  the  features  of  a  normal  elect roc, vrdiogra*.  The 
missing  feature  is  the  so-called  T-vave.  The  authors  explain  that  it  was 
impossible  for  then  to  reproduce  the  T-vave  because  of  . .the  uncertainty  (as 
far  as  ve  are  aware)  of  vhat  causes  the  T  tops  in  the  electrocardiogram."  The 
basic  cause  for  the  T-vave  was  indeed  not  known  in  1928.  It  is  now  known  to  be 
produced  by  the  rapid  repolarization  of  the  non-autonatic  ventricle  fibers  {?]. 
For  this  reason,  it  is  difficult  to  understand  how  van  der  Pol  and  him  co-author 
failed  to  find  a  T-vave  in  their  ECG  because  "repolarization"  is  an  essential 
feature  of  their  relaxation  oscillators;  in  fact,  it  nay  point  to  a  deficiency  in 
their  electrocardiograph  model. 

Th»  great  importance  of  the  paper  of  van  der  Pol  and  van  der  Hark  is  that 
theirs  vas  the  first  attempt  to  model  human  heart  activity  on  a  <:  olator.  The 
fact  that  their  model  could  produce  ECG's  greatly  resembling  clinical  ones, 
including  certain  arrhytmias,  was  a  scientific  triumph.  Since  the  publication  of 
van  der  Pol's  paper,  none  have  appeared  (to  our  knowledge)  which  model  the 
entire  heart-electrocardiograph  complex. 


6.  ELEMENTS  AMD  SUBSYSTEMS  OF  THE  HEART  MODEL 


The  characteristic  feature  of  electrical  heart  activity  is  that  it  is 
produced  by  oscillators  which  have  distinct  frequencies  when  uncoupled,  but  they 
all  oscillate  at  tae  frequency  of  their  fastest  member  when  coupled  together. 

We  shall  construct  such  a  system  of  oscillators  from  elements  which  obey 
second-order,  nonlinear  differential  equations  with  discontinuous  right-hand 
sides.  Consider  the  oscillator  shown  in  Fig.  5.  It  consists  of  a  see-saw 
having  a  scoop  S  at  one  extremity,  a  counterweight  W  at  the  other,  and  above 
the  scoop  there  is  a  fluid  reservoir  R,  which  discharges  fluid  at  the  mass  flow 
rate  q  through  a  discharge  pipe,  as  shown.:  In  addition,  there  is  a  trigger 
mechanism  T  whose  function  will  be  explained  below.  The  system  parameters  are 
so  adjusted  that  the  see-saw  has  the  angular  position  -xo  when  the  scoop  is 
empty..  However,  as  the  scoop  is  being  filled  from  the  reservoir,  there  will  be 
a  time  beyond  which  the  scoop  and  fluid  "outweigh”  the  counterweight.  The  see¬ 
saw  would  now  move  in  the  positive  (down)  direction  if  it  were  not  held  in 
position  by  the  trigger  mechanism.  Let  it  require  some  additional  fluid  mass  M 
before  the  trigger  mechanism  releases  the  scoop  and  permits  the  see-saw  to  move 
in  the  positive  direction.:  Th  purpose  of  the  trigger  mechanism  is  to  increase 
the  unbalance  at  the  onset  of  the  motion  so  that,  when  the  see-saw  is  released, 
it  will  move  more  rapidly  from  -x0  to  xq  than  it  would  have  done  without  the 
trigger.:  Perhaps  with  the  exception  ct.  the  trigger  mechanism,  the  see-saw  des¬ 
cribed  here  is  a  well-known  oscillator..  However,  rather  than  satisfying  a 
van  der  Pol  equation,  its  motion  may  be  regarded  as  satisfying  a  differential 
equation  with  discontinuous  right-hand  side.- 

Let  the  see-saw  have  the  length  21  with  the  fulcrum  at  the  middle;  let 
the  mass  of  the  empty  scoop  be  m  and  that  of  the  counterweight  n^.:  Then, 
with  M  already  defined  as  the  additional  mass  required  to  release  the  trigger, 
the  equation  of  motion  of  the  see-saw  is,  under  some  simplifying  assumptions, 

i  =  1  for  x  >  0, 

x  =  fi  ( x ,  t ) ,  { 

i  =  2  for  x  <  0, 


where 


COS  X 


because  the  frequency  of  each  of  the  otherwise  identical  oscillators  varies  at 
the  rate  of  mass  flow  into  each  scoop.  Stated  differently,  the  oscillators  are 
arranged  vertically  beneath  each  other  in  descending  irder  of  their  uncoupled 
frequencies.; 

Tne  coupling  consists  in  the  vertical  arrangement  of  the  oscillators .  If 
the  external  flow  into  all  scoops  is  started  at  the  same  time,  the  top  scoop 
will  trip  first,  and  it  will  empty  its  discharge  into  the  second..  The  second 
will  now  tip  because  the  fluid  contribution  from  above  is  sufficient  to  over¬ 
balance  the  counterweight  aid  overcome  the  trigger  mechanism..  A  time  delay 
s»tween  the  responses  of  adjacent  oscillators  is  produced  by  increasing  the 
vertical  distance  between  them..  Decoupling  is  achieved  by  deflecting  the  spill 
from  the  scoop  above.  For  instance,  the  element  D  between  the  first  and  second 
oscillator  of  Fig..  7  is  a  deflecting  vane  whi-h  leaves  the  coupling  intact  when 
the  vane  is  in  the  vertical  position,  but  breaks  it  when  in  the  slanted  position 
Uhov.i  by  the  dotted  line  in  Fig.;  7).  A  partial  rotation  of  the  vane  permits 
some,  but  not  all  of  the  spill  from  above  to  reach  the  scoop  of  the  next-lower 
oscillator,  thus  it  produces  partial  decoupling.;  In  the  model  it  is  supposed 
that  there  is  a  deflecting  vane  between  all  neighboring  oscillators. 


Next  we  show  how  a  system  of  pacemaker  and  non-pacemaker  muscle  fibers  can 
be  modelled  by  a  proper  arrangement  of  oscillators  like  that  shown  in  Fig.  5.- 
Each  discharge  pipe  m  Fig.  7  is  supplied  with  a  control  valve  V  which 
regulates  the  mass  flow  out  of  that  pipe.-  Let  a  number  of  these  be  shut  off, 
but  let  the  flow  q^  ’■emain  undisturbed.  In  that  case,  the  closing  of  tome 
valves  will  have  no  effect  of  the  oscillation  of  each  oscillator,  or  on  the  time 
delay  between  their  motions,  the  system  performs  in  all  details  as  it  did  before., 
however,  the  see-saws  without  external  fluid  supply  are  no  longer  self-excited 
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oscillators;  they  transmit  a  signal,  but  they  cannot  oscillate  without  that 
signal. 

The  see-saw  is  also  useful  for  modelling  either  automatic  or  r.on-automatic 
cells  or  "pacemaker  cells"  and  "latent  pacemaker  cells"  [2].  Every  possible 
type  of  cell  can  be  modelled  by  controlling  suitably  the  fluid  supply  between 
that  resulting  from  spill  and  that  from  the  external  source.  Even  cells  which 
are,  or  have  become,  completely  inert  in  that  they  neither  produce  nor  transmit 
signals  can  be  modelled  by  a  see-saw  whose  scoop  volume  is  less  than  that 
required  for  releasing  the  trigger.  It  is  this  latter  feature  that  could  be 
utilized  for  modelling  damaged  muscle  tissue  such  as  results  from  infarctation. 


7.  THE  MODEL 

For  purposes  of  analysis,  the  heart  is  divided  into  eight  components  listed 
in  Table  I 


TABLE  I 


No 

Component 

Notation  j 

1 

S-A  Node 

S-A 

2 

Left  Atrium 

AL  , 

3 

Right  Atrium 

ak 

k 

A-V  Node 

A-V 

5 

Lef*  Ventricle,  Upper  Half 

VL1 

6 

Left  Ventricle,  Lower  Half 

VL, 

7 

Right  Ventricle,  Upper  Half 

VR1 

8 

Right  Ventricle,  Lower  Half 

VR2 

The  components  are  shown  in  a  schematic  arrangement  in  Fig.,  8.  The  manner  in 
which  they  are  coupled  together  has  already  been  described,  and  the  arrangement 
of  see-saws  used  to  model  the  electrical  intera-ion  and  activity  pf  the  heart 
is  shown  in  Fig.;  9-  (It  should,  of  course,  l  realized  that  we  do  not  jropose 
to  construct  a  mechanical  arrangement  like  -_c  of  Fig.,  9;  that  illustration 
is  merely  a  pictorial  repr>  sentation  of  a  coupled  system  of  differential 
equations. ) 

During  normal  heart  acitivity,  only  the  valves  .( a )'  and  (d)  in  Fig.  9  are 
open,  and  the  flow  rat’  at  (a)  is  approximately  twice  that  at  (d).  If,  however, 
the  A-.  node  is  not  regarded  as  a  pacemaker,  but  the  bundle  of  His  is,  then  ‘he 
valve  at  (d),  would  be  closed,  but  those  at  (e),  and  (f),  would  be  open  instead. 

To  construct  the  model  c‘  the  electrocardiograph  we  note  from  section  It 
that  the  potential  at  a  point  is 
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where  the  symbols  have  the  meaning  given  in  Section  •*,  and 
dft  =  r~2  cos6  dA 


(b) 


is  the  solid  angle  subtended  by  dA  as  seen  from  P. 

We  utilize  (3)  in  the  form 

v,  -  is?  J  |  vi(t>  ^  (5) 

J  eo  i=l  •’fl.  1 

1 

where  the  index  j  identifies  the  point  P,  at  hich  the  potential  is  measured, 
and  the  index  i  refers  to  the  numbers  in  the  first  column  of  Table  I. 


The  eight  areas  over  which  this  integration  is  carried  out  are  shown  in 
Fig.  8.  Actually,  the  areas  of  the  two  nodes  are  so  small  compared  to  the  others 
that  the  solid  angles  subtended  by  them  are  considered  vanishingly  small.  In 
consequence,  the  contributions  of  the  nodes  to  the  potential  at  Pj  will  be 
ignored . 


If  the  dipole  distribution  of  the  remaining  components  is  represented  by  the 
resultant  dipole  of  each,  acting  at  the  (electrical)  centroid  of  each  area,  one 
has  for  each 


(t)d 
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where  F  (t)  is  the  strength  of  the  resultant  dipole  of  the  i'th  area,  and 
r.  .,  is  the  length  of  the  position  vector  of  its  point  of  application  relative 
to"  Pj.  Then,  the  potential  difference  between  two  points  Pj  and  Pk  is 
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vvj  =  kJ2  ri(t)  [(coseik)rik2  -  (eo80ij)rij21* ,(i/l4)' 


(6) 


where  F  (t)  bears  a  simple  relation  to  the  solution  or  ( 1! ) .  In  fact,  let 
x  =  x(t)1be  the  solution  to  (?);  then,  remembering  that  there  are  eight  equations 
like  (?)  for  the  eight  oscillators,  one  has 


F.(t)  =  x 


io 


+  Xjlt). 


Except  for  smoothing,  this  is  the  mathematical  model  of  the  electrocardiograph. 


Every  electrical  circuit,  and  every  moving  mechanical  element  having  mass 
is,  necessarily,  a  bandpass  filter.  In  other  words,  if  its  response  is  regarded 
as  a  periodic  function  of  time,  terms  of  a  frequency  larger  than  some  limiting 
value  cannot  be  present  in  its  Fourier  series  representation.:  This  filtering 
process  is  not  contained  in  (b).  Therefore,  if  we  represent  the  smoothing 
operation  by  an  operator  S,  the  electrocardiogram  is  modelled  by 


=  S(VkJ)' 


(7) 


where  V  .  is  given  in  (b). 

KJ 

Bellman  et  al  (8]  have  posed  the  inverse  problem}  given  V  in  (b),  what 
are  the  F.(t)7  They  have  answered  this  question  by  demonstrating  that  their 
identification  problem  may  be  viewed  as  a  nonlinear  multipoint  boundary  value 
problem  which  they  solve  by  quasilinearization  and  high-speed  computer  tech¬ 
niques.: 
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8.  THE  NORMAL  ELECTROCARDIOGRAM 


A  normal  Lead  II  electrocardiogram  [9]  is  shown  in  Fig.  10.  The  maxima  and 
minima  are  labelled  from  left  to  right  P,Q,R,S,T  and  U  and  are  usually  referred 
to  as  the  P-vave,  Q-wave ,  etc.;  the  Q,R  and  S-waves  are  frequently  referred  to 
aa  the  QRS-complex. 

From  a  knowledge  of  the  occurrences  of  the  action  potentials  of  the  com¬ 
ponents  of  the  heart,  it  is  simple  to  determine  that  the  P-wave  is  produced  by 
the  atria,  the  WRS-ccmplex  by  ventricle  depolarization,  the  T-wave  by  repolariza¬ 
tion  of  the  right  and  left  ventricle,  and  the  U-wave  by  that  of  the  left 
ventricle.  The  relation  between  the  electrical  heart  activity  and  the  appearance 
of  the  ECG  is  illustrated  in  Fig.  11. 

The  twelve-point  ECG  consists  of  twelve  different  traces,  obtained  by 
placing  the  leads  of  the  electrocardiograph  at  twelve  different  points  on  the 
body.  Six  of  these  are  shown  in  Fig.  12  [9].  The  arrows  indicate  the  direction 
in  which  the  recorded  components  of  the  resultant  dipole  of  the  heart  are  taken. 
Leads  X,  II  and  111  were  suggested  by  Einthoven;  leads  aVR,  aVL  and  aVF  were 
devised  by  Wilson  [10 ] .  Six  more  traces  are  obtained  by  placing  the  leads  in  a 
standardized  way  on  the  rib  cage. 

The  traces  of  the  normal  ECG  differ  from  person  to  person  depending  on  the 
orientation  of  the  heart  within  the  body,  and  also  on  the  orientation  of  the 
mean  electrical  axis;  these  two  orientations  are  largely  independent  of  each 
other.  We  have  chosen  the  case  in  which  the  mean  electrical  axis  points 
approximately  in  the  direction  of  the  arrow  of  Lead  II  in  Fig.  12..  For  that 
case  the  six  traces  of  a  normal  ECG  are  shown  in  Fig.  13  taken  from  [9].; 

9.  MODEL  PERFORMANCE 


In  our  model  the  action  potential  of  each  of  the  components  of  the  heart  is 
given  by  one  dipole  produced  by  that  component.  Now,  the  quantities  0^, ,  0iJc, 
rj,  and  rik  in  (6)  are  fixed  for  any  chosen  points  Pj  and  Pk  on  the  body, 
and  for  any  one  component  i.  Therefore,  (6)  may  be  written  as 


\r\  ckjVl)  (T) 

where  the  quantities  cj^j  depend  on  the  position  vectors  of  the  i'th  component 
relative  to  P,  and  P^,  and  on  the  direction  of  the  dipole  of  the  i'th  com¬ 
ponent.  A  schematic  representation  of  the  heart  components  and  the  direction 
of  their  dipoles  is  shown  in  Fig.-  lit.  The  arrows  indicate  the  approximate 
directions  oi  the  dipoles;  these  may  be  understood  by  comparing  these  directions 
with  the  arrows  in  Fig.  2  giving  the  signal  flow  directions.-  The  constants 
used  in  computing  the  ECG's  of  our  model  are  given  in  Table  II«  An  understanding 
of  the  signs  and  magnitudes  of  these  constants  may  be  had  by  comparing  the 
directions  of  the  arrows  ir.  Fig.-  lU  with  those  of  Fig.  12. 
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TAIM.K  I  I 


A  |*  l**i  rt*  i.ra»l  11  rt*  .Mir  ::;r»lr  l  hrfrrr  ami  at’trr  ninrrthint'.  in  nhrwn  in  Vifi,  1**. 
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Slow  Free-molecule  Flow  Past  a  Sphere 


CHIA-HAN  LIU  and  MAURICE  L.  RASMUSSEN 

UNIVERSITY  OF  OKLAHOMA 


ABSTRACT 

Steady,  alow  free-molecule  flow  pest  a  sphere  is  studied  by  means  of  asymptotic 
expansions  for  small  molecular-speed  ratio.  The  molecular  distribution  function 
is  obtained  by  the  method  of  characteristics  from  the  collisionless  kinetic  equa¬ 
tion  and  boundary  conditions  specified  at  infinity  and  on  the  sphere  surface.' 

The  flow  at  infinity  is  in  equilibrium,  and  the  surface  boundary  conditions  are 
prescribed  in  terms  of  an  accommodation  coefficient  and  wall  temperature..  Explic¬ 
it  expressions  for  the  r..  -’'er-density  and  velocity  fields  are  obtained,  appropri¬ 
ate  for  slow  flow.  The  higher-order  terms  of  the  expansions  elicit  an  embryonic 
development  of  a  wake  behind  the  sphere.  Comparison  of  velocity  profiles  and 
streamline  shapes  are  made  with  incompressible  Stokes’  flow  and  incompressible 
potential  flow,  the  continuum  counterparts  of  the  slow-flow  problem. 


INTRODUCTION 


Uhen  the  flow  of  a  gas  past  a  solid  body  is  characterized  by  a  mean  free  path  of 
the  constituent  molecules  that  is  much  larger  than  the  characteristic  length  of 
the  body,  the  conventional  methods  of  continuum  fluid  mechanics  are  inapplicable, 
and  the  problem  must  be  attacked  by  means  of  the  kinetic  theory.-  Uhen  such  flows 
are  extremely  rarefied,  the  collisions  of  the  molecules  in  a  region  near  a  solid 
body  can  be  completely  ignored,  and  the  flow  is  called  free-molecule  flow.  The 
molecules  are  regarded  to  move  in  straight-line  paths  interrupted  only  by  colli¬ 
sions  with  the  solid  ’ody.  The  first  to  draw  attention  to  the  aerodynamics  aspects 
of  free-molecule  slow  were  Zahm  [l]  and  Tsien  [2,3]..  Schaaf  snd  smbre  [4]  and 
Patterson  [5,6]  «ve  presented  surveys  of  the  var-ous  features  of  rarefied  gas 
dynamics  together  with  many  references. 

Because  of  applications  to  flight  in  the  upper  atmosphere,  th.  aspect  of  free- 
molecule  flow  conmanding  the  most  attention  has  been  the  computation  of  moments 
at  the  surfaces  of  solid  bodies,  leading  to  aerodynamic  forces  and  heat  transfer. 
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Aerodynamic  characteristics  of  various  bodies  in  free-molecule  flow  are  veil  known 
[7,8,9].  On  the  other  hand,  determination  of  free-molecule  flow  fields  about 
finite  solid  bodies  has  received  little  attention,  in  part  because  surface  condi¬ 
tions  can  be  found  without  explicit  computation  of  the  flow  field.  In  many  prac¬ 
tical  situations,  a  free-molecule  flow  field,  or  the  troleco'ar  distribution  func¬ 
tion  at  any  point  of  the  flow  field,  is  not  as  important  as  the  conditions  on  a 
solid  surface.  Nevertheless,  if  the  free-molecule  solution  is  viewed  as  the  first 
approximation  in  a  systematic  procedure  that  begins  by  ignoring  all  molecular 
collisions  in  Boltzmann's  equation,  then  the  free-molecule  distribution  function 
itself  bec.mes  more  important  [ 10, ll] .  Some  features  of  the  corrections  to  free- 
molecule  flow  are  discussed  by  Will  is  [10]., 

There  are  a  number  of  problems  in  which  the  free-molecule  flow  field  is  of  practi¬ 
cal  as  well  as  theoretical  interest.  Problems  of  rarefied  piastre  flows  require 
a  knowledge  of  the  number  density  field  (ignoring  magnetic  effects)  in  order  to 
obtain  sclf-consistent  solutions  for  the  electric  field.-  Free-molecule  solutions 
can  be  used  as  approximations  for  hyper thermal  ion  flow  fluids  [12,13].  Flows  of 
dusty  gases  in  which  the  dust  particles  are  exceedingly  small  (compared  to  the 
mean  free  path)  are  also  of  practical  Interest.  Settling  of  dust  in  the  atmo¬ 
sphere  or  flow  of  particulate  matter  in  vacuum  systems  are  some  examples.;  In  these 
problems  the  relative  flow  past  the  dust  particles  can  be  regarded  as  slow. 

Aspects  of  such  flows  are  discussed  by  Soo  [ 14] .  Aside  from  practical  consider¬ 
ations,  there  is  also  a  basic  scientific  interest  in  studying  free-molecule  flow 
fields  as  part  of  the  spectrum  of  rarefied  gas  dynamics  behavior..  Establishing 
various  mathematical  techniques  associated  wIlIi  free-molecule  flow  is  also 
important.; 

Investigation  of  free-molecule  flow  fields  has  been  devoted  mainly  to  spheres.  In 
the  context  of  solutions  of  Boltzmann's  equation,  Szymanski  [ 15]  and  Goldberg  [16] 
discussed  flow  fields  past  spheres  for  very  slow  flow.  Their  calculations  were 
concerned  primarily  with  the  density  field.  Karamcheti  and  Sentman  [17]  examined 
collision. t js  flows  past  spheres  in  the  presence  of  potential  fields..  In  this 
reference  end  a  later  one  [18]  they  obtained  density  fields  for  specular  reflection 
by  numerical  evaluation  of  the  number-density  quadratures.  Al'pert  et  al.  [ 1 2] 
and  Frager  and  Rasmussen  C 1 3] ,  among  others,  have  used  free-molecule  solutions  as 
first  approximations  to  ion  density  fields  for  rarefied  plasma  flows  past  spheres. 
Although  Al'pert  et  al.  wrote  down  the  general  quadrature  expressions  for  the 
number  density,  they  calculated  explicit  field  results  only  for  high-speed  flow  in 
which  the  thermal  motions  of  the  molecules  were  neglected.  Generally,  velocity 
fields,  streamlines,  and  other  gas  dynamic  variables  have  not  been  explicitly 
calculated.  The  essential  features  of  free-molecule  flow  past  a  cone  were  laid 
out  by  Elliott  and  Rasmussen  [  19]  . 

The  object  of  this  paper  is  to  determine  the  general  structure  of  steady  slow 
free-molecule  flow  fields  past  spheres.  For  this  situation,  explicit  expressions 
for  the  density  and  velocity  fields,  as  well  as  other  variables,  can  pe  obtained 
in  terms  of  expansions  for  small  rmlecular-speed  ratio  S  =  (ml^^kt)’.-  This 
expansion  is  the  counterpart  of  the  Janzon-Rayleigh  expansion  for  small  Mach  number 
for  potential  flow  past  a  sphere  [20].,  The  particlts  emitted  from  the  sphere 
surface  are  described  in  terms  of  an  accommodation  coefficient  such  that  part  of 
the  molecules  are  reflected  diffusely  and  the  remaincer  specularly.-  Streamlines 
are  obtained  and  compared  with  the  continuum  counterpjrts  of  Stokes'  flo.-  and 
potential  flow.  P'gher-order  results  show  some  of  th  structure  of  the  wake 
development  behind  the  sphere,.  Because  analytical  results  are  obtained,  various 
mathematical  features  of  tree-molecule  flow  are  portiayed.- 


F0RMUIATI0N  OF  THE  PROBLEM 


Consider  the  flow  of  a  neutral  rarefied  gas  past  a  sphere  of  radius  a.-  Spherical 
coordinates  r,9,i|i  are  introduced  as  shown  in  Fig,  1,  The  spherical  velocity  com¬ 
ponents  are  given  by  The  freestream  velocity  is  denoted  by  and  is  in 

the  direction  of  the  z-axis..  Let  tv  and  Ti  denote  the  freestream  number  density 
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and  temperature.  Let  Ty  denote  the  temperature  of  the  sphere  surface. 


The  description  of  free-molecule  Jlgw  starts 
with  the  distribution  function  f(r,(,t),  de¬ 
fined  such  that  f(r,?,t )  d3rd^S  represents 
the  probable  number  of  mglecujes  lying  in 
the  range  between  r  and  r  +  dr  and  having 
velocities  in  the  range  between  >  and  ?  + 

In  the  absence  of  collisions,  the  kinet¬ 
ic  equation  that  governs  f  is 


df 

at 


+  5 


U  *l-ii 
ar  ■  a? 


o 


(i) 


where  F  is  the  external  force  acting  on 
the  particles,  which  have  mass  a. 


Fig.  1. 


The  general  solution  to  this  equation  can  be  found  by  means  of  the  theory  of  char¬ 
acteristics.  The  characteristic  equations  for  (1)  are 


dt  u  ■  dt  ’  *  dt  £ 


(2.3.4) 


Eq.  (2)  states  that  f  is  a  constant  on  the  characteristic  curves.  Eqs.  (3)  ..nd 
(4)  are  simply  the  equations  of  motion  of  a  particle  of  mass  m  with  the  force  F 
acting  on  it.  In  this  analysis,  we  shall  assume  that  there  are  no  external  forces, 
that  is  F  *  0.  In  this  case  the  integrals  of  (3)  and  (4)  are 

5  “  f Q  -  const  ,  r  -  ro  +?t  (5,6) 

Here  5  and  are  the  constants  of  integration  evaluated  at  t  -  0.  The  particle 

trajectory  is  a  straight  line  in  configuration  space.  Because  a  trajectory  is 
determined  by  r0  and  f0,  it  follows  that  f  is  an  arbitrary  function  of  rc  and  ?0. 
Thus  the  general  solution  is 

f(r,?,t)  «  C(r  ,?)  *  G(r  -  ft,?)  (7) 

O  o 

where  G  is  an  arbitrary  function. 


If  r,8,^  denote  the  scalar  representation  of  r  in  spherical  coordinates  and  rp,90, 
♦o  the  corresponding  scalars  for  r0,  then  vector  analysis  of  (6)  shows  that 


ro  ’ (r  ■  V)2  +  (V)2  +  v)2 


(8) 


cos  9 

o 


'rt)  cos  9  +  (5gt)  sin  9 j 


(9) 


tan  < 

o 


(r  -  !rt)  sin  *  sin  8  -  (|gt)  sin  *  cos  8  (S^l)  cos  ♦ 
(r  -  5ft)  cos  *  sin  8  -  (f Qt>  cos  (i  cos  9  +  (£^t)  sir"T 


(10) 


It  is  further  convenient,  in  many  problems,  to  represent  the  scalar  components  of 
?  “  ?0  in  terms  of  energy  E  and  angular  momentum  L  »  m  r  x  i .  We  find 

a 

E  =  ^  m  52  *  const  ,  L2  «  m2  r2  (ig  +  |2)  «  const  (11,12) 

L  t  L  •  e  ■  «  r  5,  sin  9  •  const  (13) 

Z  Z  if 

If  the  flow  Is  steady,  then  the  time  t  can  be  treated  as  a  parameter,  solved  for 
in  (8),  and  substituted  into  (9)  and  (10).  If  the  flow  is  axisymnetric,  then  if 
will  not  appear  in  the  problem  and  (10)  drops  out.  These  are  the  simplifications 
we  shall  now  make  use  of  for  steady  flow  past  a  sphere.. 
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To  construct  s  particular  solution  for  steady  flow  nast  a  sphere,  consider  an 
arbitrary  point  r  in  the  flow  field.  Different  particle  trajectories  passing 
through  this  point  are  determined  by  different  values  of  If  ?  is  such  that  its 
corresponding  trajectory  traced  backwards  from  the  point  r  does  not  intersect  the 
sphere,  then  the  distribution  function  f  has  the  same  value  as  that  at  infinity.- 
If  _£  is  such  that  this  trajectory  intersects  the  sphere,  the  distribution  function 
at  r  his  the  same  value  as  that  on  the  surface  of  the  sphere  at  the  point  of  inter* 
section. 

For  a  fixed  value  of  r,  let  t  denote  that  part  of  velocity  space  for  which  the 
particles  come  from  infinity,  and  let  a  denote  that  part  of  velocity  space  for 
which  the  particles  come  from  the  sphere..  Then  the  distribution  function  can  be 
considered  to  be  the  sum  of  two  distributions, 

f  -  fT  +  f0  (14) 

where  f  is  determined  by  the  boundary  conditions  at  infinity  and  f  is  determined 
by  the  boundary  conditions  at  the  sphere  surface,:  Here  it  is  understood  that  f 
is  zero  when  ?  is  in  a  and  fj  is  zero  when  %  is  in  t.:  The  division  of  velocity' 
space  into  T  and  3  regions  for  the  sphere  problem  is  shown  in  Fig.  2.  The  inside 
of  semi-infinite  cone  of  semi-vertex  angle  v0  ”  sin“*  (a/r)  is  denoted  by  o  and 
the  remainder  of  velocity  space  is  denoted  by  T. 

We  now  proceed  to  determine  the  distri¬ 
bution  function  for  special  boundary 
conditions.  The  surface  boundary  condi¬ 
tions  must  satisfy  the  condition  that 
there  is  no  mass  flow  across  the  sphere 
surface.;  This  is  given  by 

J  §rfTd3§  +  J  5rf8d3|  -  0  on  r  »  a 

lr  <  0  lr  >  0  (15) 

in  mass  fluxes  impinging  on  and  leaving 
the  sphere  surface^  The  fraction  fs  represents  the  prescribed  surface  distribution 
function. 


Fig.  2.,  Velocity  Space  Associated  with  a 
Sphere. 

f 

The  above  moments  J  ?r  f  d-^  §  are  the  im 


SOLUTIONS  FOR  THE  DISTRIBUTION  FUNCTION 
INFINITY  CONDITION 


At  infinity  we  assume  thst  the  distribution  function  is  a  displaced  Maxwellian, 
that  is,  the  flow  is  ”■  thermodynamic  equilibrium: 

-  -  3/2 

f,(r,f)  «  A  exp  [_-  B  (?  -  ,  A  =  n,  ,  B  =  2k^  <16.) 

where  k  is  the  Boltzmann  constant.  In  spherical  coordinates  (16a)  becomes 

fa(r,1)  =  A  exp  r-  B  (5 2  -  20^ r  cos  3  +  2^^  sin  9  +  U2)j  (16b) 

Because  f  is  a  constant  on  straight-line  trajectories  and  (16)  satisfies  the 
steady  kinetic  equation  (with  F  -  0),  we  deduce  that  (16)  is  the  distribution 
function  for  the  particles  that  come  from  infinity,  that  is, 


126 


[ 


^  -  2"  - 

fT(r,S)  -  A  exp  -  B  (§  -  U^r  ,  5  in  t  (17) 

SPECULAR  REFLECTION 

For  specular  reflection  it  is  assumed  that  the  normal  component  of  molecular 
velocity  is  reversed  as  it  undergoes  reflection  from  a  solid  surface.  Thus  we 
have 

f8  (r ,?)  -  fT  (r X  -2  ?  -  5  5),  r  -  a  (18) 

sp 

This  expression  satisfies  (IS).  Since  n  «  e^,  we  deduce  that 

■  f  (r,?)  »  A  exp  £-B  (§2  +  2U01>§  cos  8  +  2^^  sin  8  +  ujj,  r  «  a  (19) 

;  ssP 

This  has  the  same  form  as  (16b)  except  that  the  algebraic  sign  on  5  has  been 
reversed.  From  the  theory  of  characteristics,  wu  now  deduce  that 

(r,?)  -  f  (r  (r£),  ?  <?.?)) 
o  so  o 

s  sp 

«  A  exp  [ -B(g2  +  2U  g  cos  8  +  2U  g.  sin  8  +  U2)  (20) 

o  o 

Here  we  have  already  accounted  for  g  -  g  .  We  can  obtain  an  expression  for  cos  8q 
by  solving  for  t  in  (8)  „nd  substituting°into  (9).-  Setting  r  ■  a,  v^=  r/a,  and 
we  obtair 

cos0o  -  |_y  g2/g2  +  (5r/S)  (1  -  y2(52/l2)}^]  cos  8 

+  (S9/5)  [y  5r/5  -  [i  -  y2(g2/g2)}^]  sm  e  (21) 

From  (11)  and  ^12),  we  get 

Sr  -  5r{y2  -  (y2  -  1H52/S2)^  «  g  'l  -  y2(?2/?2)^  (22) 

O 

From  (12), (13),  and  (21),  we  find 

g0  sin  ®0  *  y  jg  sin  0  (5 2  sin2  8^  -  g2  sin2  9)/g2  sin2  8j^ 

-  [§p/e  (-  y2  ?r/8  +  y\i  -  y2(?p2/s2)}^)]  cos  e 

+  y  5@  [y  52/’2  +  Sr/S  U  -  y2(?2/?2)}^j  sin  8  (23) 

The  combination  g  cos  3  3  g  cos  8  +  gs  sin  8  appearing  m  (20)  now  takes  the 

form  ro  0  o  ° 

g  cos  £  -[gr  {1  -  2y2(g2/|2)}  +  2y(g2/|Hl  -  y2(g2/g2)} *  ,  cos  8 

+  g0  [-  1  +  2y2(|2/g2)  +  2y  (gr/g)tl  -  y2(g2/?2)}^  sin  9  (24) 

When  this  is  substituted  into  (20),  the  distribution  function  f^  for  specular 
reflection  is  thus  obtained:  s 
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§  in  a 


(25) 


fg  (r,S)  -  A  exp  -  B(5z  +  2U(0?co»  6  +  Ijf)  , 

a 

Although  obtained  by  alightly  different  mean*,  thia  expresaion  ia  the  seme  as  that 
of  Karaacheti  and  Sentnan  [17,18),  who  obtained  explicit  reaulta  only  for  specular 
reflection.  For  specular  reflection,  the  wall  temperature  Tu  does  not  enter  into 
the  problei  ,  and  there  -ia  no  heat  transfer.- 

DIFFUSE  REFLECTION 


For  diffuse  reflection,  we  assume  that  the  particles  are  emitted  from  the  sphere 
surface  with  a  Gaussian  distribution  of  the  form 


f  (r,f) 
*d 


iijfcos  9)  A  exp  [-  B  T 


(26) 


where  A  and  B  are  defined  the  same  as  for  (16)  and  T  £  T^/T^  is  the  ratio  of  the 
temperature  at  infinity  and  the  temperature  Tu  of  the  particles  emitted  from  the 
wall  of  the  sphere.  The  function  nd  (cos  9)  must  be  selected  to  satisfy  the 
condition  (IS).  Substituting  (26)  and  (17)  into  (15),  evaluating  the  integrals, 
and  solving  for  nd  gives 
,-2  2 

nd(cos  9)  -  e"S  C0S  9  -  /tr  S  cos  9  erfc  (S  cos  9)  ,  (27) 

where  S  s  /b  B,  is  the  molecular-speed  ratio  and  erfc  (x)  is  the  complimentary 
error  function  with  argument  x..  We  shall  assume  that  Tw.  and  thus  T,  is  a 
constant.; 


The  solution  for  .(r,§)  is  now  obtained  from  f9(1  by  replacing  cos  9  by  cos  90, 
which  is  given  by  (21),  and  writing 

2  2  2 
f  (r,1)  -  AT2  Vs  cos  -  /n  S  cos  9  erfc  (S  cos  9  f  e‘B  T  5  ,  ?  in  o 
"d  oo  (28) 

The  subscript  d  denotes  diffuse  reflection.; 


..oCOMMODATION  COEFFICIENT 


The  materials  of  most  solid  surfaces  are  found  to  reflect  particles  neither  com¬ 
pletely  specularly  nor  completely  diffusely  (see  Schaaf  and  Chambre  [4]).  A  com¬ 
mon  engineering  approximation  Is  to  assume  that  part  of  the  particles  are  emitted 
diffusely  and  the  remainder  specularly..  In  this  case  we  write 

f8  -  a  f  +  (1  -  a)  fs  (29) 

d  sp 

where  ais  the  accommodation  coefficient.;  The  value  of  a  lies  in  the  range 
0  £  a  *  1,  but  for  a  large  number  of  physical  situations  a  is  about  0.9.  When  a 
is  unity  the  surface  is  said  to  be  perfectly  accommodating.-  Expression  (29) 
satisfies  the  condition  (15)  since  f8(J  and  f8g_,  88  given  by  (26)  and  (19),  do 
separately.  For  the  surface  distribution  function  given  in  terms  of  the  accommoda¬ 
tion  coefficient,  the  distribution  function  for  the  emitted  particles,  fo ,  is 
found  to  be 

f,  -  a  f  +  (1  -  a)  f  (30) 

d  s 

where  f  and  f  are  given  by  (28)  and  (25). 
d  s 

MOMENTS 

p 

If  i  H)  is  any  molecular  property,;  then  '  i  (?)  f  dJ?  over  all  velocity  space  is 
called  a  moment  of  the  distribution  function.  The  average,  or  expected  value,  of 
the  molecular  property  $(5),  denoted  by  *  i  >,  is  defined  as 
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n  <  *  >  a  j  iii\ 


(31) 


j  +  or  J  tf^  d3$  4  (1  -  a)  J  *f0  d3j 

t  a  ^  o  * 


*  n  <  ♦  >  +  or  n ,  <  ♦  >  +  (1  •  or)  n  <  i  > 

t  r  d  3d  sp  0j 

Here  n(r)  is  the  number  density,  obtained  from  (31)  when  t  «  1,  that  is. 


or)  j  f  d3$ 
a  s 

(32) 

where  nT,  n^,  and  ngp  are  identified  with  their  respective  distribution  functions. 

Because  the  distribution  function  has  been  determined,  any  expected  value  or  moment 
can  be  obtained  in  principle  by  appropriate  integ  o'ion  over  the  T  and  3  regions 
of  velocity  space  shown  in  fig.  2.-  In  practice,  I  ow.rver,  the  general  analytic 
evaluation  of  these  integrals  has  not  been  possible.  Thus  it  is  of  interest  to 
evaluate  some  of  these  moments  in  certain  limiting  situations.  When  the  distri¬ 
bution  function  is  expanded  in  a  power  series  for  small  molecular-speed  ratio,  S, 
the  integrals  involved  in  the  expressions  for  the  moments  can  be  evaluated  and  a 
resulting  power  series  in  S  obtained..  We  shall  now  investigate  this  slow-flow 
approximation. 


n(r)«  J,A  -  J  <T  fs  +  a  |  fj  d3?  +  (1  - 


n.(r)  +or  nd(r)  +  (1  -  cr)ngp  (r) 


SLOW-FLOW  APPROXIMATION 


DISTRIBUTION  FUNCTIONS 

Let  us  now  treat  S  =  /B  as  a  small  parameter  and  expand  fT,  f3g,  and 

power  series  for  small  S.“  From  (17),  (25),  and  (28)  we  obtain 

d  ,2  r 

fT'»e"5  [_1  +  2S /!  (5r  cos  9  -  ?9  sin  9) 

+  s2  2B(5r  cos  9  -  5e  sin  9)2  -  1J  4  0(S3) 

2  ^ 

fa  ■  A  e'B  ^  [_1  -  2S  /B  ?  cos  8  4  S2  ^2B  |2  cos2  3  -  lj  +  0(S3)j 
s 

2 

f  -  A  T2  e'B  1  ’  1  -  At  S  cos  9  +  S2  cos2  9  4  0(sS  i 

~  j  u  O  O  J 


*Od  in 


(33) 


(34) 

(35) 


It  is  convenient  to  carry  out  the  integrations  over  velocity  space  in  spherical 
coordinates,  shown  in  Fig.,  2<  We  have 

£r  =  5  cos  v,  5g  "  5  sin  y  cos  e,  5^  =  Z  sin  y  sin  e  ,, 

3  -  2 

d  5  =  S  sin  y  d?  dy  dc  (36) 

-la 

If  yQ  -  sin  -,  the  t  region  corresponds  to  y  •  y  *  n,  and  the  3  region  (inside 
the  cone)  corresponds  to  0  ^  y  1  y0.-  The  other°variables  for  both  regions  inte¬ 
grate  over  the  ranges  0  s  ■  and  0  £  e  -•  2n., 

NUMBER  DENSITY 

With  the  above  expansions  for  the  distribution  functions,  we  now  obtain  to  second 
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2  V 

order,  with  x  s  */r  and  coa  y0  *  (l  -  x 


nT(r)  «  y  j^l  +  coa  yq  -  S  —  x2  coa  9  +  %S^  xl  <-j*  yq  (1  -  3  cos*  9)j 


2  2 


2  1 
_•  ax  ■ 


/« 


(37) 


ngp(r)  «  y  [l  -  coa  vo  -  S  jr-  IjCOS  9  +  *  /(l  -  cos  yo  -  3I2)(1  -  3  coa29)] 


Hd(r)  «  ["  1  -  coa  yo  -  S/nKl  coa  9 

+  ^S2  .  1  -  cos  y  -  K  ,  +  (3K„  -  1  + 

V  0*2 

where  Ij  =  -y  ;  3x  -  x3  -  -  x2  -  %  x^J 

4x  ~ 

T_  4  f  8.2  2.1  4  2  7^1 

12  “  g4  L'  21  5  X  12  X  ‘  105  X  +  1 

K1  ^  £[2  +  ^  *  3  co*  Yo  +  CO,3vol 


(38) 


(39) 


„  .  in  1  2  4  5 

K2  =  ^I_5  +  3X  15  X  *  C0* 


2  3  1  5T 

Yo  +  j  co.  yo  -  15  »•  Yj 


Expressions  (37),  (38),  and  (39)  substituted  into  (32)  give  the  number-density 
field  correct  to  and  including  order  S?..  These  expressions  will  be  discussed 
later, 

VELOCITY 

For  the  axisymmetrlc  flow  the  azimuthal  component  of  velocity  Vy  is  zero.  Thus 
the  components  of  Interest  are  Vr  and  Vg.  The  radial  component  Vr  is  obtained 
from  (31)  by  substituting  t  -  5r.-  We  obtain 


n  Vr  »  nf  <  5r  >T  +  “  nd  <  ?r  +  d  *  *)nfl}  <  » r 

d  s 

With  the  expanded  distribution  functions  (33-35)  we  obtain  to  second  order 


(40) 


n  <  5  >  -  -~r 

T  r  t  2/tTB 


-  x2  +  S  /n  (1  +  cos3  y  )cos  9  +  S2  •(  x2  - 

L  0  V 


4  (/  2 

x  -  (4x 


3xS  cos28l1 


(41) 


n  <  §  >  »  — rx2  ■  S  j/»  I,  cos  8  +  S2  fx2  -  41,  +  4  (31,  -  4jX2)cos29M 

sp  r  0  2/"B  3  4  **  4  J  1 

n  .  <  5  >  -  — ®= r  [x2  -  S  2/n  K.  cos  9  +  S2  \x2  -  K.  +  (3K. 

d  r  3a  2v^b  '•  3  v  4  4 


(42) 


2/hb 
-  ijx2)  cos2  9| 


(43) 


where  I  ^  y  [  -  £  +  \  *2  +  £  *5  +  3  [1  -  \  *  ^  \  '  \  ^  vj 

X 

J4  '  Vi'  W  x  +  if  x3  *  &  x5  +  l  x6  '  TS  x?  +  Tz  x8 

X 


5  12  1  4  1  8N  ,  1  +  xl 

nil  -  4  X  +  16  x  +  Tz  x ) ln  ~l 
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K3  =  [x  +  x3  +  2x4  -  %  (1  -  x2)2  In 


When  these  expressions  ere  combined,  the  leading  tens  in  each  of  (41-43)  cancel, 
and  we  have 


n  U 


nV 


«  — —  |^cos  8^1  +  cos  yq  -  3(1  -  of)  Ij  -  2a  Kjj’ 

+  jr  (1  •  3  cos2  9)  x2  -  x4  -  4(1  -‘a)l4  -  a  K^l 


(44) 


For  the  Vg  component  of  velocity  we  have 

nV9  *  "t  <  *9  N  +  *  nd  <  50  V  +  (1  *  a)nsp  <  H  >a 

a  8 

2 

To  order  S  ,  we  obtain 

sin  8  ^1  +  j  cos  Yq  -  ^  cos3  x*  sin  2  9 


"t  <  5e  *r 


n  V 
00  00 

2 


n  V 


"sP  V 


"d<59  V 


’rA  h  8lnS  -  $r  h 8in  26J 


n  U 


fci 
Kj  sin  0  -  Kg  sin  dj,  where 


(45) 

(46) 

(47) 

(48) 


*5 5  \  ’  &  -  \  * +  A x5  - (i  -  *  *2>c°8  v0 + f « -  £  *2>-»3v0  -  £  «>. v ; 


(15  1.  2  .  _1_  4  1  8,  .  i  +  x’ 
\32  ‘  2  X  +  16  x  ’  32  X  )  ln  TTIL! 


1  +  x-1 


K,^r-|«+|x3  +  xS(l.x2)l|+i  x2y  In  ff£ 


5  4x  .  2 


„  =  1  .^1  3.1  5.1  6^1.,  I2  16,,  l  +  x* 

6  4x2L  6  2  3*  2<  2*  -  2  X  >  ln  1  -  >J 


When  the  different  parts  are  combined,  we  obtain 
\  e  V. 1  +  f  C0S  Vo  ■  T  COs3  V0  +  |  (1  -  or)  I5  +  or  Kj  j 


nV, 


S  f  4  ^ 

*^X  + 


4(1  -  a)  I  +  a  Kgj  sin  2  8 


(49) 


STREAM  FUNCTION 


It  is  of  some  Interest  to  examine  the  shape  of  the  streamlines  for  free  molecule 
flow.  The  first  moment  of  the  kinetic  equation  (1)  for  steady  flow  yields  the 
familiar  continuity  equation  of  fluid  mechanics: 

div(n  V)  -  0  (50) 

We  can  satisfy  this  equation  identically  by  means  of  a  stream  function  Y  defined  as 
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1 


(51) 


nV_ 


r  sin  0 


St 

SF 


nV, 


St 


0  ’  r  sin  0  Sr 


By  mini  of  (44)  and  (49),  uc  can  integrate  theae  equations  for  Y  and  obtain  to 
order  S 

2  ^  ,  2 

*  -  I  £j  ,t„2  0  '  1  +  cos3  Y0  -  3(1  -  *)I3  -  2*  «3f  '  f  c°.  0 

n  0  a  a  J  r 

CO  00 

4  n  <52> 

-  T  -  4d  -  ®)I4  - 

r 

Hie  value  of  ¥  is  constant  along  a  streamline.  By  means  of  (52)  it  is  possible  to 
plot  streamlines  for  slow  free-molecule  flow  past  a  sphere. 


DISCUSSION  OF  RESULTS 


The  free-molecule  density  field  for  slow  flow  is  given  by  (32)  together  with  the 
individual  contributions  (37,38,33).  The  first-order  term,  proportional  to  S,  de¬ 
pends  on  cos  0,  whereas  the  second-order  term,  proportional  to  S^,  depends  on 
cos?  6.  First-  and  second-order  constant-density  curves  for  specular  reflection 
(i Or  •  0)  are  shown  in  Fig..  3  for  S  •  0.1.  The  constant-density  curve  n/ib>  *  1, 
which  Intersects  the  sphere  at  0  «n/2,  begins  to  curve  downstream  in  Che  second 
approximation,  showing  the  initial  development  of  a  wake.  The  constant-density 
curves  for  the  second  approximation  move  closer  to  the  sphere  on  the  upstream  side 
and  farther  from  the  sphere  on  the  downstream  side.  Similar  results  for  purely 
diffuse  reflection  (a  =  1)  with  T  »  1  are  shown  in  Fig.  4.,  Comparison  of  the  two 
figures  shows  that  the  flow  is  more  dense  upstream  and  less  dense  downstream  of 
the  sphere  for  the  diffuse  reflection  than  for  the  specular.  Szymanski  r 15] 
obtained  expressions  for  the  density  and  velocity  fields  (for  or  »  1  and  T  -  T^/TH  » 
«  1)  to  one  less  order  in  S  than  the  present  analysis.  His  results  thus  do  not 
contain  the  asymmetry  that  is  characteristic  of  the  wake  development. 


- FIRST  ORDER  APPROXIMATION 

- SEC0N0  ORDER  APPROXIMATION 


Fig,  3  Number- Density  Field  for  S  —  0.1  and  or  «  0. 

It  is  interesting  to  compare  the  free-molecule  velocity  field  with  two  well-known 
counterparts  from  continuum  mechanics.;  These  are  the  results  for  viscous  incom¬ 
pressible  Stokes'  flow  and  inviscid  incompressible  potential  flow.  For  Stokes' 
flow,  the  stream  function  is 


JL 


n_U_  a 


1  r 

2  2 


T  n  il 


9 


(53) 


and  for  potential  flow  the  stream  function  is 
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a 


- FIRST  ORDER  APPROXIMATION 

- SECOND  ORDER  APPROXIMATION 


Fig.  A  Number-Density  Field  for  S  -  0.1,  a  »1,  and  T  -  T  /T 

w 


1  r2  a3  2  . 

n\'  ■  ^/sin  9 

a  r 


The  velocity  components  are  obtained  from  (51)  (with  n  »  n*  for  incompressible 
flow) . 


The  place  that  these  formulas  occupy  in  rarefied  gas  dynamics  can  be  established 
on  the  basis  of  the  Knudsen  number  Kn  =  X/a,  the  ratio  of  the  mean  free  path  to 
the  characteristic  length  of  the  body.  For  free-molecule  flow  Kn-*»,  whereas  in 
the  continuum  limit  Kn  -*  0.  The  Knudsen  number  can  also  be  written  so  that  it  is 
proportional  to  the  ratio  of  Mach  number  and  Reynolds  number  [4],  Kn  y  M/Re.  The 
molecular  speed  ratio  is  proportional  to  the  Mach  number..  On  this  basis,  one  can 
make  the  following  comparison: 

Slow  free-molecule  flow:  Kn  "*  ® •  M  ■*  0,  Re  -  0 

Incompressible  Stokes'  flow:  Kn  -*  0,  M  •»  0,  Re  -  0 

Incompressible  potential  flow:  Kn  -  0,  M  -  0,  Re  -  * 

Fig.  5  compares  the  Vg  components  of  velocity  for  the  different  cases  at  the  shoul 
der  of  the  sphere  (9  «n/2).  The  zeroth-  and  first-order  approximations  are  the 
same  in  Eq.  (49)  since  sin  29  vanishes  when  S  »n/2.  The  Stokes'  flow  has  zero 
velocity  at  the  sphere  surface  whereas  the  free  molecule  flow  shows  slip  at  the 
surface.  The  specular  reflection  («  «  0)  shows  greater  slip  (Vg/l^  «  -  1)  than 
the  diffuse  reflection  (Vg/lfe  -  -  ij).  Further,  there  is  a  slight  overshoot  for 
specular  reflection.  The  potential  flow 

1  STOKES'  FLOW 

2  FREE  MOLECULE  FLOW,  a  >1 

3  FREE  MOLECULE  FLOW,  a  *0 

4  INVISCIO  FLOW 


Fig.-  5  Comparison  of  Velocity  Profiles  at  9  =0/2.- 
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*1(0  sbowi  «  slip  «t  the  surface  *  -3/2),  but  there  is  •  viscous  boundary 

layer  that  strictly  should  be  accounted  for.  the  nonsal  derivative  of  the  velocity 
is  infinite  for  the  free-molecule  flow  cases.  This  does  not  scan  that  the  stress 
is  infinite,  however,  because  stress  is  not  reckoned  on  the  basis  of  a  linear 
stress-strain  relationship  as  for  the  lisiiting  contlnuua  flows. 

Some  typical  streaalines  for  free-aolecule  flow  are  shown  in  Fig.  6  tor  a  »  0  and 
in  Fig.  7  for  a  »  T  «  1.  In  order  to  clearly  illustrate  first-order  effects  in 
(52),  a  value  of  S  «  0.4  was  used.  It  can  be  seen  that  the  higher-order  streaa¬ 
lines  lie  closer  to  the  sphere  on  the  windward  side  and  farther  avay  on  the  lee¬ 
ward  side.  For  the  saae  value  of  T,  a  streaaline  is  deflected  less  for  specular 
reflection  ( a  »  0)  than  for  the  diffuse  reflection  (or  »  1). 


tm 


-  ZCTOTH  ORDER  APPROXMATION 

- FIRST  ORDER  APPROXMATKM 


- zeroth  order  approximation 

- FIRST  ORDER  APPROXIMATION 

Fig.  7  Streamlines  for  S  •  0.4  and  Diffuse  Reflection.- 

The  streamlines  for  free-molecule  flow  (a  -  0  and  a  •  1),  Stokes'  flow,  and  poten¬ 
tial  flow  are  shown  in  Fig.  8  for  ik /tAs U»a ^  «  0,8.  The  streamline  for  Stokes'  flow 
shows  the  most  deflection  as  the  flow  passes  the  sphere;  this  occurs,  of  course, 
because  the  no-slip  condition  requires  a  greater  area  to  pass  the  same  amount  of 
flow  past  a  sphere.  By  the  same  token,  the  potential-flow  streamline  undergoes 
the  least  deflection  as  it  passes  the  sphere. 


1  STORES'  FLOW 

2  FREE  MOLECULE  FLOW,  a  >  I 
S  FREE  MOLECULE  FLOW,  a«0 
A  INVISCIO  FLOW 


(  ZEROTH  ORDER  APPROXIMATION 


Fig.  8  Comparison  of  Streamlines  for  Slow  Flow  Past  a  Sphere. 
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concluding  remarks 


Slow  free-aolecule  flow  post  s  sphere  hss  been  exsained  by  mean*  of  sn  expsnslon 
for  null  molecular  speed  ratio.  This  flow  is  skin  to  Stokes'  flow  snd  potential 
flow  post  s  sphere,  which  ere  vslld  when  the  Kmidsen  number  tends  to  zero.  The 
free -mole cole  flow  is  vslid  when  the  Knudsen  number  te.ds  to  infinity.  The  three 
problems  thus  constitute  limiting  situations  for  the  rsrefied  gss  dynsaic  spec trum 
of  slow  flow  pest  s  sphere.  Aaong  other  spplicstions,  slow  free-aolecule  flow 
would  be  applicable  to  the  relative  motions  of  sasll  psrticulate  astter  (dust 
particles,  for  instance)  in  a  sufficiently  rarefied  aedlua,  such  as  occurs  at 
high  altitudes.  A  worthwhile  extension  of  this  work  would  be  .'o  examine  other 
anaents  of  Che  distribution  function,  such  as  the  temperature,  stress,  and  heat- 
flux  fields. 
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ABSTRACT 

An  analysis  Is  made  for  the  laminar,  incompressible  plane  wall  jet  based  on  the 
integral  method.  Numerical  results  for  both  the  potential  core  region  and  fully 
developed  region  are  presented  for  slot  Reynolds  number  ranging  from  200  to  900. 
Several  parameters  characterizing  the  nature  of  flow,  n?-ely  potential  core  length 
boundary  layer  thickness,  maximum  velocity,  similarity  exponents,  virtual  origin 
length,  exterior  momentum  flux  and  skin  friction  coefficient  are  obtained  and 
compared  with  the  available  experimental  data. 

Potential  core  length,  constans  of  proportionality  for  the  decay  of  maximum 
velocity  and  the  growth  of  the  boundary  layer  thickness,  virtual  origin  length  and 
exterior  momentum  flux  are  correlated  and  expressed  explicitly  in  terms  of  the 
slot  Reynolds  number. 


INTRODUCTION 


The  flow  pattern  that  results  when  a  jet  of  fluid  is  discharged  tangentially  over 
a  plane  wall  into  surroundings  of  similar  composition  is  called  a  plane  wall  jet. 
Such  a  flow  is  produced  at  the  lower  section  of  a  canal  having  different  water 
levels  in  its  two  sections,  when  a  sluice  separating  the  two  sections  is  slightly 
raised.  Plane  wall  jet  flows  are  used  in  many  practical  applications,  for  example 
in  window  deicing,  tempering  of  glass  by  heated  air  blown  over  the  surface,  on 
blowing  flaps  to  give  additional  thrust  and  lift  on  aircraft  wings,  etc. 

Let's  consider  a  fluid  emerging  through  a  nozzle  with  slot  height  s  made  of 
convergent  parallel  walls.  For  this  case,  it  has  been  shown  in  Reference  [1]  that 
the  velocity  distribution  across  the  slot  will  be  mostly  square-headed.-  The 
velocity  deviates  markedly  from  the  maximum  velocity  uq  only  at  the  walls  and  will 

be  uniform  across  almost  the  whole  cross  section  of  the  slot.  (According  to 
Prandtl-Tiet Jens  (2],  in  the  case  of  a  tube,  a  convergence  of  1mm  in  radius  over  a 
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length  of  la,  while  Reynolds  nuaber  Is  1000,  produces  a  substantial  aaount  of 
flattening  in  the  velocity  distribution.)  Since  there  has  been  no  reliable 
aeasureaent  of  the  velocity  profiles  either  at  the  slot  exit  or  in  its  laaedlate 
neighborhood  in  the  case  of  two-diaenslonal  wall  Jet,  the  assuaption  of  a  unifora 
velocity  distribution  at  the  slot  exit  seeas  to  be  justified.  The  flow  develop- 
aent  is  illustrated  in  Figure  1.  The  flow  region  is  divided  into  two  parts, 
naaely,  potential  core  region  (OP)  and  fully  developed  region  (downstreaa  of  the 
point  P).  Owing  to  viscous  friction,  the  boundary  layer  will  be  foraed  on  solid 
wall  and  the  viscous  layer  will  be  developed  soae  distance  away  froa  the  wall. 

Its  width  will  increase  in  the  downstreaa  direction.  In  the  potential  core  region, 
the  behaviour  of  the  flow  close  to  the  soKd  wall  is  similar  to  the  boundary  layer 
development  in  the  case  of  a  unifora  flow  over  a  flat  plate  and  the  flow  nechanisa 
at  far  away  distances  froa  the  solid  wall  is  similar  to  that  of  a  free  boundary 
layer  flow.  In  between  these  two  Halts,  there  exists  a  region  of  constant 
velocity  uq.  As  the  streaawlse  distance  froa  the  slot  end  increases,  the  two 
viscous  layers  gradually  merge  into  each  other  and  finally  the  potential  core 
disappears  completely,  whereby  the  velocity  profile  is  transforaed  asymptotically 
into  a  similarity  fora.  The  distance  from  the  slot  end  to  the  point  where  the 
potential  core  disappears  is  defined  as  potential  core  length  and  is  denoted  by  4. 
As  we  proceed  further  downstream  of  the  potential  core  region,  the  local  maximum 
velocity  starts  decaying.  The  zone  downstream  of  the  point  where  the  maximum 
local  velocity  starts  decaying  is  called  fully  developed  region.  The  part  of  the 
wall  jet  which  is  found  in  between  the  plane  surface  and  the  locus  of  points  of 
maximum  velocity  is  known  as  inner  layer  and  the  remaining  portion  is  called  outer 
layer.  Here  the  inner  layer  is  similar  to  the  boundary  lover  flow  over  a  flat 
plate  at  zero  incidence  and  the  outer  layer  is  similar  to  one-half  of  a  plane  free 
jet. 

A  numerical  comparison  of  the  theoretical  and  experimental  normalized  velocity 
profile  of  the  plane  wall  jet  with  the  theoretical  velocity  profiles  of  the  plane 
free  jet  by  Bickley  (3]*  in  the  outer  layer  and  with  the  Blasius  velocity  profile 
in  the  inner  layer  is  carried  out  by  Bajura  and  Szewczyk  [4),'  They  concluded 
that  the  velocity  distribution  in  the  laminar  plane  wall  jet  can  be  closely 
approximated,  both  theoretically  and  experimentally,  by  a  suitably  scaled  combina¬ 
tion  of  Blasiue  and  plane  free  jet  profiles. 

The  laminar  plane  wall  jet  was  first  studied  theoretically  by  Tetervin  [5].  With 
a  hypothesis  that  the  maximum  velocity  and  boundary  layer  thickness  vary  as  the 
downstream  distance  raised  to  a  power,  namely,  the  similarity  exponents,  he 
obtained  a  velocity  profile.  Tetervin  showed  that  the  boundary  layer  thickness 
will  increase  as  3/4  power  of  the  downstream  distance  and  the  maximum  velocity 
decays  as  1/2  power  of  downstream  distance.  However,  the  above  similarity  rule  is 
only  valid  when  the  downstream  distance  is  measured  not  from  the  slot  end  but  from 
a  rather  fictitious  point  behind  the  slot,  termed  virtual  origin.  This  means  that 
the  flow  is  assumed  to  be  issued  from  this  point.  In  his  analysis,  Tetervin 
concluded  that  the  dimensionless  shear  stress  at  the  wall  is  independent  of  the 
viscosity  which  is  physically  an  unacceptable  conclusion.  In  1956,  Glauert  [6] 
analyzed  both  laminar  plane  and  laminar  radial  wall  jets.-  In  his  analysis,  he  has 
shown  that  the  flux  of  exterior  momentum  F  is  an  integral  invariant  and  the 
similarity  solution  for  a  dimensionless  stream  function  is  independent  of  F.  He 
also  indicated  that  F  may  be  determined  experimentally  at  any  downstream  station, 
either  in  fully  developed  region  or  in  potential  core  region,  bince  F  is  propor¬ 
tional  to  a  reference  velocity  cubed  and  a  reference  length  squared,  the  selection 
of  any  two  parameters  determines  the  third.**  Although  the  numerical  values  of 
the  dimensionless  stream  function  and  its  derivatives  are  presented  in  Glauert 's 
paper,  none  of  these  parameters  have  been  determined  theoretically  or  experimen¬ 
tally  by  him.  Therefore  the  local  .‘locity  and  shear  stress  values  are  also  not 


♦Numbers  in  brackets  designate  References  at  the  end  of  the  paper.: 
**The  authors  are  indebted  to  the  reviewer,  who  pointed  out  this  fact. 
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evaluated.  I la  predictions  {or  boundary  layer  growth  and  anal nan  velocity  are  in 
agreement  with  Tctervln,  bat  the  well  shear  stress  Is  show  to  depend  on  viscosity 
of  the  fluid.  In  19SS,  Ulcy  [7]  investigated  the  effects  of  compressibility  on  a 
radial  laminar  wall  Jet.  (fore  recently,  Bajora  and  Saewcsyk  (4)  studied  the 
boundary  layer  growth  and  decay  of  aexlma  velocity  for  laminar  plane  well  jet 
experimentally.  They  also  conducted  sons  experlaents  related  to  the  stability  of 
plane  laminar  wall  jet. 

All  the  previous  analytical  methods  are  valid  for  fully  developed  region  of  the 
wall  jet  and  no  analysis  is  existing  In  literature  to  predict  the  potential  core 
lengths,  virtual  origin  and  F.  The  present  investigation  alma  at  predicting  these 
and  other  flow  characteristics  of  the  plane  wall  Jet.  The  analysis  is  made  for 
both  potential  core  and  fully  developed  regions  by  using  integral  method.  Results 
are  compared  with  the  experimental  data  of  (4). 

ARALYSIS 


Consider  a  laminar  plane  well  jet  emerging  from  a  long,  thin  slot  parallel  with  an 
Infinite  plane.  The  basic  conservation  laws  for  an  incompressible,  steady, 
laminar  flow  in  a  zone  of  no  body  forces  and  pressure  gradient  are: 


Continuity: 

3u  ,  Jv  „ 
° 

(l) 

Momentum: 

u  in  +  v  is 

3Ju 

(2) 

3x  Jy 

'Sy? 

Where  x  and  y  denote  distances  along  and  normal  to  the  wall,  x  being  measured  from 
the  slot  exit,  u  and  v  the  corresponding  velocity  components,  and  v  the  kinematic 
viscosity. 

The  boundary  conditions  are: 

u  *  v  «  o  at  y-o,  u  -  o  as  y  ■*  m  (3) 


The 

(2) 


momentum  and  kinetic  energy  integral  equations  can  be  readily  derived  from  (1), 
and  (3)  and  may  be  written  as: 


Momentum  Integral 
Equation: 


(4) 


Kinetic  Energy  Integral 
Equation:  „ 

h  1  ^ 


(5) 


It  is  now  required  to  find  suitable  velocity  profiles  for  both  the  potential  core 
region  and  fully  developed  region  in  order  to  seek  a  solution  by  the  integral 
technique.  To  this  end,  we  introduce  a  dimensionless  variable  „  m  y  where  6  is  a 


boundary  layer  width  which  is  an  unknown  function  of  x  and  is  to  be  determined  by 
solving  (4)  and  (3).-  Since  the  streamwlse  velocity  vanishes  both  at  the  plane 
surface  and  at  very  large  distances  from  it,  a  normalized  similarity  velocity 
profile  of  the  form 


u*  -  -  *  exp(nc)  exp(-nc)  0  <  n  <  »  (6) 

um  m  m  “ 

is  chosen  for  the  fully  developed  region,  where  c  is  a  constant  and  nm,  which  is  a 
function  of  c,  is  the  value  of  n  at  which  it  gives  u  a  maximum.  This  normalized 
velocity  profile  satisfies  the  boundary  conditions  at  n  *  0  and  n  "  and  gives 
rise  to  a  maximum  velocity  at  a  finite  value  of  n.  The  unknown  constant  c 
appearing  in  (6)  was  determined  as  follows.  The  stream  function  of  Glauert  [6] 
for  a  laminar  plane  wall  jet  was  recalculated  by  us  using  the  electronic  computer 
(since  only  the  graphical  presentation  of  the  stream  function  was  given  in  [6]) 


139 


and  the  figure  of  Che  normalized  velocity  profile  u*  plotted  against  the  dimen¬ 
sionless  distance  H  is  obtained.  Rewriting  the  equation  (6)  in  terms  of  2- 
nm  m 

variable,  the  constant  c  was  adjusted  so  that  the  resulting  normalized  profile 
coincides  with  that  of  Glauert  as  shown  in  Figure  2.  It  was  determined  that 
c  «  2.20  satisfies  the  above  requirement  and  the  corresponding  value  of  nB  is 

found  to  be  0.6988.  The  advantage  of  matching  the  equation  (6)  in  -■  coordinate 

m 

is  that  we  may  determine  the  constant  c  for  the  dimensionless  velocity  profile 
without  knowing  the  boundary  layer  width  S(x).  The  velocity  profile  in  the 
potential  core  region  is  assumed  to  have  a  zone  of  constant  velocity  in  between 
the  inner  and  outer  layers.  Hence,  for  potential  core  region,  we  have  um  »  uQ  and 
the  normalized  velocity  profile  is  given  by: 

for  o  <  n  c  n 
-  -  m 


nm  1  n  i  ne 


n  <  n  <  “ 

e  —  — 

with  A  *  n  *  exp  (nmc)  «  2.2545 


(7a) 


(7b) 


Kinetic  energy: 

0.1302  Re  a*  u+  +  36*  iu^  +  1.0342  =  0 
s  dx*  dx* 

with  the  initial  conditions 

6*  =  0,  yt  -  1,  at  x*  »  0 
a 


ai) 

(12) 
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at  x*  »  i* 


(13) 


+ 

u 


1 


u  s 

where  Re  is  the  slot  Reynolds  number  defined  by  S—  . 
s  v 

The  above  governing  equations  were  solved  simultaneously  by  using  modified  Eulet's 
method  of  numerical  integration  for  slot  Reynolds  number  ranging  from  200  to  900. 
Potential  core  region  was  first  solved  numerically  on  a  computer  for  x*  ■  0  to 
x*  »  i*  at  which  y^  vanishes.  Then  using  this  results  of  4*  at  x*  -  L*  and  (13) 

as  initial  conditions,  (10)  and  (11)  were  solved  simultaneously.  The  results  of 
4*  versus  x*  are  plotted  in  Figure  3  for  several  slot  Reynolds  numbers  indicated. 
These  data  will  be  used  later  in  the  calculation  of  parameters  characterizing  the 
nature  of  a  plane  wall  jet. 


RESULTS  AND  DISCUSS IONS 


POTENTIAL  CORE  LENGTH 


The  dimensionless  potential  core  length  is  corresponding  to  the  value  of  x*  at 
which  y^  vanishes  in  the  solution  of  (8)  and  (9).  It  is  found  to  vary  with  slot 
Reynolds  number.  The  numerical  results  of  the  potential  core  length  for  the  slot 
Reynolds  number  ranging  from  200  to  900  are  obtained  and  satisfactorily  correlated 
by  a  lormula 

l*  =  0.001558  (Re  +  119)1’273  (14) 

s 

Above  equation  was  obtained  by  employing  a  method  of  least  squares  to  make  the 
best  fitting  of  the  curve  to  the  numerical  results. 

At  the  present  time,  neither  the  experimental  results  of  the  velocity  distribu¬ 
tions  in  the  core  region  nor  the  direct  measurements  of  the  core  length  have  been 
reported  in  the  literature..  This  was  because  of  the  problems  posed  by  instrumen¬ 
tation.  Accuracy  of  flow  measurement  in  a  station  where  wire  size  is  comparable 
in  magnitude  to  the  source  size  is  bound  to  be  poor.  In  Reference  [4],  effort  has 
been  made  toward  the  measurement  of  the  velocity  profiles  at  a  station  0.015 
inches  downstream  from  the  wall  jet  slot.  It  was  reported  that  the  position  of  the 
wire  of  the  anemometer  above  the  wall  could  not  be  determined  and  the  velocity 
profiles  are  constructed  by  linear  interpolation  of  the  data.;  The  exit  profiles 
in  the  experiment  are  predicted  approximately  in  parabolic  form.  If  we  approxi¬ 
mate  the  velocity  profile  in  the  potential  core  region  by  equation  (7),  at  least 
a  qualitative  comparison  with  the  experimental  results  can  be  made.  It  Is, 
however,  anticipated  that  there  •-  11  be  some  discrepency  between  the  present 
results  and  experimental  results  <.  le  to  the  above  assumption.. 

In  Figure  4,  the  numerical  results  of  the  present  analysis  are  compared  with  chose 
obtained  by  extrapolating  the  data  in  Reference  [4],  The  extrapolation  is  done 

as  follows.  The  experimental  data  for  u+  versus  x*  +  x*  is  plotted  on  log-log 

o 

coordinates  for  a  given  slot  Reynolds  number.  The  experimental  points  seem  to  lie 
on  a  straight  line,  indicating  that  u+  n.  (x*  +  x*)r  where  r  is  a  constant.  The 

intersection  of  this  straight  line  with  horizontal  line  corresponding  to  u+  =  1 
determines  the  values  of  +  x*  and  4*  may  be  readily  reduced  from  known  value  of 
xQ  .;  Agreement  between  the  theory  and  Che  experimental  data  is  very  good  for  the 
cases  of  Reg  =  530  and  750.,  The  data  for  Re  -  300,  400  and  650  fall  somewhat 
below  the  analytical  curves.: 

BOUNDARY  LAYER  THICKNESS,  MAXIMUM  VELOCITY, 

THEIR  SIMILARITY  EXPONENTS  AND  VIRTUAL 
ORIGIN  LENGTH 

Two  important  characteristics  of  the  laminar  plane  wall  jet  are  the  decay  ' 
maximum  velocity  and  the  growth  of  the  boundary  layer  thickness  as  the  i'.-<  am 
distance  increases.  The  boundary  layer  thickness  in  this  paper  will  be  a.'-wrai- 
ily  defined  as  the  distance  from  the  wall  to  the  point  of  the  half  maxinur 
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velocity  in  the  outer  layer.  Value  of  n-  ■  1.294  equivalent  to  the  locue  of  the 

I 

di aensionless  boundary  layer  thickness  aay  be  deteralned  by  solving  (6)  with 
u*  *  *j.  The  boundary  layer  thickness  is  given  by 

ym  «  1.294  4(x)  (15) 

7 

By  substituting  the  known  value  of  4(x)  for  the  fully  developed  region  into  (15), 
the  boundary  layer  thickness  for  several  Reynolds  numbers  is  calculated.  They  are 
shown  graphically  in  Figure  5  together  with  the  experimental  data  from  Reference 
(4].-  All  the  experimental  data  were  obtained  for  air  at  80*F.  Agreement  between 
the  present  theoretical  value  and  the  experimental  data  is  good  considering  the 
approximate  method  used  and  the  approximation  of  the  slot  velocity  profile  in  the 
analysis.  The  theoretical  curve  tends  to  fall  somewhat  below  the  experimental 
one  except  for  the  case  of  Reg  -  300. 

The  maximum  velocity  uB(x)  can  also  be  obtained  by  solving  equations  (10)  and  (11). 
The  data  is  plotted  against  downstream  distance  measured  from  slot  end  for  various 
values  of  exit  Reynolds  number  in  Figure  6.  Comparison  is  also  made  with  the 
experimental  data  and  the  agreement  is  very  good. 

To  determine  the  similarity  exponents  and  virtual  origin,  the  correlations  of  the 
maximum  velocity  and  the  boundary  layer  thickness  to  the  numerical  data  shall  be 
made  To  this  end,  correlations  for  the  dimensionless  maximum  velocity  and 
boundary  layer  thickness  are  assumed  to  be  of  the  form 

u+  -  K,  (x*  +  x*)r  (16) 

1  o 

and 

* 

a  -  K,  (x*  +  X*)C  (17) 

2  o 

The  least  squares  method  of  analysis  was  applied  to  determine  the  three  parameters, 
namely  x*  ,  r  and  Kj  or  x*  ,  t  and  K2  for  the  best  fitting  of  the  equations  (16) 

and  (17)  to  its  analytical  data.  Two  similarity  exponents  are  found  to  be  r  »  -*j 
and  t  *  3/4  .  They  are  in  excellent  agreement  with  the  theoretical  results  of  [5] 
and  [6]  and  in  close  agreement  with  the  experimental  results  given  in  [4]. 

The  results  of  the  virtual  origin  can  be  correlated  in  dimensionless  form  as 

x*  -  0.0074  (Res  -  99) 1-3168  (18) 

for  the  range  of  slot  Reynolds  numbers  investigated.  Equation  (18)  indicates  that 
the  length  of  the  virtual  origin  increases  monotomically  as  the  slot  Reynolds 
number  increases,  similar  to  the  results  for  the  two  dimensional  free  jet  by 
Andrade  [8],  and  Sato  and  Sakao  [9].  A  comparison  between  (18)  and  experimental 
results  is  made  in  Figure  7.  Present  results  predict  slightly  lower  values.;  The 
two  constants  of  proportionality  and  K2  for  describing  the  decay  of  dimension¬ 
less  maximum  velocity  and  the  growth  of  dimensionless  boundary  layer  thickness 
in  the  downstream  direction  are  found  to  be 


0.107  (28  +  Re  )0,618 
s 

(19) 

264.725  (247.5  +  Re  )'K22S 
s 

(20) 

which  depend  solely  on  slot  Reynolds  number.  Equations  (19)  and  (20)  are 
compared  with  experimental  results  by  plotting  in  suitable  coordinates  in  Figures 
8  and  9. 
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EXTERIOR  MDtCHTUM  FLUX 


In  the  analysis  of  other  boundary  layer  problems,  the  condition  such  as  external 
free  stream  for  flow  over  a  flat  plate  or  the  constancy  of  aoaentua  flux  for  a 
free  jet  is  required  to  deteraine  the  siailarlty  exponents  for  its  siailarlty 
solutions.  However,  neither  external  free  streaa  nor  constancy  of  aoaentua  flux 
is  present  in  the  case  of  wall  jet  problea.  Glauert  (6}  has  shown  that  the  non¬ 
trivial  solutions  to  the  governing  aoaentua  equation  of  the  wall  jet  exist  under 
the  condition  if  the  flux  of  exterior  aoaentua  flux  F  defined  by 


'  f  u  [  J  u2dy] 


dy  •  constant 


(21) 


is  conserved.  The  value  of F  is  indeterminate' in  his  analysis.  More  recently, 
Bajura  and  Szevctyk  [4]  have  found  F  experimentally  for  slot  Reynold  numbers 
ranging  from  250  to  800.  Nevertheless,  the  expression  for  F  may  be  readily 
deduced  from  the  results  we  obtained  previously.  Rewriting  the  equation  (21)  in 
the  dimensionless  fora,  substituting  equation  (6)  in  it  and  evaluating  the  double 
integral,  one  obtains 


where 


587.409  £- 


0.0351 


u3  Re»  <Re, 


(Re, 


+  28. O)1*655 
+  24  7. 5) 5 ' 14  50 


(22) 


A  derivation  of  (22)  is  given  in  the  Appendix  which  also  gives  analytical  expres¬ 
sion  of  I. 


Equation  (22)  may  be  compared  with  the  experimental  results.  Several  values  of  F 
determined  from  [4]  for  the  twelve  slot  Reynolds  nuniers  are  listed  in  Table  I., 
Included  also  are  the  results  computed  from  (22) .  It  is  seen  that  the  agreement 
is  very  satisfactory. 

TABLE  I 

COMPARISON  OF  RESULTS  FOR  F(a) 


Res 

250 

300 

350 

400 

450 

500 

F 

ft5 

sec3 

Determined 
From  Ref.; 

[4] 

0.00568 

0.0105 

0.0174 

0.0266 

0.0389 

0.0539 

From  (22) 

0.00571 

0.0106 

0.0177 

0.0273 

0.0398 

0.0554 

% 

550 

600 

650 

700 

750 

800 

F 

ft5 

sec3 

Determined 
From  Ref. 

[4] 

0*0728 

0.0963 

. 

0.123 

0.155 

0.192 

0.236 

From  (22) 

0.0744 

0.0970 

_ 

0.124 

0.154 

0.189 

0.229 

(a)  Values  of  F  were  calculated  for  air  at  80°F. 


SKIN  FRICTION  COEFFICIENT 


The  skin  friction  coefficient  is  given  by 
r  .  Tw  ,  4.509 

f  Reg  i*  for  0  <  x*  <  i* 
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for 


(23) 


r  _  4.509  u+ 

f  T2T  6* 


4*  5.  ** 


Employing  Che  resuXCe  for  the  variation  of  6*  and  u+  with  x*  the  numerical  values 
of  Cf  are  evaluated  and  presented  In  Figure  10  for  vat'  ous  slot  Reynolds  nuabers. 
C(  increases  with  decreasing  slot  Reynolds  nuaber  at  any  location  downstream  of 


the  slot  end. 


No  correlation  could  be  Bade  for  the  skin  friction  coefficient  in  the  potential 
core  region,  however,  in  the  fully  developed  region,  (23)  nay  be  correlated  as 


K,  (x*  +  x*)-5/l* 


(24a) 


with 


(28  +  Re„)I>‘610(247.5  +  Re.)1*225 

2.358.10-3  — - 2 - § - 

Re, 


(24b) 


No  experimental  data  for  Cf  are  available  at  the  present  time  for  comparison, 
however,  (24)  may  directly  be  compared  with  that  of  Glauert  [6].  Using  our 
notation,  the  analytical  results  of  Glauert  may  be  written  as 


wi  th 


Cf  -  K4  (x*  +  x*)-5/“ 


K„ 


2  1  /  125  s3F3  I*6 

9  Re2  \  8v9 


(25a) 

(25b) 


The  numerical  results  for  Cf  from  our  analysis  can  be  compared  with  those  of 
Glauert  if  the  experimental  value  for  F  is  substituted  in  (25b),  for  any  slot 
Reynolds  number.-  The  same  can  be  achieved  by  comparing  K3  in  (24b)  and  in 
(25b).  Using  the  data  of  Table  I  for  the  value  of  F,  we  can  compare  K3  and  for 
any  slot  Reynolds  number.  As  an  example,  we  let  Reg  *  500  and  calculate  K3  and 
for  air  at  80°F  with  s  *  27  mills.;  It  is  found  that  K3  «  0.752  and  »  0.638 
for  this  case.  So,  the  skin  friction  values  calculated  by  us  exceed  those 
evaluated  by  using  Glauert's  equation,  by  about  182.. 
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APPENDIX 


Derivation  of  equation  (22):  By  transforming  (21)  in  the  dimensionless  variables 
and  substituting  (6)  into  it,  we  obtain 


where 


F 


I 


=  S?  u3  A3  I 
in 


r°° 

r“ 

/  n  exp  (-n?4/) 

I  n‘  exp  (-2n',;,)dn 

■'o 

.n 

dn 


(26) 


Evaluating  the  inner  integral  of  I  in  incomplete  gamma  functions  expanding  it  in  a 
series,  followed  by  evaluating  the  outer  integral  in  gamma  functions  and  inserting 
the  expressions  for  i  and  um  and  the  num»r<Cal  value  of  A,  we  obtain  (22)  with 


144 


n»0 


The  nuaerlcal  value  of  I  was  calculated  using  n  «  20  In  (27) . 
HOHEHCLATURE 


A 

C 

Cf 

F 

K1 

«2 

K3 

k4 

L 


v 


8 

t 

u 


u* 


V 

X 

X* 


*0* 

y 

y* 

6 

5* 

n 

n_ 


a  constant  defined  by  equation  (7b) 
constant  defined  in  (7a) 
skin  friction  coefficient  • 

exterior  momentum  flux  defined  by  (21) 
proportionality  constant  defined  in  (16) 
proportionality  constant  defined  in  (17) 
proportionality  constant  defined  in  (24a) 
proportionality  constant  defined  in  (25a) 
potential  core  length 
dimensionless  core  length  — 

S 

similarity  exponent  defined  in  (16) 
slot  Reynolds  number  uQs 

v 

slot  height 

similarity  exponent  defined  in  (17) 
velocity  component  in  x  direction 
maximum  slot  exit  velocity 
local  maximum  velocity 
dimensionless  velocity  - 

ratio  of  local  maximum  velocity  to  slot  exit  velocity  -2 
velocity  component  in  y  direction 

distance  along  streamwlse  direction  measured  from  slot  exit 
dimensionless  distance  x 
S 

distance  from  slot  exit  to  virtual  origin 
dimensionless  virtual  origin 

s 

distance  normal  to  the  plane  wall 
dimensionless  distance  £ 
s 

characteristic  length  which  is  a  function  x 

ratio  of  J  to  s,  i 
8 

dimensionless  distance  defined  by  £ 

value  of  n  at  which  *  0 
dn 

kinematic  viscosity  of  the  fluid 
density  of  the  fluid 
wall  shear  stress 


TW 


SUBSCRIPTS 


(27) 


e:  conditions  at  the  edge  of  free  boundary  layer  flow  in  the  potential  core 

region 

m:  conditions  at  the  maximum  velocity  position 

5:  conditions  at  the  half  maximum  velocity  position  in  the  outer  layer 
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Figure  1.  Co-ordinate  System  and  Flow  Development  of  a  Laminar  Plane  Hall  Jet. 


Figure  2.  Comparison  of  Equation  (6)  with  Glauert's  Results  in  n/n  coordinate. 
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Figure  3 


Variation  of  the  non-dimensional  Variable  6*  with  Dimanalonless  Down¬ 
stream  Distance  from  the  Slot  End. 


O  experimental  results  from  Ref.Czl 
—  present  results  Eq.  tie) 
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Figure  9. 


Variation  of  the  Proportionality  Conatant  ~  to  Deacribe  Boundary 
Uyer  Growth  with  Reg. 


Figure  10.  Variation  of  Skin  Friction  Coefficient  with  Dimensionless  Downstream 
Distance. 
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Boundary-layer  Solutions  for  Viscoelastic  Liquids 


JOHN  PEDDIESON,  JR. 

TCNNISSEE  TECHNOLOGIC Al  UNIVEUSITY 


ABSTRACT 

The  second-order  constitutive  equation,  due  to  Coleman  and  Noll,  is  used  as  a 
model  to  test  a  method  of  solution  for  viscoelastic  boundary-layer  flows.  Sev¬ 
eral  flows  are  considered,  and  solutions  are  obtained  which  are  correct  to  the 
same  order  of  approximation  as  the  constitutive  equation.  The  qualitative  trends 
of  the  results  are  noted  and  compared,  where  possible,  with  those  of  previous 
investigators.  The  significance  of  the  findings  of  this  paper  to  more  realistic 
models  of  viscoelastic  behavior  is  discussed. 


INTRODUCTION 


Interest  in  boundary-layer  f 'ows  of  viscoelastic  liquids  has  been  high  during 
the  past  decade  because  of  the  occurrence  of  such  flows  in  industrial  processes.; 
In  order  to  determine  the  effects  of  elasticity,  several  investigators  have  per¬ 
formed  boundary-layer  calculations  using  various  idealized  constitutive  ejuations 
of  the  differential  type.  The  purpose  of  the  present  paper  is  tc  sugqest  a  con¬ 
sistent  method  for  solving  the  boundary-layer  equations  for  a  class  of  visco¬ 
elastic  liquids  and  to  use  the  method  to  solve  several  boundary- layer  protlems. 
For  simplicity  attention  is  restricted  to  the  second-order  liquid  of  Colei  an  and 
Noll  (1).  The  point  of  view  adopted  here  is  that  while  the  second-order  rodel 
is  not  quantitatively  accurate  at  the  high  rates  of  shear  occurring  in  boundary 
layers,  it  can  serve  as  a  simple  prototype  for  more  accurate  models  which  have 
similar,  but  more  complicated,  constitutive  equations.  This  is  similar  to  the 
way  in  which  the  Oseen  equations  serve  as  a  prototype  for  the  Navier-Stokes 
equations  in  Newtonian  fluid  mechanics. 


PRECEDING  PAGE  BUNK 
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oovnunc  eowrions 


Davis  (2)  has  given  the  noet  comprehensive  (onuUtia  of  the  boundary-layer 
theory  for  a  second-order  liquid.  Deferred  to  the  coordinate  systen  to  be  used 
is  the  present  paper  his  equations  expressing  conservation  of  ness  and  conser¬ 
vation  of  linear  noaenttaa  are  respectively 


u,#  ♦  (j/s»u  ♦  v,n  «  0 


+  vo'n  *  °e°;  *  u'nn  *  «1  (uu'snn  *  °'s“'nn  *  W'n 

-(j/s)  (2uu,  +  u?  )J  -  o,  (j/s)  (2uu,  ♦  u?  > 

iui  n  i  on  n 


u,  u, 
n  sa 


(1) 


In  the  above  equations  a  c on  denotes  partial  differentiation  with  respect  to 
the  following  subscript,  a  prise  denotes  total  differentiation  with  respect  to 
s,  and  all  quantities  are  dinens ionless-  The  coordinate  parallel  to  the  nain- 

flow  direction  is  s.  and  the  velocity  in  that  direction  is  u(s.n).  The  normal 
coordinate  is  n,  and  the  velocity  in  that  direction  is  v(s,n).  The  inviscid 
surface  speed  is  Ua(s) .  when  j  »  0  the  flow  is  two-dinensional  and  the  coordi¬ 
nate  systen  is  a  plane  cartesian  one  parallel  to  the  plane  of  the  notion.  When 
j  ■  1  the  flow  i.t  axisyanctric  with  n  being  the  axis  of  synnetry  and  s  being  a 
radial  coordinate  neasured  perpendicular  to  the  axis  of  synnetry.  The  dinen- 

sionless  parameter*  a  and  a  are  defined  as  follows: 

1  2 

°1  *  ~wi  u/n0L.  a2  •  u.  o/n0t 


idiere  U  is  a  characteristic  velocity  and  L  is  a  characteristic  length.  The 
material  constants  of  the  second-order  liquid  are  ng,  p  ,  and  v2  (for  a  New¬ 
tonian  liquid  <•  u2  >  0).  Thermodynamic  considerations  require  that  ng>0  and 
Ml<0  but  place  no  restriction  on  the  sign  of  Uj  (see  [3]).  All  lengths  in  (1) 
are  made  dimensionless  by  L  and  all  velocities  by  U.  In  addition  the  normal 
coordinate  and  normal  velocity  are  stretched  by  the  usual  factor  of  IT1/2  where 
R  ■  pUL/oq  is  the  Reynolds  nunber. 


STAGNATION-POINT  FLOW 


Consider  the  plane  or  axisymaetric  stagnation-point  flow  against  a  flat  plate 
of  a  second-order  liquid.  The  stagnation  point  is  located  on  the  plate  at  the 
origin  of  the  coordinate  systen.  The  s  axis  is  tangent  to  the  plate  and  the  n 
axis  is  normal  to  it.;  For  this  flow 

Ue(s)  -  s  (2) 

As  in  the  Newtonian  case  a  similarity  solution  is  possible.  Thus  defining  new 
independent  and  dependent  variables  by  the  relationships 

s  »  5,  n  =  n 

u(s,n)  *  £F(n),  v(s.n)  =  (1  +  j)  V(n)  (3) 

and  substituting  (2)  and  (3)  into  (1!  leads  to  the  ordinary  differential  equa¬ 
tions 


V'  *  F  =  0 

F"  -  (1  +  j)  VF'  -  F2  +  1  +  Oj  f(l  +  j)  (F ' 2  -  VF'">  -  2(1  -  j)  FF"J 

-up  (F1 2  +  2FF")  «  0  (4) 


154 


where  a  prime  denotes  differentiation  with  respect  to  n  and  the  parameters  aj 

and  a.  are  defined  as  follows: 

2 


“l  =  ’"l  W*  °2  “  M2  Ua/n03 


In  the  above  equations  Ua  is  the  dimensional  inviscid  surface  speed  at  a  dimen¬ 
sional  distance  s*  =  a  from  the  stagnation  point..  The  appropriate  boundary  con¬ 
ditions  are 


F(0)  =  v{0)  =  0,  F(n)  a,  1  as  n  ■*  "  (5) 

Before  attempting  the  solution  of  the  boundary-value  problem  posed  by  (4)  and 
(S)  a  brief  discussion  of  the  second-order  model  is  in  order. 


Previous  experience  with  the  second-order  model  (see,  for  instance,  the  simple 
and  clear  discussion  of  the  so-called  CDM  paradox  in  [4])  indicates  that  it  is 
valid  only  for  slightly  viscoelastic  liquids.-  In  this  interpretation  the  second- 
order  constitutive  equation  is  seen  as  resulting  from  a  two -term  asymptotic 
expansion  of  a  very  general  constitutive  equation  (that  of  the  simple  fluid  (1)) 
for  small  elastic  effects.;  A  three-term  asymptotic  expansion  resulcs  in  the 
constitutive  equation  for  the  third-order  fluid  (see  (5J),  a  four-term  expansion 
in  the  fourth-order  fluid,  etc.  In  all  cases  the  first  term  of  the  expansion  is 
the  constitutive  equation  for  a  Newtonian  fluid.  To  be  consistent  with  the 
order  of  accuracy  inherent  in  the  second-order  constitutive  equation  it  is  clear 
that  the  solution  to  (4)  should  also  have  the  form  of  a  two-term  asymptotic 
expansion  for  small  elastic  effects.  Thus  the  solution 


Ffma^a  )  •v  F0(n)  +  o^F^n)  +  a2F12(n)  +  •  •  • 

V(n;a1(a2)  a,  v0(n)  +  “j v2 j (n)  +  o2V12(n)  +  .  .  .,  (6) 

is  accurate  to  the  same  order  as  the  constitutive  equation.;  It  should  be  noted 
f.at  the  asymptotic  expansion  cannot  be  continued  until  the  third-ordur  terms 
are  included  in  the  constitutive  equation.; 


flow.  The  following  results  are  found  for  the  skin  friction  function  and  the 
displacenent  thickness  function  respectively. 


F'(0) 


J0<  1  -  Ddn 


f 1.233  +  1.140a]  +  ... 

\  1.312  +  1.423a,  +  0.030a2  +  .  .  , 
(  0.648  -  0.826a,  +  .  .  . 

0.570  -  0.681a,  -  0.273a2  +  .  .  . 


3  "  0 
j  =  3 
j  -  0 
j  -  1 


(10) 


(11) 


The  results  for  plane  flow  are  m  agreement  with  the  solutions  previously  given 
by  Beard  and  Walters  (6)  and  Denn  (7]  and  verify  that  the  numerical  method  used 
in  this  paper  is  suitable.  The  results  for  axisynmetric  flow  appear  to  be  new. 
It  is  seen  that  the  effect  of  elasticity  is  to  increase  the  skin  friction  and 
decrease  the  displacement  thickness. 


Kajessari  and  Hathna  [8J ,  Davies  (9],  and  Davis  [2]  have  previously  solved  the 
complete  equations  (4) .  The  former  two  used  integral  methods  while  the  latter 
employed  numerical  integration.-  Provided  that  the  solution  is  unique  (the  work 
of  Prater  [10]  raises  some  questions  about  this)  there  is  nothing  wrong  with 
this  procedure  except  that  it  is  wasteful.  Davis  [2],  for  instance,  solves  (4) 
for  several  values  of  a,  and  a2.  since  no  significance  can  be  attached  to  any 
deviation  from  a  linear  dependence  on  a,  and  a2  >  this  being  a  third-order  effect, 
all  numerical  integrations  beyond  those  required  to  establish  two  points  on  the 
straight  lines  are  unnecessary.  Davis's  [2]  results  for  skin  friction  are,  inci¬ 
dentally,  in  agreement  with  (10a)  and  (10b)  for  sufficiently  small  values  of  a, 
and  a2. 


FLAT  PLATE  FLOW 

The  complicated  nature  of  the  constitutive  equations  fci  various  viscoelastic 
liquids  has  greatly  inhibited  the  solution  Of  problems  dealing  with  realistic 
geometries.  On  the  one  hand,  the  complete  partial  differential  equations  are 
extremely  difficult  to  integrate  numerically;  on  the  other,  very  few  similarity 
solutions  exist.  It  is  proposed  here  to  combine  the  idea  of  local  similarity 
(see,  for  instance,  111])  with  the  perturbation  procedure  described  in  the  pre¬ 
vious  section  to  obtain  simple  approximate  solutions  for  nonsimilar  flows.  In 
this  section  the  method  is  tested  on  the  problem  of  unii'>'m  flow  past  a  flat 
plate  for  which  some  previous  results  exist.-  The  origin  of  the  coordinate  sys¬ 
tem  is  taken  to  be  at  the  leading  edge  of  the  plate  with  s  measured  tangent  to 
the  plate  and  n  measured  normal  to  it..  For  this  flow 

Ue(s)  =  1  (12) 

New  independent  and  dependent  variables  (the  Blasius  variables)  are  defined  by 
the  following  transformations: 

s  =  O  n  =  (2£) !/2n 

u(s,n)  =  F(n) ,  v(s,n)  =  <2D'1/2  [V(n)  +  nF(n)]  (13) 

substituting  (12)  and  (13)  into  (1)  and  setting  3=0  for  plane  flow  leads  to 
V’  +  F  =  0 

F"  -  VF1  +  c«u  (2FF 1  1  -  F’2  -  VF"  ')  =0  (14) 

where  a  prime  denotes  differentiation  with  respect  to  n  and 

i  1!  /2n  x* 

'x  1=0 
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In  the  above  equation  U»  is  the  dimensional  free-stream  velocity  and  x*  is  the 
dimensional  distance  from  the  leading  edge.  In  the  local  similarity  approxima¬ 
tion  it  is  assumed  that  the  dependence  of  P  and  V  on  the  tangential  coordinate 
enters  only  through  the  parameter  alx.  This  will  be  approximately  true  when  aJX 
is  a  sit  ily  varying  function  of  the  tangential  coordinate.  For  this  reason  and 
also  because  the  effect  of  elasticity  must  be  small  to  make  the  second-order 
model  reasonable  it  is  clear  that  the  local  similarity  approximation  is  only 
valid  far  down  stream  on  the  plate. 

As  in  the  previous  section  an  asymptotic  expansion  is  sought  in  the  form 
F(n;olx)  “v  Fg(n)  +  aixFi(U  +  •  •  • 

v(n;olx)  i,  vQ(n)  +  alxVj(n)  +  .  ■•-.  (15) 

Substituting  (15)  into  (14)  and  into  the  appropriate  boundary  conditions 
F(0)  =  V(0)  =  0,  F(n)  -v.  1  as  n  -  »  (16) 

yields  the  problems 


0  i 

:  V'  +  F  «  0 

0  0 

and 

F'  ’  -  V  F'  -  0 

0  0  0 

Fq  (0)  -  VQ  (0) 

=  0, 

Fg  (nJilasn-*- 

00 

(17) 

1  : 

:  V'  +  F  «  0 

1  1 

Fr  -  <v; + 

F'V  ) 

0  1 

-  V  F"  '  -  F'2  + 
0  0  0 

2F  F  ’  '  -  0 

0  0 

F^O)  »  VjtO) 

=  0, 

F^  (n)  %  0  as  n  -*• 

00 

(18) 

Numerical  integration  yields  the  functions  F0  and  Fj  shown  in  Figure  3  and  the 
following  results  for  the  skin  friction  function  and  displacement  thickness 
function  respectively. 


F'  (0)  t  0.470  -  0.546alx  +  ...  ...  v 

J^(l  -  F)dn  -v  1.217  +  0.869alx  +  ...  v  .  (19) 

Thus  the  present  results  indicate  that  far  down  stream  on  a  flat  plate  the 
effect  of  elasticity  is  to  decrease  skin  friction  and  increase  displacement 
thickness.:  These  results  are  in  agreement  with  the  trends  found  by  White  [12] 
who  used  an  integral  technique  and  by  Davis  [2]  who  used  an  asymptotic  expansion 
for  large  f, .  (Denn  [7]  and  Lockett  [5]  also  attempted  solutions  similar  to  that 
of  Davis  [2].,  Both  of  these  authors,  however,  arrived  at  incorrect  results  be¬ 
cause  they  neglected  to  enforce  the  condition  of  exponential  decay  of  vorticity.) 
Thus  it  appears  that  in  variables  for  which  a  similarity  solution  exists  in  the 
Newtonian  case  the  local  similarity  method  yields  qualitatively  correct  predic¬ 
tions.  In  the  next  two  sections  the  method  is  applied  to  problems  for  which  no 
previous  results  have  been  given. 


PLANE  SINK  FLOW 

Consider  the  plane  flow  toward  a  sink  located  at  the  intersection  of  two  flat 
plates..  The  origin  of  coordinates  is  at  the  sink,  the  coordinate  s  is  measured 
tangent  to  one  of  the  plates,  and  the  coordinate  n  is  normal  to  it.  The  appro¬ 
priate  inviscid  surface  speed  is 

Ue (s)  =  -s*1  (20) 
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New  variables  are  defined  by  the  transformations 
s  »  C.  n  « 

u(s,n)  -  -5_1  F(n),  v(s,n)  «  -C-1  nF(n)  (21) 

Equations  (21c)  and  (21d)  satisfy  (la)  identically.  Substituting  (20)  and  (21) 
into  (lb)  (with  j  »  0)  results  in 

F"  -  F2  +  1  +  olx  (F'2  -  2FF'*;  »  0  (22) 

The  appropriate  boundary  conditions  are 

F(0)  =  0,  F(n)  i  1  as  n  -*•  “  (23) 

The  parameter  a]x  in  (22)  is  defined  as  follows: 

alx  *  ”2*J1*Ua/nox*2 

where  Ua  is  the  dimensional  surface  speed  at  the  dimensional  distance  x*  ■  a 
from  the  sink. 

As  in  the  previous  section  the  solution  is  assumed  to  have  the  form 

F(n;alx)  '  F0(n)  +  <»lx  Fj(n)  +  .  .  .  (24) 

Substituting  (24)  into  (22)  and  (23)  results  in  the  problems 

0  :  F'1  -  F2  +  1  »  0 
-  0  0 

Fq (0)  »  0,  F0(n>  -u  1  as  n  •»  “  (25) 

1  :  F*  *  -  2FqF1  +  Fj2  -  2FqFJ  '  -  0 

Fj(o)  =0,  Fj (n)  ^  0  as  n  -*•  »  (26) 

The  functions  F0  and  Fj  are  plotted  in  Figure  4.  For  the  skin  friction  function 
and  the  displacement  thickness  function  one  obtains  respectively 

F '  (0)  i  1.155  +  O.S67alx  +  .  .  . 

J  (1  -  F)dn  v  0.779  -  0.665a,  +  .;  .  .  (27) 

In  this  flow  the  effect  of  elasticity  is  to  increase  the  skin  friction  and  re¬ 
duce  the  displacement  thickness.  For  reasons  similar  to  those  discussed  in  the 
last  section  the  local  similarity  approximation  is  valid  only  for  large  £. 


EXPONENTIAL  PRESSURE  GRADIENT  FLOW 

In  this  section  the  flow  past  an  infinite  flat  plate  due  to  an  exponential  pres¬ 
sure  gradient  is  considered.  The  origin  is  located  on  the  plate  at  the  point 
where  the  inviscid  surface  speed  is  unity.-  The  s  axis  is  tangent  to  the  plate 
and  the  n  axis  is  normal  to  it..  For  this  flow 

Ug(s)  =  exp(2£)  (28) 

In  the  Newtonian  case  a  similarity  solution  exists  in  terms  of  the  new  variables 
defined  by  the  following  equations. 

s  =  i,  n  =  exp(-On  (29) 

u(s,n)  =  exp(20  F(n).  v(s,n)  =  exp(f)  [V (o)  -  nF (n) J  (30) 
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Thu*  these  variables  font  the  basis  of  the  local  similarity  analysis.  Substitu¬ 
ting  (28) ,  (29) >  and  (30)  into  (1)  yields 

V'  +  P  »  0 


F' '  -  VF'  -  2F2  +  2  +  alx  (3F'2  -  6FF1  *  -  VF"*)  »  0  (31) 

The  appropriate  boundary  conditions  are 

F(0)  «  V(0)  -  0,  F(n)  x  1  as  n  -»  “  (32) 

In  (31b)  the  dimensionless  parameter  is  given  by 

a--  (puuj/n2)  exp(2pU  x*/n  >  (33) 

lx  1  0  0  0  0 

where  Ug  is  the  dimensional  inviscid  surface  speed  at  x*  *■  0  (x*  being  the  dimen¬ 
sional  tangential  coordinate) .  It  is  apparent  from  the  form  of  (33)  that  the 
perturbation  solution  will  be  valid  for  -?>>1. 

The  solution  has  the  now  familiar  form 

F'.OJC.  )  x  F  (n)  +  a  F  (n)  +  •-  .  (34) 

lx  0  lx  1 


Substituting  (34) 

into 

(31)  and  (32)  leads  to  the  problems 

0  :  V!  +  F  -  0 
-00 

and 

F"  ~  V„F*  -  2F?  +  2  -  0 

0  0  0  0 

FQ(0)  -  V0(O) 

-  0, 

Fgtn)  x  1  as  g  ■*  ® 

(35) 

1  !  VJ  +  F  -  0 

fv  -  <v  f;  + 
1  0  1 

vs1 

1  -  4F  F  +  3F*  2  -  6FAF"  -  VAF’"  -  0 

0  1  0  0  0  0  0 

Fj (0)  -  VjlO) 

-  0, 

Fj  (n)  X  0  as  0  00 

(36) 

The  functions  Fg  and  Fj  are  obtained  by  numerical  integration  and  shown  on  fig¬ 
ure  5.  The  numerical  results  for  the  skin  friction  function  and  the  displacement 
thickness  function  respectively  are  as  follows 


F ■  (0)  x  1.688  +  4.548alx  +  v  v 

J(1  -  F)dn  x  0.498  -  1.598a  +  (37) 

0  1* 

From  (37)  it  is  apparent  that  the  effect  of  elasticity  is  to  increase  the  skin 
friction  and  reduce  the  displacement  thickness. 

It  is  interesting  to  note  that  the  results  for  skin  friction  and  displacement 
thickness  obtained  in  the  previous  sections  do  not  exhibit  a  consistent  pattern. 
For  flat  plate  flow  the  skin  friction  is  reduced  and  the  displacement  thickness 
increased  by  elasticity..  For  the  other  flows  considered  the  skin  friction  is 
increased  and  the  displacement  thickness  is  reduced.  This  is  further  confirma¬ 
tion  of  an  observation  made  by  several  previous  authors;  namely,  that  the  effect 
of  elasticity  is  dependent  on  the  flow  conditions. 


ADDITIONAL  COMMENTS 


Consider  an  Oseen  linearization  of  equation  (22)  about  unity..  The  result  is 
(1  -  2a1J{)  F"  -  F  +  1  =  0  (38) 
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which,  subject  to  (23),  has  the  solution 


F  »  1  -  exp  l- J  1/(1  -  2alx)'l]  (39) 

A  ewo-tera  expansion  of  this  result  is 

F  •v  1  -  exp  (-n)  +  aJxn  exp  (-n)  +  .  .  .  (40) 

This  is  equivalent  to  the  form  of  solution  used  in  this  paper.  Frater  [10] 
points  out,  in  the  context  of  a  similar  problem,  that  while  (39)  predicts  F  -  1 
for  all  n,  (40)  predicts  F  >  1  for  sufficiently  large  n-  From  this  one  must  con¬ 
clude  that  any  velocity  overshoot  predicted  by  the  present  method  has  no  physical 
significance.  A  small  amount  of  overshoot  should  be  ignored.  A  large  amount  of 
overshoot  should  be  interpreted  as  a  signal  that  the  value  of  alx  has  exceeded 
the  range  of  values  for  which  a  two-term  expansion  is  adequate.  This  conclusion 
is  further  supported  by  numerical  integration  of  (22) .  It  is  again  found  that 
while  direct  solution  of  (22)  predicts  r  SI  for  all  n,  the  perturbation  solution 
as  found  previously  predicts  P  >  1  for  sufficiently  large  n. 

Frater  (101  suggests  that  (40!  be  replaced  by  the  expression 

F  n,  1  -  exp  (-  (1  +  alx)n)  +  •  •  •  (41) 

which  is  equivalent  to  (39)  for  alx  «  1.  This  expression  is  superior  to  (40!  in 
that  it  preserves  the  no-overshoot  property  of  the  exact  solution.  It  is  diffi¬ 
cult  to  see,  however,  how  this  method  could  be  applied  if  the  exact  solution  can¬ 
not  be  found  in  closed  form.  It  is  interesting  to  note  that  both  (40)  and  (41) 
lead  to  the  identical  results 

F'(0)  M  ♦  olx+  *  .  . 

J"  (1  -  F)dn  '  1  -  aJx  +  .  .  . 

which  lends  confidence  to  the  results  of  this  paper. 

Consider  the  dissipation  function  for  the  linearized  problem.  It  is 


G  =  exp  [-  2\f  1/(1  -  ialx)'n)  (42) 

which  has  the  two-term  expansion 

G  -o  exp  (-2n)  -  alx  2n  exp  (-2n)  +  .  v  (43) 


It  is  easily  seen  that  for  all  values  of  uJX  for  which  a  solution  exists 
(“lx  *  1/2)  (42)  predicts  G  i  0  for  all  n  while  (43)  predicts  G  <  0  for  suffi¬ 
ciently  large  n-  This  appearance  of  negative  dissipation  (which  occurs  in  all 
the  examples  calculated  in  this  paper)  must  be  regarded  as  a  result  of  the  per¬ 
turbation  process  and  as  having  no  physical  significance.  Direct  numerical  inte¬ 
gration  of  (22)  confirms  that  the  exact  solution  predicts  non-negative  dissipa¬ 
tion  for  all  n*: 


CONCLUDING  REMARKS 


The  reader  undoubtedly  realizes  that  the  function  F0  in  each  of  the  problems 
solved  represents  the  solution  for  a  Newtonian  fluid.  These  classical  results 
have  not  been  individually  referenced  because  they  are  all  contained  in  any  of 
the  standard  works  on  boundary-layer  theory  such  as  the  book  by  Schlichting  (13). 
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In  the  present  paper  a  perturbation  Method  has  been  ccefcioed  with  the  concept  of 
local  similarity  and  used  to  obtain  approximate  solutions  to  several  boundary- 
layer  problems  for  the  second-order  viscoelastic  liquid.  This  mathematical 
Method  should  find  direct  application  when  dealing  with  more  complicated  and 
realistic  Models  of  the  second-order  type  such  as  the  power-law  Models  used  in 
(7)  and  (12).  It  also  appears  that  the  qualitative  trends  for  skin  friction  and 
displacement  thickness  are  in  agreement  with  the  predictions  of  the  power-law 
Models  (for  sink  flow  see  [7],  for  flat  plate  flow  see  [12]).  In  (141  it  is 
shown  that  for  a  particular  power-law  Model  a  similarity  solution  is  possible  in 
the  case  of  exponential  pressure  gradient  flow.  The  appropriate  ordinary  differ- 
ential  equation  is  obtained  but  not  solved.  It  would  be  of  interest  to  carry  out 
this  solution  in  order  to  compare  the  results  with  those  of  the  present  work. 

The  present  results  also  represent  a  necessary  preliminary  to  finding  solutions 
for  the  More  realistic  third-order  model.  Lockett  (5)  has  attempted  to  do  this 
for  flat  plate  flow  but.  as  Mentioned  previously,  his  results  are  incorrect. 

Thus  it  is  seen  that,  although  unrealistic  in  itself,  the  second-order  model  has 
its  uses  in  the  prediction  of  viscoelastic  boundary-layer  flews. 


161 


references 


U]  B .  D.  Coleman  and  w.  Noll:  "An  Approximation  Theorem  for  Functional*  with 
Application*  in  Continuum  Mechanic*,*  Archive  for  National  Mechanics  and 
Analysis,  Vol.  6,  No.  S,  pp.  335-370  (I960). 

(3)  R.  T.  Davis:  “Boundary-Layer  3h>  jry  for  Vi*co«la*tic  Liquids,”  presented 
at  the  loth  Midwestern  Mechanics  Conference  (1967) . 

(3]  H.  Markovitz  and  B.  D.  Coleman:  "incompressible  Second-Order  Fluids,” 
Advances  in  Applied  Mechanics,  Vol.  S,  Acadenic  Press,  New  York,  pp.  69-101 
(1964) . 

(4]  A.  D.  D.  Craik:  "A  Note  on  the  Static  Stability  of  an  Elastico-Viscous 
Pluid,”  Journal  of  Fluid  Meehamca,  Vol.  33,  No.  1,  pp.  33-38  (1968). 

(5]  F.  J.  Lockett:  "Boundary-Layer  Flow  of  a  Viscoelastic  Fluid,”  National 
Physical  Laboratory  Report  No.  N69-31342  (January,  1969). 

(6]  D.  w.  Beard  and  K.  Halters:  "Elastico-Viscous  Boundary-Layer  Flows  1.  Two- 
Dimensional  Flow  Near  a  Stagnation  Point, ”  I roceedings  of  the  Cambridge 
Philosophical  Society,  Vol.  60,  No-  3,  pp.  667-674  (1964). 

(7]  M.  M.  Denn:  "Boundary  Layer  Flows  of  a  Class  of  Elastic  Fluids,"  Chemical 
Engineering  Science,  Vol.;  22,  No..  3,  pp.  395-404  (1967). 

(8]  G.  K,  Rajeswan  and  S.  L.  Rathna:  "Flow  of  a  Particular  Class  of  Non- 
Newtonian  Visco-Elastic  and  Viseo-Inelastic  Fluids  Near  a  Stagnation  Point," 
Journal  of  Applied  Mathematics  and  Physics  (ZAMP) ,  Vol.  13,  No.  1,  pp.  43-57 
(1962) .. 

(9]  M.  II.-  Davies:  "A  Note  on  Elastico-Viscous  Boundary-Layer  Flows,”  Journal  of 
Applied  Mathematics  and  Physics  (LAMP) ,  Vol.  17.  No..  1,  pp.  189-191  (1966). 

(10]  K.:  R.  Frater:  "On  the  Solution  of  Some  Boundary-Value  Problems  Arising  in 

Elastico-Viscous  Fluid  Mechanics,”  Journal  of  Applied  Mathematics  and 
Physics  (ZAMP),  Vpl.:  21,  No.  I,  pp.  134-137  (1970).. 

(Ill  M..  J.:  Werle:  "Solutions  of  the  Second-Order  Boundary-Layer  Equations  for 
Laminar  Incompressible  Flow,"  0.-  S..  Naval  Ordinance  Laboratory  Report 
No.  NOL  TR  68-19  (January,  1968! . 

(12]  J.-  L.  White:  “Application  of  Integral  Momentum  Methods  to  Viscoelastic 
Fluids:  Flow  About  Submerged  Objects,”  American  Institute  of  Chemical  Engi¬ 
neers  Journal,  Vol.;  12,  I'D-  5,  pp.  1019-1022  (1966).. 

(13]  H.-  Schlichting:  Boundary  Layer  Theory,  McGraw-Hill,  New  York,  Fourth  Edi¬ 
tion  (1960). 

(14]  J.  L.  White  and  A.  B,  Metzner:  "Constitutive  Equations  for  Viscoelastic 
Fluids  with  Application  to  Rapid  External  Flows,"  American  Institute  of 
Chemical  Engineers  Journal,  Vol.;  11,  No,  2,  pp.  324-330  (1965).; 


162 


163 


Plane  Stagnation- Point  Velocity  Profile  Functions  Axisynmetric  Stagnation-Point  Velocity  Profile  Functions 


•* 

«—  u 


164 


Flat  Plate  Velocity  Profile  Functions  Sink  Velocity  Profile  Functions 


P»v«l»pniUi  M  Mitli««in,  V# I.  *.  ProcMdings  of  12th  Midw«Mrn  Madienia  Conference: 


On  Certain  Exact  Solutions  of  the 
Boundary  Layer  Equations 


JAMES  L.  S.  CHEN 

UNIVERSITY  OF  PITTSBURGH 


.  ABSTRACT 

Some  exact  solutions  of  the  unsteady  state  boundary  layer 
equations  which  are  applicable  to  both  laminar  flow  systems  in 
the  presence  of  a  free  surface  and  the  transfer  of  heat  or  mass 
in  fluids  having  vanishingly  small  Prandtl  or  Schmidt  number  are 
presented.  A  simple  and  more  generally  applicable  solution  approach 
is  suggested.  Sample  problem  has  been  worked  out  and  the  advan¬ 
tages  and  disadvantages  of  the  method  have  also  been  pointed  out. 


INTRODUCTION 

This  paper  is  concerned  with  some  exact  solutions  of  the  bound¬ 
ary  layer  equations  which  arise  in  laminar  flows  at  large  Reynolds 
number  in  the  presence  of  a  free  surface,  and  in  the  transfer  of 
heat  or  mass  from  a  body  placed  in  a  flowing  fluid  having  vanish¬ 
ingly  small  Prandtl  or  Schmidt  number.  It  happens  in  the  first 
case  that  the  governing  equations  can  be  linearized,  and  the  sim¬ 
plified  equations  possess  pronounced  similarities  to  those  in  the 
second  case.  These  linear  partial  differential  equations  involving 
three  independent  variables  for  the  non-steady  two-dimensional  or 
non-steady  axisymmetrical  case  are  solved  by  a  transformation  where¬ 
by  the  number  of  independent  variables  is  reduced  by  one.  This 
reduction,  indeed,  leads  to  the  familiar  form  of  heat  conduction 
equation  for  which  a  solution  is  found  without  considering  any 
boundary  condition.  While  such  an  approach  has  not  fully  been 
exploited  in  literature,  its  advantages  and  disadvantages  are  dis¬ 
cussed  briefly. 

A  free  boundary  differs  from  a  rigid  boundary  in  one  main 
aspects  The  former,  which  may  be  typified  as  a  gas-liquid  inter¬ 
face,  requires  a  non-zero  jump  in  velocity  derivatives  and  generates 
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a  finite  vorticity,  whereas  the  latter  requires  a  non-zero  jump  in 
velocity  at  the  boundary  of  a  region  of  irrotational  flow  and  hence 
the  vorticity  is  initially  infinite  at  the  rigid  boundary.  Conse¬ 
quently,  the  velocity  variation  across  the  boundary  layer  at  a 
free  boundary  is  small  compared  with  that  in  the  case  of  a  solid 
boundary.  This  suggests  that  the  equation  of  motion  for  the  bound¬ 
ary  layer  at  a  free  boundary  may  be  linearized  in  the  departure  of 
the  velocity  from  the  irrotational  solution.  There  exist  a  number 
of  important  problems  of  fluid  flow  involving  a  free  boundary,  for 
example,  a  gas  bubble  rising  through  a  viscous  liquid.  Steady-state 
solutions  of  this  problem  were  first  investigated  by  Levich  £1J  am. 
later  by  Moore  [2,3J  and  by  Chao  (41. 

In  the  second  case  of  heat  or  mass  flow  to  fluids  with  vanish¬ 
ingly  small  Prandtl  or  Schmidt  numbers,  one  actually  deals  with 
thermal  or  concentration  boundary  layer  in  a  potential  flow  near  a 
material  boundary.  In  this  connection,  Boussinesque  £  5  J  should  be 
credited  for  his  first  introducing  the  concept  of  the  thermal  bound¬ 
ary  layer  in  analyzing  the  steady  heat  transfer  rate  from  a  fluid 
sphere.  Since  then  a  considerable  number  of  investigations  along 
this  line  have  been  reported,  including  a  recent  paper  by  Soliman 
and  Chambrd  £6J.  In  studying  the  thermal  response  behavior  of 
laminar  boundary  layers  in  wedge  flow,  Chen  and  Chao  [7]  also  ex¬ 
amined  the  steady  temperature  field  in  small  Prandtl  number  fluids 
by  considering  the  limiting  case  of  zero  Prandtl  number.  Their 
agreement  with  known  data  for  Prandtl  number  equal  to  0.01  is  quite 
good.  In  what  follows,  both  the  flow  and  the  temperature  or  mass 
concentration  may  be  regarded  as  non-steady,  and  thus,  it  represents 
a  further  generalization  of  Boussinesque 1 s  theory. 


THE  POUNDARY-LAYER  EQUATIONS 

Under  the  assumption  of  incompressible  flow  with  constant 
properties  and  negligible  dissipation,  the  fundamental  equations 
for  non-steady  boundary  layers  are: 


*r±>  =  0 


(2.1) 


+  u.  2“  -» 
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where  t  is  the  time  variable,  (x,y)  are  the  space  coordinates,  x 
being  measured  from  the  front  stagnation  point  along  the  contour  for 
two-dimensional  case  and  along  the  meridian  for  axisymmetrical  case, 
and  y  being  measured  normal  to  the  material  boundary:  (u,v)  the 
velocity  components  in  these  directions,  p  the  pressure,  T  the  temp¬ 
erature,  c  the  solute  concentration;  and  S,  &>o(,  D  are  density, 
kinematic  viscosity,  thermal  diftusivity,  and  mass  diffusivity, 
respectively.  In  (2.1),  i  =  0,  1  for  the  respective  two-dimensicnal 
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and  axisymmetrical  cases,  and  r(x)  denotes  the  distance  froai  a  sur¬ 
face  element  to  the  axis  of  symmetry  of  the  body.  Since  the  pres¬ 
sure  in  the  boundary  layer  is  virtually  that  of  the  Min  streaai. 
then  it  satisfies  the  approxiMte  equation 


. » 3*  _  m 
J  ax  ~  ax. 


a* 


(2.S) 


where  U(x.t)  is  the  x-cowponent  of  velocity  just  outside  the  bound¬ 
ary  layer. 


From  the  physical  argument  presented  in  the  foregoing  section, 
one  may  write 


U.  =  U  t  u' 


lU'l  «  | ul 


(2.6a) 


v=v  +  v' 


IV'I«  IV  i 


(2.6b) 


in  which  V  is  the  y-component  of  velocity  in  the  main  stream,  and 
the  perturbed  velocity  components  are  designated  by  primes.  One 
may,  thus,  assert  that  IM)(1),  V~0 (S) ,  where  S  is  the  boundary 
layer  thickness;  u'~0 (/*£*») ,  where  au  is  the  finite  jump  in  vorticity 
across  the  boundary  layer;  and  \A0  Consequently,  the  con¬ 

tinuity  equation  (2.1)  gives 

V  is  \r  =  ~X  ,2.7) 

and  (2.2),  (2.5)  and  (2.6)  then  yield,  with  consistent  approxima¬ 
tion. 


+  +  vag-v  uriw  **'-*/£* 

a*  ax  ax  r1  ax  ay  ay1 

Let  us  now  seek  solutions  in  which  U(x,t)  is  of  the  form 

UlX,t)  =  X.  nWlx) 
so  that  (2.8)  becomes 


2£^.Xnw2£-X'’6./M  =Z/|£ 


*r 


where 


f  =  wu' 


(2.8) 


(2.9) 


(2.10) 


(2.11) 


(2.12) 


For  the  thermal  and  the  concentration  boundary  layers  in  a 
potential  flow,  Equations  (2.3)  and  (2.4),  respectively,  reduce  to, 
after  using  (2.7),  (2.9)  and  (2.12) 


(2.13) 
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The  similarities  oi  the  three  equations  (2.10),  (2.13)  and  (2.14), 
are  obvious.  In  fact,  one  may  compactly  describe  the  transfer  of 
momentum,  hear  or  mass  by  c  single  equation  as  follows:. 


IE 

ax 


t  =a^£. 


(2.15) 


where  1  =  f,T,c  and  f  =  ,  of  ,D,  according  to  (2.10),  (2.13)  and 

(2.14),  respectively. 


With  appropriate  boundary  conditions,  eouation  (2.15)  can  be 
solved  in  a  variety  of  ways,  for  example,  the  standard  methods  of 
integral  transform  might  be  used,  however,  since  there  are  no 
particular  boundary  conditions  to  be  satisfied  we  may  attempt  a 
solution  approach  as  follows. 


THE  SOLUTION  APPROACH 

To  reduce  the  number  of  independent  variables  by  one,  we 
introduce: 

*j  =  yr\x)  W(X)  j  T  =T(X,t)  (3-D 

so  that  (2.15)  transforms  to  the  form  of  heat  conduction  equation 

Iff  -A  ft  ,3.2, 

<  r 

with  T  satisfying  the  first-order  partial  differential  equation 

=(ri/wi  (3.3) 


which  may  be  solved  by  the  method  of  characteristics  C8J.  The 
subsidiary  differential  system  of  (3.3)  is 


dX  _  dx  _  JT 
I  tnW 


(3.4) 


The  solutions  of  this  set  obviously  are 

t;  =/5,-C^  +  0'/x'7'f,  -C, 


(3.5) 


(3.6) 


where  and  C2  are  arbitrary  constants,  m  =  n/(n  +  1) ,  and 
p  =  ~ldx 

on  the  condition  that  the  integrals  in  (3.6)  and  (3.7)  exist. 
Hence  the  general  solution  of  (3.3)  as ,u  os  the  form 

Ya  «f(VJ 


(3.8) 


whence,  upon  substituting  (3.5)  and  (3.6),  there  results 
T  *  ir^Wip-C,)'  dX  +<f[p-(n+i)~'x  "+' ] 


(3.9) 


where  g  is  an  arbitrary  function  of  its  argument.  In  view  of  the 
physical  ground  that  the  diffusing  distance  is,  following  (3.2), 
of  the  order  (A  T  )**,  the  initial  condition 

limit)  =o  (3.30) 

t-*o 

may  be  used  in  the  determination  of  g,.  so  that 

=_c» + 1  lp[r^)]  w  id  j  [p(i)-fi(x)]m<td  (3-3D 

in  which 

X  —Slip)  (3.12) 

has  been  inserted  under  the  assumption  that  (3.7)  can  be  inverted 
and  there  is  a  one-to-one  correspondence  between  y  and  &  ,  There¬ 
fore  at  time  t,  one  has 

-E  =  (n-n)  m  f  Ir'Mlw  db  ,3. 13) 

zip- -hr) 


Returning  to  (3.2),  we  notice  that  since  this  equation  is 
exactly  the  same  as  that  governing  the  one-dimensional  temperature 
in  a  solid  of  thermal  diffusivity  A,  a  number  of  mathematical 
results  already  reported  (see,  e.q.,  Carslaw  and  Jaeger,  C9J)  can 
be  adopted  for  the  present  purpose.  One  of  the  most  useful  of  these 
results  is  the  solution  describina  the  temperature  distribution  in 
the  infinite  region  <  viz. 


where  4>(j)  and  are  arbitrary  functions,  and  MXi)  is  the 

unit  step  function,  assuming  that  this  integral  is  convergent.  The 
physical  meaning  of  the  two  arbitrary  functions  may  be  realized  by 
taking  the  limit  of  T -*0  in  (3.14)  so  that  $Cj)yU(y)  and 
are  the  initial  temperature  distributions  for  >)>o  and  y<0  respec¬ 
tively. 

If  one  assumes  that  these  unknown  functions  and  <£.  are 
analytic  and  can  be  expanded  in  power  series,  i.e. 


4iv=jz0tik  >  iw-fe A7k 

then,  upon  sub'  cituting  into  (3.14),  one  has 

F(?;7j=7r-<  fexP(-/)f  + 
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(3.15) 
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This  equation  can  be  expressed  in  terms  of  the  k-th  repeated  in¬ 
tegral  of  the  complementary  error  function,  viz, 

Ftf; V=££  (3.17) 


where  £  =  2 (At)3*. 

The  essential  condition  for  this  formal  solution  to  be  valid 
is  that  the  initial  and  boundary  conditions  on  the  original  problem 
must  be  expressible  in  terms  of  the  new  variables  according  to 
(3.1),  and  then  they  can  be  expanded  as  power  series.  When  (3.16) 
or  (3.17)  is  used  in  each  of  the  boundary  conditions,  the  resultant 
equations  are  first  repeatedly  differentiated  with  respect  to  £  and 
the  results  then  evaluated  at  £  -  0  (this  is  possible  because  of  the 
uniform  convergence  in  £  of  the  integrals  in  (3.16)  and  (3.17)). 
There  results  a  system  of  simultaneous  algebraic  equations  which 
may  be  solved  successively  for  the  coefficients  of  the  f  functions. 

Let  us  now  consider  the  general  case  when  the  initial  con¬ 
dition  assumes  the  form 

=^4  o<j  <  a>  (3.18) 

By  regarding  (3.18)  as  the  limiting  case  of  (3.17)  when  0  one 
obtains 

4>  =4.  (3-19) 

'Mr  k 

whereby  the  boundary  condition  when  y~*co  should  also  be  satisfied. 
The  function  <£(>?)  may  be  regarded  in  this  case  as  a  fictitious 
initial  distribution  of  FtTr?)  in  the  region  y<0.  Its  coeffi¬ 
cients  </> K  can  be  determined  by  using  the  boundary  condition  at 
y  =  C  in  such  a  manner  as  described  above. 


ILLUSTRATION  OF  THE  THEORY 

Tt  remains  to  show  how  the  present  theory  can  be  applied.  As 
an  example,  let  us  consider  the  problem  of  the  steady  motion  of  a 
spherical  gas  bubble  in  a  liquid  having  small  viscosity,  for  which 
the  results  have  already  been  found  by  Moore  f3J.  Denoting  the 
free-stream  velocity  by  tfo  ,  the  radius  of  the  bubble  by  R,  and 
putting  6  =  x/R  one  has  in  this  case 

r  =  R  Sin  0  ■  =  -§-UmSin&  <4<1> 


so  that  the  governing  equation  (2.8)  becomes 

with  the  boundary  conditions  [3J 


/im  (  u')  s=  0  for  all  y 

e-*o 


(4.2) 


(4.3) 
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r 

~  3-^*  sm0  for  y=o,  o&esfi 

(4.4) 

b- 
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£ 

|im  (u')  =  0  for  0£6£  71 

y~no 

(4.5) 
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| 

Introducing  the  new  dependent  and  independent  variables 
to  (2.11)  and  (3.1)  with  (3.13),  respectively,  one  has 

according 

E 

f  =  ■jU4OSin0U./ 

(4.6) 

i 

*]^^uaRySinle 

(4.7a) 

and 

l 

,  X 

l 

T=J  rVdx  -YR3^a,(Ti'3'Cos3e-cos0) 

0 

(4.7b) 

where  the  lower  limit  of  the  integral  in  (4.7b)  is  zero  since  X  =  0 
as  t-»®  for  the  steady-state  case.  The  solution  to  this  problem  is 
of  the  form  (3.17)  which  must  now  satisfy  the  boundary  conditions 
on  f ( X  .  7  ) .  viz. 


,im  (f)  —0 

1-*o 1 1 ' 


(4.8) 


=  0 


||-=.3U«dK"£  “hen  ^  „ 

It  is  apparent  that  conditions  (4.8)  and  (4.17)  require 
b  =  0  for  all  k 

V* 

Substituting  (3.17)  into  the  boundary  condition  (4.9)  gives 

3U.IT = ^  *  *■'[-  7 

i  2*-'p(izi+,)  1 

As  f-»0  this  yields 

to~°  '  t,  =  *  LT,,,  ^ 

The  k-th  derivatives  of  (4.12)  evaluated  at  f  =  0  give 


for 


>  2 


Therefore  the  solution  is 


f (T,  y;  =  -3 IT.  Urfc  (M 


(4.9) 


(4.10) 


(4.11) 


(4.12) 


(4.13) 
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Returning  to  the  physical  plane  (8  ,  y  ),  we  have, 
velocity. 


u; 


=  -4(ffe  *SinOi*rfc 


rJ2S«i* 

<•  4 


for  the  perturbed 


(4,14) 


where 

=  esc  4®  (f  t  -j  cos  3e  -cose) 


and 


is  the  Reynolds  number  of  the  flow.  Equation  (4.14)  can  be  easily 
shown  to  be  identical  to  equation  (2.32)  of  Reference  [  3 J. 


CONCLUDING  REMARKS 

We  have  presented  some  exact  solutions  of  the  unsteady  bound¬ 
ary-layer  equations  arising  in  a  number  of  important  engineering 
problems.  The  example  described  in  Section  4  serves  to  illustrate 
the  development  of  the  theory.  Solutions  tc  other  particular 
problems  may  be  readily  deduced  from  the  present  framework.  For 
example,  one  might  study  the  boundary  layer  growth  at  the  interface 
of  a  translating  fluid  sphere  at  large  Reynolds  number;  to  the 
author's  knowledge,  solution  for  this  problem  has  not  been  previous¬ 
ly  reported  in  the  literature.  If  both  the  external  and  internal 
velocity  fields  are  of  interest,  the  respective  governing  equations 
are  exactly  analogous  and  the  two  transition  relations  at  the  inter¬ 
face,  continuity  of  velocity  and  continuity  of  stress,  must  be  used. 

There  are  two  advantages  to  employing  the  solution  approach 
described  herein.  The  first  is  that  it  may  be  possible  to  cover 
a  wider  range  of  problems  in  view  of  the  reduction  of  the  number  of 
independent  variables  by  one  without  continuing  to  obtain  an  ordi¬ 
nary  differential  equation  as  is  usually  done  in  similarity  analysis. 
Second,  it  is  rather  simple  to  apply.  The  determination  of  the  un¬ 
known  <f>  functions  by  using  the  b'  mdary  conditions  only  involves 
simple  algebra  and  dif ferentiatic  ..  It  is  also  noted  that  when  a 
single  similarity  solution  might  not  exist  for  certain  cases,  such 
combinations  of  simple  solutions  as  is  given  by  (3.17)  may  yield 
desired  results.  Furthermore,  the  method  is  particularly  advan¬ 
tageous  to  problems  involving  two  or  more  media  in  which  the 
quantity  (velocity,  temperature  or  concentration)  at  the  inter¬ 
face  (s)  is  unknown  a  priori. 

On  the  other  hand,  the  main  limitation  of  the  method  is  that 
no  steps  have  been  taken  to  insure  the  boundary  conditions  are 
expressible  in  terms  of  the  new  variables.  In  spite  of  this  dis¬ 
advantage  it  is  worthwhile  to  explore  further  the  possibility  of 
employing  such  an  approach  in  solving  the  boundary  layer  equations 
while  little  has  been  done  in  this  aspect. 
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ABSTRACT 

The  linear  hydrodynamic  stability  of  two  axi symmetric  annular  flows  is  investi¬ 
gated  by  the  application  of  numerical  techniques.  The  primary  flows,  which 
represent  exact  solutions  of  the  Navier-Stokes  system,  are  caused  by  a  constant 
axial  pressure  gradient  and  an  axial  translation  of  the  outer  wall  of  the  annulus 
or  a  cross-flow  through  porous  annulus  walls.  The  new  solution  method  employs  a 
selective  application  of  the  Gram-Schmidt  process  to  control  parasitic  error  dur- 
Ing  the  numerical  integration.  Results  presented  in  the  form  of  neutral  stability 
curves  show  that  the  outer  wall  translation  or  the  cross-flow  may  produce  a  de¬ 
stabilizing  effect.  Several  previously  solved  stability  problems  both  in  planar 
and  annular  geometries  are  obtained  as  special  cases.  Selected  eigenfunctions 
are  included. 


INTRODUCTION 

Orr-Soirmerfeld  problems  of  linear  hydrodynamic  stability  theory  are  of  interest 
since  results  obtained  from  them  are  generally  taken  as  a  starting  point  for  the 
complicated  transition  process.  Classically,  plane  primary  flows  have  received 
the  most  attention,  but  recently  primary  flows  involving  circular  geometry  (which 
seem  somewhat  better  suited  to  experimental  verification)  have  been  widely  stud¬ 
ied.  The  most  obvious  flow  in  this  class  is  Hagen-Pol Seville  ("pipe")  flow  for 
which  only  stable  behavior  is  predicted  for  axially  symmetric  disturbances.  (The 
recent  paper  by  Graebel  [1]  reviews  earlier  work  and  establishes  unstable  behavior 
for  non-symmetric  disturbances.)  On  the  other  hand,  axial  flow  in  an  annulus 
exhibits  instability  even  for  axially  symmetric  disturbances  [2].  In  the  present 
paper,  the  stability  problems  for  two  modifications  of  the  axial  flow  in  an 
annulus  are  studied;  in  particular,  the  modifications  due  to  an  axial  translation 

formerly  at  Arizona  State  University,  Tempe,  Arizona. 
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of  the  outer  Mill  of  the  amu'us  and  the  presence  of  a  "cross-flow"  through  porous 
annulus  walls  are  considered.  The  resulting  primary  flows,  which  represent  exact 
solutions  of  the  Navier-Stokes  systew,  are  referred  to  as  Couette-Poiseuille 
annular  flow  and  porous  annular  flow,  respectively. 

The  stability  characteristics  for  the  Couette-Poiseuille  annular  flow  should  be  of 
interest  in  considering  p rob lews  concerning  the  extraction  of  a  core  sawple  frow 
a  drill  casing  or  the  application  of  a  coating  of  insulation  on  an  electrica1  wire 
while  the  stability  characteristics  of  the  porous  annular  flow  would  be  useful  in 
bio-wedical  applications,  such  as  the  design  of  systews  for  oxygenation  or 
dialysis  of  body  fluids. 

The  priwary  flows  and  disturbance  equations  are  discussed  first.  A  discussion  of 
the  nuwerical  solution  Method,  which  had  not  previously  been  enployed  in  Orr- 
Sowwerfeld  problems,  follows.  Detailed  results  and  discussion  close  the  paper. 

G0VERMW6  EQUATIONS 

THE  PRIMARY  FLOWS.  -  Consider  the  steady  fully-developed  flow  of  an  incowpressible 
Newtonian  fluid  in  the  region  between  two  concentric  circular  cylinders,  figure  1 
depicts  the  geowetry  and  coordinate  systew  being  used,  along  with  other  pertinent 
symbols,  such  as  Ue  the  cross-flow  efflux  velocity  for  the  porous  annular  flow, 
and  llj  the  speed  of  the  outer  cylinder  for  the  Couette-Poiseuille  annular  flow. 

A  constant  axial  pressure  gradient  is  present  and  the  "no-slip”  condition  applies 
at  all  surfaces. 

Consider  first  the  priwary  flow  for  the  flow  in  a  porous  annulus  with  a  constant 
volune  efflux  cross-flow  perpendicular  to  the  axis  of  the  annulus.  In  this  case 
the  velocity  field  is  axially  symnetric  and 

vr  *  5r  (r),  v0  =  0,  vz  *  v2  (r) 

where  *  Indicates  a  dimensional  quantity.  The  governing  differential  system  for 
this  flow  consists  of  the  Navier-Stokes  equations  and  the  continuity  equation. 

Here  the  latter  becomes 


b  (?  5r)  =  0 

dr  r 


so  that 


ueb 


(1) 


The  axial  equation  (z  equation)  of  the  Navier-Stokes  system  becomes  for  this  case 

(2) 


(v  -  £iu  u  fdfv  +idv\ 

\  r  dr/  Az  \dr2  r  dr/ 


where  Aj^Az,  u  and  p  are  the  pressure  gradient,  viscosity  and  density,  respect¬ 
ively.  The  boundary  conditions  needed  to  complete  the  formulation  are 


vz  (a)  =  vz(b)  =  C 

where  a  and  b  are  the  inner  and  outer  radii  of  the  annulus. 

The  solution  to  Eq..  2,  considering  Eq..  1  and  Eq.  3,  is  (for  o  t  2) 


(3) 


Va  (f) 


•  -;f  ifcr  ('-<?■  -Nh?  “]) 
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The  subscript  “PA"  denotes  porous  annular  flow;  the  two  non -dimensional  parameters 
appearing  in  this  equation  are  o,  the  cross-flow  Reynolds  number,  and  k  the  radius 
ratio. 


A  particularly  powerful  procedure  for  non-dimensionalization  of  annular  stability 
problems  suggested  by  Mott  and  Joseph  [2]  is  employed  here.  The  ron-dimensional- 
ization  is  effected  by  introducing  the  following  characteristic  velocity  and 
length 


Uc  *  vzPAmax 

and  a  new  independent  variable 

n  *  a  ‘  TTr 
Then  Eq.  4  becomes  (ror  a  /  2) 


HpA(n)5 


~  « 
vzPAmax 


with 


1  -  n1  - 

ri-k’i 

,fes; 

(l-n°) 

1  ' 

w 

<K> 

(5) 


(6) 


The  primary  velocity  field  for  Couette-Poiseuille  annular  flow  consists  of  the 
axial  flow  in  an  annulus  due  to  a  constant  translational  motion  of  the  outer 
cylinder  and  a  constant  axial  pressure  gradient.  The  form  of  the  velocity  field 
is 


\  -  °*  5e  *  °*  5z  “  5z 


and  the  governing  differential  system  for  the  flow  reduces  to 


£Z 

together  with  the  boundary  and  conditions 

vz  (a)  =  0  ,  iz  (b)  =  Us 

where  Us  is  the  speed  of  tne  outer  cylinder  relative  to  the  inner  cylinder.  The 
solution  to  this  boundary-value  problem  is 


vzCPA  ^ 


I  Ajj  af_ 
u  £z  4 


Hu  k 


in 


Cji  n 

ITT 


'  5zA  +  us  ZTk  (7) 

where  a  partial  non-dimensionalization  has  been  carried  out  by  using  Eq.  5.  The 
subscript  "CPf  denotes  Couette-Poiseuille  annular  flow.  The  first  term  in  the 
above  expression  v,A  (n)  is  the  velocity  field  for  a  fixed-wall' j  nnulus  as 
given  by  Mott  and  Joseph  [2].-  To  complete  the  non-dimensional izatijn  and  to 
formalize  it,  the  characteristic  velocity  and  length  used  are 
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Based  on  these 


*  V  .  -f  jr— 

zh mx  Z 


t 

c  2 


where 


,  Eq.  7  becomes 

1  ...  ZB  In  nJ 

ITS  T+b  CTF 


"CPA 


W.{n) 


1  -  i«  n! 


(8) 


and 


i  k*-l 

-S*  6Hp 


the  parameter  6  is  defined  as 


& 


Zv 


zAmax 


Finally,  the  power  of  the  non-dimensional ization  may  be  seen  by  examining  Eq.:  5 
for  specific  values  of  r,  namely  r  =  a  and  ?  =  b.  The  result  is 


rinner  *  SPT  "  rI  router  *  r. 

cylinder  cylinder  K*  u 

which  shows  that  the  choice  of  the  radius  ratio  k  completely  specifies  the 
configuration  of  the  annulus,  e.g. ,  for  k  -  2.0,  rj  =  2  and  rQ  =  4. 

The  general  annular  geometry  is  reduced  by  this  non-dimensional ization  to  the 
consideration  of  annuli  with  a  fixed  spacing  of  2  units  between  the  cy’inders 
and  an  inner  cylinder  radius  specified  by  the  choice  of  k.  (The  fixed  spacing 
is  of  great  value  in  the  numerical  integration  procedure.)  In  addition,  the  form 
of  the  non-diemnsionalization  allows  the  execution  of  the  limitinq  process 
lim  for  b  -  a  =  2d  and  r  =  a  +  y  (where  Zd  is  the  plate  spacing  and  y  is  the 
a-~» 

Cartesian  independent  variable)  on  Eq.  4  and  the  dimensional  form  of  Eq.  7,  to 
recover  the  two  limiting  primary  flows,  plane  porous  wall  flow  [3],  and  plane 
Couette-Poiseuille  flow  [4],  [5].  The  annular  flow  [2]  is  recovered  if  a>0  or 
8-*0  in  the  appropriate  equation,  and  if  this  result  and  the  limiting  process 
mentioned  above  are  combined  the  classical  plane  Poiseuille  flow  is  recovered. 

THE  DISTURBANCE  EQUATIONS 


The  goal  of  the  analysis  undertaken  here  is  to  determine  under  what  conditions  an 
infinitesimal  axisymmetric  disturbance  superimposed  on  either  of  the  primary  flows 
just  presented  will  grow  cr  decay.  To  continue  the  analysis  perturbed  velocity 
and  pressure  fields  are  considered.  These  fields  are  obtained  by  superimposing 
on  the  primary  flow  velocity  components  axisyrrmetric  time-varying  components  of 
a  disturbance  velocity  field,  and  on  the  primary  flow  pressure  field  a  disturbance 
pressure  field.  The  Navier-Stokes  equations  together  with  the  continuity  equa¬ 
tion  (non-dimensionalized  in  a  manner  consistent  with  the  primary  flow)  and 
appropriate  boundary  conditions  form  the  governing  differential  system  for  the 
flow..  Substitution  of  the  perturbation  fields  into  the  governing  differential 
system  produces,  in  keeping  with  restrictions  of  the  linear  analysis,  a  set  of 
three  linear  partial  differential  equations.. 

Examination  of  these  equations  indicates  that  use  of  a  stream  function,  t,  is 
permissible  and  that  an  appropriate  form  for  a  solution  is 
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T(r,z,t)  «  ♦(r)  e1a^z'ct*,  p(r,z,t)  =>  q(r)  e1a(**ct) 

Mtere  ♦  and  q  are  amplitude  functions,  3  is  the  wave  nuaber  and  c  *  cr  +  ic;  in 
which  cr  is  the  wave  speed  and  ci  determines  the  growth  (cj>0)  or  decay  (c { <0)  of 
the  disturbance.  Neutral  stability  occurs  when  c.j  is  zero. 

Use  of  the  expressions  for  f  and  p  and  elimination  of  q  from  the  equations  results 
in  the  following  equation  for  the  porous  annular  flow 


0,V  -  -f  +  p  4"  -  p  f  +  a2l-2f"  +  2  +32») 


w: 


+ 1 


J<'(c-Hp,)  U"  -  S-  -  a2»)  +  (W'l  + 


*  7  (♦’ '  *  -a**1 )  +  (3$- 1 1  -2il-  -  2oJ»)=  0 

with  boundary  conditions 


4=4'  •  0  at  r  * 


2 

rj  =  jqp  inner  cylinder 


2k 


where 


R  * 


rjj  =  py  outer  cylinder 

pUc£c  .  c5zPAmax 


(9) 


is  the  Reynolds  number  and  1  indicates  differentiation  with  respect  to  r.  Equa¬ 
tion  9  is  the  equation  which  governs  the  behavior  of  the  disturbance  (the 
disturbance  equation)  imposed  on  the  flow  in  the  porous  annulus. 


The  disturbance  equation  for  the  flow  in  the  Couette-Poiseuille  annulus  is  obtained 
by  the  same  procedure  previously  outlined  and  the  resulting  equation  is  the  same 
as  Eq.  9  when  the  terms  involving  a  are  deleted,  and  Wp,  is  replaced  by  WcpA.  It 
is  noted  that  due  to  the  difference  in  the  characteristic  velocity  for  the  two 
flows,  the  Reynolds  numbers  will  also  differ. 


SOLUTION  METHOD 


SELECTION  OF  A  METHOD  -  For  convenience  the  governing  differential  system  for  the 
two  problems  being  considered  will  be  written  as 

yV  +  Lt(j,  o'.  t'\  4"',  Wr;  vt,  R,  c)  =  0  (10) 

with  boundary  conditions 

«(rj)  =  4'(rj)  =  :(rQ)  =  (rQ)  =  0 

where  the  subscript  t  denotes  the  problem  of  interest.  Let  t  -  1  for  the  porous 
annular  flow  problem,  thus  W]  .  Wp^,  Yi  =  0  and  L,  is  obtained  from  Eq.  9.  For 
the  Couette-Poiseuille  annular  flow  t  =2  anti  W2  1  W^,  >2  -  8  and  L.  is  ob¬ 
tained  from  Eq.  9  after  making  the  aforementioned  changes.-  Equation  TO  represents 
an  eigenvalue  problem  involving  a  fourth-order  ordinary  differential  equation 
with  complex  variable  coefficients.- 

The  eigenvalue  problems  posed  in  Eq..  10  cannot  be  "solved"  in  the  strict  definition 
of  the  word,  since  no  exact  solutions  are  known.  Without  exact  solutions, 
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approximate  methods  must  be  examined.  Approximate  methods  do  not  yield  solutions 
but  approximations  to  solutions,  hopefully  "good"  approximations.  Henceforth, 
tUs  won)  “solution"  is  taken  to  mean  an  approximation  to  the  “exact"  solution. 


In  searching  for  an  approximate  method  of  solution  it  is  noted  that  the  equations 
contain  a  parameter  R  which  on  the  basis  of  past  experience  can  be  expected  to  be 
large.  This  fact  suggests  application  of  the  methods  of  asymptotic  analysis. 

Only  recently  through  the  work  of  Graebel  [6]  has  a  formal  procedure  for  applying 
asymptotic  theories  to  problems  of  this  complexity  (the  problems  have,  in  general, 
two  distinct  critical  layers)  become  available.  As  yet  results  of  the  application 
of  this  procedure  have  not  appeared  in  the  literature.  For  this  reason,  and  due 
to  the  increasing  power  of  numerical  methods,  asymptotic  analysis  of  these 
problems  was  set  aside. 

The  numerical  procedures  available  to  solve  eigenvalue  problems  of  the  type  posed 
by  Eq.  10  fall  into  two  broad  classifications:  algebraic  and  differential. 
Algebraic  techniques  are  those  methods  whereby  the  original  differential  eigen¬ 
value  problem  is  approximated  by  an  algebraic  eigenvalue  problem.  Differential 
techniques  basically  involve  direct  integration  of  the  differential  system  using, 
say,  a  Runge-Kutta  procedure.  A  variety  of  these  numerical  procedures  have  been 
applied  successfully  at  one  time  or  another  to  various  problems  in  hydrodynamic 
stability.  Reference  [7]  contains  a  detailed  comparison  and  evaluation  of  all  of 
the  successfully  employed  numerical  methods  as  applied  to  the  plane  Poiseuille 
flow  stability  problem.  Tpe  algebraic  finite  difference  method  and  a  particular 
differential  method,  here  called  the  method  of  near-orthonormal i zed  integration, 
were  found  to  be  the  best  currently  available  numerical  solution  methods..  The 
method  of  near-orthonormal ized  integration,  however,  proved  to  be  less  problem 
dependent  and  was  therefore  chosen  as  the  solution  method  for  the  two  problems 
posed  by  Eq.  10. 

THE  METHOD  OF  NE4R-0RTH0N0RMALIZED  INTEGRATION  .  Differential  techniques  in 
general  are  based  on  initial  value  procedures 'for  solving  boundary  value  problems 
related  to  the  eigenvalue  problems  given  by  Eq.  10,  The  eigenvalue  problem  to 
be  examined  (t=l  or  t=2)  is  converted  into  a  btundary  value  problem  by  specifying 
values  for  each  of  the  parameters  a,  R,  y^,  and  c.  Note  that  none  of  the  param¬ 
eters  is  singled  out  as  an  eigenvalue;  any  two  parameters  will  suffice  as  an 
"eigenvalue." 


Equation  10  is  then  reduced  to  a  system  of  first  order  equations;  let  =  y-j ;  then 


y; ■  v  k  -v»;-v  y;  s_Lt 

with  boundary  conditions 

yi(rj)  *  y2(rj)  =  yi(r0)  =  yz(r0)  -  0 

In  matrix  form  these  become 

y1  =  A  y 

By  (rt)  =  0  D  y  (rQ)  =  0 


(ID 


(1?) 


where  y  is  a  4  x  1  matrix,  and  the  matrices  A,  B  and  D  are  identified  by  comparing 
Eq.  11  and  Eq.  12.  A  special  form  for  the  solution  of  the  boundary  value  problem 
(Eq.  12)  is  constructed.  Let 
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y  (r)  > 

B i 

y(i> 

(r) 

+  Bj 
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X 

Y(r)  B 

where  8  is  a  matrix  of  (complex)  constants.  To  insure  that  y(r)  in  Eq.  13  is  a 
solution  to  Eq.  12  the  matrices  Y,  ant|  8.  will  be  chosen  as  follows:  The  matrix 
Y  must  satisfy  the  differential  equation 

Y'(r)  =  A(r)  Y(r)  (14) 
subject  to  the  initial  conditions 


Krj)  *  JJ(r j ) 

where  JJ(r.)  is  a  4  x  2  matrix  whose  columns  are  linearly  independent  satisfying 
the  condition 

B  U(rj)  =  0 

The  constant  matrix  £  is  then  chosen  so  as  to  satisfy  the  second  boundary 
condition  in  Eq.  12, "that  is, 

y.  (l)(r0)  y.  (j)(r0) 

yj  (l)(r0)  y2  (2V0) 

For  a  non-trivial  solution  to  tnis  set  of  equations  to  exist 


yi  (lV0)  y>  (j^(r0) 

ya  (l)(r0)  y2  (j)(r0) 

Equation  15  then  provides  a  criterion  by  which  the  eigenvalue  may  be  selected. 

An  initial  estimate  of  the  eigenvalue  is  refined  using  an  iterative  procedure 
such  as  Muller's  method  [8]  until  Eq.  15  is  satisfied  within  some  tolerance. 
Equation  15,  since  the  quantities  are  complex,  provides  two  conditions,  one  for 
each  eigenvalue.  The  initial  value  problems  are  usually  separated  into  real  and 
imaginary  parts  to  avoid  complex  arithmetic  in  the  integrations.  Care  must  be 
exercised  so  that  Eq.  15  is  separated  consistently  with  the  initial  value  problems 
so  as  to  yield  two  real  conditions. 


=  0 

(15) 


The  aforementioned  procedure  would  seem  to  be  sufficient  to  solve  the  problem; 
unfortunately,  for  the  problems  being  considered  here,  it  is  computationally 
impossible  as  it  stands.  There  is  a  subtle  difficulty  which  arises  in  these 
problems  when  they  are  solved  by  numerical  integration.  The  difficulty  is  caused 
by  the  fact  that  the  four  general  solutions  to  the  fourth  order  differential  equa¬ 
tions  represented  by  Eq.  10  grow  at  vastly  different  rates.  Even  though  the 
boundary  conditions  exclude  the  rapidly  growing  solution  in  a  mathematically 
exact  way,  the  procedure  outlined  above  when  executed  on  a  digital  computer  using 
a  finite  number  of  significant  figures  cannot  be  freed  of  the  influence  of  these 
unwanted  solutions.  The  rapidly  growing  portion  of  the  general  solution  dominates 
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the  solutions  to  the  initial  value  problems  posed  by  Eq.  14;  this  domination  is 
often  called  parasitic  error.  The  result  of  parasitic  error  in  a  procedure  of 
this  type  is  that  the  columns  in  Eq.  15  become  identical,  thereby  destroying  the 
eigenvalue  selection  criterion. 

Conte  [9]  suggested  a  May  of  controlling  the  parasitic  error  which  develops  during 
the  integration  procedure.  His  procedure,  which  had  not  previously  been  employed 
in  Orr-Somnerfeld  problems,  is  a  generalization  of  the  method  of  "fully-ortho- 
notmalized  Integration”  used  by  Wazzan  et  al.  [10].  The  integration  is  started 
with  the  base  solutions  y")  orthonormaTT  Turing  the  integration  from  the  first 
mesh  point  to  the  next  mesh  point  the  round-off  noise  produced  by  the  Finite 
arithmetic  of  the  computer  introduces  parasitic  error  into  the  base  solutions. 
Since  the  existence  of  parasitic  error  causes  the  solutions  to  tend  toward  linear 
dependence,  exact  orthonormality  of  the  solutions  has  generally  been  destroyed  at 
this  point  and  the  "angle"  between  the  solution  vectors  changes  from  90°.  It  may 
be  possible  to  integrate  over  several  subintervals  before  the  solution  vectors 
become  computationally  dependent  (when  the  "angle”  is  zero);  if  they  do  become 
dependent  the  solution  is  lost.  Conte  suggests  that  before  this  point  is  reached 
the  integration  be  Interrupted  and  the  Gram-Schmidt  process  be  used  to  replace 
the  current  solution  set  by  a  set  of  vectors  which  are  orthonormal.  The  integra¬ 
tion  is  then  continued  using  the  newly  computed  orthonormal  vectors  as  the 
initial  conditions  until  either  the  end  of  the  interval  Is  reached  or  another 
orthonormal izatior  is  required.  Unlike  the  method  of  "fully-orthonormalized  inte¬ 
gration,"  which  requires  orthonormalization  at  each  mesh  point,  this  method  thus 
requires  orthonormal izati in  only  at  selected  mesh  points,  hence  the  name  "near¬ 
orthonormal  i  zed  integration."  The  result  of  this  process  is  a  set  of  linearly 
independent  vectors  at  the  end  point  of  the  interval  which  may  be  used  to 
meaningfully  compute  the  value  of  the  determinant  in  Eq.  15. 


The  equations  required  to  perform  the  orthonormalization  may  be  stated  in  general 
as  follows:  given  the  N  x  K  matrix  of  solution  vectors  Y (r.)  at  the  ith  mesh 
point,  which  are  linearly  independent,  .they  may  be  orthononfialized  by  post¬ 
multiplication  by  the  K  x  K  matrix  P'1'  to  obtain  an  orthonormal  set  in  the 
form  of  the  N  x  K  matrix  denoted  2 (r~),  i.e., 

Z.(»\|)  -  Y(K,.)  P(i) 
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where  P^  are 


the  elements  of  P 
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and  are  given  by 
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where  *  ||C*||«  (t*.  t*V^2,  the  parentheses  denoting  the  N-tuple  inner 
product.  Here 

tj  *  y2  -  (r*.  z')  z1 

i«1 


Conte  discusses  how  c  solution  of  the  form  of  Y,(r)  in  Eq.  13  nay  be  formed  without 
reintegration  provided  certain  information  is  retained  at  each  mesh  point. 

The  criterion  used  for  determining  whether  orthonormalization  is  required  at  a 
particular  mesh  point  involves  determination  of  the  "angle"  between  the  vectors 
y(1),  y(2 I,  ....  yVK) taken  two  at  a  time.  Orthonormalization  is  carried  out 
whenever  any  of  tnese  "angles"  becomes  too  small.  This  criterion  may  be  expres¬ 
sed  as  follows:: 


min 

(i.j) 


cos-1 


<  a 


The  value  of  $1  may  range  from  0°  to  90".  If  a  =  90°  orthonormalization  will  be 
performed  at  each  mesh  point  (this  is  fully-orthonormalized  integration,  c.f. 
Wazzan  et  aU_  [10]);if  a  =  0°  no  orthonormalizations  will  be  performed.,  Conte 
discusses  procedures  for  choosing  an  appropriate  value  for  the  criterion.  In 
the  work  presented  here  a  =  45°  was  employed. 


RESULTS  AND  CONCLUSIONS 


RESULTS  -  The  stability  problems  for  the  porous  annular  flow  and  Couette- 
Poiseuille  annular  flow  as  posed  by  Eq.  10  were  solved  using  the  method  of  near¬ 
orthonormal  ized  integration.  The  numerical  computations*  were  carried  out  on  the 
CDC  3400  at  Arizona  State  University  using  single  precision  FORTRAN  IV  programs. 

The  results  of  these  computations  are  presented  in  Figs.  2  and  3  in  the  form  of 
neutral  stability  curves,  curves  for  which  q  =  0.  It  is  to  be  noted  that  the 
method  of  near-orthonormal ized  integration  permitted  the  neutral  stability  curves 
to  be  obtained  directly  by  setting  q  =  0  and  using  a  and  cr  or  R  and  cr  as  the 
"eigenvalues."  Muller's  method  was  used  for  the  initial  refinement  of  eigenvalue 
estimates  while  differential  correction  (a  scheme  based  upon  the  derivative  of 
a  function  of  two  variables)  was  used  for  the  final  fine  adjustments  in  the 
results. 

Figures  2  and  3  present  results  for  three  radius  ratios  k  =  1.01,  k  =  2  "'n  and 
k  =  3.33  for  various  values  of  the  parameters  o  and  6.  The  following  into.-mation 
may  be  obtained  from  these  curves.  First,  it  must  be  added  that  q  >  0  ’inside" 
of  each  curve,  that  is,  to  the  right  of  the  neutral  stability  curve  and  q  o  to 
the  left  of  the  neutral  curve.  Thus  for  a  flow  situation  with  a  given  Reynolds 
number,  R,  and  known  parameters  o  or  8,  these  curves  indicate  whether  a  disturbance 
(infinitesimal  disturbance)  with  a  given  wave  number,  a,  will  grow  or  decay;  some 
will  and  some  will  not.  A  real  disturbance,  however,  consists  of  a  spectrum  of 
wave  numbers.  Through  the  linear  character  of  the  analysis  used  here  a  super¬ 
position  may  be  carried  out  to  approximate  a  real  (small)  disturbance.  Then  the 
curves  in  Figs.  2  and  3  give  the  minimum  Reynolds  number  at  which  a  disturbance 
will  grow.-  This  is  known  as  Rc,  the  critical  Reynolds  number;  for  example,  for 
k  «  1.01,  a  =  0  (or  8  =  0)  Rc  =  5800.  This  is  simply  plane  Poiseuille  flow. 

Next  consider  the  interesting  special  cases.  For  k=  1.01  excellent  agreement  is 
obtained  between  the  data  presented  and  the  planar  problems,  plane  Poiseuille 
flow  (o  =  0,  or  6  *  0),  plane  porous  wall  flow  [3]  (  a  f  0),  and  plane  Couette- 
Polseuille  flow  [4],  [5]  (  8  t  0).:  Also  for  all  three  radius  ratios  with  o  =  0, 
or  6  =  0,  these  results  compare  very  well  with  the  work  of  Mott  and  Joseph  (2] 
for  the  solid-fixed  walled  annulus.; 

*The  detailed  programs  used  are  contained  in  [11] 
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Now  consider  Fig.  2  in  detail.  As  the  cross-flow  Reynolds  nurter,  o,  is  changed 
from  zero  the  neutral  curves  shift  away  from  the  o  =  0  curves  (the  solid  walled 
annulus).  For  k  -  1.01  no  destabilization  is  noted;  that  is,  no  decrease  in  the 
critical  Reynolds  ntnber  occurs  as  c  is  changed.  As  expected  the  problem  is 
"symmetric*  in  c  in  that  the  curves  for  c  =  >20.2,  -60.6  and  -121.2  fall  exactly 
on  the  curves  shown  for  positive  o.  This,  however,  is  not  the  case  where  k*  2.00 
or  3.33.  For  k  *  2.00,  increasing  c  negatively  causes  no  destabilization,  but 
for  positive  o  the  curves  shift  to  the  right  significantly,  implying  a  destabiliza¬ 
tion.  For  k  *  3.33  the  destabilization  is  also  present  and  ever,,  to  some  extent, 
for  negative  values  of  u.  The  effect  of  the  cross-flow  is  presented  in  another 
form  in  Fig.  4.  There  the  critical  Reynolds  numbers  obtained  from  Fig.  2  are 
plotted  against  o/b.  Again  the  decrease  in  R,  is  noticeable  for  k  =  2.00  and 
k  *  3.33  as  o  increases.  However,  for  k  =  2.00  the  destabilization  is  only 
temporary.  If  a  is  increased  enough  the  flow  is  again  stabilized.  This  conclu¬ 
sion  is  reached  by  examining  the  dashed  curve.  This  curve  is  not  strictly  a  plot 
of  critical  Reynolds  numbers  but  a  plot  of  the  Reynolds  nianbers  on  the  neutral 
curves  for  a  =  .95  which  is  approximately  the  critical  a  for  these  curves..  No 
prediction  of  trends  for  large  a  for  k  =  3.33  could  be  made  from  the  data. 

The  curves  for  the  Couette-Poiseuille  annulus  in  Fig.  3,  although  seemingly  more 
complicated  than  the  previous  curves,  are  of  a  similar  nature.  Here  only  a 
slight  destabilization  is  present  for  k  =  2.00.  Again  k  =  3.33  shows  a  distinct 
destabilizing  trend.  The  plot  of  critical  Reynolds  numbers  for  this  flow  in 
Fig.  5  confirms  the  trends.; 

To  complete  the  results  of  this  analysis  some  selected  eigenfunctions*  are 
presented  in  Fig.:  6.. 


CONCLUSIONS 


In  both  stability  analyses,  for  appropriate  values  of  the  pertinent  parameter 
(o  or  B),  the  flow  is  stabilized  relative  to  the  flow  in  a  solid-walled  annulus; 
that  is,  the  critical  Reynolds  number  is  increased.  There  are,  however,  cases 
where  destabilization  occurs.  The  most  pronounced  cases  are  small  cross-flows 
for  the  porous  annular  flow  with  k  *  2.00.  Possible  explanations  for  these 
phenomena  follow. 

It  is  known  that  the  presence  of  viscosity  plays  an  important  role  in  the  genera¬ 
tion  of  instability  in  problems  of  the  type  being  considered  here.  When  o  =  0 
or  t?  =  0,  the  solid-walled  annulus  results  in  which  the  mechanism  for  vorticity 
transport  is  viscous  diffusion  from  the  solid  walls.  However,  in  the  porous 
annular  flow  in  which  a  cross-flow  is  present  a  second  mechanism  also  exists  in 
the  form  of  the  convection  of  vorticity. 

In  the  two  limiting  cases  of  very  large  cross-flow,  either  positive  or  negative, 
the  flow  seems  to  be  completely  stabilized  by  the  cross-flow.  This  most  probably 
is  due  to  the  domination  of  the  convective  mechanism  whereby  the  vorticity  is 
confined  to  ,  narrow  region  near  one  of  the  walls,  leaving  the  majority  of  the 
flow  as  an  essentially  "linear"  or  "Couette-like"  profile  which  appears  to  be 
inherently  stable. 

tor  intermediate  values  of  the  cross-flow  the  situation  is  considerably  more 
complicated.  Here,  there  is  evidently  an  interplay  between  the  diffusion 
mechanism  and  the  convection  mechanism.  The  existence  of  this  interplay  may 
be  seen  in  the  imaginary  parts  of  the  eigenfunctions  where  the  amplitude  de¬ 
creases  but  the  oscillations  become  more  pronounced.  These  shape  changes  near  the 
critical  layers  (layers  where  cr  -  W*  *  0)  indicate  modification  of  the  action 
if  viscosity  within  the  critical  layers.  Further  quantification  of  these 
mechanisms  has  been  elusive. 


♦Adoitional  eigenfunctions  are  contained  in  [12], 


188 


The  stability  characteristics  in  Couette-Poiseuille  annular  flow  aust  be  ir  Hue  need 
solely  by  viscous  actirn  within  the  critical  layers  since  no  cross-flow  vorticity 
convection  wchanisa  if  present.  Investigation  of  plane  Couette-Poiseuille  flow 
by  Potter  [4]  indicates  that  the  increase  in  stability  of  this  flow  is  attribut¬ 
able  to  the  aoveoent  of  the  critical  layer  near  the  Moving  wall  toward  and  even¬ 
tually  past  the  wall.  Thus  as  8  increases,  the  plane  Couette-Poiseuille  flow 
problem  changes  fnm  a  two  critical  layer  probleu  to  a  one  critical  layer  problem. 

Although  for  the  cases  presented  in  Fig.  3  the  single  critical  layer  configu.-a .  on 
has  not  been  reached  (it  should  occur  for  8  *  0.10),  exaMination  of  the  locator, 
of  the  critical  layers  shows  that  the  critical  layer  near  the  outer  cylinder 
in  fact  approach  the  outer  cylinder  as  S  is  increased  positively  fron  zerc 
k  *  2.00,  B  *  0.5,  the  critical  layer  and  the  wall  layer  begin  to  coalesce. 
(Increasing  B  negatively  Moves  the  outer  critical  layer  slightly  inward  relative 
to  the  8-0  case.)  Throughout,  the  critical  layer  near  the  inner  cylinder 
remains  essentially  unchanged. 

Changes  occurring  in  the  critical  layer  regions  can  be  noted  by  observing  M 
Modifications  in  the  anplitude  and  change  in  size  of  the  oscillations  of  i. 
imaginary  parts  of  the  eigenfunction  in  Fig.  6.  The  conclusion  then  is  tn.il  the 
translation  of  the  cylinder  produces  a  primarily  stabilizing  influence  th  c c gh 
interaction  with  the  critical  layers,  primarily  the  one  near  the  outer  cylinder. 
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Fig.  1.  Definition  sketch. 


Fig..  2.  Neutral  stability  curves  for  porous  annular  flow. 
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Fig.  5.  Critical  Reynolds  numbers  for  Couette-Poiseuille  annular  flow 


Flo-:  6.  Selected  eigenfunctions.  The  dashed  line  represents  the  real 
part  of  the  eigenfunction;  in  each  case,  k  =  2.0  and  a  =  0.95. 
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ABSTRACT 

In  order  to  assess  the  reasons  why  the  supersonic  boundary  layer  stability 
calculations  of  Frown  do  not  compare  favorably  with  t.tc  experimental  obser¬ 
vations  of  Kendall  or  with  the  calculations  of  Mack  -n  £  r.alysis  was  made  of 
the  small  disturbance  stability  equations  developed  by  down.  Kis  equations, 
which  contain  the  effect  of  boundary  layer  growth  in  the  form  of  a  mean  flow 
velocity  (v)  normal  to  a  flat  plate,  arc  compared  to  equations  presented  in  this 
paper  which  contain  all  of  the  terms  representing  the  growth  c»  boundary  layer 
thickness  and  which  include  the  v  terms  as  well  as  the  longitudinal  derivatives 
of  mean  flow  quantities..  These  derivatives  are  evaluated  under  the  assumption 
that  the  mean  boundary  layer  flow  is  similar  and  it  >s  shown  that  these  terms 
are  of  the  same  order  as  the  v  terms..  Further,  it  !»  shown  that  the  addition  of 
these  terms  has  a  large  effect  on  some  of  the  coefficients  of  the  stability 
equations,  but  docs  not  significantly  change  the  continuity  equation.  It  is  con¬ 
cluded  that  only  complete  stability  calculations  with  the  equations  presented 
herein  can  demonstrate  whether  or  not  the  relaxation  of  the  pai  illel  flow 
assumption  is  necessary  at  high  Mach  Numbi  rs  and  whether  or  net  the  tmluslon 
of  only  the  v  terms  in  the  manner  of  Brown  is  valid.. 


INTRODUCTION 

Recent  trends  in  the  study  of  the  stabiiiiy  of  i  oinpresstble,  laminar  bound iry 
layer  flows  have  center- d  on  t*,e  following  'wo  appi  oachca}  (1)  improving  be 
accuracy  of  the  small  disturbance  equations  bv  inclusion  of  more  terms  in  the 
equations,  and  (2)  through  the  use  of  digital  computers  to  obtain  more  acci  rale 
so’utions  to  the  small  disturbance  equations.  The  work  of  W,  B.  Brown  [  I,  21 
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has  actually  included  both  of  these  trends.  Evidence  was  presented  by  Dunn  [l1 
and  Cheng  that  if  all  the  terms  in  the  original  Lee*-Lin  [51  small  distur¬ 
bance  equations  were  to  be  used  in  a  numerical  solution,  then  the  terms  in¬ 
volving  the  velocity  of  the  mean  boundary  layer  flow  perpendicular  to  the  flat 
plate  (v-component)  should  be  included  also  Brown  added  the  appropriate  v 
terms  to  the  Lees- Lin  equations  and  found  that  at  Mach  ' ,  the  augmented  Lees- 
Lin  equations  considerably  overestimated  the  critical  Reynolds  Number  (Rcrjt). 
He  then  used  Dunn  and  Lin's  [61  approximate  method  of  allowing  for  the  three- 
dimensional  aspect  of  the  disturbance  velocities  and  was  able  to  get  an  improved 
estimate  of  Rcrit,  but  a  poor  estimate  of  the  upper  branch  of  the  neutral 
stability  curve  at  Mach  5.  Finally,  by  using  a  set  of  stability  equations  including 
all  three  momentum  equations  and  also  the  v-component  terms,  he  was  able  to 
predict  a  neutral  stability  curve  for  Mach  5  which  agreed  very  well  with  the 
experimental  data  of  Demetriades  [71. 

L.  M.,  Mack  [8,  9,  10-1  has  extensively  developed  the  linearized  theory  of  com¬ 
pressible  boundary  layer  stability  through  the  latter  approach.  He  has  shown 
that  higher  order  unstable  modes  exist  in  supersonic  boundary  layer  flows  and 
his  analysis  also  indicated  that  above  M=3  viscosity  has  only  a  stabilizing  effect 
with  the  consequence  that  inviscid  instability  is  dominant  above  M=3.  Both 
Mack  and  Brown  have  shown  that  in  cornel  essible  flow,  unlike  in  incompressible 
flow,  three-dimensional  disturbances  in  more  unstable  than  two-dimensional 
disturbances.- 

The  above  comments  relative  to  the  work  of  Mack  and  Brown  are  not,  however,, 
altogether  self-consistent  as  has  been  noted  by  Morkovin  [11].,  Morkovin  argues 
that  Brown's  neutral  stability  curve  for  M=5  cannot  validly  be  compared  to  the 
experimental  results  obtained  by  Demetriades  because  of  the  uncertain  nature  of 
the  disturbances  present  in  those  experiments,  Morkovin  notes  that  Kendall's 
[12]  experiments  at  M=4.  5  are  the  only  existing  source  of  data  which  can  be 
used  to  compare  with  supersonic  linear  stability  predictions  and  that  Mack's 
predictions  are  much  better  than  Brown's  when  compared  to  Kendall's  data. 

In  [11],  Morkovin  argues  that  the  inclusion  of  the  v  terms  (v,  v',:  v”)  without 
including  the  x-derivatives  of  mean  flow  quantities  may  be  the  reason  why 
Brown's  results  do  not  agree  with  Kendall's  data  since  the  equation  of  continuity 
of  the  mean  flow'  is  not  satisfied  when  only  the  v  terms  >r“  included.. 

in  this  paper,  it  is  shown  that  the  x-derivativos  of  mean  flow  quantities  can 
easily  be  included  into  the  linear  stability  equations.;  It  is  shown  that  at  M  =  5, 
these  terms  are  of  the  same  order  as  the  v  terms  and  thus  the  stability  charac¬ 
teristics  of  supersonic  boundary  layers  may  be  sensitive  to  the  inclusion  of 
these  terms..  The  complete  linear  stability  equations  for  a  two-dimensional 
supersonic  boundary  layer  with  hree-dimensional  disturbances  are  presented 
with  all  the  v  terms  and  x-derivatives  of  mean  flow  quantities  included.  That  is, 
the  principal  terms  which  represent  the  growth  of  the  boundary  layer  thickness 
are  included  in  the  analysis.  Some  additional  reasons  why  Brown's  results  do 
not  compare  favorably  with  Kendall's  data  .re  also  presented. 

DERIVATION  OF  AUGMENTED  STABILITY  EQUATIONS 

As  has  been  noted  in  the  Introduction,  Broun  has  shown  that  the  stability 
characteristics  of  laminar  boundary  layers  m  supersonic  flow  are  very  sensitive 
to  the  inclusion  if  the  v  terms.  However,,  Morkovin  Til]  argues  that  the  tn- 
ilusion  of  the  v  terms  without  also  including  the  x^-derivatives  of  the  mean  flow 
quantities  is  less  likely  to  be  correct  than  the  quasi-parallel  theory  for  the  two 
reasons  given  in  the  Introduction.  Those  two  considerations,-  when  taken 
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together,  sagged  that  the  x*-denvatives  of  the  mean  flow  quantities  if  included 
in  a  linear  stability  analysis  should  counteract  the  effect  of  the  v  terms.  In 
[4],  Cheng  concluded,  however,  that  the  effect  of  the  v-compone.it  of  velocity 
is  more  critical  than  the  x*-derivative  terms,  although  it  appears  that  his 
method  of  introducing  the  mean  flow  quantities  into  the  equations  in  the  form  of 
Taylor  scries  expansions  about  the  critical  layer  may  not  have  been  adequate 
to  support  his  assessment  of  the  relative  importance  of  these  terms.-  No  calcu¬ 
lations  were  given  in  [4]  to  support  Cheng's  conclusion.  Therefore,  in  order  to 
provide  a  firm  basis  for  establishing  the  relative  importance  of  these  terms, 
the  complete  linearized  small  disturbance  equations  for  three-dimensional  dis¬ 
turbances  in  a  two-dimensional  boundary  layer  are  developed. 


The  continuity  equation  for  three-dimensional  small  disturbances  in  a  two- 
dimensional  boundary  layer  flow  is  [3,4] 
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where  the  superscript  (1)  denotes  fluctuating  quantities  or  alternately  the  per¬ 
turbation  order  if  one  considers  any  quantity  to  be  represented  by  the  pertur¬ 
bation  series* 
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and  where  all  dependent  variables  have  been  non-dnnensionalized  by  their  free 
stream  values.  Usually  terms  such  as  £55 ,  £*-  ,  ££_  ,  and  v  are  ignored  in 

Ox*  by*  bx* 

linear  stability  analyses,  although  as  mentioned  earlier,  Brown  [1,  2]  did  in¬ 
clude  the  v  terms.  Following  the  usual  practice  of  considering  the  mean  flow  to 
be  self-similar,  w,  v,  p,  and  T  are  given  as  functions  of  the  Blasms  similarity 
variable  y  =  X—  r  and  v  is  therefore  determined  from  the  relation  f  1  ] 
x* 
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A  systematic  method  of  determining  both  x*  and  y*  derivatives  of  mean  flow 
quantities  is  to  consider  a  coordinate  transformation  from  the  (x,  y,  z)  plane  to 
the  (x*,.  y*,  z*)  plane  where  x=x*/ l,  y-y */£,  z=z *■  / 1  and  where  /  is  defined  as 
x*/R,  The  Jacobian  of  the  transformation  is 


bx 

bz 

R 

__5l 

z 

bx* 

bx* 

2-:* 

2x* 

"  2x' 

5x 

£X_ 

bz 

0 

R_ 

0 

by* 

X* 

£x 

iL. 

>Z 

0 

0 

R_ 

b  X"'- 

Cz* 

x : 

*  For  instance, 


if  Uj  is  to  be  considered,  the  perturbation  series  Would  be 
U;  =  w  +  u/^r  +  u<2> 
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and  therefore 
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For  any  mean  flow  quantity,  ^  =  0  and  therefore  the  x$  gradient  of  mean 

flow  quantities  is  simply  given  by 

— 2—  r  -  — —  (8) 

£x*  2x*  by  '  ' 

The  disturbance  forms  assumed  are  those  of  Dunn  [3]  as  used  by  both  Mack  and 
Brown  where  any  fluctuating  quantity,  Q,  is  expressed  as 


,  ,  tfoi*  +  OsZ  -  a,  ct) 
Q(x,  y,  z,  t)  =  q(y)e  1  2  1 


(9) 


which  in  the  (x*,  y*.  z*.  t*)  plane  becomes 


jj,  , 

Q(x*,  y*.  z*.  t*)  =  qfr  R)  e''^1 

X'*4 


!  +  o*z*.  0*0*1’") 


(10) 


where  =  a* l,  o?  =  y* t,  and  c  =  c*/Ua.:  Following  the  practice  of  previous 
investigators,  cq",  a*,,  and  c*  will  be  assumed  to  be  constant  although,  as  has 
been  noted  in  [13],  the  amplification  function  cf  (or  Oj*  if  spatial  amplification 
is  being  considered)  is  strongly  dependent  on  R  and  that  some  error  may  occur 
m  the  calculated  values  of  the  amplification  function.  The  usual  practice  of 
considering  the  amplitude  of  a  fluctuating  quantity  to  be  expressed  as  a  function 
of  y  only  is  of  course  necessary  in  order  to  reduce  the  problem  to  one  of 
solving  a  system  of  ordinary  linear  differential  equations*  although  as  has  been 
noted  in  [13]  the  consequence  of  this  assumption  is  that  some  of  the  amplifi¬ 
cation  of  small  disturbances  is  carried  by  the  amplitude  functions  as  well  as  by 
the  amplification  function  with  the  result  that  a  calculated  neutral  stability 
curve  based  solely  on  c,  (or  Ojj)  =  0  does  not  agree  with  an  experimentally 
determined  one  based  on  £uO)/£x*  =  0. 


In  order  to  facilitate  the  process  of  obtaining  the  derivatives  of  fluctuating 
quantities  required  in  Equation  1,.  Equation  9  is  rewritten  in  the  form 


G|x*,.y,  z"f,  t*)  =  q(y)o 


ifo^x*  +  o^z’"  -  o*c't*) 


(11) 


with  Equations  6  and  8  used  to  obtain  the  x~  and  y*  derivatives  of  q(y).-  The  x* 
derivative  of  a  fluctuating  quantity  Q  is  then,  with  (  )'  denoting  a  derivative 
with  respect  to  y, 

*  Often  the  term  ''parallel  flow  assumpti  j  i"refers  to  forcing  the  small  distur¬ 
bance  equations  to  become  a  system  of  ordinary  linear  differential  equations,. 

It  is  clear  however  that  the  flow  in  the  boundary  layer  ien  be  assumed  to  be 
locally  parallel  and  yet  not  obtain  ordinary  differential  equations  if  the  amplitude 
functions  are  taken  to  be  dependent  on  R  as  well  as  on  y.;  In  this  paper,,  the 
term  "parallel  flow  assumption"  refers  to  considering  the  How  in  the  bounda.y 
layer  to  be  locally  parallel. 
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(12) 


6Q 

63? 


=  [>ar,*q(y)-q  (y)n£y  ]* 


>(w*x*  +  a}za  ■ 


c-.*> 


The  term  within  square  brackets  can  be  written  as 
C iorx q  (y)  -  q'  (y)-^-  ] 


(13) 


In  what  ,ollows,  the  second  term  in  Equation  12,  which  represents  the  x®- 
derivative  of  a  fluctuation  amplitude,  will  be  ignored  since  in  most  cases  of 
interest  orjR»l  and  q  (y)  is  usually  of  the  same  order  as  q'  (y)y.  It  should  be 
noted,  however,  that  in  what  follows,  it  would  be  a  simple  matter  to  include  the 
x*-derivatives  of  the  fluctuat’on  amplitudes  tf  it  became  necessary  to  relax  the 
assumption  that  OjR^M. 


When  the  fluctuation  quantities  as  given  by  Equation  1 1  are  substituted  into 
Equation  1,  the  following  equation  is  obtained 

[io'i(w-c) +  (v'-^g^)lr +  fi(io’1 /  +  io3h  +  o16') f  +  OjT  * +v  r'  =0  (14) 

Following  the  procedure  of  Brown  [1,  23,  the  equation  of  state  for  a  perfect  gas 
is  used  to  replace  r  and  r  in  the  continuity  equation 


r 


(15) 


and 


ri  .  i,'T  -  itT’  (8'Ta  -  20T  T1) 

rp2  j4 

-  1 
T 


(lb) 

(17) 


since  the  mean  pressure  in  ihe  boundaiy  layer  is  assumed  to  be  constant.  Upon 
substitution  of  Equations  15,  16,  and  17  into  Equation  14,  the  continuity  equation 
becomes 


.  >  vM  ’.it.  ,  .  Ty  ,.T  e, Mr, 

'*  ^ f(v-c)+(v  - 


°i 


ETt^R 


M‘  1  O'! 


2R  ’ 

T 


•  11 


-  0  { — - —  [iot  (w-c)  +  (v'  -  ~r^-)  -  2v—  T }  —  O'  +  h  (18) 

~  -r  t  r,  t  °’i 


OiT 


OiT 


When  Equation  18  is  compared  to  Brown's  continuity  equation,,  (Equation  5  in 
[21),  one  observes  that  the  only  difference  is  that  v'  in  Bi  own's  equation  is  re¬ 
placed  by  v'  -  This  quantity  can  be  evaluated  by  taking  the  derivative  of 

Equation  3  with  respect  to  y  wi'h  the  result  that 


(v'R 


(19) 


In  Figure  1,  a  comparison  of  v'R  and  Equation  19  is  presented  for  flow  of  air 
over  an  insulated  flat  plate  at  M  =  5.,  The  curves  shown  u.  Figure  1  were  ob¬ 
tained  by  solving  the  compressible  flow  laminar  boundary  layer  equations  using 
the  procedure  described  by  Mack  in  Section  II  of  Reference  9.  The  shapes  of 
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the  two  curves  are  very  nearly  the  same  and  except  for  very  near  the  plate, 
they  have  the  same  order  of  magnitude.  Thus,  one  may  tentatively  conclude 
that  the  inclusion  of  the  x^-derivatives  of  mean  flow  quivitities  to  Brown’s 
equations  should  not  change  his  results  significantly,  at  least  as  far  as  satis¬ 
fying  the  continuity  equation  is  concerned.  However,,  inspection  of  Equation  18 
indicates  that  at  the  critical  layer  where  w=cr,  the  influence  of  the  term  — JL  on 

2R 

neutral  stability  curves  may  be  large  since  at  this  point  in  the  boundary  layer, 
the  coefficients  of  it  and  0  are  entirely  depend  nt  on  terms  which  are  not  included 
in  parallel  flow  stability  analyses.. 

In  Figure  2,  the  quantity  -vT  /T_  is_shown  as  a  function  of  y.  Comparison  of 
Figure  I  and  2  indicates  that  -vT'/T  is  positive  throughout  the  boundary  layer 
and  always  greater  than  Rv'-v'y jZ.  hut  of  the  same  order  at  this  term.  Thus, 
at  the  critical  layer,  the  coefficients  of  it  and  0  do  not  change  sign  or  are  other¬ 
wise  strongly  afiected  by  the  presence  of  the  w'y/2R  lermfor  typical  values  of  R. 

The  effect  of  including  the  x^-derivatives  of  mean  flow  quantities  on  the  three 
momentum  equations  and  the  energy  equation  can  be  assessed  in  the  same 
manner  as  for  the  continuity  equation.-  When  the  procedures  used  to  develop 
Equation  (8  are  also  applied  -o  the  complete  linearized  small  disturbance  forms 
of  these  equations  for  three-dimensional  disturbances  m  a  two-dimensional 
mean  boundary  layer,  a  ninth-order  system  of  linear  first  order  differential 
equations  is  obtained.  As  noted  by  Brown  [1,  21,  the  inclusion  of  only  the  v 
terms  produces  a  ninth-order  system..  The  system  is  set  up  as  follows:- 

a  Z'  =  b  .  Z  (20) 

<J  J  V)  i 

where 

Z !  =  /,.  Z2  =  /'=Zi,  z3=<t>,  Z4  =  tt/M8,.  Z.,=G,  ZB=o'  =  Z^,.  Z7=h, 

Z„=h'  =  Z~,,  Zn=<t>'  =  Z3 


and  where  the  rew  index,  i,  in  Equation  20,,  is  set  up  in  the  following  order:; 
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Zj  =  Z2 

First  momentum  (x-direction) 
Continuity 

Second  momentum  (y-direction) 
Z  l  =  Zc, 

Energy 
Z  7  =  Z„ 

Third  momentum  (z-direction) 
Z3  =  Z 


Brown  [1,,  2]  reduced  his  ninth  order  systPtn  to  an  eighth  order  system  by 
taking  the  derivative  of  the  continuity  equation  with  respect  to  y  and  then  using 
the  resulting  equation  to  eliminate  6"  from  the  Second  momentum  equation. 
Brown's  second  momentum  equation  with  this  d>"  replacement  contained  the 
term  (v/otJtt"  which  he  showed  to  be  negligible  and  which  he  dropped  fiom  his 
analysis  in  order  to  generate  his  eighth  order  system.-  Inspection  of  Equation  18 
shows  that  the  inclusion  of  the  x*-derivatives  of  mean  flow  quantities  does  not 
affect  the  coefficient  of  tt'  in  that  "--^uation  so  that  when  Brown's  aforementioned 


procedure  is  applied,  an  eighth  order  system  is  obtained.  *  The  atj  and  bt| 
matrices  of  the  eighth  order  system  are  given  in  Appendix  1. 

A  comparison  of  Brown's  at:  and  btj  matrices  with  those  presented  in  Appendix  1 
indicates  that  some  of  the  elements  in  the  bjj  matrices  are  now  much  more 
complex,  to  the  point  where  only  complete  stability  calculations  can  conclusively 
demonstrate  the  sensitivity  of  these  calculations  to  the  inclision  of  the  x^-deriv- 
ative  terms  although  there  is  some  reason  to  suspect  that  their  effect  may  be 
large.  Consider  for  instance  the  element,  b64,  where  the  term  (v-wy/2R) 
appears.  In  Figure  1,  (Rv-wy/2)  is  plotted  as  a  function  of  y  and  when  com¬ 
pared  to  v,  we  see  that  (Rv-wy/2)  is  negative  while  Rv  is, of  course,  po'itive  and 
that  the  absolute  value  of  (Rv-wy/2)  is  somewhat  less  than  that  ofRv..  The  term 
(v-wy/2R)  appears  m  a  number  of  the  other  bjj  elements  --  b24,  b^,  b^,.  b^,, 
kfis  **  so  that  its  influence  may  be  significant.  This  term  represents  the  mean 
flow  convective  operator  (w  +  v  land  arises  because,  following  the  pro- 

Ox*  £y:S/ 

cedure  of  Brown,  the  mean  flow  momentum  and  energy  equations  are  not  used  to 
eliminate  the  mean  flow  convective  terms  from  the  small  disturbance  equations.. 
Figure  3,  for  instance,  shows  that  the  presence  of  this  term  causes  bC4  to  be 
always  positive,  whereas  Brown's  form  of  b64  undergoes  a  reversal  in  sign. 
Therefore,  it  is  reasonable  to  expect  that  the  x*-derivatives  of  mean  flow 
quantities  may  be  important,  but  as  mentioned  earlier,  only  a  complete  solution 
to  the  stability  equations  can  provide  conclusive  proof., 

A  RE-EXAMINATION  OF  BROWN'S  ANALYSIS 

Even  if  in  the  future,  it  u  shown  that  the  x* -derivative  terms  are  unimportant,, 
there  are  some  other  reasons  why  Brown's  results  do  not  agree  with  Kendall's 
data.  One  of  these  reasons  is  based  on  some  differences  that  exist  between 
Brown's  analysis  as  presented  in  [21  with  that  presented  in  [1].,  As  a  pre¬ 
liminary  to  this  part  of  the  paper,  the  following  short  review  of  the  differences 
that  exist  in  the  terminology  of  viscosity  coefficients  is  necessary.; 


The  stress:  tensor  for  a  fluid  is  usually  written  as 


a 

i.t 


-p  6  +  2ue. 

>J  Vi 


+  X  i 


k,  k 


6 

VI 


whereas,  Le  .-cin  [5]  write  it  as 


a  =  -p  6  +  2iae  +2/3(u?-u,)  I.  .6 

ij  i)  k,  k  ij 

and  the  bulk  viscosity  coefficient  is  usually  written  as . 

=  =  X  +  2/  3  u 

■'  In  [101  Mack  presents  curves  of  ir  .ersus  y  which  show  that  n"  is  negligible 
fo,  the  first  mode  but  can  become  large  for  some  of  the  higher  modes.  There¬ 
fore  it  would  be  desirable  to  solve  the  full  ninth  order  system  in  order  to  deter¬ 
mine  under  what  conditions  v/ojii"  is  really  negligible.'  The  ninth  order  system 
however  contains  a  singularity  at  the  wall  whore  v=0  so  the  solution  of  the  ninth 
order  system  is  not  a  trivial  extension  of  the  solution  of  the  eighth  o’der  system 

A  wide  variety  of  svmbols  are  currently  in  usage  for  the  bulk  viscosity 
coefhcient,  i.  e.  ,;  i;  ur . /C  dg>  '• 
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For  a  Stokesian  fluid  (and  in  incompressible  fluids  and  monatomic  gases), 

X  s  -2/3pand  F  =  0.  Thus,  u2  =  3/2*  and  yt  =  ii|.  The  term  "second  coefficient 
of  viscosity"  usually  ts  applied  to  X,  although  the  terminology  used  by  Lees  and 
Lin  would  suggest  the  same  name  fr  •'  their  u2.,  Apparently,  because  of  this 
confusion  in  terminology.  Brown  i  lI]  took  \i3  =  and  proceeded  to 

develop  his  stability  equations.  In  [21,  Brown  presents  the  same  equations 
with  =  u  although  the  results  appear  to  be  identical  to  those  given  in  [11. 

When  Brown  became  aware  of  the  fact  that  u2  t  X,  he  took  Lfe  =  0  and  redid  his 
calculations  for  M=5  near  the  critical  Reynolds  number  with  no  appreciable 
change  being  observed  ‘n  the  results  [14].  This  result  is  somewhat  surprising 
insofar  as  a  value  of  u2  ■  -2/3  Uj  means  that  F  =  -4/9  Ui  and  as  is  well  known, 
the  Second  Law  of  Thermodynamics  requires  that  F  a  0.  Therefore,  it  is  some¬ 
what  unexpected  that  Brown's  results  did  not  change  appreciably  when  he 
changed  u2  from  -2/3ut  to  0,  although  it  is  possible  that  near  the  cri'ical 
Reynolds  number,  the  effect  of  Ua  may  be  less  than  at  Reynolds  numbers  con¬ 
siderably  greater  than  at  Rcrjt.  since  Mack  [8]  has  shown  that  tie  rate  of 
amplification  of  unstable  disturbances  grows  very  rapidly  when  R»Rcr  it.  U 
appears  from  Reference  [8],  that  Mack  has  used  a  value  of  u2  =  0.  8u  in  his 
calculations.^  It  is  not  known  if  he  has  performed  any  studies  to  test  the 
sensitivity  of  stability  characteristics  to  u2. 

One  also  notes  that  although  Brown  did  include  the  v  terms  in  his  analysis,  his 
eighth  order  system  of  equations  is  not  complete.  The  terms  missing  in  his 
system  of  equations  correspond  to  a^,  b27,  b47,  b^,  bnl ,  b„3,,  and  b^  of  this 
paper  and  it  should  be  noted  that  these  terms,  while  small,  can  be  of  the  same 
order  as  the  v  terms.  Also,  his  method  of  solving  for  the  characteristic 
values  of  his  Cjj  matrix  (Cij  =  (a,j)**bj,  evaluated  at  y  =  6)  which  desertbe  the 
solution  to  the  disturbance  equations  outside  the  boundaiy  layer  may  not  be 
sufficiently  accurate  to  yield  correct  results.  By  a  direct  expansion  of  the 
eighth  order  characteristic  determinant.  Brown  forms  the  coefficients  of  the 
characteristic  polynomial  and  then  solves  fer  the  eight  complex  roots  of  this 
polynomial  by  an  unspecified  numerical  technique..  As  noted  in  the  text  book  by 
Conte  [15],  this  direct  expansion  technique  is  not  recommended  for  solving 
higher  order  characteristic  determinants  because  of  the  loss  of  significant 
figures  in  the  numerical  computations.;  The  need  for  a  very  accurate  technique 
is  crucial  since  the  author  has  observed  that  the  (CjJ  -  X61j)  determinant  for  the 
complete  system  of  equations  with  the  v  terms  included  yields  repeated  charac¬ 
teristic  values.  For  instance,  a  calculation  of  the  characteristic  values  of  the 
(C,,  -  \6ij)  determinant  using  the  atj  and  btj  given  in  Appendix  1,-  yields  the 
following  results:'  for  =0.  0206,  03=1,430!,  R=1160,:  Cr=0.  8315,  Ci=0.0,, 

M=5,  0=0.,  7,  v=0.  7,,  C  V=1 . 0  and  u(T)  from  [8  ],  the  X,(|  =  l,  2,  . ,  .  ,  8)  are  given  in 
the  following  Table: 

A  Set  of  Characteristic  Values  for  the  Ctj  Matrix 


1 

-0.;  13014058189585 

-0. 78803761670085 

2 

-0. 10471024126878 

-0.81116700429344 

3 

-0. 10471024126864 

-0. 81116790420337 

4 

-0. 40658936476068 x  10' 1 

0.  5980 3706 1 520 14 x  10-3 

5 

0.  4065962282O522 x  10’1 

0.  600 3 1 5 1 707% 35  x  10-3 

6 

0.  44787045664176 x  101 

0. 78806O58120O69 

7 

0.  6  303078241 2686  x  101 

0.  81  1  16700420337 

8 

0.6  303078241 2688  x  101 

0.  811  167«‘042O279 

These  values  of  Xj  were  calculated  on  an  RCA  Spectra  70/4 6  using  the  double 
precision  complex  arithmetic  feature  of  that  machine  with  the  ALLMAT  Arbi¬ 
trary  Matrix  Eigensystem  Solver  algorithm  [16]  being  used  to  generate  the  Xj. 

It  should  be  noted  that  the  matrix  is  unaffected  by  the  x*-derivativcs  of 
mean  flow  quantities.  Therefore,  it  is  not  the  addition  of  these  terms  which  is 
responsible  for  the  appearance  of  the  repeated  roots. 

Most  elementary  techniques  for  salving  for  the  characteristic  functions  corres¬ 
ponding  to  the  characteristic  values  do  not  generate  a  system  of  linearly  inde¬ 
pendent  characteristic  functions  when  repeated  characteristic  values  exist..  In 
particular,  it  appears  that  the  method  used  by  Brown  falls  into  this  category. 
Thus,  there  is  some  reason  to  question  the  accuracy  of  Frown's  numerical 
techniques. 

CONCLUSIONS 

The  main  conclusion  of  this  paper  is  that  Brown's  calculations  should  be  redone 
in  order  to  conclusively  demonstrate  the  relative  importance  of  including  the 
v-terms  and  the  x*-derivative  terms  in  supersonic  laminar  boundary  layer 
stability  calculations.  Their  is  also  a  need  to  improve  Bro-.,,'-  •■>merical 
techniques  for  calculating  the  solutions  to  the  small  disturbance  equations  in  the 
region  of  flow  outside  the  boundary  layer., 
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Fig.  1.  Mean  Flow  Quantities  in  Insulated  Flat 
Plate  Boundary  Layer.. 
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NOMENCLATURE 


Symbol 


cv 

f 

h 

i 

k 

t 

M 

P 

R. 


R 

r 

T 

ui 


V 


w 


r 


'  U 
0 

i 


a,  jj 


u 

O'!© 

Supers  c  ripts 

f  V. 

!  >(o 

n 


Characteristic 

Definition  Measure 

-  phase  velocity  of  disturbance  =  cr+ic,  U& 

-  specific  heat  at  constant  volume  CvB 

•  >  elocity  disturbance  amplitude  in  x^dircction  Us> 

-  velocity  disturbance  amplitude  in  z*direction  U» 

-  unit  imaginary  numberV- 1  <>r  coordinate  index 

-  thermal  conductivity  k* 

-  characteristic  length  =  x*/R 

-  Mach  number 

-  pressure  '  P* 

-  Reynolds  number=p*  U*  x^/u* 

1  OO  OC  00 


-  Vr7 

•  amplitude  of  density  fluctuation 

-  temperature  =  T*/T& 

-  time 

-  mean  free  stream  flow 

-  instantaneous  velocity  component  in  Cartesian 

coordinate  system 

-  mean  flow  component  of  velocity  normal  to 

wall  (y*-directionl 

-  mean  flow  component  of  velocity  parallel  to 

wall  (x*-direction) 

-  dimensional  distance  parallel  to  wall  in  direction 

of  free  st-cam  flow 

-  non-dimensional  distance  =  x:'/f 

-  dimensional  distance  perpendicular  to  wall 

-  Blasius  similarity  variable  =  y"R/x'' 

-  dimensional  distance  parallel  to  wall  in  direction 

transverse  to  free  stream  flow 

-  non-dimensional  distance  =  '■"!  I 

-  disturb,  nee  wave  number  in  x  '  direction 

-  disturbance  wave  number  in  /.“  direction 

-  angular  frequency 

-  specific  heat  ratio  =  Cp^/cy* 

-  Kronecker  delta 

-  perturbation  parameter 

-  strain  rate  tensor 

-  amplitude  of  temperature  fluctuation 

-  dilatational  coefficient  of  viscosity,  =  -£/3u 

for  a  Stokesian  fluid 

-  first  viscosity  coefficient 

-  Li  es-  Lin  definition  of  bulk  v  iscosity  coefficient 

=  3  n- 


Oi 

tS 

t/v* 

u; 

u£ 

i 


r* 
x-i 
u  *ji 


t-; 

nc 

^QC 

U® 


-  coefficient  of  bulk  viscosity,,  =0  for  a  Stokesian  fluid  u® 

-  amplitude  of  pressure  fluctuation  p£ 

-  fluid  density  0® 

-  Prandtl  number 


-  stress  tensor 

-  \  eloc  ity  disturbanc  e  amplitude  in  y'  direction  U® 


Definition 

-  derivative  with  respect  to  y 

-  dimensional  quantity 

-  perturbation  index 

-  mean  flow  property 


Subsc  ripts 

Ct> 

r», 1 


Definition 

-  free  stream  value 

-  real  and  imaginary 
parts,:  respectively 
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APPENDIX  1 
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ELEMENTS  OF  THE  a.  and  b..  MATRICES 
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A  Boundary  Vorticity  Method  for  Finite  Amplitude 
Convection  in  Plane  Poiseuilie  Flow 


G.  J.  HWANG  and  K.  C.  CHENG 

UNIVMSITY  OF  AIKUTA 


ABSTRACT 

Finite  amplitude  convection  with  longitudinal  vortex  rolls  for  hydrodynamic- 
ally  and  thermally  fully  developed  laminar  flow  between  horizontal  flat  plates 
where  the  lower  plate  Is  heated  isothermally  and  the  upper  plate  Is  cooled  iso- 
thermally  Is  approached  by  a  boundary  vorticity  method  using  a  line  Iterative 
relaxation  technique.  The  governing  equations  with  Bousslnesq  approximation  are 
solved  numerically  for  a  range  of  Rayleigh  number  Ra*SRai3xl(P,  where  Ra*  • 

1707.8  Is  a  critical  value  for  the  onset  of  longitudinal  vortex  rolls  with  Infin¬ 
itesimal  disturbance.  An  algorithm  for  the  boundary  vorticity  method  is  pres¬ 
ented  which  represents  a  new  approach  to  the  numerical  solution  of  the  vorticity 
transport  equation  In  fluid  mechanics,  and  Is  believed  to  have  a  wide  applic¬ 
ability  In  many  related  problems.  The  numerical  results  for  Pr  =  0.7  are  compar¬ 
ed  with  theoretical  and  experimental  data  available  In  the  literature,  and  show 
that  Stuart's  Integral  method  leads  to  appr'  Table  error  at  high  Rayleigh  i> umber. 


INTRODUCTION 

Consider  a  steady  fully  developed  laminar  forced  convection  between  two 
horizontal  flat  plates  where  the  lower  plate  Is  heated  isothermally  and  the 
upper  plate  Is  cooled  Isothermally.  When  the  vertical  temperature  gradient  of 
the  fluid  layer  exceeds  a  critical  value,  longitudinal  vortex  rolls  appear  In 
the  channel.  This  thermal  Instability  problem  with  plane  Poiseuilie  flow  super¬ 
imposed  Is  known  to  be  Identical  mathematically  to  the  two-dimensional  Bdnard 
convection  problem.,  Mori  and  Uchlda  [1]  studied  the  problem  theoretically  In 
post-critical  regime  with  Rayleigh  number  ranging  from  the  critical  value  up  to 
nine  times  the  critical  value  by  adapting  Stuart's  approximate  energy  method  for 

*  The  work  reported  here  Is  based  on  part  of  the  Ph.D.  thes 1 s[4]  of  G.J.  Hwang. 
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nonlinear  Mechanics  of  hydrodynamic  stability  [2],  and  coapared  the  results  with 
experimental  data.  It  is  noted  that  Stuart's  method  represents  an  approximation 
to  a  perturbation  theory  about  the  critical  characteristic  number  and  cannot  be 
expected  to  be  valid  for  a  wide  range  of  Rayleigh  manber  above  the  critical 
value.  For  example,  for  the  analogous  problem  of  rotating-cylinder  flow,  i,.  is 
estimated  that  for  a  Taylor  nueber  up  to  ten  times  the  critical  value  the  lar¬ 
gest  error  is  about  seven  per  cent  for  the  torque.  In  view  of  the  limitation  of 
Stuart's  energy-balance  method,  a  numerical  solution  appears  to  be  the  only 
practical  approach  for  the  accurate  solution  of  the  present  finite  amplitude 
convection  problem. 

The  purpose  of  this  paper  is  to  show  that  finite  amplitude  convection  prob¬ 
lem  can  be  approached  by  a  recently  developed  boundary  vorticity  method  [3,4] 
using  the  present  problem  as  an  example.  In  addition  to  presenting  flow  and 
heat  transfer  results,  with  comparison  made  against  the  available  dita  ir  the 
literature  and  pointing  out  the  discrepancy,  the  detailed  algorithm  frv  tne 
boundary  vorticity  method  will  be  given. 

For  the  solution  of  steady  two-dimensional  Navier-Stokes  equations  one  is 
often  faced  with  the  solution  of  the  vorticity  transport  equation  [5]  which  is  a 
quasi-linear  partial  differential  equation  with  a  biharmonic  operator.  The 
analytical  solution  of  the  fourth-order  quasi-linear  elliptic  partial  different¬ 
ial  equation  Is,  in  general,  very  difficult;  and  a  finite-difference  method  is 
most  commonly  used  in  recent  years.  In  order  to  achieve  a  faster  convergence 
rate,  a  vorticity  may  be  Introduced  enabling  one  to  reduce  the  vorticity  trans¬ 
port  equation  into  a  second-order  quasi-linear  elliptic  partial  differential 
equation  and  a  Poisson's  equation..  The  new  numerical  method  of  determining  the 
vorticity  at  the  boundary  exactly  represents  a  new  approach  in  a  finite-differ¬ 
ence  formulation  of  the  two-dimensional  Navier-Stokes  equations,  and  proves  to 
be  computationally  very  stable  with  a  considerable  saving  in  computing  time  as 
compared  with  the  conventional  methods. 

Recently,  Ogura  and  Yaglhashl  [6]  carried  out  a  numerical  solution  of  the 
present  problem  using  unsteady  method  for  boundary  vorticity.  It  should  be 
pointed  out  that  the  present  post-critical  convection  with  plane  Poiseuille  flow 
superimposed  Is  mathematically  analogous  to  the  two-dimensional  BGnard  convectior 
problem  solved  numerically,  for  example,  by  Plows  [7],  The  main  feature  of  the 
present  paper  is  the  utilization  of  a  rather  simple  linear  relationship  between 
stream  function  and  vorticity  at  boundaries  which  represents  an  alternative 
approach  to  the  solution  of  finite  amplitude  convection  problem..  The  method 
enables  one  to  solve  for  the  vorticities  and  stream  functions  along  a  line 
simultaneously  and  is  different  from  the  conventional  unsteady  method  [6]  using 
an  explicit  forward  Integration  technique. 

THEORETICAL  ANALYSIS 


In  order  to  facilHato  the  analysis  for  a  steady  fully  developed  laminar 
forced  convection  in  the  post-critical  regime  between  two  infinite  horizontal 
plates  where  the  lower  elate  is  heated  isothermally  (Tj)  and  the  upper  plate  is 
cooled  isothermally  (T2),  a  Boussinesq  approximation  will  be  used.  In  addition, 
the  wave  number  a  for  the  post-critical  regime  will  be  taken  to  be  the  one  pre¬ 
dicted  by  the  linear  stability  theory  [8]  with  the  wave  number  a  =  3.116  for  the 
critical  Rayleigh  number  Ra*  =  P07.8.; 

The  existence  and  the  steadiness  of  the  finite  amplitude  limit  cycle  in  the 
post-critical  regime  for  the  present  problem  were  confirmed  by  the  experiments 
reported  in  [9].; 

The  coordinate  system  for  the  present  problem  is  shown  in  Fig . 1  where  the 
region  OABC  represents  a  domain  for  »  single  vortex  roll.-  In  order  to  investi¬ 
gate  the  flow  structure  and  temr-.,ature  field  in  ’.iie  post-critical  regime, 
perturbation  quantities  are  su'erimposed  on  the  basic  flow  quantities  as 
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U  *  Ub  ♦  u' 


V  *  v',  W  *  w* 


0) 


,  T  «  Tb  ♦  e',  and  P  =  Pb  +  p' 

where  basic  flow  quantities  U|>,  Tk  and  Pj,  satisfy  the  well  known  equations  for 
plane  Polseullle  flow.  The  solutions  for  the  unperturbed  state  are: 

Ub  =  4U0(z-22)  *  U„  *u/2,  Tb  •  T,  -  z(T,  -  T2)  =  T,  -  zAT  (2) 

where  $u  =  8{z  -  z2),  AT  »  Tj  -  T2,  z  =  z'/h,  h  is  the  distance  between  two 
plates,  ana  Uq  Is  the  maximum  velocity  In  the  unperturbed  state. 

Applying  the  Boussinesq  approximation  and  equation  (1)  to  the  Navier-Stokes 
equations  and  the  energy  equation,  and  subtracting  the  equations  for  plane 
Polseullle  flow  from  the  respective  Navler-Stokes  equations  and  the  energy 
equation,  the  following  equations  for  the  perturbation  quantities  are  obtained 
after  eliminating  pressure  terms  between  y'-  and  z'-dlrectlon  momentum  equations 
by  cross-differentiation. 


Axial  momentum  equation 
All 

v'lf  +  "If  +  "'oF  s  v  vlu'*  "here  + 

Vortlclty  tran«nort  equation  for  secondary  flow 

2 

where  the  vortlclty  is  defined  by  C '  =  vtip* 


_  3jjj' 


3J/' 

'  ay’ 


(3) 

(4) 

(5) 

(6) 

(7) 


and  the  stream  function  Is  defined  by  . 

3T 

a  *  h  3  A 1  9 

tnergy  equation  v'|jt  +  w'g^r  +  *  <  V*  6‘ 

Note  that  the  vortlclty  Is  Introduced  here  to  apply  the  boundary  vortlclty 
method  For  the  purpose  of  simplification  and  convenience,  the  equations  (3)  to 
(7)  are  reduced  to  non-dimensional  forms  by  using  the  following  transformations: 

(y '  .2' )  *  (y,z);  (u'.v'.w')  =  (Re  u,  v,  w)v/h;  6'  =  AT  6;  £'  *  Cv/h2;  4. '  *  vips 

3  2 

the  parameters  Re  *  UQ  h/(2v);  Gr  =  g  8  AT  h  /v  ;  and  Ra  =  PrGr,.; 


The  resulting  equations 


v^U 

v^+w^ 

biy  oz 

5  ■  v2* 


3z 


*  V2u, 


„2,  Bil® 
4  *  Pr  3y 


are: 

2  2  2  2  2 
where  V*  =  3V3y‘  +  3V3z‘ 


v 

v  3Z* 

via 


w  = .  at 
ay 

aa .  v  *  J_  g2e 

v  Pr  v  6 


The  associated  boundary 

u  «  ip  *  3<(j/3Z  *0  =  0 


3u/3y  *  f  »  £  *  38/3y  = 


conditions  are: 

at  top  and  bottom  plates 

0  along  vertical  lines  y=0,  0  <  z  <  1 
and  y  -  u/a,  0  <  z  <  1 


(8) 

(9) 

(10) 

(11) 

(12) 

(13) 


At  this  point  it  is  noted  that  the  no-slip  boundary  condition'  ai p/az  =  0  at  the 
top  and  bottom  plates  cannot  be  applied  directly,  and  furthermore  the  boundary 
vortlclty  is  not  defined.  For  the  present  problem  two  parameters  Pr  and  Ra 
appear  In  the  governing  equations.  The  governing  equations  are  seen  to  be 
Identical  to  those  for  the  two-dimensional  Bfinard  convection  problem  solved,  for 
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example,  by  Plows  [7].  An  alternative  formulation  of  the  governing  equations  In 
the  forms  described  In  references  [3,6]  Is  also  possible. 

FINITE-DIFFERENCE  FORMULATION  AND  A  BOUNDARY  V0RTIC1TY  HETHOO 


In  view  of  the  complexity  of  the  governing  equations  (8)  to  (12)  and  the 
fact  that  appreciable  error  is  observed  with  Stuart's  approximate  method,  a 
combination  of  boundary  vortlcity  method  and  line  Iterative  method  will  be  emp¬ 
loyed  for  the  numerical  solution  of  the  present  rather  complicated  problem.  As 
stated  earlier,  one  of  the  objectives  of  this  paper  Is  to  present  an  algorithm 
for  the  boundary  vorticity  method.  By  using  a  three-point  central-difference 
approximation  and  a  dumny  variable  f  for  dependent  variables  £,  q>,  u  and  d,  a 
general  finite-difference  equation  can  be  obtained  as  follows,  (see  Flg.l): 


t  iv°  f  JL+1 ».*■  1  f J--LK  +  'fj.k-l' 

1  'vj,k  2  by  wj,k  5  a-,  > 


f  ,  L  "  I  f  i  L  ^  f  2 


f . 


2  At 
-  2  f,  +  f , 


(Ay)2 

(AZ)2 

J.k 

a  o  ■ 

GJ,k 

=  -W°  l\ 

wj,k'3z  Jj 

V  for 

»  K 

fj,k 

*  Uj,k 
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:  uj,k 
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(14) 


The  superscript  o  stands  for  the  value  obtained  at  the  previous  iteration  step. 

To  Illustrate  the  computational  procedure  for  boundary  vortlcity  method, 
consideration  will  be  given  to  the  vortlcity  transport  equation  (9)  and  the 
Poisson's  equation  (10)  for  stream  function.  A  set  of  finite-difference  equat¬ 
ions  for  Sj.k  and  ipj.lc  along  the  line  j  =  ?  can  be  put  into  a  matrix  form  as, 
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It  Is  noted  that  the  vorticity  £  along  the  bounoarfes  OA  and  BC  must  be  deter¬ 
mined  such  that  $  =  0  along  these  lines.  In  principle,  the  following  11‘ear 
relationship  between  vorticity  and  stream  function  at  boundaries  may  be  obtained 
after  eliminating  2(M-1)  unknowns  from  2M  equations  for  equations  (15)  and  (16). 


’*2.1 

an  ai2 

52.1 

r«ii 

= 

♦ 

.  *2, M+1 . 

.  a21  a22. 

.52,f. 

L  ‘a. 

The  discovery  of  the  above  linear  relation  is  a  key  to  the  success  of  boundary 
vorticity  method.  Boundary  vorticities  £2,1  ar|d  £?,m+i  can  now  be  obtained  by 
observing  that  k2,1  ■  4<2,H+1  =  0  on  boundaries.  Tne  procedure  of  finding  elem¬ 
ents  a^,  aj2>  a2i.  a2; ,  k]  and  k2  is  shown  schematically  below: 


Assign  £2>1  =  c,  and  52§Mfl  =  c2 
+ 


Apply  Gaussian  elimination  method  :o  equations 
(15)  and  (16)  and  solve  for  £  and  ik 
+ 


Store  values  for 

^2.1  *  ci  afMl  ^2, M+1  =  c2 


Similarly,  by  assigning  further  <,2,i  =  C3,  £2  m+1  =  w,  ar.u  £2,1  =  C5,  £2,m+1  *C6, 
one  obtains  the  corresponding  values  ip2,l  *  c$,  ik2,M+l  '  ci  and  ij^.l  =  c^, 
ik?  m+1  *  c6*  respectively.  Using  the  values  q  and  c'i  ( i=T ,2, . . .6;  and  equation 
(ifi),  one  obtains  the  following  six  linear  algebraic  equations  for  ai  -i  and 
kj  (1,j=1.2), 


O 

O 

O 

CM 

O 

U 

( 

rc;i 

0  0  c,  c2  0  1 

a12 

c2 

c3  c4  0  0  I  0 

a21 

c3 

2  0  C3  C,  0  1 

a22 

c4 

c5  C6  0  0  1  0 

kl 

c5 

0  0  c5  c6  0  1 

_k2 

_c6_ 

(19) 


The  elements  a*  j  and  ki  (1,j=l,2)  can  now  be  found  ptovided  that  the  matrix  is 
not  singular,  consequently  £2j  and  C2.M+1  1n  equation  (i 8)  can  be  determined. 


Method  (2):  Alternatively  the  problem  may  be  formulated  as. 

Equation  On  boundaries  OA  and  BC  On  lines  of  symmetry  AB  and  OC 


In  contrast  to  method  (1),  the  values  of  £  on  boundaries  OA  and  BC  are  to  be 
determined  such  that  3i p/3z  *  0  on  these  lines.  Detailed  procedure  for  this 
method  is  given  in  r4]  and  for  simplicity  will  be  omitted  here. 


Uith  the  numerical  method  of  determining  boundary  vorticity  established, 
the  conventional  line  iterati.e  relaxation  method  [3]  may  be  used  for  the  numer¬ 
ical  solution  of  a  set  ( '  governing  equations.  The  general  iterative  procedure 
Is  given  elsewhere  [3].  It  suffices  to  mention  that  the  number  of  inner  iter¬ 
ation  for  £,  ip  and  e  is  set  to  be  one.  The  line  iterative  method  is  repeated 
until  the  followirg  prescribed  error  is  satisfied. 

e  -  uV."*  -  fi!r1)i '  ufi(.jn)i <  io'5  (zo) 

The  method  of  unsteady  state  solution  for  the  determination  of  boundary 
vorticity  used  by  Samuels  and  Churchill  [10]  is  also  applied  to  the  present  prob¬ 
lem  in  an  attempt  to  compare  with  the  boundary  vorticity  method.  The  table  list¬ 
ed  after  the  References  shows  the  numerical  results  from  these  two  methods  for 
Pr  =  0.7  and  Ra  =  8010.52  =  4.69Ra*  with  M  =  10  and  20.  It  can  be  stated  that 
the  method  of  unsteady  state  solution  requires  a  longer  computing  time,  a  larger 
number  of  outer  iterations,  and  one  additional  storage  step  than  the  present 
numerical  method.  For  the  unsteady  state  method  using  explicit  forward  integ¬ 
ration,  the  time  increment  is  restricted  by  the  mesh  size  because  of  numerical 
stability  and  furthermore  U  requires  a  complete  solution  for  stream  function  at 
each  time  step.  Thus,  it  is  believed  that  except  for  a  problem  where  the  tran¬ 
sient  solution  is  of  interest,  the  present  method  is  more  economical  from  the 
viewpoint  of  computing  time  and  storage  space.  The  effect  of  grid  size  on  the 
convergence  of  flow  and  heat  transfer  results  is  also  studied,  and  the  details 
are  given  in  [4].  All  the  numerical  results  for  flow  and  heat  transfer  are 
obtained  by  using  mesh  size  M  *  24,  28  or  40,  depending  on  the  order  of  magnit¬ 
ude  of  Rayleigh  number., 

RESULTS  AND  DISCUSSION 


The  problem  under  consideration  is  mathematically  analogous  to  the  classic¬ 
al  steady  laminar  Benard  convection  with  two- limensional  rolls.  Quantitative 
measurements  for  temperature  and  velocity  f  -  is  for  the  two-dimensional  Benard 
convection  arg  not  available  in  the  post-critical  regime.  For  this  reason  Mori 
and  Uchida  [ij  superimposed  fully  developed  main  flow  to  the  steady  laminar 
Benard  convection  between  two  infinite  horizontal  plates  in  order  to  carry  out 
detailed  quantitative  measurements.  Mori  and  Uchida’s  theoretical  and  experi¬ 
mental  results  will  be  compared  with  the  present  numerical  results.-  Before  pro- 
ceedlag  to  th®  presentation  of  flow  and  heat  transfer  remits  it  is  emphasized 
that  ill  the  resu.ts  reported  here  are  based  on  Pr  -  0.1,  md  wave  number  a=3.H6. 
In  ;Vs  connection,  some  secondary  flow  patterns  in  the  post-critical  regime  for 
the  present  problem  obtained  by  flow  visualization  technique  are  reported  in  [9]. 

The  axial  velocity  and  temperature  distribute  is  along  three  vertical  lines 
from  the  present  numerical  solution  are  compared  wi'.h  the  results  of  Mori  and 
Uchida  [1]  in  Figs. 2, 3,  respectively,  for  the  case  of  Pr  =  0.7,  Ra  =  8010.52  = 
4.69(Ra*).  For  the  velocity  profiles  shown  1,i  Fig. 2,  iv  is  seen  that  the  experi¬ 
mental  data  generally  lie  between  the  present  numerical  prediction  and  Mori  and 
Uchlda's  analytical  result.  In  particular,  one  notes  that  the  analytical  method 
apparently  p'edlcts  a  wrong  trend  for  the  velocity  profile  along  the  vertical 
line  2  near  the  central  region  (z  =  0.5)  exhibiting  a  saddle  shape  velocity  pro¬ 
file.  This  phenomenon  contradicts  both  experimental  data  and  numerical  solution, 
and  cannot  be  explained  physically. 

As  shown  in  Fig. 3,  the  temperature  profile  along  the  vertical  line  3  from 
the  numerical  solution  agrees  very  well  with  the  experimental  data  as  compared 
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with  the  analytical  result.  In  particular,  along  the  line  1  -J  3,  the  analy¬ 
tical  result  predicts  positive  vertical  temperature  gradient  in  the  central 
region  in  contrast  to  the  negative  one  demonstrated  by  both  the  experimental 
data  and  the  numerical  solution.  For  the  temperature  profile  along  line  2,  both 
the  numerical  solution  and  the  analytical  solution  exhibit  positive  vertical 
temperature  gradient  near  the  central  region  with  the  point  of  inflection  locat¬ 
ed  at  2  =0.5.  In  contrast,  the  experimental  data  do  not  appear  to  show  this 
trend. 

It  is  instructive  to  examine  the  distributions  of  constant  axial  velocity 
lines,  isothermals,  constant  vorticity  lines  and  secondary  flow  streamlines  for 
Pr  =  0,7  at  two  different  values  of  Rayleigh  number,  namely  Ra  =  8010.52  and 
4  x  10’.  Fig. 4  shows  the  constant  axial  velocity  lines.  One  notes  that  with¬ 
out  secondary  motion  the  constant  axial  velocity  lines  are  straight  and  hori¬ 
zontal;  but  with  the  secondary  motion  the  constant  velocity  lines  are  distorted. 
It  is  clearly  seen  in  this  figure  that  the  saddle  shape  velocity  profile  shown 
in  Fig. 2  along  the  line  2  based  on  approximate  analytical  prediction  [1]  is 
unreasonable.  It  is  also  noted  that  at  higher  value  of  Rayleigh  number  Ra  * 

4  x  10*,  the  value  of  the  maximum  axiai  velocity  is  lower  than  that  at  Ra  = 
8010.52 

Fig. 5(a)  and  (b)  show  the  distribution  of  Isothermals  for  Pr  =  0.7  at  Ra  « 
8010.52  and  4  x  10’  respectively,  based  on  the  dimensionless  temperature  differ¬ 
ence  (T-TjJ/fTi-Tg).  Without  the  secondary  motion,  the  isothermals  are  horizon¬ 
tal  straight  lines;  but  with  the  secondary  flow  effect  the  isothermals  are  dis¬ 
torted.  As  the  Rayleigh  number  Increases,  so  does  the  distortion  of  the  iso¬ 
thermals.  By  looking  at  this  figure  one  can  clearly  distinguish  the  hot  and 
cold  regions  by  noting  the  isothermal  line  for  (T-Ti )/(T-|-T2)  ®  -0.5.  One  can 
also  clearly  see  that  plumes  of  warm  (cool)  current  impinge  strongly  upon  the 
cool  (warm)  plate  indicating  the  strong  effect  due  to  nonlinear  advection 
caused  by  the  buoyancy  forces.; 

The  distributions  of  constant  vorticity  lines  for  the  case  of  Pr  =  0.7  at 

Ra  =  8010.52  and  4  x  10*  are  shown  in  Fig. 6(a)  and  (b)  respectively.  One  knows 

that  the  solid  boundary  represents  the  source  of  vorticity,  and  the  vorticity 
is  generated  at  the  top  and  bottom  plates  (with  negative  sign)  and  dissipated 
into  the  central  region  as  a  sink  of  the  vorticity  (with  positive  sign).  At 
Re  =  4  x  10*,  one  sees  that  there  are  two  sinks  with  £  =  520  in  the  central 

region  for  thf  two  strong  sources  of  vorticity  located  near  y  =  0.65,  z  »  0  and 

y  -  0.35,  z  =  1.0  on  the  rigid  boundary.-  This  is  in  contrast  to  the  one  sink 
and  two  sources  for  Ra  =  8010.52.  One  is  particularly  impressed  with  the  dras¬ 
tic  change  of  pattern  for  the  vorticity  as  the  value  of  the  Rayleigh  number 
increases  from  8010.52  to  4  x  10*. 

Fig. 7  Illustrates  the  streamlines  for  the  case  of  Pr  -  0.7  at  Ra  «  8010.52 
and  4  x  10*.  For  the  present  problem  one  can  see  that  the  two  diagonal  lines 

are  lines  of  symmetry  by  substituting  (u,  -v,  -w,  -6,  ip,  £,  -y  and  -z)  for 

(u,  v,  w,  0,  ip,  f,  y  and  z)  into  equations  (8)  to  (12).  Fig. 7  shows  that  as  the 

value  of  Ra  increases,  the  streamlines  are  seen  to  be  compressed  in  the  direc¬ 
tion  of  the  line  joining  points  y  =  0,  z  *  0  and  y  *  1.008,  z  =  1.0  representing 
slight  distortion  into  an  oblong  shape.  It  is  interesting  to  note  that  the 
distributions  of  the  stream  function  are  much  more  smooth  than  those  of  the 
vorticity  due  tc  the  fact  that  stream  function  is  a  twice-integrated  version  of 
•orticity. 

For  the  finite  amplitude  thermal  convection  problem  under  consideration, 
such  overall  quantities  as  resistance  coefficient  and  Nusselt  number  are  usually 
of  interest  in  design.-  The  product  of  friction  factor  and  Reynolds  number, 
fRe,  is  defined  in  several  different  ways  as  follows: 
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at  lower  plate 


(fRe),  = 
<ffie)2  = 


|4  tl(3u/3z)2=0| 
[4(z-z2)  ♦  f]2 
(fRe)1  ,  at  upper  plate 


(21) 

-  ■  "2 

(fRe),  *  [(fRe),  +  (fRe),]  /  2  =  4  /  [4(z-zz)  +  tt]  ,  from  overall  force 
J  1  z  z  balance 

where  f,  -  2p||^|z.=0  /  oU2,  f2  =  2u|g,|2,=h  /  oU2 
f3  =  (3P/3x')  h/pU2  and  Re  =  UQ  h/(2v) 


The  Nusselt  number  is  defined  as, 

(Mu),  =  qjh/AT  k  «  1  -  (36/3z)z=0 

(Nu)2  =  q2h/AT  k  =  -  (Nu),,  (Nu)3  =  q3h/AT  k  =  0 


(22) 


where  qj  and  q?  are  the  amount  of  heat  conducted  from  the  lower  and  upper  plates 
respectively,  to  the  fluid  per  unit  time  per  unit  area,  and  q3  is  the  net  energy 
increase  in  the  fluid  per  unit  time  per  unit  '•ross-sectional  area. 


Fig. 8  shows  the  flow  result  in  the  form  of  the  ratio  (fRe)3/(fRe)g  versus 
Ra  for  the  case  of  Pr  ■  0.7.  One  notes  that  (fRe)o  =  9.0  for  the  case  without 
free  convection  effect.  With  the  effect  of  secondary  motion,  (fRe)3/(fRe)o 
reaches  a  value  of  2,6  at  Ra  =  105.  Unfortunately  no  other  data  a  -e  available 
for  a  direct  comparison  with  the  present  result.-  A  numerical  exp<  -iment  is 
also  made  to  evaluate  the  wave  number  effect.  At  Ra  =  105,  the  difference  of 
about  ten  per  cent  and  twenty-five  per  cent  for  the  flow  result  is  observed  as 
the  wave  number  is  varied  from  3.116  to  3.3  and  4.0  respectively. 


Fig. 9  shows  the  heat  transfer  result  from  the  present  investigation  with 
comparison  made  against  the  results  of  Mori  and  Uchida  [1],  Plows  [7],  Fronrn  [11] 
and  Silveston  [12]. 

Plows  [7]  studied  two-dimensional  steady  laminar  Benard  convection  and  con¬ 
sidered  the  effect  of  Prandtl  number  for  Rayleigh  number  ranging  from  2000  to 
20000.  However,  only  the  curve  for  Pr  *  0.5  *  1  is  taken  for  comparison  here.: 

It  is  not  surprising  that  the  result  of  the  p’esent  numerical  solution  and  Plows' 
numerical  solution  coincide  exactly  since  the  governing  equations  and  boi  ndary 
conditions  are  Identical  for  the  present  problem  and  the  two-dimensional  Benard 
convection  problem.  The  agreement  of  the  two  results  serves  to  confirm  the 
accuracy  of  the  present  numerical  technique. 


Mori  and  Uchida's  analytical  solution  based  on  Stuart's  method  starts 
deviation  at  Ra  =  3000  from  the  two  numerical  solutions  and  considerable  differ¬ 
ence  is  observed  at  higher  Rayleigh  number.;  At  Ra/Ra*  =  9.0,  Mori  and  Uchida's 
result  is  seen  to  have  about  twenty-five  per  cent  error  as  compared  with  the 
numerical  result.;  Mori  and  Uchida's  experimental  data  are  also  seen  to  lie 
below  the  two  numerical  solutions. 


A  comparison  with  Fromm's  numerical  solution  for  Benard  problem  [11]  is 
also  possible..  Since  his  graphical  result  cannot  be  read  accurately,  only  one 
datum  point  at  Ra  =  10$  is  plotted  in  Fig. 9  for  comparison,  and  an  excellent 
agreement  is  again  observed. 
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Although  the  present  problem  is  not  exactly  identical  to  the  Benard  problem 
except  for  the  case  of  two-dimensional  rolls,  nevertheless  the  heat  transfer 
results  for  the  two  problems  are  known  to  be  similar,  and  a  comparison  of  numer¬ 
ical  solution  with  experimental  data  [12]  for  Benard  convection  is  also  made  in 
Fig. 9.  A  difference  of  twenty  per  cent,  based  on  the  numerical  solution  is 
observed  at  Ra  =  3.5x  10*  for  the  experimental  data. 

A  numerical  experiment  is  also  made  to  study  the  effect  of  variable  wave 
number.  As  shown  in  Fig. 9,  only  a  few  per  cent  difference  is  found  for  a  rather 
wide  range  of  wave  number  from  a  =  3.116  to  5.0  at  a  high  Rayleigh  number  of 
Ra  *  10s.  For  smaller  variation  of  wave  number  and  at  lower  Rayleigh  numbers, 
the  difference  is  found  to  be  even  smaller.  Consequently,  one  can  conclude  that 
the  present  assumption  on  wave  number  is  a  reasonable  approximation  for  the  heat 
transfer  result. 

CONCLUDING  REMARKS 


1.  The  boundary  vortlcity  method  has  been  shown  to  be  quite  effective  for  the 
numerical  solution  of  the  present  rather  complicated  problem.  With  respect  to 
the  determination  of  the  boundary  vorticity,  the  method  of  unsteady  state  solut¬ 
ion  employed  in  [10]  requires  a  longer  computation  time  than  the  present 
technique,  at  least  for  the  present  problem. 

2.  The  heat  transfer  result  from  the  present  numerical  study  agrees  exactly 
with  the  numerical  result  reported  in  [7]  for  the  Benard  convection  problem. 

This  agreement  serves  to  confirm  the  accuracy  of  the  present  numerical  technique. 
Mori  and  Uchida's  approximate  analytical  result  [1]  starts  deviation  from  the 
present  numerical  result  at  Ra  =  3000,  and  about  twenty-five  per  cent  error  is 
observed  at  Ra  =  9.0  Ra*.,  Thus,  one  can  conclude  that  Stuart’s  method  is  valid 
only  for  Rayleigh  number  ranging  up  to  say  Ra  *  3.0  Ra*  with  a  maximum  error  of 
about  ten  per  cent.  In  addition  to  the  present  problem,  the  boundary  vortlcity 
method  is  believed  to  be  equally  effective  for  the  numerical  solution  of  a  host 
of  other  similar  finite  amplitude  convection  problems  in  the  post-critical 
regime  with  Taylor-Goertler  vortices.; 

3.  The  assumption  that  the  wave  number  in  post-critical  regime  does  not  devi¬ 
ate  from  the  critical  value  determined  by  the  linear  stability  analysis  is  found 
to  be  a  fairly  good  approximation  for  the  heat  transfer  result;  but  a  rather 
poor  approximation  for  the  flow  result.  A  question  regarding  the  physical  pro¬ 
cess  which  controls  the  mode  of  finite-amplitude  roll  cells  has  been  studied 
quite  extensively  for  the  Benard-Rayleigh  convection  problem.  In  contrast,  for 
the  present  problem  it  is  suggested  that  the  wave  number  in  the  post-critical 
regime  should  be  determined  from  a  study  in  the  thermal  entrance  region  instead 
of  the  fully  developed  region. 

From  physical  reasoning  one  has  no  reason  to  expect  that  the  size  and  struc¬ 
ture  of  the  vortex  roll  should  be  determined  in  the  fully  developed  region  alone.; 
It  is  believed  that  a  study  in  the  thermal  entrance  region  might  shed  some  light 
regarding  the  variation  of  wave  number  in  the  post-critical  regime., 

4.  A  remark  regarding  the  possibility  of  extending  the  present  numerical  met¬ 
hod  to  unsteady  state  finite  amplitude  convection  problems  may  be  of  interest, 
by  using  the  boundary  vortlcity  method,  the  unsteady  state  problems  can  be 
approached  by  employing  one  of  the  implicit  methods.  This  is  in  contrast  to  the 
conventional  unsteady  method  which  is  restricted  to  the  explicit  forward  integ¬ 
ration  technique. 

5.  A  comparison  between  the  boundary  vorticity  method  and  the  usual  straight¬ 
forward  method  of  obtaining  boundary  vorticity  using  Taylor  series  such  as 
Ljj  =  24m2/(Az)‘  is  of  considerable  practical  interest.  The  approximation  of 
tne  boundary  vorticity  is  known  to  have  a  significant  effect  on  the  stability  of 
numerical  solution.-  In  this  connection,  a  numerical  experiment  with  the  related 
problem  [13]  reveals  that  the  boundary  vorticity  method  has  definite  advantage 
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in  terms  of  computational  stability,  particularly  in  the  high  parameter  regime. 

6.  The  role  of  secondary  flow  on  Nusselt  number  for  the  present  problem  is 
similar  to  that  of  cellular  motion  in  the  Benard-Rayleigh  convection  problem. 

Due  to  the  secondary  flow,  the  pressure-drop  parameter  (fRe)  also  Increases  with 
Rayleigh  number. 

NOMENCLATURE 


a  =  wave  number,  2irh/A,  f  *  friction  factor, 

Gr  «  Grashof  number,  g0ATh3/v2,  g  =  gravitational  acceleration, 
h  •  distance  between  two  parallel  plates,  R  *  average  heat  transfer  co¬ 
efficient,  k  =  thermal  conductivity,  M  =  number  of  divisions  in  both 
y'-  and  z'-directions,  Nu  *  Nusselt  mrniber,  P  =  pressure,  p'  ■  distur¬ 
bance  pressure,  Pr  =  Prandtl  number,  v/k,  Ra  =  Rayleigh  number,  PrGr, 

Re  3  Reynolds  mmber,  Unh/2v,  T  -  temperature,  U,V,U  •  velocity  components 
In  x',  y1  and  z1  directions,  u,v,w  *  dimensionless  velocity  disturbances  in 
x',  y1  and  z'  directions,  u'.v'.w'  3  velocity  disturbances  In  x',  y'  and  z‘ 

directions,  x,y,z  ■  dimensionless  Cartesian  coordinates,  x'.y'.z'  » 
Cartesian  coordinates,  v’  =  dimensionless  Laplacian  operator, 32/3y2  +  32/3z2, 
Vf  *  Laplacian  operator,32/3y'2  +  32/3Z'2t  ]  j  »  absolute  value, 

[  ]  *  matrix,  8  3  coefficient  of  thermal  expansion,  AT  3  temperature 
difference  between  two  plates,  T 1 -Tg »  0  3  dimensionless  temperature  distur¬ 

bance,  6'  3  temperature  disturbance,  k  3  thermal  diffuslvlty, 

A  3  wave  length  of  vortex  rolls,  v  3  kinematic  viscosity, 

C  3  dimensionless  vortlclty  function,  £'  3  vortlclty  function,  p  3  density, 
<L  3  basic  velocity  profile  function,  ip  3  dimensionless  stream  function, 
ill"  3  stream  function. 

Superscript 

3  mean  value,  *  3  critical  value,  0  3  value  at  previous  Iteration  step. 
Subscript 

b  3  boundary  point  or  a  basic  quantity  In  unperturbed  state, 
j,k  3  space  subscripts  of  a  grid  point, 

0  3  condition  for  pure  forced  convection  or  maximum  quantity, 

1  3  value  at  lower  plate,  2  3  value  at  upper  plate, 

3  3  value  obtained  from  overall  balance. 
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A  comparison  of  boundary  vorticity  method  with  unsteady  method  at  Ra/Ra*  *  4.69 
Unsteady  Method  (1)  Boundary  Vortlclty  Method(2) 


M  x  M 

10  x  10 

20  x  20 

10  x  10  20  x  20 

Computing  time  for  each 
outer  Iteration  (sec.) 

0.35  - 
0.4 

2.3 

0.2 

0.82 

Total  number  of  outer 
Iterations 

191 

764 

(estimated) 

126 

356 

Dimensions 

3 

2 

Number  of  iteration 
steps  stored 

2 

1 

Solution  obtained 

unsteady  and  steady 

steady 

(1)  A  point  successive  over-relaxation  method  Is  employed  to  obtain  stream 
function  at  each  time  step. 

(2)  A  relaxation  factor  of  unity  Is  used. 


Fig.l  Coordinate  System  and  Numerical  Grid 
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ABSTRACT 

The  general  problem  of  shape  stability  of  ?n  Initially  spherical  gas  bubble  in 
a  miscible  liquid  with  chemical  reaction  'g  formulated.  Utilising  the  small 
perturbation  theory  the  conditions  for  r'ie  stability  or  instability  of  the 
interface  are  obtained  for  the  case  where  the  liquid  Inertia  effects  are  minor 
and  mass  transfer  between  the  bubble  and  the  liquid  plays  a  dominant  role  in  the 
dynamics.  It  is  disclosed  that  interface  distortions  of  small  amplitudes  under¬ 
go  a  tine-varying  oscillation  with  small  time-varying  damping  factors.  The 
amplitudes  grow  in  magnitude  when  the  bubble  is  situated  in  an  oversaturated 
solution,  and  diminish  when  the  bubble  is  placed  in  an  undersaturated  solution. 
In  other  words,  a  growing  spherical  bubble  is  stable,  whereas  a  collapsing  one 
is  always  unstable.  When  the  bubble  is  situated  in  a  saturated  liquid  these 
distortion  amplitudes  undergo  a  self-sustaining  oscillation  due  to  the  action  of 
surface  tension  force.  The  effect  of  chemical  reaction  on  the  stability  of  the 
spherical  interface  is  of  secondary  importance.  According  to  the  analogy  be¬ 
tween  heat  and  mass  transfer,  the  stability  conditions  may  also  be  applied  to 
the  case  where  heat  transfer  is  the  controlling  mechanism  of  the  bubble  growth 
or  collapse. 


INTRODUCTION 


The  general  problem  of  the  dj  namics  of  a  vapor  or  gas  cavity  in  a  liquid  is 
quite  complex  due  to  a  coupling  between  the  momentum  equation  and  the  equation 
for  the  temperature  and/or  concentration  field  which  govern  the  physical  phenom¬ 
enon.  For  convenience  in  the  investigation  of  the  mechanism  controlling  col¬ 
lapse  and  growth  rates,  the  mode  of  bubble  collapse  (and  analogously  growth)  may 
be  classified  into  three  categories,  (i)  where  the  collapse  is  controlled  by 
liquid  Inertia,  (il)  where  heat  and/or  mass  transfer  from  the  bubble  to  the 


221 


liquid  is  the  controlling  aechanlsn,  and  (ill)  the  intermediate  case  where  both 
effects  are  of  comparable  importance.  Florschuett  and  Chao  [1]  have  identified 
a  dimensionless  parameter  which  chars- 'prize*  the  mode  of  collapse.  Analytical 
solutions  can  be  found  for  the  first  and  second  categories  following  the  sim¬ 
plification  of  the  governing  differential  equations.  On  the  other  hand,  the 
analytical  solution  for  the  general  case  is  formidable  and  only  numerical  solu¬ 
tion  nay  be  obtained  with  the  aid  of  a  computing  machine. 


The  stability  problem  of  a  spherical  shape  of  a  vapor  bubble  My  be  established 
by  considering  whether  interface  distortions  of  smII  amplitude  grow  or  diminish. 
The  stability  criterion  depends  on  the  nechr-  ism  which  controls  collapse  and 
growth  rates.  Some  stability  problems  of  spherical  bubble  have  been  studied 
12-10]  under  the  conditions  that  heat  or  mss  transfer  effects  are  minor  but  the 
liquid  inertia  plays  a  dominant  roie.  They  Include  the  work  of  Plesset  [2]  for 
the  stability  of  the  interface  between  two  Immiscible  incompressible  fluids  in 
radial  eotlon,  Plesset  and  Mitchell  (3]  and  Naudc  and  Ellis  (A]  for  the  shape  of 
a  stationary  bubble  in  a  quiescent  liquid  with  uniform  system  pressure, 

Uartunlan  and  Sears  [3]  for  the  instability  of  a  translating  bubble  in  a  liquid 
with  uniform  pressure,  Walters  and  Davidson  [6]  for  the  deformation  of  bubble 
shape  caused  by  the  translating  motion  and  the  pressure  gradient  in  the  sur¬ 
rounding  liquid,  Ivay,  et  al.  [7]  for  photographic  study  of  cavitation  bubbles 
in  a  liquid  flowing  through  a  venturi  and  Yeh,  et  al.  [8-10]  for  the  velocity, 
site  and  deformation  of  a  bubble  moving  in  the  flow  field  around  a  point  source 
or  sink  [8,9]  and  in  a  quiescent  liquid  subject  to  a  sudden  pressure  change 
[8,10].  In  all  the  analyses,  the  two  fluids  are  considered  immiscible  and  the 
gas  Inside  the  bubble  undergoes  a  polytropic  process  during  growth  or  collapse. 

A  gas  bubble  in  a  liquid-gas  solution  will  grow  or  shrink  by  mass  ulffuslon 
according  as  the  solution  is  oversaturated  or  undersaturated.  With  the  neglect 
of  the  translational  motion  of  the  bubble,  Epstein  and  Plesset  [11]  have  obtain¬ 
ed  approximate  solutions  for  both  the  rate  of  solution  by  diffusion  of  a  gas 
butble  in  an  undersaturated  liquid-gas  solution  and  the  rate  of  growth  of  a 
bubble  in  an  oversaturated  liquid-gas  solution.  The  effect  of  surface  tension 
on  the  diffusion  process  and  consequently  bubble  dynamics  is  found  to  be  entirely 
negligible  except  near  complete  collapse. 


In  this  paper  the  stsbility  of  the  spherical  shape  of  a  -as  bubble  in  a  miscible 
liquid  when  the  growth  or  collapse  is  controlled  by  mass  transfer  between  th- 
bubble  and  the  liquid.  The  temperature  at  the  bubble  surface  is  assumed  to  take 
the  saturation  value  corresponding  to  the  external  pressure  and  hence  the  pres¬ 
sure  difference  becomes  essentially  zero.  The  liquid  inertia  may  thus  be  neg¬ 
lected.  Consideration  is  given  to  chemical  reaction  in  the  solution.  The  rit- 
“ti?"  18  e'juivaitut  to  the  injection  of  an  oxygen  bubble  into  blood  or  a  c.  rbon- 
dioxide  bubble  into  plasma.  During  the  small  times  that  follow,  chemical  reac¬ 
tion  in  the  solution  can  be  approximated  as  of  the  first  order  [12 J . 


ANALYSIS 

Consider  at  the  initial  time  t  -  0  a  spherical  gas  bubble  of  radius  R„  expjnds  or 
ollapses  from  rest  in  a  liq  lid-gas  solution  in  which  the  concentration  of  dis- 
solved  gas  is  uniform  and  equal  to  C,.  The  solution  is  maintained  at  com  tant 

and^the  I?  ^  pre8sure  P-‘  Chemical  reaction  takes  place  betw-en  th.;  liquid 
and  the  dissolved  gas  at  j  rate  proportional  to  the  concentration  of  the  ils- 

V:d«“C-  ,At/  ■  °*  the  bubble  has  a  distortion  of  small  amplitude  a  with 
the  initial  velocity  amplitude  for  distortion  v  .  It  is  the  purpose  of  tRe  studv 

the'i^rfa^*  !tabi}*ty  °f  8Pherical  inter  .ace;  that  is  whether  a  disto-tion  o t 
the  Interface  of  small  amplitude  grows  or  diminishes. 
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GENERAL  TORHULATIOH 


*r 


For  convenience  in  analysis,  the  center  of  the  stationary  gas  bubble  is  taken  as 
the  origin  of  a  spherical  polar  coordinate  system.  Then,  the  dissolved  gas  con¬ 
centration  at  a  location  in  the  solution  at  a  distance  fron  the  origin  is 
governed  by  the  equation 


aC/dt  +  u.VC  «  l»2C-kC  (1) 

where  t  is  the  time,  u  is  the  velocity  produced  in  the  medium  by  bubble  growth 
or  collapse,  0  is  the  mass  dlffi  ivity  and  k  is  the  reaction  rate  constant.  The 
appropriate  initial  and  boundary  onditiems  are 

C(r,o)  -  C.;  C(-,t)  -  C.;  C(R,t)  -  Cg  (2) 

in  which  R(t)  is  the  radius  of  the  spherical  bubble  and  C,  denotes  the  dissolved 
gas  concentration  for  a  saturated  solution  at  the  system  teaperature  and  pressure. 
The  mass  balance  at  the  bubble  surface  requires 

dR/dt  ■  (D/o?)(ac/ar)r>R  (3) 


wherein  o  is  the  gas  density. 

8 

The  stability  of  the  spherical  Interface  will  be  established  by  considering 
whether  a  distortion  of  the  interface  of  3 mall  amplitude  grows  or  diminishes. 
Therefore,  consider  a  distortion  of  the  interface  from  the  surface  of  a  sphere 
or  radius  R  to  a  surface  with  radius  vector  of  magnitude  rs,  where 


r  (t,9)  -  R(t)  +  I  a  (t)P  (eosB)  (A) 

s  n-1  "  " 

a  are  the  time  varying  coefficient  to  be  determined,  Pn(cos6)  are  the  Legendre 
polynomials  and  0  is  the  angle  measured  from  a  reference  line.  The  stability 
analysis  given  here  will  be  limited  to  disturbances  of  the  spherical  interface  of 
small  amplitude.  This  means 


|an(t)|«R<t) 


and  that  terms  of  order  higher  than  the  first  in  an  and  da^/dt  are  negligible. 


Now,  the  velocity  potential  determined  which  corresponds  to  a  disturbance 
which  decreases  away  from  the  interface  in  both  the  Inward  and  uutward  directions. 
With  the  aid  of  this  velocity  potential,  the  Bernoulli  Integral  is  used  to  eval¬ 
uate  the  pressure  on  either  side  of  the  interface.  Next,  one  writes  for  balance 
on  a  differential  element  of  bubble  surface.  In  this  equation,  the  terms  inde¬ 
pendent  of  Pn  give  the  equation  of  motion  for  the  unperturbed  interface,  while 
the  terms  proportional  to  ?-  give  the  differential  equation  for  an: 


Rl^+  1  ,dR,  2 

V  2<d‘} 


P  -P  -2o/K 
8  **  _ 


p-p 


8 


(5) 


^  3  dK  dan 
dt2  R  dt  dt 


Aa 

n 


0 


(6) 
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with 


[n(n-l)o-(i*H)<iH-2)o  ld2R/dt2-(n-l)n(n+2)o/R2 

_ 8 - 

[no  +  (n+l)pgJR 


(7) 


where  p  in  the  solution  density,  ?*  is  the  gas  pressure  inside  the  bubble  and  a 
is  the  surface  tension.  Details  or  this  derivation  are  presented  in  reference 
[2]. 


The  appropriate  initial  conditions  of  Eqs.  (S)  and  (6)  are 

R(0)  -  R  ,  dR(0)/dt  -  0 
0 

a  (0)  -  A,  da  (0)/dt  -  v 
non  o 


(3) 

(9) 


SOLUTION  OF  THE  STABILITY  PROBLEM 

The  solution  of  the  stability  problem  will  be  obtained  for  the  case  where  the 
liquid  inertia  may  be  neglected  and  mass  transfer  effects  play  a  dominant  role. 
The  effect  of  surface  tension  on  the  diffusion  process  is  also  neglected. 

Taking  into  account  that  the  gas  density  is  negligible  in  comparison  with  the 
liquid  density,  the  function  A  of  Eq.  (7)  can  then  be  reduced  to 


A  « 


(n-1)  d  R 
R  dt2 


(10) 


Equation  (1),  with  the  neglect  of  the  u*?C  term,  can  be  solved  by  the  series 
expansion  method.  Let 


c*(n,T>  -  Co(n)  +  T1/2Cx(n)  +  rC2(n)  +  t^C^n)  + 


3/2„ 


C*(n,T)  -  CCrjt)/^,  o  •  y/r  ,  y  •  r/R  -1,  t 


1/2 _ Dt  „  WRo 


(ID 

(12) 


By  substituting  Eq.  (11)  into  Eqs.  (1)  and  (2)  followed  by  the  separation  of  terms 
according  to  the  powers  of  t,  it  can  be  shown  that  the  functions  C  must  satisfy 
the  following  equations  n 


C  "  +  5c  ’ 

*  0 

o  2  o 

cr +  2°! 

-  K  ■  -2co' 

Y  +  2V 

-  C2  *  -2(C1'-Co'r’) 

Cl"  +  2V 

-  fc3  -  -2(C2,-C1'n 

C4"  +  K' 

-  2C4  -  -2(C3'-C2-n 

+  KC 

o 

+  CQ'n2)  +  KC3 
*  Cl’’l2'Co'n3)  +  KC2 


(13) 
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•object  Co  the  boundary  conditions 


n  »  0:  C  ■  1,  C  >0  for  nil 

O  ft 


n  -  Co  - 


(CmtCg  for  K  “  0 
0  for  K  d  0, 


«*> 


C  -  0  for  n  5  1 
n 


The  substitution  of  Eq.  (11)  into  Eq.  (3)  followed  the  integration  of  the  result¬ 
ing  expression  produces 


R*(t)  «  1  +  (Cs/og)(2x1/2c; (0)  +  tC1'(0)  +  (2/3)t3/2C2'(0) 
+  (1/2)t2C3'(0)  +  (2/5)t5/2C4'(0)  +  ...J 


(15) 


where  r*(t)  ■  R(t)/R  .  The  initial  bubble  radius  R  is  a  characteristic  length 
for  the  systea.  The°exact  solution  of  the  Cg  equation  subject  to  the  appro¬ 
priate  boundary  conditions  is  found  to  he 

C  (n)  -  (C  /C  -l)erf (n/2)+l  (16) 

o  m  s 


Therefore, 4 

C  '(0)  -  (C  /C-ltf1/2 

O  "  8 


(16) 


RESULTS  AND  DISCUSSION 


Equations  (13)  for  C  with  n  i  1  ire  nuaerically  integrated  with  the  aid  of  an 
IBM  360  digital  computet.  One  representative  result  for  the  case  of  kRo2/D  •  50 
and  C  /C  <  0,  coresponding  to  a  carbon  dioxide  bubble  of  2  an  diameter  In 
degassedswater,  gives  C  '  (0)  -  0.5662,  C  ’(0)  -  -0.9872,  C  '(0)  -  -27.4385, 

C  '(0)  ■  1.8492,  ....  The  first  two  values,  C :  ’ (0)  and  C,  (0) ,  are  universal, 

i.e.,  for  all  values  of  kR  2/U. 

o 

The  derivatives  dR*/dt  and  d2R*/dt2  can  be  readily  obtained  from  Eq.  (15)  as 
C  c  /C  -1 

IT  ”  (Si)lJ’~T72  +  V<0)  +  t1/2S’<°>  +  TCi’(0)  +  •••]  (17) 

T  °g  (*t)1/z  J  2  3 


and 


0[-  .c.r/c»  .iy..  +  -~fic2 ' (o)  +  c  '(0)  ♦  ...  ) 

dr  °g  2t(t«)1/Z  2t  i  3 


respectively.  Equation  (6)  may  be  rewritten  in  dimensionless  form  as 


(18) 


«|V 

dt2 


+  -3  ,dR*. dan*  n-1  d2R* 

'J-  "  R*  .  2 

dt 


'  R*ldx  'dt 


a  *  «  0 
n 


(19) 
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wherein  a  *  ■  a  /*  .  equation  (19)  (as  well  as  Eq.  (6))  is  the  characteristic 
equation  which  "determines  the  stability  of  a  small-amplitude  distortion  of  a 
spherical  interface.  By  means  of  transformation  [2] 


a*  -  b  */(K*)3/2 
n  n 

Eq.  (19;  can  be  reduced  to 

d2b  * 

-J-  -  F(T)bn*  -  0 


where 


F(t) 


3,dR*/dt_  2 
4l  R*  ' 


.,1.1  d2R* 
dt 


(20) 


(21) 


(22) 


Judging  from  the  nature  of  Eq.  (21),  the  deformation  represented  by  b  *  is  stable 
if  F(t)  is  negative,  but  it  becomes  unstable  when  F(t)  is  positive.  nFurther- 
more,  Eq.  (20)  implies  that  the  distortion  amplitudes  a  *  are  diminishing  when 
R*  is  Increasing  and  growing  when  R*  is  decreasing.  n 

For  small  times,  for  which  the  solutions  are  valid,  R*  and  their  derivatives  may 
be  approximated  as 


2C8  C.  1/2 

R*  ~  1  +  — £(—  -  1)(I) 


0.  c 

8  a 


(23) 


g  a 


(24) 


Cs  C- 


d2R* 

dT2  '  VCS 


~  -  1>/12t(»t)1/2J 


(25) 


Since  da  */dT  is  small  and  dR*/dr  is  small  compared  to  d2R*/dT2,  the  second  term 
of  Eq.  (19)  xs  very  small.  Indicating  that  distortions  oscillate  with  time-vary- 
ing  amplitude  and  very  small  damping  factor. 

!£e"  sfVr  i"  “  under9aturated  solution,  d2R*/dr2  is  always  positive. 

Hence  F(t)>0  and  one  has  instability.  Whereas,  when  C  /C  >1  or  in  an  over- 
saturated  solution,  the  function  F(t)  becomes  “  8 


F(t)  -  r( 


3/dR*/dt 


-)  - 
2 


I d2K*/dT2 I 

K* 


•(n 


4> 


4'  K* 

It  can  be  shown  that  (3/4) (jBtZjl)  <  Id  R*/dt2l ,  1. 

F(t)  <  0  for  C^/Cs  >  1  and  one*has  stability.  Since  a  gas  bubble  involution 
as  described  inlf  *S  5he  3olution  ls  ova“a^rated  or  undersaturated 

always  stable \lVle  »  T  be  3tated  that  a  *rouin8  9Pherical  bubble  is 

_1  ays  stable,  while  a  collapsing  one  is  unstable.  In  a  saturated  solution, 

annlf ed  V  ttt,  remaln  it3  ori8inal  R*  *  1.  When  a  distortion  is 

applied,  the  bubble  may  restore  to  its  initial  shape  through  the  action  of 
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surface  tension  force.  Under  such  circumstances,  the  quatlty  A  In  Eq.  (7)  reduces 
to 


A  *  (n  -  l)  (n  +  l)(n  +  2)o/pRJ 
and  the  stability  Eq.  (6)  becomes 

2 

— — —  +  B  a  *  -  0 
dt2  0 


where 


B2  -  (n  -  l)(n  +  l)(n  +  2)o*,  o*  -  oR0/pD2. 

The  solution  of  this  equstion  subject  to  the  appropriate  initial  conditions 

a  *(0)  ■  1  and  da  *(0)/dr  •  v  /a  is 
n  n  o  o 


V  . 

a  *  »  (— sin  Bt  +  cos  Bt 
n  a  o 
o 

This  means,  the  bubble  undergoes  self-sustaining  oscillation  with  both  the 
amplitude  and  frequency  depending  upon  the  surface  tension. 

The  effect  of  chemical  reaction  of  the  first  order  on  the  growth  and  stability 
of  an  Initially  spherical  bubble  can  be  revealed  through  an  examination  of 
Eq.  (13).  The  term  Involving  K  first  appears  in  the  third  equation  for  C_, 
Indicating  that  its  effects  on  R(t)  and  a  are  indeed  secondary  during  small 
times.  This  is  true  not  only  for  the  first  order  case  but  also  for  the  zeroth 
and  nth  order  cases  as  can  be  shown  by  the  series  expansion. 

CONCLUSION 

The  stability  of  an  initially  spherical  gas  bubble  ii.  a  liquid  is  investigated 
for  the  case  where  mass  transfer  between  the  bubble  and  the  liquid  is  the  con¬ 
trolling  mechanism.  In  an  oversaturated  solution  in  which  the  bubble  tends  to 
expand  the  distortion  amplitudes  grow,  while  in  an  undersaturated  solution  in 
which  the  bubble  .ends  to  shrink,  the  distortion  amplitudes  diminish.  However, 
in  a  saturated  solution,  the  interface  distortions  undergo  a  self-sustaining 
harmonic  oscillation  due  to  the  action  of  surface  tension  force.  The  effect  of 
chemical  reaction  on  the  shape  stability  is  of  secondary  importance.  The 
stability  conditions  may  be  applied  to  the  case  where  tne  growth  or  collapse  of 
the  bubble  is  controlled  by  heat  transfer  between  the  bubble  and  the  liquid 
through  the  analogy  between  heat  ar.d  mass  transfer. 

NOMENCLATURE 


o 

a  (t) 
a“* 

V 


defined  by  Eq.  (7)  or  (10). 

initial  amplitude  of  distortion  of  bubble  surface. 


time-vary  coefficients  as  defined  in  Eq.  (4). 

$&)3/2, 
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C(r,t) 

C8<n> 

C*(n,t) 

D 

F(t) 

K 

k 

n 

P 

So 

R*(t) 

r 

rs 

T- 

t 

u 


concentration  of  the  gee  dissolved  In  the  liquid;  C,,  saturated  value; 
C.,  at  infinity. 

universal  concentration-distribution  function. 

C(r,t)/C8. 

■ass  diffusivity  of  the  gas  dissolved  in  the  liquid. 

function  defined  by  Eq.  (22). 

kRo2/D. 

reaction  rate  constant, 
integer. 

pressure;  P_,  of  the  gas  inside  the  bubble;  P„,  of  the  liquid  at 
infinity. 

Legendre  polynomials 

bubble  radius;  Kg,  initial  value. 

R/*o- 

radial  distance  oeasured  from  the  bubble  center, 
radius  vector  of  distorted  bubble  surface, 
liquid  or  systea  temperature, 
tine. 

velocity  produced  in  the  solution  by  bubble  growth  or  shrinkage, 
initial  velocity  amplitude  for  distortion. 

*/Ro  _  1- 

y/t1'2. 

angle  oeasured  from  a  reference  line, 
liquid  density;  p„,  gas  density, 
surface  tension. 

Dt/Ro2. 


Superscripts: 

first  and  second  derivatives  with  respect  to  n. 


Subscripts: 


o  initial  value, 

s  at  bubble  surface. 

“  at  infinity. 
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A  Unified  Method 
For  Unsteady  Flow  in  Polygonal  Ducts 


JAMES  C.  M.  YU  and  C.  H.  CHEN 

AURURN  UNIVERSITY 


ABSTRACT 

The  problem  of  an  unsteady  laminar  flow  of  a  viscous  incom¬ 
pressible  fluid  in  a  duct  with  an  arbitrary  cross  section  due  to  a 
time-dependent  axial  pressure  gradient  is  transformed,  by  a  special 
type  of  variation,  to  a  variational  problem  of  a  functional  which 
is  defined  in  an  arbitrary  region.  This  region  is  mapped  by  a 
holomorphic  function  onto  a  unit  circular  region  to  facilitate  the 
choice  of  the  coordinate  functions.  The  stationary  value  problem 
in  the  circular  region  is  then  solved  by  the  Rayleigh-Ritz  method. 
As  an  illustration,  the  velocity  profiles,  friction  factors,  and 
the  rates  of  energy  dissipation  factors  in  regular  polygonal  ducts 
are  evaluated.  The  velocity  profile  in  a  square  duct  is  compared 
with  that  of  the  exact  solution  and  is  in  good  agreement. 


INTRODUCTION 


The  unsteady  laminar  flow  of  a  viscous,  incompressible  fluid 
in  a  circular  pipe  was  investigated  by  Mithal  [1],  A  similar 
problem  in  a  square  duct  was  studied  by  Drake  [2]  under  a  time-' 
dependent  periodic  pressure,  and  by  Fan  and  Choa  [3]  under  an 
arbitrary  pressure  gradient.  Jeng  [4]  calculated  the  velocity  pro¬ 
file  of  the  problem  in  [3]  by  the  method  of  point-matching. 

The  classical  variational  method  was  applied  by  Sparrow  and 
Siegal  [5]  to  the  study  of  a  laminar  flow  in  a  square  duct  under 
constant  pressure  gradient.  An  extended  variational  method  has 
been  applied  by  Hays  [6]  to  Poiseuille  flow  with  temperature  depen¬ 
dent  viscosity.  The  extended  variational  method  differs  from  the 

PRECEDING  PAGE  BLANK. 


233 


classical  one  in  the  fact  that  the  same  physical  quantity  is  repre¬ 
sented  by  two  symbols,  one  subject  to  variation  and  the  other  not. 
This  paper  presents  another  aspect  of  the  application  of  the  extend¬ 
ed  variational  method.  In  this  approach,  the  problem  of  an  un¬ 
steady  laminar  flow  of  a  viscous  incompressible  fluid  in  cylindrical 
ducts  with  arbitrary  cross  sections  will  be  solved. 

The  basic  idea  of  this  new  approach  is  to  transform  the  differ¬ 
ential  equation  into  an  extended  variational  problem  of  a  functional 
which  is  defined  in  an  arbitrary  region.  This  region  is  then  con¬ 
formally  mapped  onto  a  unit  circular  region  to  facilitate  the  choice 
of  the  coordinate  functions  [7].  The  variational  problem  can  then 
be  easily  solved  by  the  Rayleigh-Ritz  method. 

GENERAL  FORMULATION 


For  an  unsteady  laminar  flow  of  a  viscous,  incompressible  fluid 
in  a  cylindrical  duct  of  an  arbitrary  cross  section  R+C,  the  axial 
velocity  v  =  v(x,y,t)  due  to  an  impulsive  pressure  gradient  satis¬ 
fies  the  following  equations:; 


9  V  _ 

v  V2V  =  i  1Z 

=  6{t)  in  R 

(la) 

9 1 

o  3  Z 

v  =  0  at  t 

=  0  in  R+C 

(lb) 

v  =  0  on  C 

for  any  t 

(lc) 

From  the  definition  of  6(t)  it  was  shown  that  Eq.(l)  is  equiv¬ 
alent  to  the  following  [3]i 


—  -  V  V2v  =  0  in  R  (2a) 

it 


v  =  1  at  t  =  0  in  R+C  (2b) 

v  =  0  on  C  for  any  t  (2c) 


In  the  variational  problem  the  governing  equation  is  the  Euler  equa-. 
tion  of  a  functional  with  a  stationary  value.  It  should  be  obevious 
that  there  are  mathematical  advantages  in  using  the  homogeneous  form 
of  Eq.(2a)  rather  than  Eq.(la). 


Multiplying  Eq.(2a)  by  the  variation  Sv  and  integrating  over  R 
and  from  t  =  0  to  t  =  »  yield 


—  6 v  dxdy 

at 


SIMP  (s)‘H 


dt  =  0 


(3) 


In  Eq.(3)  it  is  observed  that  if  is  replaced  by  to  symbolize 

that  it  is  not  subject  to  any  variation,  then  the  following  vari¬ 
ational  principle  is  obtained: 


6F[v] 


L [ v]  dt  =  0 


(4) 
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where 


LM  '//.{'S’* i [(s)2* (I?)2] I**  1S) 

The  method  in  which  the  same  physical  quantity  is  represented 
by  two  different  symbols  where  one  is  subject  to  variation  and  the 
other  not  has  been  used  in  [6,8,9].  Since  both  symbols  v  and  v° 
represent  the  same  physical  quantity,  v°  must  be  set  equal  to  v 
after  the  variational  process.  The  condition  to  set  v°  =  v  after 
the  variational  process  is  called  a  subsidiary  condition.  The 
application  of  this  technique  to  nonlinear  heat  conduction  problems 
of  polygonal  plates  was  made  by  the  first  author  [10]. 

On  taking  the  variation  of  Eq.(4)  and  using  the  subsidiary 
condition  one  obtains  Eq.(2a]  as  the  Euler  equation.  This  completes 
the  proof  of  the  equivalence  between  Eq.(2a)  and  Eq.(4).  The  vari¬ 
ational  problem  in  Eq.(4]  will  be  solved  by  the  Rayleigh-Ritz 
method. 

If  the  velocity  is  expressed  as  follows? 

oo 

v  =  X!  Ai  exp(-a.t)  (6) 

i  =  l 


with  4-  =  0  on  C  and  £  A;  (x  ,y)  =  1  to  satisfy  Hqs.(2b)  and 
1  i  =  l  1 

(2c),  then  the  coefficients  ai  can  be  determined  by  Eq.(4).  The 

coordinate  functions  4j(x,y)  for  a  region  R  bounded  by  a  finite 

number  of  smooth  arcs  can  be  constructed  by  the  formulation  given 
in  [11].  However,  the  formulation  in  [11]  is  very  complicated  in 
manipulations  for  a  many-sided  region;  and  furthermore,  the  vari¬ 
ational  process  must  be  performed  anew  for  each  different  cross 
section.  It  is  one  of  the  purposes  of  this  paper  to  provide  a  new 
approach  such  that  the  manipulations  can  be  executed  once  and  for 
all. 


If  the  region  R+C  can  be  obtained  by  mapping  a  unit  circular 
region  R,.+C?  by  a  holomorphic  function 

w  =  f(r.)  with  f'(c)  f  0  in  (7) 

then,  through  some  manipulations,  Eq.(4)  is  reduced  to  the  follow¬ 
ing:. 


(8) 


(9) 
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(10a) 

(10b) 


The  initial  and  boundary  conditions  in  R?  are  reduced  to 

v°(rfe,0)  *  v(r,e,0)  «  1 
v°(1,0,t)  «  v(l,e,T)  =  0 

By  neglecting  the  change  of  the  velocity  with  respect  to  the  polar 
angle  e  in  Rt,  the  N-term  approximation  of  the  velocity  can  be  ex¬ 
pressed  as  follows: 


N 

v  *  D  A„  -VV)  exP('“mT> 

m=l 

N 

v°  *  £  Am  W>  «Pf-“ST) 

m*l 


The  initial  and  the  boundary  conditions  will  be  automatically  satis¬ 
fied  if 

Am  "  2  tBm  -Wl'1  (12) 

J0(6ffl)  =  0  (13) 

The  roots  8m  of  the  Bessel  function  in  Eq.(13)  will  be  arranged  in 
an  ascending  order  ei<®2<***< em< *  -  *- 


(11a) 

(lib) 


Due  to  the  holomorphic  property  of  the  mapping  function,  its 
derivative  can  be  expanded  in  a  polynomial  with  a  preassigned  degree 
of  accuracy.  Thus, 

M 

f,(t)  =  acr  £  bp(cfi)p  (14) 

p*0 


where  ac,  r,  bp,  and  a  are  given  constants.-  Substitution  of  Eqs. 

(11)  and  (14)  into  Eq.(9)  and  integration  with  respect  to  time  yield 
the  following  expression: 


N  M 


f(«'1...“N)  =  'rZ  £  2 


A„A  h  b 


®mnpq“m 


_  _  mnpqao+ 

m,n=l  p,q=0  m  °n 


+  2  z  ^  r«n 

m,n=l 


2tt  l 

/  / 


where  C__  =  I  f.  P„  rdrde 

mn  J  J  m  n 

0  0 


(IS) 


(16) 
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+  7[Ji(Bj)]2  [r2aj'(Bj)2]  °  °’  j=1>2---N  (26) 

To  satisfy  the  subsidiary  condition,  a°  in  Eq.(26)  have  been  set 
equal  to  aj  after  the  differentiation  process  in  Eq.(19)  was  per¬ 
formed,  The  solution  of  Eq.(26)  for  aj  can  be  obtained  by  the 

procedures  established  in  [10]  or  any  other  numerical  technique. 

In  particular,  when  r  =  1,  bj  =  0  for  any  j,  Eq.(26)  yield  the 

expected  solution  aj  =  (Bj)2  for  a  circular  region. 

To  employ  the  method  in  [10],  the  derivatives  of  Rj  with  re¬ 
spect  to  the  parameters  are  needed.  Through  certain  rear- 
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rangeaents,  they  are 


3R; 

3a 


N  M 


M  r  , 

2  O  2  a  j  ak) 

*r  ^'vXiP  *■«•*•••»•  <”> 


With  the  values  of  Am,  Bm,  and  am  determined  by  Eqs.(12),  (13), 

and  (26),  respectively,  the  velocity  distribution  due  to  an  impul¬ 
sive  pressure  gradient  is  given  by  Eq.(ll).  This  velocity  distri¬ 
bution  can  be  considered  as  a  generating  solution,  since  the  veloc¬ 
ity  due  to  an  arbitrary  time-dependent  pressure  gradient  can  be 
obtained  by  the  convolution  integral  [12]. 

If  vs  is  the  velocity  profile  due  to  an  arbitrary  pressure 

gradient  P(t),  then 


r\ 


P(s)  v(t-s)  ds 


(28) 


To  be  specific,  let  P(s)  =  kQu(s)  «=  0  for  s<0 

=  k0  for  s>0 

Substitution  of  Eqs.illa)  and  (29)  into  Eq.(28)  yields 


(29) 


N 


vs  =  T  (  v  k0ac  5  £  vemr)l1  *  exP(-°mT)l 

m=l  m 


(30) 


C 

From  Eq.(30),  the  expressions  for  <vs>„,  Dj,  Refr,  and  can  be 
evaluated. 


V"  =  4  (  7  koac  )  £ 


2,-1 


m*l 


Df  =  -vf 


[(~ )r=1]  de  =  ,aU0*2c  )  £  (V*1 

3r  m»l 


(31) 

(32) 
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(33) 


Vr 


h 

2» 


4D, 


s  E  (».) 

■'i 


(p/2)(<vs>.r 


N 

£ 

**i 


I'M2]'1 


I 

! 


The  rate  of  energy  dissipation  factor  per  unit  length  along  the  duct 
is  defined  as  follows  [13]:. 


//[(»)'*  (?)]j,dy 


Equation  (34)  can  be  transformed  into  the  following  form:. 


ae  = 


8u 


/7  |i? 


(p/2) (<vs>„) 2 


0  0 


rdrde 


Substitution  of  Eq.(30)  with  t  =  •>  into  Eq.(35)  yields 


(34) 


(35) 


where 


N 

Z  (am) 


m=l 


2 


(36) 


N 

<}=  E  fVn^W2!'1  <37> 

m,n=l 

It  should  be  pointed  out  that  Eq . (12)  has  been  used  in  Eqs. (31-37) 
to  simplify  the  expressions. 


NUMERICAL  RESULTS 

For  regular  polygonal  ducts,  the  derivatives  of  the  mapping 
functions  are 

f’(0  =  acr  (  1  -  eA  )'2/A  (38) 

where  A  is  the  number  of  the  sides  of  the  polygon,  ac  is  the  apo- 
them,  and  r  represents  the  mapping  coefficients  given  in  Table  I 
[14].,  Comparison  of  Eq.(38)  with  Eq .  (14 )  yields 


bp  =  1  and 

bn  --2—  (2  +  A)(2  +  2A)...[2+(n-l)A] 
n  !An 


(39) 
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TABLE  I 


MAPPING  COEFFICIENTS  r  FOR  REGULAR  POLYGONS 


Shape 

r 

Triangle 

1.135 

Square 

1.079 

Pentagon 

1.052 

Hexagon 

1.038 

Heptagon 

1.028 

Octagon 

1.022 

With  the  known  information  Eq.(26)  has  been  solved  for 

with  sixteen  terms  retained  in  the  derivatives  of  the  mapping  func¬ 
tions,  i.e.,  N  =  10  and  M  =  15.  The  results  are  listed  in  Table  II. 
Substitution  of  the  ten  coefficients  back  into  Eq.(26) 

yields  ten  residues  Rj...R^q  which  indicate  the  degree  of  the  unsat¬ 
isfaction  of  the  equations.  The  root  mean  square  errors  R  are  list¬ 
ed  at  the  bottom  of  Table  II.  It  is  seen  that  the  root  mean  square 
errors  for  each  case  can  be  considered  neglegible  when  it  is  com¬ 
pared  with  even  the  smallest  coefficient  o^.  In  Table  I T I  are  list¬ 
ed  the  numerical  results  of  <vs>„,  Dp,  Refr,  and  aE.  it  is  inter- 

n 

esting  to  observe  that  A„  is  a  constant  within  three  decimals.-  It 
can  thus  be  concluded  that,  with  the  degree  of  accuracy,  the  rate  of 
energy  diss.pation  for  all  regular  polygons  is  proportional  to  its 
steady  average  kinetic  energy. 

In  Fig.  1  the  velocity  profiles  of  a  square  duct  for  different 
values  of  t  are  compared  with  the  exact  solutions  [5]  with  excellent 
agreement  for  t<0.3.  Even  for  t  =  »,  the  profile  may  be  considered 
accurate  enough  for  most  applications. 

In  Fig.  2  are  shown  the  velocity  profiles  for  different  shapes 
of  regular  polygons  at  different  values  of  r,  It  is  noticed  in 
Fig.  2  that  the  influence  of  the  shape  of  the  duct  on  the  velocity 
profile  is  pronounced  for  increase  in  t  as  it  is  expected. 


CONCLUSION 


The  problem  of  an  unsteady  laminar  flow  of  a  viscous  incom¬ 
pressible  fluid  in  uucts  with  aibitrary  cross  sections  under  time- 
dependent  pressure  gradient  was  solved.  Without  reiterating  the 
many  advantages  of  the  variational  method,  the  procedure  developed 
in  this  paper  provides  the  following  significant  features:-  unifi¬ 
cation  of  all  cross  sections  of  ducts  and  economy  in  time  for 
nur .rical  results 

The  method  in  this  paper  is  an  approximation  in  nature. 

However,  with  the  development  of  the  high  speed  computer,  the  degree 
of  accuracy  can  be  increased  at  one's  desire  vith  almost  no  limita¬ 
tion  in  applications.  Even  fcr  a  ten-term  approximation,  the  accu¬ 
racy  of  the  velocity  profile  compared  with  the  exact  one  is  excel¬ 
lent.-  Also  seldom,  if  ever,  cions  a  duct  maintain  its  designed  shape 
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after  installation.  Therefore,  this  paper  provides  a  Method  of 
estimation  of  the  flow  field  based  on  the  distorted  cross  section. 
It  is  approximate  but  night  be  more  realistic  than  the  exact  solu* 
tion  based  on  the  designed  geometry. 
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TABLE  II 


COEFFICIENTS  aj  FOR  REGULAR  POLYGONS 


“i 

4  =  3 

■*3- 

II 

<3 

4  =  5 

4  =  6 

4  =  7 

4  =  8 

“1 
“2 
“3 
“4 
“S 
a6 
“7 
a  8 
“9 
al  0 

4.4377 

23.492 

58.668 

107.07 

175.12 

249.01 

359.01 

442.60 

622.09 

680.19 

4.9514 

26.118 

64.517 

119.19 

192.25 

278.69 

390.48 

501.61 

663.56 

785.63 

5.2194 

27.510 

67.756 

125.47 

201.84 

294.10 

408.71 
531.73 
690.02 

837.71 

5.3647 

28.270 

69.551 

128.95 

207.16 

302.49 

418.89 

547.98 

705.63 

865.23 

5.4710 

28.828 

70.890 

131.50 
211.12 

308.62 
426.60 

559.63 
717.78 

884.51 

5.5360 

29.170 

71.711 

133.07 

213.55 

312.38 

431.34 

566.76 

725.33 

896.22 

R*  10  7 

5.58 

5.02 

3.31 

2.67 

5.44 

1.66 

TABLE  III 

PARAMETERS  <vs>„/K,  Df/(uK),  Refr, 
AND  FOR  REGULAR  POLYGONS 


PAR, 

4  =  3 

4=4 

4  =  5 

A=6 

4  =  7 

O 

II 

00 

<Vc>»/K 

0.1628 

0.1460 

0.1385 

0.1347 

0.1321 

0.1306 

Df7 (uK) 

0.9806 

0.8805 

0.8356 

0,8131 

0.7974 

0.7880 

Refr 

61.341 

61.440 

61.464 

61.471 

61.474 

61.475 

E 

Al 

00 

100.54 

100.54 

100.54 

100.54 

100.54 

100.54 

LIST  OF  SYMBOLS 

Am  parameters  chosen  to  satisfy  the  initial  conditions; 

a™  characteristic  dimension  of  a  duct; 

B  q,Dm  ,C  sets  of  constants  defined  in  Eqs .  (16)  ,  (17)  ,  and  (23);' 
Df  friction  force  per  unit  axial  length  in  R?; 
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F[v],  L [ v]  functionals  of  any  function  v; 

E{<*1 . . .om)  function  of  coefficients 

fr  friction  factor;" 


f’CO 

J0O.  JiC) 

K=(4k0a|)/v 

k„ 


derivative  of  f(c)  with  respect  to  t; 

first  kind  Bessel  functions  of  zero  and  first  orders; 

a  constant  parameter; 
a  constant  pressure  gradient; 


P(t) 

<7 

'Q>- 

IIQIl=(QQ)'J 

Re=(2p/^)<vs>„ 


an  arbitrary  pressure  gradient  as  function  of  t; 
complex  conjugate  of  any  quantity  Q; 
cross  sectional  average  of  any  quantity  Q  with  t=»; 
modulus  of  any  quantity  Q; 

Reynold  number; 


R+C  region  R  with  a  boundary  C  in  the  w-plane; 

Rc+C?  region  R,.  with  a  boundary  C?  in  the  ? -plane; 


Rr 


R 


residues  and  the  root  mean  square  error; 


Cr.e) 

t,  t=vt/a? 
u(s) 
v,  v° 


polar  coordinates  in  the  c-plane; 
time  and  dimensionless  time; 
unit  step  function; 

velocities  subject  and  not  subject  to  variation; 
velocity  due  to  the  pressure  gradient  P(t); 


a. 


w=f  (O 

(x.y) 


a 


i 


derivative  of  v  with  respect  to  ? ; 
complex  variables; 
conformal  mapping  function; 
rectangular  coordinates  in  the  w-plane; 
parameters  chosen  to  satisfy  Eq.(26);‘ 


r,  b^  mapping  coefficients; 

8m  roots  of  Bessel  function  of  zero  order; 


A 

Sq 

«(t) 


number  of  sides  of  a  regular  polygon;’ 
variation  of  any  quantity  q; 

Dirac  delta  function;’ 


A 


E 


8. 


p 


v 


rate  of  energy  dissipation  factor; 
dynamic  and  kinematic  viscosities; 
fluid  density; 
coordinate  functions 


Kronecker  symbol; 

2 

'l  two  dimensional  Laplace  operator; 


2E 

az 


axial  pressure  gradient. 
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Comparison  of  velocity  profiles  for  a  square  duct. 
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On  Laminar  Flow  in  Wavy  Channels 
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ABSTRACT 

An  analytical  solution  is  presented  for  the  flow  of  an  incompressible  viscous 
fluid  in  a  symmetric  channel  with  sinusoidal  wall  variation.  The  explicit  forms 
for  the  stream  function  and  the  pressure  are  obtained  using  a  perturbation  tech¬ 
nique  for  small  wall  roughness  up  to  the  second  order..  Possible  occurrence  of 
separation  and  the  formation  of  the  vortices  in  the  region  of  the  separation  in 
the  channel  are  examined  as  well  as  the  pressure  drop  along  the  channel . 


INTRODUCTION.  -  In  this  paper  we  shall  consider  a  viscous  fluid  of  constant  den¬ 
sity  and  viscosity  flowing  through  a  symmetric  sinusoidal  channel  with  constant 
volume  rate  of  flow.  Previous  work  on  this  subject  has  been  limited  to  the  situ¬ 
ation  where  the  flow  field  can  be  assumed  to  be  the  Stokes  flow  [1]  and  where  the 
ratio  of  the  amplitude,  a,  of  the  wall  variation  to  the  mean  width,  d,  of  the 
channel  is  considered  to  be  very  small. (2)  Here  we  shall  remove  these  two  re¬ 
strictions  and  obtain  the  closed  form  solution  for  the  case  where  the  channel 
width  is  small  compared  to  the  wavelength,  >,  of  the  wall  for  moderate  Reynolds 
number,  and  the  channel  constriction,  a/d,  up  to  the  second  order.; 

One  of  the  practical  applications  to  this  problem  is  the  blood  flowing  through  a 
membrane  oxygenator  with  irregular  wall  surface  which  can  be  simulated  as  a  wavy 
wall. [3,4]  In  a  rational  design  of  a  membrane  oxygenator,  it  is  necessary  to 
know  the  velocity  distribution,  pressure  drop,  and  strength  of  vorticity  inside 
the  oxygenator.;  These  are,  respectively,  related  to  the  efficiency  of  the  oxy¬ 
genator  due  to  convective  mixing,  allowable  pressure  drop  across  the  cardiac  as¬ 
sisted  oxygenator,  and  the  possible  damage  to  the  red  cells  due  to  existence  of 
high  shear  stress  inside  the  channel 

In  the  foi'  ;ng,  the  effects  of  the  various  pertinent  parameters  upon  the  flow 
field,  cor..'  .  s  of  the  constant  streamlines  and  vorticities,  and  the  pressure 
drop  along  the  channel  are  given,  and  the  possible  occurrence  of  separation  and 
the  formati  of  vortices  in  the  channel  are  examined.-  In  conclusion,  comparison 
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1*  offered  for  straight  parallel  flow  vith  alallar  boundary  conditions  and  the 
sensitivity  of  the  geometric  paraaeters  upon  the  flow  field  is  discussed. 


POPULATION  OF  THE  PROBLEM.  -  Consider  the  steady  laalnar  flow  of  an  incompressi¬ 
ble  Newtonian  fluid  in  a  horizontal  symmetric  sinusoidal  channel.  In  terns  of 
streaa  function  <1,  the  equation  governing  the  notion  of  fluid  in  Cartesian 
coordinates  is 

♦,  A,v " u) 

y  x  a  y 
2 

where  x,  y,  V  and  v  are,  respectively,  the  longitudinal  axis  along  the  channel, 
the  axis  normal  to  the  channel,  Laplacian  operator,  and  kineaatic  viscosity  of 
the  fluid.  The  subscripts  after  the  comas  denote  partial  differentiation. 

The  boundary  conditions  are  the  nonslip  condition  on  the  wall,  the  symetric  con¬ 
dition,  and  the  constant  volume  flux  along  the  channel.  They  are,  respectively, 


r»X  T,y 


at  y  -  ±  yw 
at  y  »  0 


+y 

/  w  4y  •  Q 

-y  y 
w 


for  all  x 


where  Q  is  the  volume  flow  rate  per  unit  depth  of  the  channel.  The  wall  of  the 
channel  is  given  by 

y  «  ±  (d  +  a  sin^2)  (5) 

W  A 

In  order  to  properly  assess  the  effects  of  various  parameters  upon  the  flow  field, 
let  us  introduce  the  following  transformations 

x’  -  I  ,  y'  *  j  •  <>'  *  ,  Q'  *  (6) 

o  oB 

where  u  is  the  average  velocity  of  the  fluid  at  the  cross-sectional  area  2d.  In 
terms  o?  nondimensional  variables,  Eqs.  (1),  (2),  (3)  and  (4)  become,  respective¬ 
ly. 


Re«(*:„ ,  v'2*:  ,  -  -  vV 


*!x.  ■  v>Jy. 


at  y'  -  i  n 
at  y'  ■  0 


/  K-L,  dy'  -  2 
-n  y 


for  all  x' 


n  •  1  +  esinSx'  ,  c 


5  *  I  -  Re 


The  pressure  gradients  along  the  x-  and  y-axis  can  be  readily  obtained  from  the 
momentum  equation  and  are,  respectively,  in  nondimensional  form  In  terms  of  the 
stream  function: 

p!  *  r'(,52<'I  ,  .  .  +  +  «(-<■!  ,ii!  ,  ,  +  ,  ,)  (l 
r  x'  ’x  x  y  y  y  y  y  y  x  x  y  y 
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(13) 


ply >  *  ^  ^'x'y’y ^  ^  ^’y^’x'x*  ”  ^,*x,^*x,y*^ 


where 


pu 


_  d 

^  X 


(14) 


p  and  p  are,  respectively,  the  pressure  and  density  of  the  fluid. 


The  significant  nondiaenslonal  parameters  entering  the  problens  are:  1)  two  geo¬ 
metric  parameters,  namely,  £ ,  a  measure  of  wall  roughness  and  c,  a  measure  of  the 
channel  constriction,  and  2)  one  flow  parameter,  Re,  a  measure  of  relative  impor¬ 
tance  of  the  inertia  force  to  the  viscous  force.  It  follows  that  the  dependent 
variables  u,  the  fluid  velocity  vector  and  p  are  related  to  the  above  parameters 
in  the  following  ways: 


u 


U*  «  =  -  fjfx'.y^Re.t.d) 
o 

(15) 

V  “  -^1  “  f2(x',y';Ile,E,£) 

(16) 

puo 


where  Vp  Is  the  pressure  difference  between  two  points  in  the  flow  field. 


Our  objective  here  is  to  obtain  the  explicit  relationships  between  the  dependent 
variables  and  their  pertinent  parameters  and  to  show  quantitatively  the  effects 
of  those  parameters  upon  the  flow  field. 


METHOD  OF  SOLUTION.  -  We  shall  obtain  the  solution  of  the  stream  function  and  the 
pressure  gradient  by  expanding  them  in  series  in  terms  of  the  geometric  parameter 
£  and  seek  the  asymtotic  solution  of  i|i,  p,  ,  and  p,  in  the  limit  of  £  -  0. 

N  *  y 


■Hx,y;Re,e,£)  =  l  £n*  (x,y ;Re,e) 
n-0 

(17) 

N 

P.x(x.y;Re.t,£)  =  I  £  P.  (x,y;Re,c) 

(18) 

n-0 

N 

P.v(x,y;Re,e,6)  =  [  6np,  (x,y;Re,e) 

y  nmO  y 

(19) 

For  convenience,  we  have  deleted  the  prime  from  nondimensional  quantities., 

Upon  substitution  of  the  above  relations  into  Eq s .  (7)  through  (13)  and  subse¬ 
quent  collection  of  terms  with  equal  power  of  6  yield  the  following  sets  of  per¬ 
turbed  equations  up  to  the  second  order. 

Zeroth  order: 


'O.yyyy  *  0 

(20) 

0,x  *  1/Re  Vyyy 

(21) 

O 

■ 

>v 

o 

(22) 

_  *  iL'  m  0 

0,x  *0,y 

at  y  •  i  n 

(23) 

i ,  *  o 

x 

at  y  »  0 

(24) 

249 


First  order: 
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Second  order: 


*2  '  "w  (4<  "  nn*xx)  +  «*2C3nn.joFOf> 


-  Re2C3(n,x)2G(Y) 


■(?-»#  m )] 


(40) 


(41) 


where 


Y’h  c’-i 

tm  --Ioy7  +  io¥5-#v3  +  T4y 


r/v\  ,  _JL_  i  IV9  4.  1518  „7  462  v5  .  3279  v3  1213  v\ 

F°°  ~  1540  \Y  ‘  UY  +  35  Y  '  5  Y  +  35  Y  "  35  Y/ 

,  _L/V11  155  v9  4.  2255  v  7  512  v5  4.  5111  v3  2875  v\ 

G(Y)  550  \Y  "  14  Y  +  49  Y  ‘  7  Y  +  49  Y  '  98  7 

»  ,X  n,xx  .  -Be2  .  2  tannx+e  1* 

J(x)  «  I  — T-  dx  *  - r  6x - -  arc  tan  - 

0  1+e  [  ^.c2  J0 

The  expression  for  the  pressure  Is  obtained  by  integrating 


dp 


P.x  dx  +  p,y  dy 


(42) 


from  x  ■  0  to  x  *  s  and  y  «  0  to  y  •  y  with  p(0)  corresponding  to  the  pressure  at 
x  -  0  and  v  «  0. 


SEPARATION  POINT.  -  Here,  we  shall  examine  the  possibility  of  the  separation  in¬ 
side  the  channel.  The  region  of  the  separation  is  given  by 
3u„ 

at  y  •  ii  (43) 


<  0 
3n  - 


where  u^  is  the  tangential  velocity  along  the  contour  of  the  channel  wall  and  n 


is  the  axis  normal  to  the  channel  wall.  The  equal  sign  in  Eq.(66)  corresponds 

(44) 


to  the  separation  point.  In  Fig..  1,  the  normalized  wall  contour  is 
y  «  Yn  0  <  Y  <  1 


The  velocity  us  is 


u  ■  u  cose  +  v  sinO  ,  tanfl  «  YBecosSx 
s 


(45) 


where  u  and  v  are  the  velocity  components  along  the  x  and  y  axes,  respectively. 
Differentiating  u  with  respect  to  n,  we  obtain 


u  ■  u  sinO  -  u  cosG  »  sin9cosB[u,  +  v,  tane  +  (v-u  tan6)6,  ] 
s  ,n  s»x  S)jf  xx  x 


-  cos29[u,y  +  v,ytanfi  +■  (v-u  tanfi)P,  ) 


Eq.,  (46)  becomes  at  the  channel  wall 
Us,n  -  -  6C(~T^)  K(X) 


(46) 


(47) 


where 
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DISCUSSION  OF  THE  RESULTS.  -  V*  shall  present  the  solution  in  graphical  fora  in 
Figs.  2  through  8.  The  representative  flow  patterns  for  v_,  ,  and  C,  are  shown 

in  Figs.  2,  3,  and  4,  respectively,  for  6  •  0.1,  c  •  0.2  and  Re  *  12.5.  The 
zeroth  order  solution  corresponds  to  the  flow  with  vanishing  wall  slope  and  re¬ 
duces  to  the  flow  between  parallel  plates  for  c  »  0.  As  expected,  the  stream¬ 
lines  are  relatively  straight  in  the  center  of  the  channel  and  closely  conform 
to  the  shape  of  the  channel  near  the  wall.  Ine  first  order  solution  induces 
clockwise  and  counterclockwise  rotational  motion,  respectively,  in  the  convergent 
and  divergent  parts  of  the  channel  as  shown  in  Fig.  3.  Thus,  it  is  possible  to 
have  a  separated  region  in  the  divergent  section  of  the  channel  provided  that 
the  parameter  6cRe  is  larger  than  2.755  (see  Eq.  (47)). 

Fig.  4  shows  that  the  second  order  solution  reinforces  the  first  order  solution 
in  the  divergent  part  of  the  channel,  except  near  the  throat;  thus,  the  separa¬ 
tion  would  occur  at  a  lower  Reynolds  number  for  given  5  and  c  as  compared  to  the 
solution  up  to  the  first  order  (see  Fig.  6) . 

The  point  of  separation  can  be  obtained  from  Eq.  (47)  by  finding  the  combination 
of  the  parameters  6,  c  and  Re  which  makes  (3u  /3n)[  <  0.  For  example,  the 

following  combination  of  the  parameters  (6  -  *0.1,  WC~«  0.2,  Re  -  41.15),  (6  - 
0.1,  e  «  0.4,  Re  »  21.35),  and  (6  ■*  0.2,  e.  «  0.2,  Re  ■  18.94)  causes  the  separa¬ 
tion  to  occur  at  x/X  »  0.098,  0.055,  and  0.098,  respectively.  It  is  found  that 
the  separation  point  occurs  at  the  vicinity  of  x  -  0  where  the  slope  of  the  chan¬ 
nel  is  the  steepest. 

Fig.  6  shows  the  line  of  flow  separation,  laminar  vortices  in  the  region  of  sepa¬ 
ration,  and  the  reattachment  point  of  the  line  of  separation  for  6  *  0.1,  c  »  0.4 
and  Re  -  21.34.  By  increasing  either  Re  or  c,  the  separation  point  would  move 
down  toward  the  throat  in  the  divergent  part  of  the  channel  with  subsequent  en¬ 
largement  of  the  region  of  separation.  The  question  is  how  stable  is  the  flow 
field  after  the  separation  point  reaches  the  throat.  It  is  quite  likely  that  the 
flow  field  will  be  unstable  at  a  much  lower  Reynolds  number  compared  to  the  flow 
in  the  straight  channel.  It  may  be  desirable  to  conduct  an  experiment  in  order 
to  verify  Che  theory  and  to  determine  the  transition  condition. 

The  contours  of  the  constant  vorticity  are  shown  in  Fig.:  5  for  6  ■  0.1,  c  »  0.2, 
and  Re  »  12.5.  The  shear  stress  on  the  wall  is  linearly  proportional  to  the 
strength  of  the  vorticity  at  the  corresponding  point. 

Fig.  7  shows  the  pressure  drop  along  the  channel  with  respect  to  the  channel  con¬ 
striction  f  and  the  roughness  ratio  6  for  Re  *  12.5.,  The  pressure  drop  increases 
at  a  greater  rate  as  the  constriction  gets  larger  and  approaches  infinity  as  c 
approaches  1,  the  latter  condition  corresponding  to  the  complete  blockage  of  the 
channel.  The  increase  of  6  also  increases  the  pressure  drop  as  expected.  The 
effect  of  Reynolds  number  on  the  pressure  drop  is  shown  in  Fig.  8  for  6  «  0.1  and 
c  *  0.2.  It  shows  that  the  increase  in  pressure  drop  is  relatively  small  com¬ 
pared  to  the  similar  flow  in  a  parallel  channel  for  i  *  0.1  and  r  ■  0.2. 
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ABSTRACT 

Heat  transfer  characteristics  to  a  single-phase  simulation  approximating  the 
gas  core  of  horizontal-annular  two-phase  flow  were  experimentally  investigated. 

Temperature  distributions  within  the  flow  and  around  the  vail  were  measured 
and  used  to  calculate  local  heat  transfer  coefficients.  Temperature  fields  and 
heat  transfer  rates  showed  an  asymmetric  pattern  which  in  turn  were  shown  to  be 
compatible  with  the  basically  double  spiral  isovel  pattern  known  to  be  present  in 
this  system. 

It  is  seen  that  the  secondary  flow  patterns  played  an  important  role  in  de¬ 
termining  the  distribution  of  local  heat  transfer  coefficients  ns  well  as  shear 
stresses. 

INTRODUCTION 


Two-phase  flow  has  long  concerned  researchers  because  of  its  occurrence  in 
engineering  devices,  e.g.,  pipelines,  heat  exchangers,  rocket  nozzles,  reactors. 
Early  experimental  and  analytical  efforts  were  directed  to  acquisition  of  design 
data  (correlations)  and  qualitative  descriptions  of  the  flow  [1,  2,  3,  Is].  These 
gross  approaches  gradually  gave  way  to  studies  more  concerned  with  obtaining  a 
basic  understanding  of  the  flow  mechanisms  and  phase  interactions  involved  [5,  6]. 
In  1965  the  idea  of  circumferential  (secondary)  gas  core  velocities  was  advanced 
[7,  8]  to  explain  how  in  a  horizontal  annular  flow,  i.e.,  a  central  gas  core  with 
a  liquid  wall  film,  a  continuous  and  essentially  constant  film  could  be  maintained 
while  liquid  was  being  drained  to  the  bottom  by  gravity. 

The  effect  of  a  secondary  flow  was  explored  analytically  by  Pletcher  and 
McManus.  While  the  analysis  predicted  that  such  a  flow  would  effect  the  film 
thickness,  no  experimental  evidence  for  the  presence  of  such  a  flow  existed.  How¬ 
ever,  argument  could  be  advanced  that  the  highly  asymmetrical  wave  height 
(roughness)  known  to  exist  on  the  film,  i.e.,  high  waves  at  the  bottom,  small 
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v*t es  «t  tb*  top,  would  crwtc  a  shear  situation  which  would  give  rise  to  a  sec¬ 
ondary  flow,  the  existence  of  such  a  flow  was  confined  hr  the  experimental  work 
presented  In  Ref.  {9], 

This  work  employed  a  single  phase  simulation  of  the  film  roughness  and  found 
that  a  vigorous  secondary  flow  developed  in  the  gas  with  a  significant  effect 
upon  axial  flow  distribution.  The  magnitude  of  these  flows  was  found  to  be  of  the 
order  required  to  effect  film  dimensions  [7]. 

A  review  of  two-phase  beat  transfer  work  [10]  discloses  that  it  has  dealt 
mainly  with  averaged  quantities  and  in  general  has  been  concerned  with  prediction 
and  control  of  the  so-called  burn-out  point.  One  experimental  study  [11]  has  con¬ 
cerned  itself  with  local  beat  transfer  characteristics.  This  has  provided  know¬ 
ledge  of  the  temperature  distribution  and  heat  transfer  coefficients  to  be 
expected. 

The  work  being  presently  reported  on  can  be  viewed  as  ambivalent  in  that  it 
can  be  treated  as  an  isolated  but  interesting  forced  convection  problem  or  viewed 
as  a  facet  of  the  complex  two-phase  flow  field.  The  point  of  view  entertained  in 
reporting  is  the  latter  since  the  motivation  for  this  work  and  that  of  Ref.  [9] 
stemmed  from  a  long-term  interest  in  annular  two-phase  flow  and  the  associated 
burn-out  problem.  The  results  presented  can  be  expected  to  be  meaningful  and 
useful  in  appropriate  single  phase  situations.  The  present  work  is  directed  to¬ 
ward  a  better  understanding  of  the  effect  of  this  secondary  flow  upon  the  heat 
transfer  problem  both  from  a  qualitative  and  quantitative  point  of  view. 

APPARATUS 

The  experiments  vere  carried  out  in  a  straight  aluminum  duct  of  U. 375-inch 
outside  diameter  and  a  total  assembled  length  of  262  inches.  This  included  29 
sections  of  ordinary  duct,  a  test  section,  and  two  insulating  spacers.  Figure  1 
contains  a  schematic  drawing  of  the  entire  system  including  instrumentation,  and 
details  of  the  design  and  assembly  can  be  found  in  [12]. 

The  inner  surface  of  the  duct  was  machined  to  approximate  the  configuration 
of  the  liquid  film  ordinarily  observed  in  hor i zontal -annular  two-phase  flow.  The 
simulation  consisted  of  a  centered  bore  of  3.375-inch  diameter  into  which  was  cut 
a  straight  sided  vee  screw  thread  of  1/16-inch  depth,  displaced  1/16  inch  below 
the  centerline  of  the  duct.  This  resulted  in  a  smooth  upper  surface  and  a  thread 
of  1/8-inch  depth  at  the  bottom  of  the  duct.  The  axial  wsviness  of  the  interface 
was  approximated  by  the  1/10-inch  pitch  of  the  thread.  When  comparison  of  this 
inner  surface  is  made  to  the  actual  gas-liquid  interface  in  a  typical  two-phase 
system,  it  Is  found  that  the  groove  depth  corresponds  veil  vith  the  vave  ampli¬ 
tude  but  the  thread  pitch  is  decidedly  shorter  than  the  wavelength. 

Air  entered  the  system  through  a  filter  box  made  of  angle  iron  and  fitted  on 
each  of  five  sides  with  two  20"  x  20"  x  1"  standard  air  conditioner  filters.  The 
sixth  side,  vhich  faced  the  duct  entrance,  was  covered  vith  a  plywood  sheet  into 
which  a  flow  nozzle  was  fitted.  This  nozzle  had  a  smooth  inner  surface  vhich  re¬ 
duced  to  a  size  Just  equal  to  the  duct's  inner  diameter.  The  air  v&s  drawn  into 
the  filter  box  by  a  centrifugal  blower  connected  to  the  exit  end  of  the  duct  by  a 
43-inch  long  diffuser  and  a  12-inch  diameter  flow  straightener  containing  egg 
crate  type  sections..  The  blower  exhausted  into  the  room,  and  a  sliding  plate  over 
the  exhaust  duct  provided  a  control  on  the  air  flow  rate.. 

The  first  134  inches  of  duct  were  unheated  and  served  as  an  isothermal  sec¬ 
tion  in  vhich  the  flow  pattern  became  fully  developed.  The  following  99  inches, 
which  were  thermally  insulated  from  the  rest  of  the  duet,  were  vrapped  with  a 
heating  strip  and  provided  a  section  of  uniform  heat  flux  to  the  core  flow.  The 
heat  was  generated  from  an  A.C.;  pover  supply  capable  of  delivering  5000  watts  at 
250  volts,  and  could  be  regulated  to  within  1/2  volt. 

The  measuring  station  was  1/2  inch  in  length,  and  vss  located  Just  after  the 
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heated  section.  It  «u  nehiMd  with  a  smooth  lamer  bore  vhicb  coincided  with 
the  thread  peaks  of  the  other  duct  sections.  The  exterior  cross  section  of  this 
station  was  square  e-J  was  machined  with  grooves  to  allow  the  seating  of  an  in¬ 
strument  holder  th  ough  which  the  thermocouple  or  anemometer  probe  was  secured. 

It  was  possible  to  insert  the  probe  through  a  series  of  parallel  holes  spaced 
from  0.3  to  9.5  inches  apart .  Each  bole  had  its  own  individually  machined  plug 
which,  when  screwed  fully  into  the  hole,  net chad  the  smooth  inner  wall.  The 
depth  of  the  probe  was  controlled  by  a  nicrometer  screw  on  the  instrument  holder. 

EXPEHIMEHTAL  PROCEDURE 

Each  data  ret  consisted  of  a  complete  test  section  temperature  profile,  an 
upstream  temperature  profile  along  the  vertical  dismeter,  wall  temperature  read¬ 
ings,  a  flow  rate  measurement,  and  measurement  of  the  electrical  power  used  by 
the  heater.  The  test  section  temperature  distribution  consisted  of  readings 
tsken  st  1*5  probe  location*  spaced  over  the  cross-sectional  area  on  one  side  of 
the  vertical  dismeter.  All  of  the  readings  within  the  flow  field  were  tsken  with 
a  single  chromel-alumel  30-gauge  thermocouple  so  as  to  eliminate  possible  errors 
arising  \'rom  nonunifora  thermocouple  production.  The  thermocouple  wss  mounted 
inside  s  tube  of  about  1/10-inch  dismeter  so  that  s  length  of  only  1/8  inch,  in¬ 
cluding  the  bead,  was  exposed  to  the  flow.  Temperature  measurements  of  the  inside 
surface  of  the  duct  were  made  on  eleven  radial  lines  spaced  over  the  perimeter  of 
one  side  of  the  duct.  Both  flow  field  and  wall  temperatures  were  recorded  on  the 
same  side  of  the  vertical  diameter.  Thermocouples  vere  positioned  for  these 
measurements  by  drilling  small  holes  (a  number  53  drill  vas  used)  in  the  plane 
perpendicular  to  the  duct  axis  and  at  such  an  angle  that  the  radial  lines  vere 
Intersected  at  only  the  inner  duct  surface  so  that  essentially  no  material  was 
removed  from  the  path  of  the  radial  lines  as  they  traversed  the  duct  wall.  The 
thermocouples  were  cemented  into  these  holes  so  that  their  beads  were  flush  vith 
the  inner  surface  of  the  duct.  Each  of  the  thermocouples  vas  soldered  to  a 
silver-tipped  selector  switch  which  allowed  readings  of  the  entire  set  in  rapid 
succession. 

Temperature  readings  were  made  with  a  Vidar  260  voltage-to-frequency  conver¬ 
ter  in  conjunction  vith  a  Hewlett  Packard  521C  Industrial  Electronic  Counter 
equipped  with  a  crystal  controlled  electronic  time  base.  The  converter  was  capa¬ 
ble  of  producing  pulses  linearly  proportional  to  input  voltage  to  within  O.lS, 
including  time  drift  effects  up  to  2**  hours,  ambient  temperature  change  of  5°C., 
and  line  voltage  fluctuations  of  10J,  while  the  crystal  controlled  counter  had  an 
accuracy  of  0.01>.  By  utilising  the  10  millivolt  full-scale  range,  5-digit  read¬ 
ings  were  obtained  from  the  thermocouple,  and  under  steady  state  running  conditions 
readings  were  repeatable  to  within  10  counts  or  0.001  millivolts.  Upon  comple¬ 
tion  of  the  flow  field  temperature  data  set  from  the  test  section,  the  thermo¬ 
couple  probe  was  removed  from  its  holder  and  transferred  to  an  upstream  station 
to  measure  the  temperature  of  the  air  before  entering  the  heated  section.  Before 
each  set  of  readings  was  taken,  the  instrumentation  was  adjusted  against  a  stan¬ 
dard  cell.;  The  reference  temperature  for  the  thermocouple  circuit  was  a 
frequently  replenished  water-ice  bath  contained  vithin  a  standard  thermos  vacuum 
bottle. 

The  velocity  of  the  incoming  air  was  measured  by  a  Kiel  type  total  pressure 
probe..  The  probe  was  located  very  near  the  entrance  to  the  first  section  of  the 
duct.  A  static  pressure  tap  located  at  the  same  axial  position  vas  used  to 
measure  the  dynamic  pressure  by  differencing  the  two  on  a  Meriam  10-inch  micro¬ 
manometer.  Inasmuch  as  the  velocity  profile  at  this  station  was  found  to  be  very 
flat,  after  several  checks  only  a  centerline  reading  va9  recorded. 

The  power  level  of  each  run  was  determined  by  two  methods.-  The  first  method 
was  to  read  it  directly  from  a  wattmeter  accurate  to  1/b?  and  attached  to  the 
power  supply..  The  second  method  was  to  record  the  output  voltage  of  the  power 
supply  and  U3e  this  in  conjunction  with  a  measurement  of  the  heating  element  re¬ 
sistance  taken  at  the  time  of  assembly  of  the  duct  with  a  Wheatstone  Bridge  from 
which  the  power  was  computed. 
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Because  one  of  the  goals  of  this  program  was  to  correlate  the  heat  transfer 
results  obtained  with  measurements  of  secondary  velocities  in  [9],  axial  velocity 
profiles  at  the  teat  section  were  taken  for  coaparlson  with  those  in  this  refer¬ 
ence.  This  validity  check  was  made  hr  a  Disa  Model  55*01  Constant  Temperature 
Anemometer.  After  careful  calibration  of  the  hot  wire  against  a  nlcromancmeter 
and  probe  system,  the  test  section  was  traversed  using  the  sane  probe  bolder  as 
for  the  thermocouple.  All  possible  leaks  around  the  stem  were  eliminated  with 
modeling  clay,  and  readings  spaced  0.2  inches  along  the  vertical  diameter  were 
taken. 

LXPSRIHEKTAL  RESULTS 

Results  were  obtained  under  six  different  operating  conditions.  These  con¬ 
sisted  of  two  pover  levels  nominally  3350  Btu/hr  and  7700  Btu/hr  as  well  as  three 
mass  flov  rates  characterized  by  centerline  velocities  of  83,  ll*3,  and  166  ft/sec. 
In  addition,  runs  at  116  ft/sec  were  used  for  axial  velocity  measurements. 

Figure  2  compares  the  normalized  axial  velocity  profile  at  116  ft/sec  taken 
along  the  vertical  diameter  at  the  test  section  with  similar  data  at  67-31  and 
192.6  ft/sec  from  Ref.  [ 9 ] -  All  runs  shown  in  this  figure  were  under  isothermal 
conditions.  However,  a  profile  taken  also  at  116  ft/sec  centerline  velocity  and 
at  a  heating  value  of  3800  Btu/hr  proved  to  be  identical  to  that  presented  in 
Fig.  2. 


Heat  balance  calculations  were  made  by  comparing  the  electrical  power  input 
to  the  energy  gained  by  the  fluid  while  passing  through  the  heated  section  of  the 
duct.  The  power  dissipated  by  the  heating  tape  was  determined  by  the  wattmeter 
and  also  calculated  from  the  source  voltage  and  resistance  across  the  heater.. 

The  largest  > -solute  difference  between  the  energy  input  and  gain  vas  found  to  be 
7. Cl.  Because  of  inevitable  heat  losses  through  the  outer  insulating  Jacket  the 
input  power  was  expected  to  be  slightly  higher  than  that  capturea  by  the  fluid, 
i.e.,  a  slightly  negative  heat  balance.  This  trend  vas  displayed  by  the  vatt- 
rneter  readings,  but  even  after  adjusting  the  resistance  measurement  for  the 
increased  temperature,  the  voltmeter  usually  gave  a  slightly  positive,  up  to  6 t, 
balance.  Hence,  either  a  larger  resistance  than  accounted  for  existed  betveen 
the  voltmeter  terminals  at  the  time  of  measurement,  or  the  voltmeter  was  not  pro¬ 
perly  calibrated,  or  the  tape  was  not  purely  resistive  when  carrying  current.  It 
was  decided  that  the  direct  wattmeter  measurement  vas  the  more  reliable  of  the  two 
in  that  it  would  correct  for  any  nonresistive  effect. 

Temperature  measurements  within  the  flow  field  at  the  test  section  were  com¬ 
bined  on  polar  plots  showing  lines  of  constant  temperature.  All  of  the  runs  re¬ 
sulted  in  similar  patterns,  and  typical  plots  are  presented  on  Figs.  3  and  it.  In 
addition,  the  temperature  of  the  inner  duct  surface  as  recorded  by  the  buried 
thermocouples  is  presented  by  comparing  the  inner  vail  temperature  and  the  fluid 
temperature  near  the  wall  on  Figs..  5  and  6  for  the  same  runs  as  on  Figs.  3  and  U 
respectively. 

r.ibcussioi. 

The  convective  phenomena  b»ing  considered  here  is  a  complex  one  and  subject 
to  several  superposed  effects.  There  is  a  basic  axial  flow  upon  which  is  imposed 
a  secondary  flow.  The  result  of  the  secondary  flow  is  a  marked  distortion  of  the 
velocity  field  with  a  consequent  effect  upon  the  wall  shear  distribution.  The 
wall  shear  effect  coupled  with  the  vail  roughness  causes  a  highly  asymmetric  tur¬ 
bulence  field  to  exist.  All  of  the  previously  mentioned  flow  parameters 
inevitably  effect  the  heat  transfer  situation  individually  and  in  an  int  rrelated 
manner,  Because  of  this  interrelation  tre  discussion,  while  treating  these 
effects  individually,  does  of  necessity  consider  tne  interaction. 
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Axial  Velocity  Profiles 


When  the  axial  velocity  profiles  of  the  test  section  were  compared  to  pro¬ 
files  of  single-phase  flow  in  pipes  of  various  but  unifora  roughness  [13],  basic 
differences  were  seen.  In  all  cases  of  uniformly  roughened  tubes,  the  velocity 
profile  could  be  expressed  by  a  pover  law  of  the  fora 


For  the  Reynolds  nuaber  range  used  in  this  study,  Ref.  [13]  indicated  tnat  for  a 
saooth-valled  tube,  n  would  have  a  value  within  the  bounds  of  7.0  to  7.  A.  Rough¬ 
ening  of  the  tube  has  the  effect  of  lowering  the  value  of  n.  The  amount  of  this 
change  depends  on  the  roughness  site  as  compared  with  the  tube  diameter.  The 
aost  obvious  difference  between  the  velocity  profiles  of  uniformly  roughened  tubes 
and  those  of  Fig.  2  was  that  the  point  of  maximum  velocity  was  displaced  fron  the 
centerline  to  a  point  closer  to  the  bottom  cf  the  duct,  i.e.,  towards  the  rougher 
wall.  The  consequences  of  this  displaceaent  as  evidence  of  the  existence  of  a 
secondary  velocity  field  are  discussed  in  [S] , 

By  normalizing  the  velocities  with  the  maximum  velocity,  and  normalizing  the 
radial  coordinate  with  the  distance  from  the  maximum  velocity  point  to  the  wall, 
a  somewhat  more  standardized  profile  was  obtained.:  The  profiles  adjusted  in  this 
manner  were  then  compared  with  the  rough  pipe  velocity  distributions  of  Ref.  [13 ] - 
It  was  found  that  the  points  near  the  wall  of  the  upper  half  profile,  9  =  0°, 
compared  well  with  a  curve  made  for  a  Reynolds  number  of  106  and  a  roughness  fac¬ 
tor,  R/ks,  of  about  30.  Points  belov  r/R  of  0.7  vere  found  to  fall  below  those 
of  the  curve  cited.  The  points  of  the  lower  half  profile  exhibited  a  shape  simi¬ 
lar  to  the  standard  curves  but  at  a  lover  roughness  factor,  i.e.,  greater  rough¬ 
ness  size,  than  any  of  the  curves  Included  in  this  reference.  It  can  be  seen  in 
Fig.  2  that  the  lower  portion  of  the  profile  continuously  curves,  while  in  the 
upper  half  there  is  a  long  relatively  flat  section  thus  causing  the  deviation 
from  the  normal  power  law  curves  below  r/R  =  0.7.  It  is  concluded  that  the  shift 
in  the  point  of  maximum  velocity  as  well  as  the  deviation  from  the  shape  of  the 
power  law  velocity  profile  were  both  direct  effects  of  the  presence  of  a  secondary 
velocity  field  to  be  discussed  in  a  subsequent  section. 

When  the  normalized  velocity  end  position  coordinates  were  plotted  on  a 
log-log  graph,  although  an  exact  straight  line  did  not  result,  the  curve  was 
gentle  enough  to  be  approximated  by  straight  lines.  By  comparing  the  different 
slopes  obtained  from  the  upper  and  lower  profiles,  the  degree  of  change  between 
the  maximum  and  minimum  roughness  was  assessed.  The  slope  of  the  top-half  pro¬ 
file  was  equivalent  to  n  =  5-1  while  the  lower-half  profile  had  a  value  of 
n  =  2.9.  The  curves  of  Ref,  [13]  covered  the  range  of  n  from  t  to  5  with  rough¬ 
ness  factors  from  30.6  and  greater.  The  calculated  values  indicate  equivalent 
sand  roughness  sizes  greater  th, r,  the  depths  of  the  threads.  This  was  expected 
since  the  shape  and  distribution  of  roughness  elemerts  can  be  as  irnortant  to  the 
friction  characteristics  as  is  the  actual  depth  of  roughness.  Experiments  on 
tubes  artificially  roughened  with  thread-typo  grooves  [ lU ]  have  confirmed  tms, 
and  it  has  been  reported  that  for  an  equivalent  friction  factor  with  tins  conf.g- 
uration  the  sand  roughness  needed  is  generally  greater  than  the  deftn  of  the 
groove. 


Temperature  an..  Secondary  Flow  Fields 

The  isotherms  presented  on  Figs,  3  and  t  are  oriented  to  show  the  temperature 
pattern  when  looking  downstream.  The  figures  exhibit  the  four  distinguishing 
features  found  in  all  data  sets. 

1,  Fluid  near  the  center  of  tne  duct  was  coolest, 

2.  The  point  of  minimum  temperature  was  below  the  centerline  of  the  duct. 
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3.  The  ■mill  fluid  temperature  near  the  wall  waa  at  the  top  of  the  duct. 

V.  The  fluid  near  the  wall  decreased  in  temperature  to  a  minimum  point  lo¬ 
cated  between  6  *  90°  and  8  *  120°,  seyond  which  the  temperature 
increased  until  8  «  i8o°.  However,  the  temperature  of  the  fluid  at  the 
bottom  of  the  duct  was  always  lower  than  that  at  the  ton. 

At  the  same  time,  the  temperatures  recorded  by  the  wall  thermocouples.  Figs.  3 
and  6,  exhibited  a  somewhat  different  pattern.  It  was  observed  that  for  each  run, 
the  temperature  at  the  top  of  the  duct  vas  highest  and  decreased  continuously  to 
a  minimum  at  the  bottom  of  the  duct.  This  circumferential  variation  of  wall 
temperature  for  any  one  **un  was  between  5°F  and  30°F.  When  comparing  the  wall 
temperatures  in  Figs.  5  and  6  to  results  of  Ref.  [ll],  in  which  an  actual 
two-phase  system  was  employed,  it  is  seen  that  in  both  cases  a  similar  decreasing 
pattern  existed  from  top  to  bottom,  and  also  the  magnitudes  of  the  temperature 
variations  compared  favorably. 

By  combining  the  data  of  the  present  work  aid  that  of  [ 9 j  it  is  possible  to 
consider  the  effects  of  secondary  flow  magnitude  and  direction  upon  the  tempera¬ 
ture  field.  In  general,  the  secondary  floj  pattern  was  found  to  be  downward  near 
the  vertical  diameter  and  upward  along  the  side  walls.  A  careful  examination  of 
data  from  [9]  shows  that  only  in  the  upper  half  of  the  duct  did  the  flow  near  the 
wall  adhere  to  a  circumferential  direction.  In  the  lower  half  of  the  duct  the 
flov  direction  is  nearly  radially  outward  as  far  from  the  center  as  r/R  =  0.65. 
Then,  at  approximately  r/R  *  0.30,  it  was  turned  to  a  mostly  circumferential 
direction  with  a  slight  inward  component.  At  the  tame  time  the  magnitude  of  the 
circumferential  vectors  near  the  bottom  of  the  duct  were  quite  small  when  com¬ 
pared  to  the  others  mentioned.  The  tangential  velocity  reached  a  relative  maxi¬ 
mum  of  7$  of  the  local  axial  velocity  Just  above  the  horizontal  diameter.;  The 
pattern  inferred  by  this  data  (see  Fig.  7  taken  from  [9])  is  that  flow  from  the 
center  of  the  duct  vas  directed  outwards  tovards  the  vail  over  the  entire  lover 
half  of  the  duct.  When  the  fluid  at  the  bottom  neared  the  wall,  it  vas  heated 
and  turned  to  a  circumferential  direction  where  it  combined  with  cooler  fluid 
from  the  central  region  which  reached  the  wall  at  a  higher  position.  This  fluid 
then  was  all  turned  to  the  new  circumferential  direction  and  resulted  in  a  higher 
velocity  tangent  to  the  wall,  as  well  as  a  mixture  temperatui-  lower  than  the 
smaller  amount  of  fluid  heated  at  a  lower  position.  At  approximately  8  =  90°  the 
process  of  turning  and  mixing  fluid  from  the  center  vas  completed  and  the  velo¬ 
city  in  the  upper  half  was  more  closely  circumferential  ai  greater  distances  from 
the  wall.  Thus,  in  the  upper  half  where  no  new  fluid  was  introduced  directly 
from  the  central  section,  the  temperature  increased  continuously  until  the  top  of 
the  duct  was  reached.  It  can  be  seen  that  the  isovel  patterns  of  [9]  and  the  iso¬ 
therm  maps  of  this  study  hrve  a  high  degree  of  compatability . 

Shear  Stresses  and  Turbulence  Fields 

A  review  of  the  literature  pertaining  to  heat  transfer  in  roughened  tubes 
[15]  reveals  that  for  turbulent  horizontal  flov  the  friction  factor,  and  hence 
the  shear  stress  in  uniformly  roughened  tubes,  increases  vith  the  roughness  size. 
This  leads  to  the  assumption  that  under  these  conditions  the  heat  transfer  co¬ 
efficient  will  also  increase  with  wall  roughness  size.  However,  in  view  of  the 
present  situation,  in  which  the  effective  wall  roughness  varies  with  angular 
position,  this  direct  correspondence  breaks  down  and  thus  additional  influences 
must  be  considered. 

The  secondary  flow  field  was  found  to  be  influential  in  determining  the 
variation  of  wall  stress  with  circumferential  position.-  The  major  component  of 
the  shear  stress  was  due  to  the  axial  velocities.  In  the  range  of  Reynolds  num¬ 
bers  under  consideration  the  turbulent  stress  will  dominate  the  laminar  stress  by 
a  factor  of  about  one  hundred.  Turbulent  axial  shear  stress  vas  calculated  from 
data  of  Ref.,  [9]  by  using  the  Law  of  the  Vail  for  rough  ducts.  The  equation  for 
such  velocity  profiles  is: 
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where  the  constant  B  is  a  function  of  the  size  and  type  of  roughness  present,  and 
k,  is  the  size  of  the  equivalent  roughness.  The  tera  u»  is  the  friction  velocity 
and  is  equal  to  Jtyjo.  It  was  assumed  that  points  near  the  vail  at  any  location 
were  controlled  hy  the  roughness  at  that  spot.  Due  to  the  continuously  varying 
roughness  In  the  circuaferential  direction  points  farther  toward  the  center  of 
the  flow  could  be  considered  to  be  influenced  by  a  wider  range  of  the  roughness 
spectrua.  Thus,  tw  was  calculated  by  finding  u#  along  different  radial  lines. 

For  each  set  of  calculations  the  velocity  and  location  of  each  of  four  points, 
all  closer  to  the  wall  than  y/R  »  0.20,  were  aeasured  froa  graphical  representa¬ 
tions  of  the  axial  velocity  profile  along  that  radial  line.  Then  u«  could  be 
calculated  for  each  pair  of  points  by: 


r. 

2.5  In  (-^  ) 
yJ-l 

It  should  be  noted  that  both  ks  and  B  drop  out  of  the  final  calculation. 

This  is  because  of  the  assumption  that  within  such  close  range  of  the  vail,  the 
roughness  factors  are  constant  for  all  four  points  in  each  set.  The  fact  that  ks 
and  B  change  for  different  sets  is  of  no  consequence  since  only  points  of  the 
same  set  are  Included  in  any  one  calculation.  It  may  seem  desirable  to  base  the 
estimation  on  only  the  tvo  points  closest  to  the  wall,  thus  reducing  the  influ¬ 
ence  of  the  surrounding  roughness  size.  However,  it  is  important  to  consider  the 
order  of  the  error  possible  with  this  calculatlonal  technique.  The  first  point 
was  so  close  to  the  wall  that  an  error  in  position  of  1/2  of  the  finest  division 
on  the  measuring  scale  used  could  result  in  an  error  of  2b?  in  the  tv  calculated 
from  Just  the  first  tvo  points.  On  the  other  hand,  the  same  error  made  vhen  cal¬ 
culating  tw  from  the  third  and  fourth  points  would  have  resulted  in  an  uncertainty 
in  tw  of  only  2.55.  Therefore,  in  order  to  reduce  calculatlonal  error  and  still 
keep  a  strong  influence  from  the  local  roughness  elements,  the  results  on  Fig.  3 
come  from  an  average  of  values  of  T„  found  from  successive  pairings  of  the  first 
four  points. 

As  previously  mentioned,  roughness  shape  and  distribution  can  effect  the 
friction  factor  of  the  flow  as  much  as  depth.  However,  in  a  situation  such  as 
the  present  one,  where  the  number  of  ridges  per  inch  is  constant  and  the  shape  of 
the  groove  is  similar  regardless  of  the  angular  position,  while  the  thread  depth 
changes,  it  can  be  worthwhile  to  compare  shear  stress  variation  with  the  depth 
variation.  Figure  8  shows  that  the  shear  stress  curve  resembles  a  cosine  curve 
with  the  center  somewhat  elongated.  On  the  other  hand,  the  thread  depth  varia¬ 
tion  has  the  shape  of  an  exact  cosine  curve,.  Therefore,  the  shear  stress  curve 
is  seen  to  be  influenced  by  the  roughness  depth  in  its  general  trend  but  is 
noticeably  distorted  when  compared  in  detail. 

This  distortion  can  be  examined  by  again  considering  the  secondary  velocity 
field.  Over  the  entire  lower  half  of  the  duct,  form  e  =  90°  to  8  »  180°,  fluid 
was  being  supplied  to  the  wall  from  the  fast  moving  center  core.  Throughout  this 
region  there  was  high  mixing  as  the  fluid  vas  being  turned  towards  the  top  and 
was  thus  attaining  a  circumferential  velocity.  This  high  activity  seems  to  have 
evened  out  the  effect  of  the  varying  roughness  and  resulted  in  the  flattened  por¬ 
tion  of  the  shear  stress  curve.  Simultaneously,  in  the  upper  portion  of  the 
duct,  as  the  flow  followed  the  wall  more  closely,  the  response  to  roughness  varia¬ 
tion  was  more  precise;  and  the  shear  stress  curve  conformed  more  closely  to  the 
cosine  shape. 

The  cross  shear  component  resulting  from  the  circumferential  velocities  were 
presented  in  Ref.  [9].  It  was  found  that  the  oercent  cross  shear  vas  zero  at 
both  the  top  and  bottom  of  the  duct  and  reached  a  maximum  of  75  at  the  horizontal 


269 


position,  e  *  90°.  Therefore,  when  adding  this  to  the  axial  stress  eoaponent  the 
effect  is  only  ainor,  but  the  trend  would  be  to  accentuate  the  flatness  of  the 
center  portion  while  increasing  the  steepness  of  the  ends. 

The  lower  curve  of  Fig.  8  depicts  the  variation  of  turbulence  intensity  at 
r/B  =  .8$.  This  data  is  taken  froa  Fig.  12  of  Ref.  [9}.  It  is  readily  observed 
that  the  variation  it  reasonably  cosin<.  in  term  and  quite  compatible  with  the 
shear  distribution.  The  relatively  high  intensity  in  the  lower  position  of  the 
duct  confirms  the  previously  mentioned  high  nixing  and  further  explains  the  flat¬ 
ness  of  the  shear  distribution. 

Heat  Transfer  Coefficients 

The  heat  transfer  coefficients  presented  in  Figs.  §  and  10  are  local  values 
that  have  been  calculated  froa  the  convection  relation  q  =  hAAT.  In  using  this 
relation  it  was  assuaed  that  the  heat  flow  tnrough  the  tube  wall  was  purely  radial 
and  the  AT  for  meaningful  local  values  was  Tv  -  Tfw.  Of  these  assumptions  the 
poorer  is  probably  that  of  radial  conduction.  The  wall  temperature  data  of  Figs. 

5  and  6  suggest  that  at  least  in  the  topmost  part  of  the  tube  circumferential 
conduction  may  be  significant  since  the  temperature  gradient  is  rather  steep.  In 
the  lower  portion  of  the  tube,  8  >  1*0°,  circumferential  conduction  will  be  of 
little  importance  since  the  gradient  is  slight  and  constant  and  the  conduction 
path  is  being  reduced  by  the  increasing  thread  depth. 

If  it  is  assumed  that  the  observed  wall  gradient  is  representative  of  the 
situation  across  the  conduction  path,  then  an  order  of  magnitude  calculation 
shows  that  for  the  tube  top  the  conduction  path  is  capable  of  ducting  all  heat 
generated  in  this  sector  to  the  adjacent  portion  of  the  tube.  Hence,  the  first 
assumption  causes  the  convection  coefficient  for  this  region  to  be  much  too  great. 
For  practical  purposes  this  region,  350°  <_  8  <_  10°,  is  one  of  very  low  heat  con¬ 
vection.  The  values  of  those  coefficients  at  20°  and  1*0°  also  would  be  effected 
by  the  circumferential  conduction  but  to  a  lesser  degree.  Their  values  would  be 
increased  slightly. 

It  is  usual  in  a  convection  problem  to  use  that  area  where  heat  transfers 
from  one  phase  to  another.  In  this  system  the  actual  area  varies  as  a  cosine 
function  along  the  circumference.  If  the  actual  area  is  used  to  compute  a  heat 
transfer  coefficient,  then  the  lower  curves  B  of  Figs.  9  and  10  result.;  However, 
if  an  area  based  on  a  cylindrical  surface  coincident  with  the  thread  peaks  is 
employed,  then  curves  A  are  obtained.  The  comparison  of  these  curves  A  and  B 
suggests,  not  surprisingly,  that  the  slant  area  of  the  threads  is  being  used  in¬ 
effectively  insofar  as  heat  transfer  is  concerned..  A  more  basic  interpretation 
is  that  there  is  little  flow  of  fluid  into  the  grooves  and  consequently  the  fluid 
in  the  grooves  is  of  long  residence  and  indeed  presents  a  barrier  to  heat  transfer.. 
It  is  well  to  note  that  in  either  case  as  the  tube  bottom  is  approached  the  co¬ 
efficient  of  heat  transfer  increases.  In  the  variable  area  case  the  improved 
convection  process  overcomes  the  depressing  effect  of  the  increasing  area.-  The 
mechanism  responsible  for  this  is  the  increased  turbulence  in  the  lower  portion 
of  the  duct  and  to  a  lesser  extent  the  downward  directed  central  flow. 

When  curves  A  of  Figs.,  9  and  10  are  normalized  and  plotted  along  with  the 
shear  and  turbulence  data  on  Fig.-  11,  it  is  seen  that  the  form  of  the  heat  trans¬ 
fer  curves  differ  markedly  from  the  shear  and  turbulence.-  In  a  more  conventional 
case  greater  similarity  of  shear  and  heat  transfer  could  be  expected.  The  most 
striking  difference  is  the  reversed  curvature  of  the  heat  transfer  relations. 

The  secondary  flow  is  evidently  of  sufficient  effect  to  suppress  the  heat  trans¬ 
fer  in  the  upper  portion  of  the  tube  when  it  is  directed  away  from  the  wall  and 
enhance  it  at  the  bottom  when  directed  toward  the  wall.  In  both  regions  the 
secondary  flow  distorts  the  temperature  and  turbulence  fields  with  a  drastic 
effect  upon  the  heat  transfer. 

When  comparing  the  values  of  heat  transfer  coefficient  to  those  for  which 
th»  actual  two-phase  system  was  employed  [ll],  it  was  found  that  the  variational 
trends  discussed  were  supported..  However,  the  analogy  is  not  complete  due  to  the 
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fact  that  the  values  of  the  beat  transfer  coefficient  calculated  for  the  Simula- 
tioo  ware  one  order  of  Magnitude  lower.  This  is  not  surprising  in  light  of  other 
studies i  [16]  and  (17 j.  which  dealt  with  single  phase  systems  including  cases  of 
artificial  roughness.  Both  of  these  references  reported  heat  transfer  values 
consistent  with  those  presented  in  this  study,  and  the  inportanee  of  the  varia¬ 
tional  trends  ia  considered  greater  than  the  actual  numerical  values  involved. 

Frew  these  remits  it  is  seen  that  both  shear  stress  and  heat  transfer  co¬ 
efficients  do  not  increase  directly  with  increased  roughness.  What  this  implies 
is  that  in  addition  to  this  aechanisa,  the  influence  of  the  secondary  velocity 
field  is  strong  enough  to  cause  very  noticeable  changes.  The  fact  that  fluid  is 
nixed  from  the  central  flov  region  only  in  the  lower  half  of  the  duet,  and  that 
it  flows  nearly  tangent  to  the  vail  before  returning  to  the  center  fron  the  top 
of  the  duct,  is  Just  as  iaportant  as  the  roughness  factor  in  deternining  the 
transport  coefficients. 


Burn-Out  Considerations 

Since  it  was  earlier  indicated  that  part  of  the  iapetus  for  this  work  cane 
fron  an  interest  in  the  burn-out  problen  of  tvo-phace  flow,  a  brief  consideration 
of  the  vork  in  such  a  context  is  appropriate.  The  finding  in  this  work  that  a 
region  of  very  low  beat  transfer  exists  at  the  top  of  the  tube  is  iaportant. 

While  the  duct  used  here  was  aluminum,  which  has  a  high  conductivity,  in  a  prac¬ 
tical  system  the  aaterial  is  frequently  a  high  alloy  steel,  e.g.,  stainless,  with 
a  quite  lov  conductivity.  If  significant  aaounts  of  heat  oust  be  transferred 
circumferentially,  it  could  on'y  be  done  if  there  were  a  very  steep  temperature 
gradient,  hence  a  tube  hot  spot. 

The  presence  of  a  liquid  layer  on  the  wall  would  undoubtedly  result  in  a 
higher  transfer  coefficient  from  wall  to  liquid.  However,  it  is  reasonable  that 
the  transfer  coefficient  from  liquid  to  gas  would  be  very  low  as  in  this  stuuy. 
Vaporization  of  liquid  would  take  place  at  an  accelerated  pace  and,  if  flow  con¬ 
ditions  were  not  such  as  to  replenish  this  liquid,  a  dry  spot  would  form.  The 
low  gas  heat  transfer  in  this  region  with  the  failure  of  the  film  to  protect  woulu 
lead  to  progressive  failure,  i.e.,  burn-out.. 

While  the  above  has  inferred  that  circumferential  heat  transfer  is  necessary 
to  precipitate  the  burn-out  situation,  it  is  well  to  note  that  the  existence  of 
the  secondary  flow  will  cause  the  conditions  for  the  hot  spot  to  exist.  Viewing 
the  present  work  from  the  context  of  two-nhase  flow  offers  a  fundamental  insight 
into  the  mechanism  of  the  burn-out  problem. 

CONCLUSIONS 

From  the  work  presented  and  the  related  discussion  several  conclusions  can 
be  drawn: 


1.  In  a  flow  passage  of  asymmetrical  roughness  a  secondary  flow  will  develop 
which  will  markedly  alter  the  isotherms. 

2.  In  such  a  system  heat  transfer  coefficients  will  vary  with  circumferen¬ 
tial  position  with  a  region  of  very  low  transfer  occurring  at  the  top  of  the  tube., 

3. :  The  heat  transfer  distribution  differs  markedly  from  the  shear  stress 
distribution  indicating  a  significant  effect  of  the  secondary  flow. 

It.  A  definite  similarity  between  the  wall  temperature  in  a  two-phase  system 
and  those  of  this  single-phase  system  exist. 

3.  A  more  detailed  understanding  of  the  coupling  between  metal,  liquid,  and 
gas  in  the  burn-out  problem  is  possible  in  light  of  this  work. 
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NOMENCLATURE 


A  Are*  across  which  heat  is  transferred  (ft2) 

B  Constant  in  taw  of  The  Wall 

h  Heat  transfer  coefficient  (Btu/hr  ft2  °F) 

kg  Equivalent  sand  grain  roughness  size 

n  Exponent  in  Power  Law  velocity  profile 

4  Heat  transfer  rate  (Btu/hr) 

R  Inside  radius  of  duct  (ft) 

r  Radial  distance  from  center  of  duct  (ft) 

T  Temperature  (°F) 

AT  Temperature  difference  (°F) 

U  Axial  velocity  component  (ft/sec) 

u#  Friction  velocity  (ft/sec) 

y  Distance  from  duct  wall  (ft) 

0  Angular  position 

p  Density  (lbm/ft3) 

t  Shear  stress  (lbf/ft2) 

Subscripts 

cl  Along  centerline  of  duct 

fw  Flow  property  extrapolated  to  duct  wall 
o  Value  at  0  =  0° 

w  Property  of  the  wall 
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Fig.  1.  Experimental  Apparatus 
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Flow  through  a  Semicircular  Pipe  by 
Three-dimensional  Flow  Birefringence  Method 
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ABSTRACT 

The  recently  developed  scattered  light  method  for  three-dimensional  flow  bire¬ 
fringence  has  been  applied  to  investigate  the  problem  of  flow  through  a  pipe 
with  semicircular  cross  section.  The  flow  rate  and  temperature  were  chosen  so 
that  the  fluid  remained  in  the  Newtonian  region.:  The  aqueous  colloidal  suspen¬ 
sions  of  Milling  Yellow,  an  organic  dye,  was  used  as  the  fluid  in  this  investiga¬ 
tion.-  A  special  scattered  light  polar'scope  designed  for  three-dimensional  flow 
birefringence  was  utilized  in  this  research. 

The  rheological  properties  of  the  fluid  used  were  determined  over  a  temperature 
range  to  insure  that  the  flow  remains  in  the  Newtonian  region.;  The  relative 
birefringent  fringe  orders  in  two  orthogonal  planes  were  determined  as  functions 
of  the  distance  along  the  light  beam  from  chosen  reference  lines.  Spacial 
derivatives  were  obtained  on  points  of  a  square  grid  system  on  the  cross  section 
of  the  semicircular  pipe.  The  shear  strain  rates  were  calculated  using  previous¬ 
ly  developed  flow-optic  relationships  and  calibration  information.-  For  conven¬ 
ience  of  comparison  with  the  existing  theoretical  solution,  the  shear  strain 
rates  were  transformed  to  a  polar  coordinate  grid  system.  The  velocity  profile 
was  obtained  by  numerical  integration  of  the  shear  strain  rate  field.  The 
experimentally  determined  velocity  and  shear  strain  rates  were  compared  with 
theorf ileal ly  calculated  values  along  three  different  radii.  Excellent  agree¬ 
ment  vas  obtained.-  This  investigation  provided  further  evidence  of  the  validity 
of  the  developed  flow-optic  relations.  It  also  indicated  the  applicability  of 
the  metiod  to  the  general  three-dimensional  flow  problem.  It  Is  felt  that  the 
scattered  light  flow  birefringent  method  will  provide  a  new  powerful  tool  for 
three-dimensional  fluid  flew  analysis.. 
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UJThODUCTIOll 


The  application  of  flow  birefringence  to  fluid  dynamics  has  been  United  to  two- 
diaensional  probleas  so  far.  Recently  the  scattered  light  method  which  has  been 
used  in  photoelasticity  was  extended  to  flow  birefringence  for  investigating 
three-diaensional  fluid  flow  probleas.  The  basic  flow-optic  relations  were 
developed  for  three-dimensional  scattered  light  birefringence  (1).*  In  order  to 
show  that  the  three-diaensional  scattered  light  birefringent  method  is  not  limit¬ 
ed  to  flow  problems  with  highly  syaaetrical  cross  sections  such  as  those  used  in 
verifying  the  basic  relations  and  to  provide  further  supporting  evidence  for  the 
validity  of  the  flow-optic  relationships ,  the  flow  through  a  pipe  of  semicircular 
cross  section  was  analyzed  using  this  method.  This  problem  was  chosen  to  repre¬ 
sent  a  general  cross  section  for  it  is  asymmetric.  An  analytical  solution  of 
this  problem  is  available.  This  paper  presents  the  analysis  of  this  flow  problem 
and  the  comparison  of  the  experimental  results  with  theoretically  calculated 
values  along  three  different  radial  lines. 

EQUIPMENT  AHD  PROCEDURE 


The  Special  Scattered  Light  Polariscope 

The  special  scattered  light  polariscope  designed  and  built  for  three-dimensional 
flow  birefringence  was  utilized  for  this  analysis.  The  detailed  construction  of 
this  polariscope  was  reported  elsewhere  (2).  Only  a  brief  description  will  be 
given  here.  Figure  1  shows  a  schematic  of  this  polariscope  and  Fig..  2  is  a 
photograph  of  the  actual  instrument.  The  polariscope  consists  of  three  major 
sections,  the  light  source  and  related  optics,  the  flow  channel  receptacle  and 
immersion  tank,  and  the  observation  optical  system.  The  light  source  used  is  a 
10  mw  He-Ne  gas  laser  which  provides  a  small  diameter  polarized,  collimated, 
monochromatic  light  beam  of  high  intensity.  A  prism  is  used  to  direct  the  hori¬ 
zontal  light  beam  to  a  vertical  direction  for  convenient  observations.  A  quarter 
wave  plate  is  inserted  following  the  prism  to  produce  circular  polarized  light 
when  needed.  Provision  is  made  to  tilt  the  light  beam  for  oblique  incident  ob¬ 
servations.  A  Babinet-Soleil  compensator  can  be  inserted  below  the  quarter  wave 
plate  for  determining  fractional  fringe  orders..  The  flow  channel  receptacle 
assembly  consists  of  two  reservoirs,  one  at  each  end,  which  serve  as  buffers  to 
minimize  any  short  term  fluctuation  in  the  flow.-  The  test  channel  is  connected 
to  the  reservoirs  by  flanges.  Different  channels  with  the  desired  geometry  can 
be  interchanged  for  different  studies.*  At  the  intersections  of  the  flow  channel 
with  the  immersion  tank  two  flexible  bellows  were  provided  for  sealing  the 
immersion  fluid  while  allowing  relative  motions  between  the  test  channel  and  the 
tank.  The  arrangement  is  necessary  for  measurement  in  different  areas  in  the 
cross  section.  The  flow  channel  receptacle  assembly  is  mounted  on  a  cross-feed 
slide  table  to  provide  the  movement  required.  The  immersion  fluid  is  used  to 
approximately  match  the  indices  of  refraction  in  order  to  make  observations 
through  curved  walls  and  in  oblique  directions.  The  immersion  tank  is  a  circular 
cylinder  made  of  plexiglass..  The  light  beam  normally  passes  vertically  along 
the  axis  of  the  tank.*  Since  observations  are  made  along  the  direction  normal  to 
the  light  path  the  observation  optical  bench  is  mounted  in  the  radial  direction 
of  the  tank  on  a  rotary  indexing  table.*  For  a  narrow  light  beam  (1-2  mm.),  the 
lens  effect  at  the  outer  surface  of  the  tank  is  negligible..  The  lens  system  and 
the  recording  camera  or  photoelectric  cell  used  to  take  readings  can  be  mounted 
on  the  optical  bench  on  either  side  of  the  tank..  The  photoelectric  cell  is 
mounted  on  a  vertical  indexing  slide  for  scanning  the  height  of  the  test  channel. 

The  Flow  Channel 

rile  flow  channel  used  in  this  investigation  was  made  of  transparent  plexiglass 
circular  pipe.  Figure  3  shows  a  general  view  of  the  circular  pipe  assembly,  two 
flow  reducers,  and  the  semicircular  insert  used  in  the  experiment.  One  flow  re¬ 
ducer  was  used  at  eacli  end  of  the  circular  pipe  to  provide  a  smooth  flow  transi¬ 
tion  from  the  square  reservoirs  to  the  cucular  pipe.  The  large  end  flanges  were 

*Number  in  brackets  refers  to  biblioeraphv 
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designed  to  mate  with  the  reservoirs  as  shown  in  Fig.  2.  The  s nailer  inner 
(langes  were  joined  to  the  flexible  bellows  on  the  isaersion  tank  to  serve  as 
closures.  The  test  section  of  the  channel  was  made  as  a  separate  insert.'  Both 
the  inner  and  outer  surfaces  of  a  plexiglass  tube  were  nachined  and  polished  to 
elininate  the  slight  variation  of  thickness  and  the  snail  eccentricity  of  the 
as-received  pipe.  The  final  dine ns ions  of  the  circular  insert  were  12  in.  long, 
1.506  in.  ID,  and  1.630  in.  0D.  A  semicircular  insert  was  nachined  from  trans¬ 
parent  plexiglass  to  fit  the  inside  dianeter  of  this  circular  tube  closely,  thus 
yielding  a  senicircular  flow  cross  section.  The  ends  of  this  senicircular  insert 
(Figure  3)  were  tapered  toward  the  tube  wall  to  aake  the  flow  transition  saoother. 

The  Fluid  Circulation  System 

The  fluid  circulation  system  used  in  this  investigation  is  illustrated  in  the 
schenatic  shown  in  Fig.  4.  A  constant  temperature  bath  with  both  heating  and 
cooling  capabilities  was  used  to  maintain  the  fluid  temperature  within  i0.1°C. 

To  aid  in  the  regulation  of  the  fluid  temperature  the  room  temperature  was  con¬ 
trolled.  A  by-pass  was  also  provided  to  reduce  the  heat  generated  due  to  pumping 
at  low  flow  rates  since  the  pump  used  had  only  a  single  speed.  The  fluid  temper¬ 
ature  during  the  test  was  recorded  continuously  with  a  strip-chart  recorder  using 
a  thermocouple  inserted  in  the  inlet  reservoir.  The  fluid  flow  rate  was  con¬ 
trolled  by  a  bronze  gate  valve.-  The  flow  rate  was  measured  using  a  glass  rota¬ 
meter  with  a  mercury  loaded  plexiglas  bob..  The  rotameter  reading  was  calibrated 
versus  flow  rate  and  temperature.; 

The  birefringei.t  fluid  used  in  this  investigation  was  the  aqueous  colloidal  sus¬ 
pensions  of  a  commercial  organic  dye.  Milling  Yellow  NGS,  with  a  dye  concentra¬ 
tion  of  1.84Z  by  weight.  This  type  of  suspension  has  been  used  fer  two- 
dimensional  flow  birefringence  studies  by  other  investigators  [  3 J ., 

Rheological  Measurement 

Colloidal  suspensions  of  Milling  Yellow  display  both  Newtonian  and  non-Newtoni.in 
characteristics.  Hirsch  (4)  observed  three  discreet  regions  of  viscosity  be¬ 
havior  of  this  fluid.  It  is  Newtonian  up  to  shear  strain  rates  of  3-10  sec.."’.. 
The  transition  value  depends  on  dye  concentration  and  temperature..  The  next  re¬ 
gion  is  non-Newtonian  and  extends  up  to  shear  strain  rates  of  about  500  sec.*1.. 
Above  this  shear  strain  rate  level  the  fluid  behaves  essentially  Newtonian  again.. 
The  Newtonian  region  at  the  lower  shear  strain  rates  was  the  one  used  in  this 
study.  The  rheological  measurements  were  performed  to  yield  the  viscositv  and 
the  shear  strain  rate  limits  for  the  fluid  to  remain  Newtonian., 

A  falling  head  capillary  viscometer  was  used  to  determine  the  rheological  data  of 
the  fluid.  The  use  of  this  instrument  has  been  discussed  in  the  literature  [4, 
5).  The  method  of  analysis  of  the  data  is  due  to  Maron,  Krieger,  and  Sisko  |6)., 

Flow  Blrefringent  Measurements 

The  flow  channel  was  positioned  in  the  polariscope  such  that  the  flat  side  of  tt.e 
semicircle  was  parallel  to  the  vertical  laser  beam  (y-direction  referring  to 
Cartesian  Coordinates).  The  flow  was  in  the  x-direction.  The  channel  was  moved 
horizontally  in  the  z-direction  by  indexing  the  slide  table  in  0.050  in.  incre¬ 
ments.  At  each  observation  station  the  optical  bench  was  rotated  to  align  with 
the  direction  of  maximum  contrast  of  the  interference  fringes..  The  birefringence 
patterns  were  either  photographed  for  later  measurement  or  directly  scanned  with 
the  photoelectric  search  unit  mounted  on  the  vertical  sliding  table.-  A  tvpicul 
fringe  pattern  is  shown  in  Fig.-  5.  The  optical  bench  was  then  rotated  45°,  and 
data  was  again  taken.  This  rotation  was  necessary  to  observe  fringes  that  ngnl 
be  missed  due  to  the  rotation  effect  of  the  optic  axes  of  birefringence.  The 
photometer  was  used  onU  in  areas  where  fringe  orders  were  determined  hv  the  aid 
of  the  compensator.  In  areas  where  both  photometric  and  photographic  mefhods 
were  used  to  take  the  data  the  results  agreed  with  each  other  tore  well.  Flow 
rates  were  adjusted  such  that  the  maximum  sheai  strain  rati  ,  w,  re  wit  i.i  tin  New¬ 
tonian  region  of  the  fluid  for  all  tests..  The  fluid  temper  iii.ro  for  this  test- 
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was  24.80*C  and  the  flow  rate  was  0.140  In. 3 /sec. 

(text,  the  flow  channel  was  rotated  40*  so  that  the  flat  side  of  the  semicircle  was 
normal  to  the  light  beam.  The  same  flow  rate-temperature  combination  was  repeat¬ 
ed,  and  data  was  again  taken  in  a  similar  fashion. 

ANALYSIS  Of  riOW  BIREFRINGENCE  DATA 
Data  Reduction 

For  the  data  that  was  recorded  photographically,  each  negative  was  placed  on  a 
back  lighted  tracing  table,  and  a  traveling  microscope  was  used  to  scan  the  image 
to  determine  the  relative  fringe  order  versus  distance.  The  special  gradiants  of 
the  fringe  order,  or  the  slopes  of  the  plots  of  fringe  order  versus  distance 
along  the  light  path  (dn/ds) ,  were  determined  at  the  nodal  points  of  the  square 
grid  as  shown  in  Fig.  6.  The  method  used  in  determining  (dn/ds)  was  a  combina¬ 
tion  of  plotting  by  hand  and  a  curve  fitting  routine  on  an  electronic  computer. 
The  hand  plotting  was  used  where  data  showed  more  scatter  and  curve  fitting  fail¬ 
ed  to  give  regular  derivatives  of  the  curve.  The  values  of  (dn/ds)  in  both  the 
xy~  and  xz-planes  were  determined  for  the  three-dimensional  analysis  of  the  pro¬ 
blem. 


Data  Analysis 

The  three-dimensional  flow-optic  relations  (1]  used  to  determine  the  shear  strain 
rates  from  the  experimentally  determined  (dn/ds)  are  represented  by  the  following 
equations:  fa.ll  f  12  f  12  . 

W.  *k-  N  c*y  ’  (1> 


where  (dn/dx)xz  and  (dn/ds)Xy  are  the  spatial  derivatives  of  the  fringe  orders 
when  the  light  bean  is  in  y-'and  z-direction  respectively,  cxz  and  c*,.  are  the 
shear  strain  rate  tensor  components,  and  CJ  and  C?  are  tile  flow-optic  constants 
at  the  test  temperature  for  the  fluid  used  (9.91  and  2.40  respectively  for  this 
test).  Solving  equations  (1)  and  (2)  for  the  shear  strain  rates  yeilds: 
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These  equations  allow  the  calculation  of  the  shear  strain  rates  which  are  used 
to  solve  for  the  velocity  field  from  the  following  equation: 


Vu  -  2 


r  v 

XV  xz 

1_  -v  :•*  ' 


where  V‘  is  the  I.aplacian  operator  and  u  is  the  velocitv  field  of  the  flow.  The 
velocity  field  is  determined  bv  a  numerical  integration  of  equation  (5)  on  a 
digital  computer. 

In  the  problem  presented  in  this  paper  it  is  more  convenient  to  use  polar  coordi¬ 
nates,  The  shear  strain  rates  were  transformed  into  polar  coordinate  components, 
!  and  *  ,  where  (r,  ",  x)  are  the  coordinates.  The  velocity  field  can  then  be 

determined  from  the  numerical  integration  of  the  following  equation: 
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RESULTS 


The  rheological  properties  of  the  Hilling  Yellow  suspensions  depend  on  the  tea- 
perature.  The  variation  of  viscosity  with  teaperatur-.  of  the  fluid  used  is  given 
in  Fig.  7.  The  maximum  shear  strain  rate  for  the  beginning  of  non-Mewtonian  be¬ 
havior  of  the  fluid  versus  rcaperature  is  also  shown  in  Fig.  7. 

The  analytical  solution  of  tic  problea  of  laainar  flow  through  a  seaicircular 
pipe  was  first  given  by  Cr^cnhill  (7]  in  the  fora  of  an  infinite  series.  The 
scries  solution  was  evaluated  with  the  aid  of  a  digital  coaputer.  The  shear 
strain  rate  tensor  coaponents  and  velocity  profile  along  three  radii,  6  »  0*. 

40*,  and  70*,  were  computed  and  coapared  with  the  experimentally  determined 
values.  Figure  8  shows  the  coaparlson  for  the  9  •  0*  radial  line.  This  is  the 
only  line  of  syanetry  in  this  cross  section.  Only  one  shear  strain  rate  exists 
at  points  on  this  line.  The  coaparlson  of  the  two  shear  strain  rates  and  veloc¬ 
ity  profile  for  6  *  40*  radial  line  is  shown  in  Fig.  9.  Similar  comparison  for 
the  S  -  70*  line  is  presented  in  Fig.  10. 

DISCUSSION  AND  CONCLUSIONS 


It  can  be  observed  in  Figures  8,  9,  and  10  that  with  the  exception  of  a  few 
points  the  experimental ly  determined  shear  strain  rates  and  velocity  profiles 
agree  very  well  with  the  theoretically  calculated  values.  Due  to  the  reduced 
area  of  the  cross  section,  the  voluaetric  flow  ra’es  used  for  the  seaicircular 
channel  were  very  low  (0.073  -  0.140  in.3/sec.).  These  low  flow  rates  were 
difficult  to  aaintain  very  accurately  with  the  flow  and  control  system  used..  It 
is  felt  that  this  was  the  major  contribution  to  the  error  of  the  data.  The  ex¬ 
perimental  values  correspond  to  a  higher  'low  rate  than  was  used  for  the  theo¬ 
retical  calculations,  but  the  deviation  is  within  the  probable  error  of  the  cali¬ 
bration  for  the  rotaaeter  at  these  low  rates. 

The  results  for  the  semicircular  pipe  problea  are  significant  for  two  reasons. 
First,  the  flow  cross  section  was  asynetric,  thus,  features  of  symmetry  which 
had  been  used  in  earlier  investigation  (1)  were  not  present.-  Within  the  limits 
previously  stated,  this  case  represents  a  general  three-dimensional  flow  problem. 
Second,  the  method  of  taking  data  required  that  the  flow  system  be  shut  down  when 
the  semicircular  section  was  rotated  90*.-  This  required  reproducing  both  the 
temperature  and  the  flow  rate  of  the  fluid  in  the  system,  a  technique  that  would 
be  necessary  for  the  evaluation  of  any  complex  flow  geometry.  Some  error  was 
probably  introduced  by  a  slight  mismatch  of  these  parameters.  The  experimental 
rj.  -ilts  represent  the  practical  limits  of  the  method.  The  kind  of  agreement  with 
theoretical  results  shows  that  the  flow-optic  relations  and  the  calibration  data 
for  the  fluid  are  applicable  to  a  general  three-dimensional  fl<*»  problem.  It  is 
felt  that  the  scattered  light  flow  birefringent  method  used  here  will  provide  a 
new  powerful  tool  for  three-dimensional  fluid  flow  analysis.- 
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Figure  1.  Schematic  of  the  Special  Scattered  Light  Poiariscope. 
(1) — Laser,  (2) — prism,  (3) — quarter  wave  plate,  (4) — immersion 
tank,  (5) — flexible  bellows,  (6) — flow  channel,  (7) — cross  feed 
slide  table,  (8) — observation  optical  bench  with  photomultiplier 
search  unit,  and  (9) — lens. 
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Figure  9.  Comparison  of  Experimental  Shear  Strain  Rates  and  Velocity 
with  Theoretical  Values  for  0  =  40°  Radial  Line. 
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ABSTRACT 

In  attempting  to  define  the  motion  cf  a  particle  suspended  in  a  turbuler t  field 
a  description  of  the  fluid  velocity  field  itself  is  first  necessary*  A  random 
superposition  of  vortices  i<-  not  sufficient  unless  the  Na yicr -Stokes  equation 
is  satisfied. 

In  this  work  a  turbulent  Held  is  numerically  simulated.  It  is  forced  to 
satisfy  the  Uavier-5 token  equation  and  stationanty.  In  order  to  reach  station- 
anty  energy  ir  re-injected  into  the  field  at  the  same  rate  at  which  viscous 
effects  dissipate  it.  The  mode  of  energy  injection  influences  the  final  state; 
simulating  the  manner  in  which  turbulent  energy  is  absorbed  from  the  mean  flow. 

For  simplicity  the  field  treated  is  incompressible,  homogeneous  isotropic  and 
two-dimensional.  Two  cases  are  treated.  One  in  wmch  the  energy  input  is 
normally  distributed  over  the  wave  number  space  and  a  **cc ond  where  energy  is 
introduced  only  through  the  low  v*ave  number  region. 


INTKODUCTION 

In  earlier  studies [l|  a  simulation  of  a  turbulent  field  by  the'  superposition  of 
randomly  distributed  vortices  was  described.  "F.neroy  • pertra"  and  "cor rcl  atioiir " 
were  obtained  and  the  motion  of  neutrally  buoyant  article'*  war  tracked 
kinematically. 

The  simulated  field,  althouqh  appeannn  like  turbulence,  had  two  basic  limit¬ 
ations.  First  it  war  limited  to  be  a  two-dimensional  field,  and  second  it  did 
not  satisfy  the  Navier-Stokes  equation1  •  The  extension  to  three-dimensions 
was  ‘•ugqcstod  by  [?]  ,  but  is  not  considered  at  this  time.  Instead,  the  field 
will  bo  forced  to  satisfy  both  the  Navior-Stoke^  and  energy  < onservat  ioi 
equation1.  Stationary  condition**  will  be  sought  by  re-ir.jei  ting  it  to  the 
turbulent  field  an  amount  of  energy  equivalent  to  that  dissipated  by  viscous 
effect'*.  The  assumption  of  t  wo-dimen*  ional  it  y  may  be  somewhat  restrictive. 
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Such  a  field  would  lack  the  vortex  stretching  <sechar.is»  for  energy  transfer  and 
nay  be  quite  unlike  three-dinensional  turbulence  [3]  .  In  [41  the  created  flow 
is  used  to  solve  the  dynamic  equations  of  notion  of  an  individual  particle  with 
definite  sine  and  specific  gravity,  greatly  extending  the  applicability  of  [1) 
and  showing  agreement  with  measured  values.  The  field  to  be  created  will  be 
limited,  for  simplicity,  to  be  incompressible,  homogeneous  and  isotropic  and 
for  computational  expediency  to  be  two-dimensional. 


DESCRIPTION 


i  n  incompressible  turbulent  velocity  field  is  in  essence  a  random  vector  field 
whose  time  development  is  governed  by  the  Navier-Stokes  equations. 


3u, 


IT  *  V*  Hy 


A’  P  ♦  ^i-v’u 
f  L 
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(Ir.  the  above  all  velocities  and  lengths  are  made  dimensionless  by  a  character¬ 
istic  length  and  velocity  scaler  L  and  UQ. )  The  purpose  is  to  generate  in  a 
digital  computer  a  continuous  turbulent  field.  A  method  is  suggested  by 
Giorgini  [5]  for  obtaining  such  a  field.  There  the  simplest  case  of  one¬ 
dimensional  turbulence  (i.e..  Burgers'  equation),  is  considered;  we  will  now 
extend  that  approach  to  a  two-dimensional  flow.  (The  procedure,  although 
independently  done  [6],  is  somewhat  similar  to  that  followed  by  Lilly  [7j). 

Following  [5]  periodic  boundary  conditions  are  assumed  over  the  length  2nL, 
where  L  is  assumed  large  when  compared  with  the  turbulent  macroscales.  The 
velocity  vector  may  then  be  expanded  as 


£j.(x,t) 


I  u(K,t)e^— *— 


(3) 


where  K  is  i  dimensionless  wave  vector  (dimensionless  in  terms  of  L). 
Substituting  Eg. (3)  in  (1)  gives  the  Navier-Stokes  equation  in  wave  vector 
space,  which  for  a  two-dimensional  field  takes  the  following  form  [6]: 
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(4) 
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Similarly  the  continuity  equation  (2)  ir.  wave  vector  space  be  cones 


u(K  ,K  ,t)  •  K  ♦  v(K  .  K  ,t)  *  K  »  0  .  (5) 

x  y  x  x  y  y 

Equations  (4)  ano  (5)  are  valid  for  any  Kx.Ky.  They  imply  that  the  rate  of 
decrease  of  energy  amplitude  at  a  wave  vector  K  is  proportional  to  the  square 
of  l(  and  is  inversely  proportional  to  the  Reynolds  number. 


The  nonlinear  summation  terms  represent  the  interaction  among  the  modes. 
Physically,  it  means  that  in  order  to  know  the  time  variation  of  a  particular 
mode,  the  interaction  of  this  mode  with  all  other  modes  must  be  known. 


The  purpose  is  now  to  construct  a  solution  to  equations  (4)  and  (S).  For  such, 
an  integration  will  have  to  he  performed. 


NUMERICAL  INTEGRATION 


The  set  of  equ.  tionn  (4)  ano  (5)  is  an  infinite  set  of  equations  corresponding 
to  infinite  possible  values  of  Kx  and  Ky.  In  order  to  find  a  numerical  solution 
two  approximations  are  unavoidable. 

1)  The  set  rnu^t  be  truncated  at  some  wave  vector  1£  in  order  to  make  the  set 
finit". 

?)  The  equations  'ust  be  integrated  by  choosing  a  finite  time  increment. 

Before  attempting  a  solution  it  must  be  racogni'ou  wnether  or  not  the  solution 
to  the  truncated  equation  is  physically  realisable.  It  is  well  known  that  the 
turbulent  energy  spectrum  decays  to  -zero  very  raoidly  at  large  wave  numbers, 
accompanied  by  energy  tran.  fern  down  the  spectrum  and  dissipation  at  large  wave 
numbers  (cascade  process).  ’Therefore,  the  cut-off  wave  vector  N  with  components 
Nj='!y=N  may  be  selected  large  enough  so  that  the  energy  transfer  through  it  is 
negligibly  -mail;  hopefully  permitting  a  physically  reali-able  solution.  The 
errer  resulting  from  this  trun--ation  i<-,  related  to  e  ,  where 


s  = 


energy  corresponding  to  wave  ve,  tors  > U 


energy  of  wave  vectors  <  N 


Using  Benton's  [8]  solution  to  Burgers'  equation,  Giorgini  [r]  studied  the  wave 
number  cut-off,  11,  versus  Reynolds  number  for  ’ff«r.iit  £  .  Arbitrarily 
choosing  c --  0,01,  hence  discarding  1  percent  of  the  total  dissipation,  Giorgini 
[A]  found  that  for  a  one-dimensional  model  M  <  1.1  Rol.  Using  the  same  criteria 
for  our  two-dimensional  case,  and  arbitrarily  exporting  the  turbulent  Reynolds 
number  to  be  about  10,  then 


N  =  N  =  ±10 
x  y 


,(6>: 


The  infinite  set  of  equations  is  limited  then  to  a  summation,  or  21  values  of  Nx 
anJ.  Ny,  or  441  simultaneous  differential  equations  wmch  con  be  hopefully 
'olved  numerica1  ly.  fr.e  value  of  10  for  the  wave  number  cut-off  is  in  agreement 
with  that  chosen  by  Bray  and  Batchelor  (See  [9]  ). 

It  is  possible  to  extend  this  method  to  a  three-dimensional  space.  However, 
the  number  of  differential  equations  increase:  rapidly,  nn  *  stance,  with  the 
same  criteria  as  above,  the  number  cf  differential  equations  for  the  ttnee- 
dimonsional  case  would  become 

(?N  +  1)’  =  9261 


293 


uhi-h  presently  can  not  be  integrated  within  a  reasonable  coeputer  tint  . 

The  selection  of  tine  iiv-rerjn;  depend'  on  the  accuracy  requires,  and  for  the 
present  case  was  selected  as  0.302 T  where  tne  time  scale 

L 

T-~* 

o 

A  Kunoe-Kutta  method  was  used  to  integrate  the  oyster  ci  Equatier's  14).  Tne 
details  of  the  integration  procedure  as  well  as  computer  r f ograms  ire  giver  is [6j 


OJK'Cy  bAlAWCS 


In  th-  described  meuel  the  energy-  will  deray  with  tine  due  ti  viscous  aissipaticr 
In  order  to  simulate  a  stationary  turbulent  field  sooe  w  ham  sir  must  Is:  so  .sid- 
ered  to  retrieve  the  energy  into  rhe  flow.  We  would  like  thi.-  ne-  nai  irn  to  be 
such  that  che  expected  value  of  tlie  energy  remains  co- start.  We  nope  that  with 
this  addition  of  energy,  which  compensates  the  loss  through  viscosity,  the  Jiow 
would  be  forced  to  be  stationary  after  a  giver,  time  T.  Of  course,  this  con¬ 
jecture  must  be  checked  by  at  least  studying  tne  stationarity  of  the  orrelation 
and  energy  spectrum. 

, ,.s  mechanism  which  is  used  in  the  present  study  if  a  "random  mixer  in  wave 
vector  space"  which  contributes  a  specific  amount  oj  energy  to  wacb,  mode  at 
every  time  ;tcp.  It  dees  this  ir:  such  a  way  tint  tre  ex;  voted  value  ct  the 
total  energy  remains  con rtant. 

The  energy  contribution  mono  must  satisfy  tlie  following  conditions: 

1)  ieality  of  the  velocity  field 

2)  Continuity  equation 

The  first  condition  implies  that  the  variation  ir.  tile  conjugate  ; oo»s  u(K,t) 
ana  ul-K.t)  must  be  the  same.  The  second  condition  impo.es  a  rr  triction  on  tl.c 
pulsation  of  energy  t)  the  u  and  v  components;  only  one  or  thess  contributions 
car.  ho  chosen  independently. 

The  random  mixen  acts  in  wave  vector  space  and  varies  the  fomior  o/rli tudes 
u(K)  and  v(K)  by  ar.  amount  lu  and  Av  resrwn  tivolv’t  Tne  rc  l  and  imagii  ary 
parts  of  Au  and  Av  aio  normal  ran  lorn  variables  chi  ion  i-=  Jen  a  way  that  f.ie 
expected  value  of  the  energy  remains  unchanged  once  "tatic 'arity  is  reamed. 


If  the  dlffetcnce  between  the  total  initial  cneiqy  and  tha.  at  time  t  is  giv^n 
by  AE,  and  as.  from  continuity 
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then  the  variance  [6] 
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Let  Ae(Kx,Ky)  be  the  energy  receiver  by  ‘•he  mode  (Kx*<v)  frotft  the-  ranooni  i  ixor 
at  time  t,  then 

Ae(Kx,Ky)  =  |a  (Kx,Ky)|2  -  |Av(Kx,Ky)  |\ 

Combining  £>iationc  (7)  an.i  (9)  ne  entalno 
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It  ic  interesting  to  note  that  the  expected  yal  :o  c»f  Ae(hx>Ky;,  using 
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The  expected  value  of  the  total  energy  then  become' 
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a  quantity  unchanged  with  tine  once  stationary  conditions  aic  reached. 

There  is  one  arbitrariness  remaining  in  the  random  mixer.  Even  though  the 
variances  are  fixed  the  distribution  of  either  Jtu  and  b>  is  not.  "his  means 
that  the  wave  number  distribution  through  which  the  energy  is  re-injected  into 
the  flow  is  arbitrary.  In  essence  it  is  such  a  distribution  wnict  in  real  flows 
relate*  che  turbulent  dissipating  region  to  the  mean  shear  flow  fr.ei  wnlch  the 
energy  comes.  To  simulate  this  the  random  mixer  would  have  to  be  accordingly 
weighted  in  the  low  wave  nuaber  region.  Two  cases  ere  treated  herein.  In  the 
first  normal  distribution  (limited  to  truncated  wave  space)  is  selected. 

(This  is  similar  to  the  distribution  selected  for  the  "forcing  function"  of 
reference  [7] ).  In  the  second  case  the  random  mixing  is  accomplished  solely 
through  random  pulsations  on  the  wave  number  region  |K|<  1.  (See  Reference  [6]  ). 
This  second  case  might  better  simulate  the  manner  in  which  turbulence  gains 
energy  from  the  mean  flow  as  it  concentrates  in  the  low  wave  number  region. 


RESULTS  AND  CONCLUSIJNS 


At  time  t  •  0  a  random  velocity  field  is  arbitrarily  selected  whose  only  require¬ 
ment  is  to  satisfy  the  continuity  equation  (7).  The  time  development  of  the 
field  is  governed  by  the  forced  Navier-Stokes  equation  generalized  as 

|^(hx,Ky,t)  -  ^(u.v.)  ♦  *u<Kx,,Cy,t> 

|^(Kx,Ky,t)  -  Mu.v)  *  MKx,Ky,t)  (13) 

where  pu  and  ^  are  nonlinear  operators  on  the  right  hand  sides  of  Equation  (4); 
*u  and  ♦„  are  random  forcing  functions  due  to  the  random  mixer  in  wave  vector 
space. 

The  set  of  equations  (7)  was  integrated  for  300  steps  until  the  stationary ty  of 
the  field  was  confirmed  by  looking  at  the  two-dimensional  energy  spectrum.  As 
would  be  expected  the  results  became  insensitive  to  the  initial  field,  although 
dependent  on  the  random  mixer.  The  statistical  properties  of  the  field  were 
obtained  assuming  ergodicity  in  order  to  equate  time  with  ensemble  avera< .ng. 

It  was  also  assumed  that  the  field  was  isotropic  and  that  any  rotation  of  the 
velocity  field  in  the  wave  vector  space  around  the  origin  became  also  a  real¬ 
ization  of  the  ensemble. 


In  takirg  time  averages  seventy  time  steps  were  used.  The  two-a.mensional  energy 
spectrum  was  computed  using  the  following  equation : [6]  , 

E(  |K  1 )  =  I  <{u2(K\  k  ' )  +  v2(K\  K')}>  .  (14) 

|k|-k|k|  <|k|+i  X  y  x  y 

The  Eulerian  correlations  and  scales  may  be  related  to  the  energy  spectrum. 

For  a  three-dimensional  field  such  a  relationship  is  well  documented,  for 


■.nstance,  in  Chapter  III  of  [10] 
field,  as  shown  in  the  appendix, 


In  oir  special  case  of  a  two-dimensional 
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The  turbulence  microscales  are  given  by 
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and 

X  Xf 
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(18) 

The  macroscales 

are  defined  as 
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where  rjis  such  that  g(r')  >0  for  r'<  rj  and  g(r')  <  0  for  r' >rj. 


RANDOM  MIXER  NORMALLY  DISTRIBUTED 


The  first  concern  is  to  make  certain  that  the  computation  scheme  is  carried 
along  sufficiently  in  time.  The  easiest  criterion  is  to  compute  the  energy 
spectrum  and  correlations  for  different  times  after  the  field  appears  to  be 
stationary.  Figures  1  through  3  show  the  energy  spectrum  for  time  steps  0,  299, 
and  300.  The  stationarity  is  apparent.  In  addition  Figures  4  through  9  show 
the  corresponding  space  correlations  computed  with  Equations  (15)  and  { 16). 


The  corresponding  scales  given  by  Equations  (17)  to 
apparently  stationary  range  as: 

longitudinal  microscale:  \f 

lateral  microscale:  iq 

longitudinal  macroscale:  Af 

lateral  macroscale:  Agj 

A9S 


The  mean  square  of  the  velocity  is  _ 

u2  »  1.33  U2 
o 


where  L  and  U0  are  the  length  and  velocity  scales. 


(21)  were  computed  in  the 

»  0.3010  L 

-  0.1738  L 
=  0.4722  L 

-  0 

»  0.2352  L 


The  integration  of  the  Navier-Stokes  equation  was  performed  in  the  wave  vector 
space  and  t.  Therefore,  the  Fourier  amplitudes  of  the  velocity  field  are  known 
at  any  time.  The  velocity  field  can  be  obtained  by  the  inversion  of  Equation  (3). 


u(x,y,t) 


K  K  *  y 


i(Kx 


x  +  v 


The  summation  may  be  simplified  due  to  the  reality  of  the  velocity  field! 

N  N  i(Kxx  +  IC,y) 

u  ( x ,  y ,  t )  -  r  [2  l  Re{u(K  ,K  ,t)e  y  )]  (22) 

K  — N  K  -1  X  y 

x  y 

where  Re{  )  means  the  real  part  of  the  expression  inside  the  bracket. 


RANDOM  MIXER  THROUGH  RANDOM  PULSATI0N5  IN  K  <  1. 


The  same  procedure  was  repeated  for  the  second  case.  Details  of  the  computer 
programming  are  in  [6]  except  for  the  nature  of  the  random  mix’r.  The  computed 
correlations  were  comparable  to  those  of  Figures  1-9  except  teat  the  corres¬ 
ponding  scales  were  found  to  be: 

Af  =  0.7138-'- 
*  =  0.4121  t 

Af  =  1. ”',24  L 
Ag2  »  0 •‘,2  Li  Aq,  -  0 

The  intensities  for  this  field,  wnere  again  F  is  an  arbitrary  scc1e,  were 
computed  as 

u2  b  v2  o  1.536  U  2 
o 
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With  the  randan  mixer  acting  predoninantly  through  the  large  scale  iegic  1  the 
expected  relative  orders  of  magnitude  of  the  micro  and  macroscales  result.  The 
difference  between  the  micro  and  macroscales  was  not  as  pronounced  for  the  first 
case  where  the  energy  re-injection  was  simulated  to  occur  normally  distributed 
through  all  wave  limbers.  It  ir  the  second  case  which  is  probably  more  real¬ 
istic.  In  effect  it  suggests  an  interesting  method  to  infer  aspects  of  the 
energy  transfer  mechanism. 
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APPENDIX:  KINEMATICS  OF  HOMOGENEOUS  ISOTROPIC  TWO  DIMENSIONAL  TURBULENCF. 


Consider  a  homogeneous  turbulent  flow  field  with  the  restriction  that  the 
component  of  the  velocity  in  a  particular  direction  .(for  simplicity  this 
direction  is  assumed  to  be  the  z-direction)  is  zero  at  all  times.  Furthermore, 
it  is  assumed  that  the  velocity  field  ir.  the  plane  normal  tc  the  z-direction 
is  isotropic. 

Similar  to  the  three-dimensional  case  there  are  only  two  independent  scalars 
in  the  components  of  the  two  point  velocity  correlation  tensor  Rjj.  From  [9] 
the  correlation  tensor  is 

ri  rj 

Ri?  -  u2  { [f ( r )  -  g(r)]  -y  +  g(r)  }  (Al) 

Where  In  the  present  ccse  i,  and  j  can  only  be  1  or  2  due  to  the  two-dimension¬ 
ality  of  the  field.  Incompressibility  implies 


Combining  the  above,  and  recognizing  that  now  6^  -  2,  then 

a(r)  »  f(r)  +  r  ~  (rf)  t  (A3), 

ar 

slightly  different  from  the  corresponding  three-dimensional  case. 

The  two  point  velocity  correlation  is  related  to  the  power  spectrum  tensor  E. , 
in  the  following  form.  [9] 

R.  (r)  .  I  E  .(K)ex-"£  .  (A4> 

U  ~  K 

Contracting  the  above  and  combining  with 

R,.  =  u2  [f(r)  +  g(r)]  =  _H__i_(r2f)  (AS) 

yields 


—  ■§“  <r2f}  -  1  E  .(Kje1-*1 

r  3r  £  11 

The  double  summation  on  the  right  hand  side  of  Equation  (A6j  in  polar 
coordinates  becomes 


(A6) 
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u  r  tv  tv\  Cose.  „ 

*  1  /  Eii(K)  *  de 

3  K«0  0  11  2* 


(AT) 


Where  —  is  the  number  of  modes  on  an  infinitesimal  area  with  radius  K. 

CL  is  the  length  scale). 

Recalling  the  integral  representation  of  the  Bessel  function  equation  (A")) 
becomes 

2 

—  4-(r2f)  >  l  LK  E. .  J  (Kr)  .  CAB) 

C  3r  KmO 

Multiplying  both  sides  by  r  and  integrating 

—  -  J.CKr) 

u  fCr)  «  “  LK  F. . 


K=0 


ii  Kr 


CA9) 


The  two-dimensional  energy  spectrum  can  be  defined  as  the  total  energy  on  the 
wave  number  K ,  or 

ECK)  -  LK  E. .  (A'10> 

11 

Thus,  the  longitudinal  correlation  may  be  expressed  in  terms  of  the  two- 
dimensional  energy  spectrum  as 


1  J  (Kr) 

r(r)  -  -=r  j  ECK)  -J - 

o2  kIo  Kr 


(All) 


The  lateral  correlation  q(r)  can  be  easily  obtained  in  terms  of  ECK).  Substitu¬ 
ting  Equation  (AIT)  in  Equation  (A3)  then 


g(r)  =-==■!  E(K)  J  (Kr)  -  - 
u2  K»0  L  ° 


(Kr) 


Kr 


(All) 


In  order  to  compute  the  microscales  of  turbulence  f(r)  and  g(r)  are  expandec 
near  the  origin.  The  power  seiies  expansion  for  the  Bessel  function  of  order  ; 
is 


<»  /  .  »S  n+2S 

J  (x)  =  1  (?) 

n  S_Q  SJ (n+S)l  2 


(A13 ) 


Thus,  f(r)  for  small  r  becomes 


f(r)  =  1  -  1  r2+  .... 

16  K=0  u2 

and,  the  longitudinal  microscale  ly  can  be  obtained  as 

1 


-—  f  k2e(k>" 

16u2  K=0 

V  = 


Using  a  power  expansion  of  f(r)  in  (Ai)  yields 

»  .  ii 

Thus,  the  lateral  microscale  can  also  be  obtained  in  terms  of  ECK)  as 


(ATT) 


(ATS) 


_L_  •  k2e(k) 

TGu  2  KaO 


.(ATE)' 


With  the  conventional  definition  for  the  longitudinal  macroscale,  and  using 
Equation  (All)  one  obtains 
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A 

f 


(A17) 


1  "  E(K) 

7  K=0  K 

airoilarily  the  lateral  macroscale  of  turbulence  defined  as 


simply  becomes 


A 


*1 


/  g(r)dr 
o 


N= 


0 


(Aie; 

(A1Q) 


Therefore  the  kinematic  properties  of  a  two-dimensional  homogeneous  isotropic 
turbulence  are  similar  to  those  of  the  three-dimensional  case  differing  within 
numerical  factors  and  the  interchange  of  Bessel  functions  with  sine  and  cosine 
functions. 


NOMENCLATURE 


E 

Eij 

f(r) 

g(r) 

K 

K 

K„ 

Ky 

Jb 

N 

Nx 

Ny 

P 

r 

n 

Rql 

Hi, 

u 

u(K,t) 

u(Kx,Ky). 

Uf(x, t \ 
U  n 


v(Kx,Ky) 

X 


two-dimensional  energy  spectrum 
energy  spectrum  tensor 
longitudinal  correlation 
lateral  correlation 
wave  vector 

wave  number  equal  to  j  K | 
first  component  of  wave  vector 
second  component  of  wave  vector 
a  length  scale 
wave  vector  cut  off 

first  component  of  the  wave  vector  cut  off 

second  component  of  the  wa/e  vector  rut  off 

pressure 

radial  distance 

components  of  r 

Reynolds  number  based  on  U  and  L 
correlation  tensor 

first  component  of  the  velocity  vector 
velocity  vector  in  wave  vector  space 
first  component  of  the  veloci.v  amplitude 
velocity  vector  in  real  spare 
a  velocity  scale 

second  component  of  the  velocity  vecto- 
second  component  of  the  velocity  amplitm  o 
coordinate  axis 
i -component  of  the  coordinate 
longitudinal  microscale 
lateral  microscale 
longitudinal  macroscale 
lateral  macroscale 
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ABSTHACT 

This  paper  deals  with  the  Inf luence  of  surf ace  roughness  and  mass 
transfer  on  the  boundary  layer  and  friction  coefficient  for  turbulent 
flow  over  a  flat  plate.  The  roughness  Is  introduced  as  a  vortex 
generation  factor  in  the  sublayer  following  the  work  of  van  Driest, 
but  the  van  Driest  constant  Is  modified  uslnar  Rotta’s  data  to  account 
for  suction  and  Injection.  The  analysis  first  considers  the  region 
near  the  wall,  with  the  effect  of  a  pressure  gradient  being  neglected 
and  with  the  assumotlon  of  a  constant  injection  or  suction  velocity. 
The  resulting  equation  for  the  velocity  profile  Is  In  the  form  of  a 
first  order  ordinary  differential  equation  which  is  easilv  solved  by 
numerical  Integration  and  gives  the  boundary  laver  characteristics 
near  the  wall  for  varying  degrees  of  surface  roughness.  With  the 
finite  difference  method  develooed  recently  bv  Fletcher  calculations 
are  made  which  Include  mass  transfer  and  roughness.  Agreement  between 
the  present  friction  coefficient  values  for  smooth  Plates  and  the  ex¬ 
perimental  data  by  Mlckley  and  Davis  Is  quite  good  using  the  modified 
van  Driest  constant.  Friction  coefficients  for  dates  with  varying 
degrees  of  roughness  and  mass  transfer  conditions  have  been  calcu¬ 
lated  and  are  presented  graphically.  The  solution  has  been  applied  to 
partially  rough  plates;  for  no  surface  mass  transfer  It  agrees  quite 
well  with  data  published  in  Schllchtlne's  text. 


INTRODUCTION 


Papers  dealing  with  turbulent  boundary  layers  under  the  Influence  of 
surface  mass  transfer  are  numerous.  The  approach  to  the  theoretical 
solution  varies,  but  In  general  the  seml-emplrlcal  theories  for  shear 
flow  with  suction  and  injection  are  based  on  the  momentum  equation 
ooupled  with  Prandtl's  mlxlne-leneth  theory.  A  review  of  the  existing 
theories  on  the  turbulent  boundary  laver  with  suction  or  Injection  Is 
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(riven  toy  Stevenson  ( 1 1 .  and  experimental  results  on  flow  with  mass 
transfer  have  also  been  reported  fl-7).  °ecent  vears  have  seen  sub¬ 
stantial  ex ner Indentation  on  flow  over  Impervious  roue*  materials,  but 
relatively  few  have  Included  trass  transfer.  To  the  authors*  knowledge 
both  theory  and  experimentation  are  completely  lackinv  for  flow  over 
oorous  materials  with  mass  transfer  which  Includes  the  effect  of 
rouehness.  In  anv  application,  the  effect  of  rouwhness  on  the  sublayer 
Is  always  present  and  can  be  of  eoual  magnitude  as  the  efrect  of  In¬ 
jection  or  suction.  The  materials  used  as  porous  llnlnvs  are  usuallv 
quite  rouwh,  as  for  example  those  used  In  transptratton-cooled  turbine 
blades.  In  more  recent  applications,  turbofan  engines  are  betnw  lined 
with  acoustic  materials  In  the  Inlet  and  bvrass  ducts  (fi).  These 
panels  are  rourt)  and  oorous,  and  the  acoustic  pressure  drives  the  air 
near  the  wall  Into  the  cavities,  thus  creatine-  a  fluctuating  velocltv 
at  the  surface. 

The  present  Investigation  was  undertaken  In  order  to  arrive  at  some 
idea  of  the  wall-ad  Jolnlnv  layer  when  the  fluid  is  simultaneously 
affected  by  mass  transfer  and  rouvhness  and  to  obtain  dimensionless 
profiles  and  friction  coefficients  which  could  be  used  under  various 
roughness  and  surface  mass  transfer  conditions.  The  fl’-st.  part  of  the 
analysis  deals  with  the  simpler  problem  of  t*e  Influence  of  roughness 
and  surface  mass  transfer  on  the  boundary  layer  near  the  wall.  TMs 
analysis  follows  the  method  used  bv  Eotta  [9)  but  Includes  a  factor 
for  roughness  derived  by  van  Driest  (10).  Houebneso  Is  assumed  to  act 
as  a  vortex  venerator  decreasing  the  effect  of  damolnv  9t  the  surface 
of  the  olate.  Then,  Fletcher’s  recently  develoo“d  method  of  a  stable 
explicit  finite  difference  formulation  (11)  Is  used  to  compare  with 
the  solution  obtained  by  the  simpler  analysis  (the  damrlnv  function 
used  by  Fletcher  is  modified  and  rouvhness  Is  added  to  the  mlxlnr- 
lenvth  eouatlon).  The  finite  difference  mefod  can  also  be  smiled  to 
nroblems  with  Pressure  mradlent®  as  well  as  variable  sur*,''G<*  mass 
transfer. 


ANaLYjIa 


In  the  presence  of  a  pressure  vradlent  and  with  variable  surface  mass 
transfer  the  eouatlon  of  steady  motion  for  flow  over  a  flat  rlate  and 
the  equation  of  continuity  reduce  to 


u 


9u 

5x 


+  v 


du 

Sy 


.  1  dp 
+  p  Sx 


1_  <3r 
p  3v 


(1) 


du  ,  dv 

5x  *  5? 


=  0 


(2) 


where  the  appropriate  boundary  conditions  are 

for  y  =  0.  x  *  0  :  u  =  0,  v=  Vw(x)  (3) 

y  -woo  ,  for  all  x  :  u  =  Uw(x),  v  =  0  (4) 

for  all  y,  x  =  0  :  u  =  (5) 

Usually,  a  certain  value  for  the  t'-'lci'ness  <jg  of  th»  viscous  sublayer 
Is  assumed  In  the  boundary  layers  accordingly,  for  v  ^  Os  there 
should  be  no  turbulent  motion  of  th=  fluid  at  all.  Experiments  have 
shown  conclusively  that  this  expectation  of  no  turbulent  motion  In  the 
sublayer  Is  not  true,  father,  thev  sumo-est  that  turbulent  motion  is 
damned  out  by  the  wall  but  still  exists.  Stokes  (12)  showed  that  for 
an  Infinite  Plate  undervolnv  simple  harmonic  oscillations  parallel  to 
the  plate  In  the  infinite  fluid,  the  ami-ntude  of  oscillating  motion 
of  the  fluid  diminishes  from  t*“  wall  as  a  function  of  the  factor 
exp(-y/«),  where  A  Is  a  constant  depend lnv  upon  the  frequency  of 
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oscillation  of  the  Plate  and  the  kinematic  viscosity  of  the  fluid. 
The  factor  l-exo(-y/A)  was  liter  Introduced  by  v»n  Driest  [10)  In 
the  turbulent  shear  stress  term  and  aonlled  to  the  case  In  which  the 
plate  Is  fixed  with  the  fluid  oscillation  relatively  to  th*  Plate 
(l.e.  turbulent  fluid  flow). 

Solution  Near  the  vail 


Por  the  special  case  of  zero  pressure  nrsdlent  and  con't^nt  distribu¬ 
tion  of  Injection  or  suction  alone  the  Plate,  the  derivatives  of  flow 
oarameters  with  respect  to  x  are  so  small  th»t  they  can  be  neg¬ 
lected  In  the  ranee  verv  close  to  the  wall,  or 


3 

5x  " 


(6) 


The  continuity  equation  (2)  Is  then  reduced  to  the  form 


(?) 


After  Integration  of  eauatlon  (7)  and  substitution  In  the  boundary 
conditions  (3)*  the  result  Is 


v  =  V*  =  CiU„ 


(6) 


where  V„  Is  an  arbitrary  constant  which  Is  positive  ror  Injection 
and  negative  for  suction.  With  the  substitution  of  v  =  V„  and 
d/dx  =  0  Into  equation  (1),  the  equation  of  motion  becomes 


By  integrating  equation 
obtains 


du  _  _1  3t 
vw  3Ty  “  p  5y 

(9)  and  uslnn  boundary  conditions  (3)  one 


(9) 


VWU 


i  h  -  V 


(10) 


where  t„  Is  the  shear  stress  at  the  wall  and  Is  assured  constant 
along  the  plate.  Bv  rearrannlnn  eouatlon  (10),  one  nets 

1  +  v»»  u*  =  ^  (11) 

In  an  alternate  form,  this  eauatlon  Is 

=-  -  1  ♦  B0 

Tw 

where  B  =  0  =  ^ 

whloh  Is  used  by  several  authors  (eauatlon  (2),  (13))  and  amrees 
well  with  experimental  results  for  values  of  0^0^  0.5  (13)*  This 
Is  consistent  with  the  assumption  In  this  section  of  restrlctlnn  the 
analysis  to  the  renlon  near  the  wall. 


Prandtl's  mlxlnn-lennth  theory  elves  the  relation 

-  p*V<t£>2  (12) 

(where  X  Is  a  universal  constant  and  Is  approximately  eaual  to  0>1.) 
since  the  total  shear  stress  is  defined  as 

t  =  fi|  -  P?7^’  U3) 

Por  a  rouvh  wall  van  Driest  suggests  the  formula 

1  -  exp(-y/A)  +  exp(-yD/AE)  (!4) 

The  last  term  In  expression  (14)  is  used  by  van  Driest  to  counter- 
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balance  the  vortex  daaolnv  at  the  surface,  thus  constdertn#  rough¬ 
ness  «s  a  vortex  veneration  factor.  To  Include  Injection  the  rou*h- 
ness  daaolna  factor  can  be  written  In  the  fore 


HP  =  1  -  exp( 


■7Wi+V**u*  -r*D*yr +%*** 

- - - ,  ♦  eXp( - 535 - ) 


(15) 


where,  for  Vw*  -  o;  this  equation  reduces  to  that  vlven  by 

van  3riest  for  no  mass  transfer.  Introducing  eouations  (15)  and  (12) 

Into  (lj)  and  dlvldlnc  by  t*  one  obtains 


du* 


J2.  2 


When  equations  (11)  and  (16)  are  equated  and  slmolifled,  the  result 
Is 


du* 

ay* 


2(i  +  v*u*) 


i+Vw»u*)'y  i+^x2y*2 1 


2,  -y*7i+vw*u*  -y*  n*  yr+v^u*~2 

l-exp( - r: - )+exp( - - )] 

(17) 


As  the  Heynolds*  stress  puTvr  Is  usually  written  as  Tt  (turbulent 
shear  stress),  and  since  re  =  p  du/dy  for  the  lanunar  9hear  stress, 
the  total  shear  is  T  *  ♦  Tt.  with  the  eddv  viscosity  e  defined 

as  tt  *  t  du/dy,  then 


Tt 


(18) 


or 


(19) 


Bv  the  relation  from  eouatlon  (11),  (19)  finally  reduces  to 

*  <l  *  v**u*)  -  <g^) 

Since  T  =  (p  +  t)du/dy,  then  by  non-dlmension^llvlnv  and  re- 
arranvlnv,  one  obtains 

k  T/T"  _  - 
H  “  du*/dy+  ~ 


(20) 


(21) 


The  substitution  of  eauatlon  (11)  Into  (21)  yields 

t  =  1  *  Vy»u*  j 

M  du*/dy* 


(22) 


which  Is  the  relation  between  viscosity  and  eddy  viscosity.  3v 
multiplying  the  numerator  and  denominator  of  the  left-hand  term  of 
eouatlon  (22)  by  du/dv,  one  finds  that 


r_t  =  1  ♦  Vy»u* 

T/  "  du*/dy* 


(23) 


Equation  (23)  orovldes  a  relatlonshlo  between  turbulent  shear  stress 
and  laminar  shear  stress  throughout  the  boundary  layer. 


Pron  the  conservation  of  enersrv,  Hotta  (9)  derived  a  relation  for  the 
sublayers 
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or 


or 


ra8  fa a  _ 

I  X,  Ttdy  -  I  pt&y  =  0 

Jo  ~'o 

f'. 


Ttdy  -  |  =  0 


r° s*  _  T*  3/z  rds*  .2  u*c 

1  Tc  Vr*  -  <f )  J0  ^  (T",dy 


(24) 

(25) 

(26) 


In  equation  (25),  the  first  ter*  Is  the  production  of  enerwy  and  the 
second  term  Is  the  total  enerwy  dissipation  In  the  sublayer.  The 
energy  production  can  be  written  as 


TeTt  *  or  T«Tt  -  (27) 


Equations  (24)  and  (27)  provide  an  understanding  of  *ow  the  energy 
dlssloatlon  acts  In  the  sublayer. 


There  are  two  unknowns  D*  and  A*  which  should  be  determined  be¬ 
fore  solvlne  equations  (16)  or  (17).  Driest  (10]  suwirests  that 
D*  »  60  is  a  wood  approximation.  Prom  Notts's  data  (9),  A*  can  be 
reoresented  approximately  by 

A*  *  26-25  V-*  (for  the  Injection  case) 

(20) 

and 

A*  *  26  -  200  V-*  (for  the  suction  case) 

(29) 


Figure  '  shows  a  comparison  between  the  present  approximation  uslnw 
the  experimental  data  of  Hotta  (9j  and  Cebecl's  approximation  uslnw 
Simpson's  data  (6,14).  It  can  be  seen  that  for  suction  the  present 
linear  approximation,  the  exponential  approximation  of  Oebecl, 
Simpson's  data  ana  Hotta's  data  are  all  very  closet  however,  for 
blowing  the  present  method  utilizing  Hotta's  data  extends  to  aulte 
lares  values,  whereas  Simpson's  experimental  data  Is  limited  to  small 
values.  For  larwe  values  of  blowinm,  the  difference  between  the  two 
approximations  Is  quite  slarnlf leant. 

The  boundary  conditions  used  to  solv’  eauatlon  (17)  are 

V*  *  0  U*  *  0  jj*  *  1  (30) 

and 

F*  -*■ «  •  *  0  (3D 

The  Integration  oonstant  of  equation  (17)  Is  taken  care  of  by 
numerical  integration  procedures  (for  the  computer  program,  see 
op.  89-91,  Heference  15). 

Figure  2  shows  the  characteristic  of  the  velocity  profile  for  In¬ 
creasing  rouwhness  and  several  mass  transfer  rates.  For  values  of  E* 
less  than  6o  the  date  Is  considered  parti div  roach,  and  ror  values 
larger  than  60  (E*  *  D*)  the  plate  Is  corddered  fully  rough.  It  is 
seen  that  the  roughness  has  a  verv  si wnif leant  effect  on  the  shape 
of  the  profile.  For  very  small  values  e£  y*  in  the  sublayer  it  is 
seen  that  mass  transfer  and  roughness  have  very  little  effect  on  the 
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value  of  u*.  This  Is  consistent  with  the  fast  thvt  very  near  the 
wall  the  viscosity  e'fect  of  the  fluid  dominates.  The  Influence  of 
roughness  Is  quite  pronounced  outside  this  sublever  rcvlon. 

This  Is  brought  out  more  elearlv  in  Figure  3*  For  values  of  r*  le«« 
than  two  and  for  3*  =  0  (smooth  elate),  the  value  of  turbulent  she->r 
Is  zero  for  ell  values  of  Injection  and  suction.  "However,  for  e  rouvh 
olate  with  a*  =  6c  and  for  y*  less  than  two,  the  value  of  x \,!ri 
Is  less  than  one.  Thu*  th»  turbulent  shear  Is  still  less  than  the 
laminar  shear  although  the  viscous  shear  no  lonver  dominates  com¬ 
pletely  as  In  the  C’se  of  a  smooth  olate.  It  Is  Interesting  to  note 
that  even  under  larye  values  of  injection  there  Is  a  revlon  In  which 
laminar  shear  comnl»telv  dominates,  whereas  under  the  action  of 
roughness,  which  is  likewise  assumed  to  create  turbulence  In  the 
revlon  near  the  wall,  the  turbulent  shear  is  no  longer  zero  near  th» 
wall  but  is  of  equal  value  In  n'-wnltude  to  the  laminar  shear. 

Flvure  4  is  a  vranh  of  equation  (20)  for  the  cas?  of  r“ro  rouwhness 
and  for  a  roughness  of  5*  *  60.  Soumhness  decreases  the  ratio  of 
turbulent  to  wall  shear  for  Injection  but  increases  it  for  suction. 
The  numerical  values  for  equation  (2?)  are  <riven  in  Flo-ur*  5-  The 
comparison  between  the  lines  for  rouwh  and  smooth  nlat“.s  shows  that 
Injection  lncre  ’e3  the  enervv  production  because  It  adds  enerov  into 
the  sublayer.  Houmhness  decreases  »n»r»v  production  because  more 
enervv  dls9loates  to  the  wall,  lncre-’Slnv  th"  value  of  shear  stress 
at  the  wall.  In  view  of  the  eons »rv~t ion  jf  ^n»m,  with  equal  shear 
stress  at  the  wall,  the  thickness  of  the  sublayer  is  reduced  bv  In¬ 
jection  or  rouo+’ness  but  Increased  with  suction.  However,  the  total 
boundary  layer  thickness  Is  Increased  bv  Injection  or  roumhness  and 
decreased  bv  suction. 


Finite  Different: e  Solution 


To  compare  the  results  of  t*e  rreceedlnv  analysis  and  to  ro-ovlde  a 
me'.hod  where  a  pressure  »r  ad  lent  and  variable  surface  mass  transfer 
e  «  be  Included,  the  finite  difference  method  developed  bv 
Fletcher  111)  is  used.  From  the  mlxlnm-lenmth  theory  the  turbulent 
shear  can  be  written  In  the  form 


_  .2  i  bu  |  bu 

-  piP—  =  pi  I  57  !  3y 

Thus  the  momentum  eouatlon  becomes 

3u*  bu*  . du„+ 


u*  5^  +  v*  *  u«*(x)  T5§T  +  sfe  [(1  +  I  FyJ  I  >5^ 


and  the  continuity  equation  Is 

9u  9v* 

"  0 


(32) 

(33) 

(34) 


with  boundary  conditions 


for  x*  ^  0,  y*  =  0 
for  all  x*  y*  oo 


v+  =  Vw**'*) 

u*  =  Vl*»)i  v*  =  0 


(35) 


Uslnv  the  mlxinm-lenvth  distribution  rlv*^  bv  Fletcher  (modified 
sllmhtlv)  together  with  the  Introduction  of  t^e  roumhne.ss  factor 
e  Tn(-y+D*/A*2*)  the  result  Is 


t/b  =  0.41  [  1  -  exo(-y*/A*)  +  exn(-y*:i*/A*5*)  ]  (v/b) ,  v/6  c  0,1 

(36a) 
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l/h  -  0.4l[l  -  exp(-y#/A*)  ♦exn(-T*D#/A*“*)}(T/6)  -  1  - 53*»06 (y/S-0. 1  )2 

+  2.75625(y/6-0.1)3  -  1.38425(y/&-0.l)4  0.1  *  y/S  <  0.6 

<36b) 

l/h  =  0.039  0.6  -  y/S  (36c) 

With  these  modifications  to  Include  roumhness,  Pletcher's  finite 
difference  method  (ill  Is  followed  to  obtain  the  solution  to  eoua- 
tlons  (33)  and  (3*0  which  are  then  programmed  to  e-lve  numerical 
results  shown  In  the  following  figures.  In  the  presence  of  a 
pressure  srradient,  A*  as  mlven  bv  equations  (28)  and  (29)  should 
be  further  modified. 

Fls-ure  6  elves  the  friction  coefficient  curves  for  mero  •••ouo-hness 
and  for  U*E/v  =  500  (the  definition  of  E  here  Is  the  same  as  for 
ks  In  Schllct’tlnsr) .  The  values  obtained  bv  the  present  method  are 
sllKhtlv  lower  than  those  a-lven  bv  the  Prandtl-Sch'.lchtlnff  formula. 
However,  this  feet  is  consistent  with  the  results  of  other  theoreti¬ 
cal  methods  and  with  experimental  data  (see  [16 J  for  a  smooth  nlate). 

Plorure  7  is  a  comparison  of  the  dimensionless  velocity  profile  uslna- 
equation  (1?)  and  the  finite  difference  method  for  zero  mass  trans¬ 
fer.  For  small  values  of  y*  (near  the  wall)  the  agreement  is  ex¬ 
cellent.  The  agreement  Is  quite  rood  even  for  moderate  values  of  v*, 
thus  indicates  an  uooer  limit  for  the  accuracy  and  ranme  of  eou»- 
tlon  (17).  Flvure  8  compares  the  two  methods  for  several  deo-rees  of 
roughness  but  no  mass  Injection.  A  variation  In  surface  mass  transfer 
or  rouahness  has  a  substantial  influence  on  the  velocity  In  the 
outer  resrlon.  Sear  the  wall  this  disturbance  Is  damned  out;  however, 
away  from  the  wall  it  promotes  turbulence  tnd  thus  chancres  the  value 
of  the  velocity  profile.  Figure  9  Is  a  comnarlson  between  the  nre- 
sent  finite  difference  solution  and  the  solution  presented  by  Smith 
and  Cebecl  [16),  The  agreement  is  excellent. 

Figures  10,  11  are  vraohs  of  friction  coefficients  for  several 
values  of  roumhness,  injection  and  suction.  For  the  case  of  the 
smooth  nlate  with  Injection,  comparisons  with  the  Kleklev  and  Davis 
data  [2)  show  close  agreement.  The  modification  of  the  van  Driest 
constant  Is  sllvht  for  small  values  of  mass  transfer  (see  ^lvure  1): 
the  value  of  A*  =  26  used  bv  Fletcher  to  calculate  the  friction 
coefficients  deviates  onlv  sllmhtlv  from  the  or°sent  result  and  Is 
thus  not  olotted.  Fltrure  12  shows  a  comparison  between  the  present 
calculation  and  data  from  several  sources,  ror  V*|/Uoo  =  0.003.  Al¬ 
though  the  present  m°thod  mlves  htorher  coefficients  than  those  ob¬ 
tained  by  uslna  A*  =  26,  they  are  still  lower  than  t^ose  alven  bv 
the  law-of-the-wall  equation  proposed  by  Stevenson.  T^e  corrections 
made  by  Stevenson  to  account  for  the  pressure  gradient  in  Flcklev 
and  Davis's  data  are  also  plotted.  Since  the  present  value  of  A* 
was  determined  from  flat-plate  experimental  data,  no  attempt  has 
been  made  to  make  a  correction  for  A*  In  the  presence  of  a  pressure 
gradient.  Figure  13  Is  a  graph  of  friction  coefficients  for  several 
values  of  rouerhness,  with  V^/U®  =  0.003. 

Limited  exoerlr  ”"tal  tests  conducted  at  South  Dakota  State  University 
with  a  small  wind  tunnel  and  porous  panels  used  In  aircraft  linings 
showed  that  for  suction  the  agreement  between  the  present  results 
and  experimental  data  is  quite  eood  but  for  blowing  the  agreement  Is 
rather  poor  (see  (15]  for  additional  information).  Because  of  the 
difficulty  In  taklne  accurate  measurements  near  t^e  wall  in  the  case 
of  mass  Injection,  the  dlscussio>  and  results  are  too  leno-thv  *nd 
Inconclusive  to  be  included  b^re. 
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CONCLUSION 


Results  have  been  presented  to  show  the  Influence  of  rouehness  on 
the  boundary  layer  for  flaw  over  m  flet  slate  with  eaaa  transfer* 
Friction  coefficients  and  velocity  nroflles  as  well  as  sublayer  pa- 
raaeters  have  been  calculated  for  various  decrees  of  roushness  and 
sass  transfer  conditions.  Comparisons  of  the  present  results  wit*, 
experimental  data  and  previous  analyses  show  close  aareewent. 
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NOMENCLATURE 


Symbol  Units 

A  =  van  Driest  cor  itant  ft 

Ce  =  local  friction  coefficient 

D  =  disturbance  constant  _ _  ft 

Da  =  dimension  l  ess  disturbance  ;onstent  Aw/P  D/v 

E  =  average  roughness  heleht  _  ft 

Eft  *  dimensionless  average  rouehness  helvht  Av-/p  E/v 
l  »  mixing  lenvth  ft 

Hx  *  Reynolds  number  I4„x/v 

u  =  velocity  component  parallel  to  wall  ft/sec 

Uoo  «  free  stream  velocity  parallel  to  wall  ft /sec 

u*  x  dimensionless  velocity  u/A*/P  (shear  velocity) 
lk>*  *  dimensionless  free  stream  velocity  l^/A^/p 
u’.v*  »  fluctuation  velocities  of  u  and  v  ft/sec 

v  *  velocity  component  perpendicular  to  wall  ft/sec 

v*  *  dimensionless  velcclty  v/Aw/p 

Vw  *  perpendicular  velocity  component  at  the  wall  ft/sec 
Vw*  *  dimensionless  velocity  Vj,/A„/p 

x  =  coordinates  along  the  wall  ft 

x*  *  dimensionless  distance  A*/p  */v 
y  x  coordinates  perpendicular  to  the  wall  ft 

y*  x  dimensionless  distance  Aw tp  yA> 


Creel.  Letters 


0  u 

d  x 
dg  x 
dg*  ° 

e  = 

t  « 

X  = 


fl  = 

V  = 


p 

T 


$ 


pressure  aradient  parameter  (d/Tw)dP/dx 
displacement  thickness  J0“(  1  -  (u/UaJJdy 
thickness  of  the  sublayer 
dimensionless  sublayer  thickness  ds/Aw Ip 
momentum  thickness  j^Ku/Ua,)  (1  -  (u/UooJjjdy 
eddy  viscosity 

universal  constant  from  the  mlxinm-lenmth 
dvnamlc  viscosity 
kinematic  viscosity  \i/p 
density 

total  shear  stress 

turbulent  shear  stress  (Reynolds’  stress) 
laminar  shear  stress 
shear  stress  at  the  wall  =  fi(du/dv)wa. « 
energy  dissipation 

total  energy  dissipation  In  the  sublayer 


ft 

ft 


ft  ? 
lbf-s uc/ft^ 

theorv 

lbf-sec/ft* 

ft2/sec 

lbi,/ft2 

lbf/ft2 

lbf/ft2 

Ibf/«2 

lbf/ft2 

lbf2/ft^ 

lbf2/ft3 
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FI*.  U.  Tt/tw  versus  E*  *  0,  60  for  various  V„* 


PI  ft.  5.  TtTt  versus  v*  at  S*  =  0,  60  for  various  V„*. 


PI*.  6.  Friction  coefficient  Cf  versus  Reynolds  number. 


FI*.  7.  Comparison  of  velocity  profiles. 


FI v.  9.  Comparison  of  velocity  profiles 
for  various  decrees  of  roucrhness. 


Pie.  9.  Comparison  between  oresent  finite  difference 
solution  and  Smith's  data. 
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Recompression  of  a  Two-dimensional 
Supersonic  Turbulent  Free  Shear  Layer 


WEN  l.  CHOW 

UNIViaatTY  OF  ILLINOIS 


ABSTRACT 

A  flow  model  has  been  devised  to  study  the  turbulent  recompression  process  associ¬ 
ated  with  a  two-dimensional  supersonic  free  shear  layer.  The  flow  field  was  di¬ 
vided  into  two  subregions  along  the  dividing  streamline.  The  external  supersonic 
free  stream  guides  and  interacts  with  the  upper  viscous  layer.-  A  velocity  profile 
of  third-degree  polynomial  was  assumed  for  the  upper  viscous  layer  and  the  pres¬ 
sure  difference  across  this  layer  was  estimated  from  the  normal  momentum  relation¬ 
ship.  The  lower  viscous  layer  consisted  of  a  forward  flow  with  linear  velocity 
profile  and  a  back  flow  with  a  cosine  profile.  The  difference  in  pressure  across 
this  layer  was  also  accounted  for.  It  was  also  pointed  out  that  this  analysis  is 
equally  applicable  for  cases  with  and  without  the  downstream  bounding  wall.  Con¬ 
servation  principles  were  subsequently  applied  to  these  regions  and  a  system  of 
ordinary  differential  and  algebraic  equations  was  obtained.  In  conjunction  with 
the  flow  conditions  prevailing  at  the  end  of  the  constant  pressure  jet  mixing  re¬ 
gion,  the  system  of  equations  may  be  integrated  and  solved  numerically.  Tor  a 
given  flow  problem,  the  correct  value  of  base  pressure  and  the  location  along  the 
wake  boundary  where  recompression  starts  were  established  through  iterations  until 
the  conditions  at  the  rear  stagnation  point  were  satisfied.  This  procedure  of 
calculations  fully  illustrated  the  typical  elliptic  behavior  of  all  separated  flow 
problems.  Calculations  for  isoenergetic  flow  cases  with  thin  initial  boundary 
layers  have  been  carried  out  and  the  results  showed  good  agreement  with  the  ex¬ 
perimental  data.  It  was  also  found  from  the  results  of  calculations  that  the  eddy 
diffusivity  remained  to  be  in  the  same  order  of  magnitude  as  that  of  the  constant 
pressure  mixing  region.  With  the  suggested  estimation  for  the  eddy  diffusivity 
within  this  recompression  region,  the  turbulent  normal  stresses  were  also  found 
to  be  one  to  two  orders  of  magnitude  smaller  than  the  important  flow  quantities 
of  such  problems.  These  findings  fully  supported  and  justified  the  method  of 
analysis  suggested  for  this  recompression  process.- 
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IHTROOUCTION 


For  a  flow  passing  a  body  with  blunt  trailing  edge,  the  flow  always  separates  away 
froa  the  body  ahead  or  at  the  base,  creating  a  wake  behind  the  body.  The  pres¬ 
sure  within  the  wake,  usually  termed  as  the  base  pressure,  is  usually  much  lower 
than  that  of  the  free  stream  thus  accounting  for  the  large  drag  suffered  by  the 
body.  This  phenomenon  exists  irrespective  of  whether  the  problem  is  in  the  low 
speed  or  high  speed  flow  regime.  Since  the  advent  of  high  speed  flight,  the  base 
drag  was  recognized  to  be  a  serious  problem,  and  a  considerable  amount  of  research 
has  been  directed  into  this  area  within  the  last  two  decades. 

For  a  supersonic  flow  past  a  back  step  (see  Fig.  1),  it  is  recognized  that  the 
flow  separates  at  the  comer  and  the  main  flow  will  expand  from  the  initial  pres¬ 
sure  to  the  lower  base  pressure.  The  initial  boundary  layer  flow  which  is  more 
or  less  guided  by  the  free  stream  will  also  follow  this  expansion  process.  Along 
the  early  part  of  the  wake  boundary,  the  pressure  is  reasonably  uniform,  and  for 
flows  with  large  Reynolds  number,  a  constant  pressure  turbulent  jet  mixing  process 
occurs.  Nearing  the  end  of  the  wake,  the  main  flow  has  to  realign  itself  to  the 
horizontal  flow  direction,  initiating  thereby  a  compressive  process.  As  a  result 
of  this  recompression,  part  of  the  fluid  entrained  within  the  viscous  layer  is 
turned  back  to  form  the  recirculatory  wake  flow,  while  the  rest  will  proceed  down¬ 
stream.  Originally  dealing  with  a  simplified  model  for  this  flow  problem,  Korst 
[1]  suggested  an  "escape  criterion"  associated  with  this  recompression  process. 

It  specifies  that  the  "dividing  streamline"  which  separates  the  jet  fluid  from  the 
wake  fluid  should  assume  such  a  mechanical  energy  level  at  the  end  of  the  jet  mix¬ 
ing  region  that  when  it  stagnates  at  the  rear  stagnation  point  through  an  isentro- 
pic  (although  irreversible-diabatic)  process,  its  pressure  is  equal  to  the  static 
pressure  impressed  behind  the  shock  at  the  end  of  the  wake.  Employing  this  escape 
criterion  would  yield  a  unique  base  pressure  solution  for  the  problem.  Experi¬ 
mental  data  have  indicated,  however,  that  the  pressure  at  the  rear  stagnation 
point  is  much  lower  than  what  is  impressed  behind  the  shock.  Nash  [2],  suggested 
empirical  correlations  of  the  two  pressure  levels.  Page  [3],  Carriere  and 
Sirieix  [4],  also  developed  empirical  schemes  individually  to  correlate  character¬ 
istics  associated  with  this  recompression  process. 

Lees  and  his  associates  [5,6]  considered  this  type  of  problem  on  an  entirely  dif¬ 
ferent  approach.  Following  the  oiiginal  idea  suggested  by  Crocco  and  Lees  [7], 
they  treated  the  attached  and  separated  viscous  layers  under  one  single  framework, 
and  showed  that  ,  critical  point  existed  at  the  end  of  the  wake  (downstream  of  the 
rear  stagnation  point)  which  is  somewhat  similar  to  the  nozzle  throat.  The  cor¬ 
rect  base  pressure  associated  with  this  type  of  flow  assures  a  smooth  flow  passing 
through  this  litical  point.  Calculations  for  cases  of  turbulent  flows  have  also 
been  performed  [8],  Extension  to  include  the  normal  pressure  gradient  appeared 
recently  [9].  Similar  ideas  were  applied  to  laminar  flow  with  axial-symmetric 
configurations  by  performing  detailed  numerical  calculations  for  the  outer  flow 
[10],  However,  the  recompression  flow  process,  particularly  for  turbulent  flow, 
was  never  properly  studied  in  detail.  Other  studies  of  wake  flow  problems  are 
based  on  the  method  of  integral  relations  [11],  or  complete  numerical  solutions  of 
the  Navier-Stokes  equation  [12].  These  calculations  require  a  considerable  amount 
of  time  even  with  high  speed  computers  and  the  turbulent  flow  cases  have  not  been 
studied. 

The  present  investigation  was  intended  to  consider  this  turbulent  recompression 
process  associated  with  a  two-dimensional  supersonic  flow  past  a  back  step.  A 
flow  model  which  is  equally  applicable  to  laminar  flows  is  presented.  The  estab¬ 
lishment  of  the  initial  conditions  for  this  recompression  process  is  subsequently 
discussed.  Numerical  calculat;on  procedures  which  illustrate  the  typical  elliptic 
behavior  of  all  separated  flow  problems  are  described.  Finally,  the  results  of 
calculations  for  flow  cases  with  thin  initial  boundary  layers  and  their  comparison 
with  *ne  experimental  data  are  presented  and  discussed. 
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Theoretical  Flow  Model 


The  present  study  of  this  recompression  process  is  exclusively  based  on  an  inte¬ 
gral-approach.  Referring  to  Fig.  2,  the  flow  model  guiding  the  present  analysis 
can  be  described  and  discussed  as  follows: 

1.  The  recompression  region  is  split  into  two  parts  along  the  dividing 
streamline.  The  fluid  above  the  dividing  streamline  will  eventually 
proceed  downstream,  while  the  fluid  below  will  be  turned  back  to  form 
the  recirculatory  wake  flow  as  a  result  of  re compression.  The  upper 
viscous  layer  interacts  with  the  external  inviscid  stream;  the  latter 
guides  and  receives  the  influence  of  the  former  by  following  itself  a 
Prandtl-Meyer  compression  relationship.  This  interaction  is  described 
by  the  fact  that  the  transverse  velocity  component  at  the  edge  of  the 
viscous  layer  induces  an  increase  of  pressure  in  the  free  stream  which, 
in  turn,  influences  the  flow  properties  within  the  viscous  layer,  in¬ 
cluding  this  transverse  velocity  component  at  the  edge  of  the  viscous 
layer. 

Integrating  the  continuity  equation. 


3(pv)  _ 


0 


(1) 


across  the  upper  viscous  layer,  one  obtains  for  the  streamline  angle  at 
the  edge  of  the  viscous  layer  (see  Fig.  3a) 
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Since  the  free  stream  follows  the  Prandtl-Meyer  relationship,  the  stream¬ 
line  angle  6f  is  related  to  the  Prandtl-Meyer  function  o  by 


=  6^  +  w(c -  u(ct ) 


(3) 


where  Bo.  is  the  difference  of  streamline  angles  between  the  dividing 
streamline  and  the  free  stream  within  the  upstream  constant  pressure  jet 
mixing  region. 


It  is  recognized,  however,  that  the  pressure  difference  across  this  upper 
viscous  layer  is  not  negligible.;  This  difference  can  be  calculated  from 
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with  tan  0  =  tan  0# (2C  -  C*),  which  is  obtained  by  integrating  the  normal 
momentum  equation. 
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layer  S>.  The  shear  stress  t  in  Eq.  (5)  has  been  evaluated 


the  average  eddy  diffusivity  across  this  layer  and  is,  thus, 
of  x  only.t 


2.  F  r  this  upper  viscous  layer,  a  velocity  profile  of  third-degree  poly¬ 
nomials  is  assumed;  namely, 

* = ♦. + 1  l  c + [3<i  ■  * 2  + [ti/ 2(1  -  **y (6> 

which  obviously  satisfies  conditions  of 

* » ** .  t  *  t|d  at « -  °  *  ♦  - 1  •  H =  ° «  ?  • 1 

In  view  of  the  fact  thct,  at  the  rear  stagnation  point  (<t^  =  0),  the 
shear  stress  at  the  dividing  streamline  should  vanish,  a  simple  corre¬ 
lation  between  the  slope  Darameter  ( 3d>/ 3C )<j  and  ^  would  be  that  they 
shall  be  linearly  proportional  to  each  other;  the  constant  of  proportion¬ 
ality  being  determined  from  the  initial  condition  prevailing  at  the  end 
of  the  mixing  region. 


3.  The  lower  viscous  layer  consists  of  a  forward  flow  characterized  by  the 
dividing  streamline  velocity  and  a  back  flow  characterized  by  a  maximum 
back  flow  velocity.  A  linear  velocity  profile  is  assumed  for  the  forward 
flow  and  a  cosine  profile  for  the  back  flow  (see  Fig.  3b).-  It  was  also 
recognized  that  the  pressure  difference  across  the  lower  viscous  layer 
woi  Id  influence  the  rate  of  recompressic  i.  Tor  simplification  purposes, 
it  was  assumed  that  the  forward  flow  has  the  constant  pressure  Pj  of  the 
dividing  streaml.ne,  while  the  back  flow  has  the  constant  wall  pressure 
p„.  The  difference  in  pressure  across  this  layer  may  be  calculated  from 

if =  1  +  sin  e«,Td  -  sin  e»  dy)  (7) 

which  is  the  momentum  relationshiptt  normal  to  j^-direction  for  the  small 
region  as  shown  in  Fig.  4a.  If  one  further  assumes  that  the  dividing 
streamline  and  the  line  of  zero- longitudinal  velocity  component  follow 
straight  line  trajectories,  Eq.  (7)  may  be  written  for  isoenergetic  flows 
as 
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Y  -  1  <Pd/P,)<P,/P0J  l  cos  (0^  -  0d )  ^2 


u  -  ci)1/(Y’1)cl 
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tThe  expression  for  t  within  such  a  recompression  region  is  given  later. 

ftNote  that  the  contribution  from  the  lateral  shear  stresses  is  small  as  the  eddy 
diffusivity  within  the  wake  is  expected  to  be  at  a  lower  level.. 
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It  should  be  mentioned  that,  for  cases  with  the  presence  of  the  lower 
wall,  one  Is  compelled  to  consider  the  wall  boundary  layer  of  the  back 
flow.  It  can  be  shown  for  the  isoenergetic  flow  that,  if  the  wall 
boundary  layer  has  also  a  cosine  flow  prof l1  the  total  back  flow  mass 
and  momentum  fluxes  would  be  the  same  as  loi.g  as  the  back  flow  height  and 
the  maximum  velocity  are  the  sane.  The  only  difference  between  cases  of 
with  and  without  the  wall  is  the  wall  shear  stress,  which  is  very  small 
and  can  be  neglected.  Thus,  flow  cases  of  reattachmer.t  onto  a  solid  wall 
are  al:.u  included  in  the  present  formulation. 

The  geometry  of  the  wake  gives  also  relations  such  as 
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where  f*i,  is  the  length  of  the  wake  boundary.  Application  of  the  conti¬ 
nuity  principle  across  the  lower  viscous  layer  would  produce  a  relation¬ 
ship  which  correlates  the  flow  properties  by  (for  isoenergetic  flows) 
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It  should  be  noted  that  fluxes  associated  with  the  transverse  velocity 
component  (normal  to  the  indicated  velocicy  profiles)  would  not  contrib¬ 
ute  significantly  in  the  foregoing  considerations  because  they  are  sma1 i 
in  their  order  of  magnitude;  in  addition,  they  tend  to  cancel  each  other. 


4.  Integral  nomentum  principle  is  applied  to  both  parts  of  the  viscous 
layer  (see  Fig.  4)  and  two  differential  equations  are  obtained, 
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Upon  introducing 


t 


3 


into  Eq.  (12)  for  the  pressure  variation  across  the  upper  layer,  and  tne 
assumed  profiles  for  the  lower  viscous  layer  into  Eq.  (13)  and  normaliz¬ 
ing,  Eqs.  (12)  and  (13)  become,  for  isoenergetic  rlows. 


323 


s[a  -  ♦<»  •  *> «]  • « -  =;>i,<r'iv. 


■  A- « ■  »:>1/<wli 

P  U 

K»« 


Id  Pd”,  /,  P.  ,  .VI  Y  "  1  •  n  COS  V 
V  dx  [P,  Pa„  V  b  P„  '  */j  Jr  “  cos  e„ 

P*Pd  P.  d  fpa  p.  L  /  1  .  1  +  c*  ,\  P-K 
Pd  P.  Po»  ^LP.  p.»  L  kV2cd  1  -  cd  /  Pd  v 

,(7rT-1)]}-77,1-ci>1"M>ci 


,X/(Y-1)C2 


The  shear  stress  Td  which  appears  at  the  right  sides  of  these  two  equa¬ 
tions  is  evaluated  from  an  eddy  aiffusivity  formulation  for  this  recom¬ 
pression  process  which  assumes  the  same  form  as  that  of  the  preceding 
constant  pressure  mixing  region  and  the  equivalent  O  value  is  assumed  to 
vary  inversely  as  the  upper  viscous  layer  thickness;  namely 

e  =  (i  +  x)  u  with  -  t— 

w2  m  .  V 

Thus,  the  shear  stress  term  appearing  in  both  Eqs.  (12a)  and  (13a)  can 
be  evaluated  from 


cV'Y-l  c  1  =  -4-P-  |i  (1  .  c2 
•  •  u  6  p  95  • 


,^1/Y-l  * 


5.  The  initial  conditions  are  provided  for  from  the  upstream  constant  pre*  -• 
sure  jet  mixing  process.  In  order  to  achieve  a  smooth  joining  between 
the  mixing  and  recompression  regions,  a  constant  pressure  turbulent  jet 
mixing  analysis  was  performed  by  adopting  a  velocity  profile  compatible 
with  that  for  the  re comp-  -sion  study. 

Fully  Developed  Constant  Pressure  cbulent  Jet  Mixing 

Upon  employing  the  momentum  principle 


u  o 

3T /  Pa'  dy  =  Ta  =  k /  pu(u»  -  u) 


and  the  stipulation  '•’hat  the  velocity  profile  slope  at  the  dividing 
streamline  matches  with  that  of  an  error  function  profile,  i.e. , 

M|  =  _i_ 


It  may  be  shown  that,  for  such  an  isoenergetic  fully  developed  jet  mixing 
region,  all  flow  quantities  are  functions  of  a  dimensionless  homogeneous 
coordinate  n[n  =  o  (y/x)]  only  and  following  relations  are  obtained 
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have  been  used  as  the  velocity  profile.  Values  of  h  =  0^6  / £,  and 

n  =  o  6  /l  are  solved  from  these  relations. 

co  |)00  tr 

Developing  Hows 

For  all  practical  flow  cases,  the  flow  at  the  end  of  the  mixing  region  is 
ever  fully  developed  and  the  initial  boundary  layer  has  predominant  in¬ 
fluence  on  the  recompression  process.  For  thin  initial  boundary  layers ,t 
it  was  shown  by  Hill  and  Page,  Carriere  and  Sirieix,  and  Korst  and  Chow 
that  the  effect  of  its  presence  may  be  accounted  for  through  the  origin 
shift  concept  [13]  and  the  equivalent  bleed  concept  [4,14],  Thus,  the 
initial  flow  properties  of  the  recompression  region  can  be  obtained  from 
the  corrections  of  the  fully  developed  flow  through 
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is  the  origin  shift,  6j  being  the  momen  um  thickness  of  the  profile  at 
the  beginning  of  the  mixing  region.  Th*  dividing  streamline  velocity 
(c  )  for  the  non-fully  developed  flow.  is  found  from 
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The  streamline  angle  8M  appearing  in  Eqs.  (3)  can  be  approximately  esti 
mated  by 


tThe  effect  of  lip  shock  is  also  disregarded.  Thus,  the  present  calculation  is 
also  restricted  to  low  supersonic  free  stream  Mach  numbers.: 

ttHencef orth ,  fd  denotes  fully  developed,  while  nfd  denotes  non-fully  developed 
flows . 
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e-  =  5^/(x '  fc  ♦)  dcl-«- 

0 

and  the  relationship  concerning  the  spread  rate  parameter 

o  =  12  +  2.76M 
00  ■ 

has  been  tacitly  employed  [13]. 

It  should  be  emphasized  that  these  correction  techniques  are  valid  only 
for  thin  approaching  initial  boundary  layers. 

CALCULATION  PROCEDURES 


Specializing  for  isoenergetic  flows,  one  nay  select  for  given  initial  conditions  a 
pair  of  values  for  the  base  pressure  ratio  pb/piand  the  length  along  the  wake 
where  recompression  starts.  The  momentum  thickness  of  the  v5scous  layer  at  the 
beginning  of  jet  mixing  may  be  calculated  by  White's  formula  [IS] 


or  the  streamtube  expansion  method  and  *he  initial  conditions  -cquired  for  recon- 
pression  study  may  be  established  according  to  the  previously  described  scheme. 

One  may  start  to  integrate  the  system  of  differential  equations  through  a  step- 
by-step  procedure.  At  each  location  along  the  course  of  recompression,  the  free 
stream  Crocco  number  and  the  dime.-sionless  dividing  streamline  velocity  $4  may 
be  selected  and  iterated  upon  until  the  system  of  equations  is  satisfied.  It  nay 
b"  noted  that,  for  each  pair  of  values  of  c,  and  ij>d  ,  <5,  may  be  found  from  Eq.  (2), 
pd/p,  from  Eq.  (4),  ^  from  Eq.  (9),  p„/pd  from  Eq.  (B),  h*  from  Eq.  (10),  and  c* 
irom  Eq.  (11).  Upon  substituting  all  this  information  into  Eqs.  (12a)  and  (13a), 
two  residues  are  usually  obtained.  Values  of  c^  and  ^  at  this  location  should 
b.  iterated  upon  until  these  residues  vanish. 

Th  'se  calculations  can  be  continued  until  the  rear  stagnation  point  is  reached.. 

At  this  location,  is  set  to  zero  and  the  wall  pressure  becomes  the  stagnation 
pressures  of  both  the  dividing  strearline  and  the  representative  back  flow,  rrom 
the  normal  momentum  relationship  given  by  Eq.  (8),  the  correct  free  stream  Crocco 
number  at  the  stagnation  point  can  be  established  when  the  wall  pressure  is  ob¬ 
tained  from  the  intersection  (and  averaging)  of  previously  established  curves  for 
Pod  ,in<^  P0b *  Again,  two  residues  are  usually  obtained  from  Eqs.  (12a)  and  (13a) 
at  the  rear  stagnation  point. 

The  initially  selected  values  of  the  base  pressure  ratio  p^/p(  and  the  location 
S.m  where  recompression  starts  have  to  be  iterated  upon  until  the  residues  of  the 
system  of  equations  at  the  rear  stagnation  point  are  reduced  to  zero.  The  correct 
flow  field  is  thus  established  up  to  the  rear  stagnation  point. 

It  is  worthwhile  to  point  out  that  this  scheme  of  calculations  and  iterations  ex¬ 
hibits  the  typical  elliptic  behavior  of  all  separated  flow  problems.  The  fact 
that  the  value  of  the  base  pressure  ratio  is  uniquely  determined  according  to  the 
conditions  associated  with  the  rear  stagnation  point  is  well  evidenced  by  the  me¬ 
thod  of  calculation  of  this  recompression  process  up  to  the  rear  stagnation  point.; 
In  addition,  the  correct  f.ow  pattern  established  at  the  point  of  reattachment 
serves  also  as  the  initial  condition  for  the  downstream  flow  field  where  addition¬ 
al  recompression  and  flow  rehabilitation  occur. 


tNote  that,  for  numerical  calculations,  all  lengths  have  been  normalized  by  the 
step  height  H.; 
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RESULTS  OF  CALCULATlONSt 


Figure  5  shows  the  pressure  distribution  on  the  wall  for  the  flow  case  of 
Mj  =  2.0,  8,/H  =  0.014.  The  base  pressure  ratio  Pt,/P|  determined  from  these 
calculations  is  0.362.  It  can  be  seen  that  the  calculated  pressure  distribution 
up  to  the  point  of  reattachment  showed  excellent  agreement  with  the  experimental 
data  which  were  obtained  in  the  blow  down  facilities  at  the  University  of  Illinois. 
Figure  6  shows  llso  results  indicating  variations  of  pod ,  pob  ,  ij>b,  and 

=  "b/u,)*  It  is  particularly  interesting  to  see  that  the  dividing  stream¬ 
line  is  being  energized  continuously  throughout  this  part  of  the  recompression 
process. 

Figure  7  shows  another  calculation  for  Hj  =  2.25,  6,/H  ~  0.01.  Again,  the  base 
pressure  agreed  well  with  the  experimental  data. 

Figure  8  shows  the  variation  of  base  pressure  with  respect  to  the  initial  momentum 
thickness  of  the  boundary  layer  at  Hi  =  2.0.;  It  also  shows  that  the  theoretical 
results  presented  bv  Alber  and  Lees  [6]  are  too  high,  especially  for  cases  with 
thin  initial  boundary  layers.  Pertinent  experimental  data  from  elsewhere  are  also 
included  in  the  same  figure.; 

Figure  9  presents  results  of  calculations  for  M,  =  1.56  as  functions  of  the  in¬ 
itial  momentum  thickness..  Results  for  one  set  of  flow  conditions  of  H!  =  3.0, 

0( /H  =  0.003  have  also  been  obtained.  The  base  pressure  of  pb/pi  -  0.133  agrees 
very  well  with  the  experimental  data  compiled  by  Reda  and  Page  [6]  and  reproduced 
in  Fig.  10. 

It  should  be  pointed  out  that,  in  all  these  calculations,  the  influence  of  the 
pressure  variations  across  the  upper  viscous  layer  tc  the  density  was  not  ac¬ 
counted  for  and  the  density  was  estimated  as  if  the  viscous  layer  had  the  constant 
free  stream  pressure;'  i.e., 

p/pt  =  (i  -  c*  )/<i  -  cy> 

Also,  in  estimating  the  pressure  difference  across  the  layer,  the  shear  stress 
term  has  been  ignored  in  Eq.  (8). 

DISCUSSION  AND  CONCLUSIONS 

In  comparing  theoretical  calculations  with  the  experimental  data,  it  appears  that 
the  method  suggested  here  for  the  reattachment  process  produced  reasonable  results.- 
In  view  of  the  lack  of  knowledge  in  the  eddy  diffusivity  within  the  recompression 
region  and  the  inadequate  data  concerning  the  spread  rate  of  the  prem-ding  con¬ 
stant  pressure  mixing  process,  it  is  felt  that  the  analysis  suggested  here  can 
only  be  considered  as  a  workable  scheme.  In  addition,  there  is  considerable  room 
for  improvement  to  the  present  analysis.  Particularly  for  cases  of  thick  initial 
boundary  layers,  the  upstream  jet  mixing  as  well  as  the  recompression  regie, ;  mn1 
wv.ll  ave  been  imbedded  within  a  rotational  flow  field  and  a  "local  freestr  „i" 
concept  would  seem  to  be  useful  under  these  situations. 

Nevertheless,  it  is  interesting  to  point  out  that,  under  the  present  formulation 
of  the  eddy  diffusivity,  the  normal  turbulent  stresses  have  been  found  to  be  one 
to  two  orders  of  magnitude  smaller  than  the  important  flow  quantities.-  In  addi¬ 
tion,  the  eddy  diffusivity  was  found  to  remain  in  the  same  order  of  magnitude  as 
that  of  the  preceding  constant  pressure  mixing  region.;  These  findings  fully  sup¬ 
port  and  justify  the  method  of  analysis  suggested  for  such  a  recompression  pro¬ 
cess.- 


Further  calculations  toward  downstream  direction  are  possible  by  adopting  the 


tAll  calculations  were  carried  out  on  a  digital  computer  IBM  7094,  Department  of 
Physics,  University  uf  Illinois  at  Urbana-Champaign. 
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same  system  of  equations.  Referring  to  Fig.  11  where  the  initial  conditions  for 
downstream  calculations  can  be  estimated  from  the  information  obtained  at  the  rear 
stagnation  point,  it  may  be  anticipated  that  the  characteristic  feature  of  the 
flow  is  the  realignment  of  the  external  inviscid  stream  into  the  original  hori¬ 
zontal  flow  direction  and  it  is  believed  that  any  shear  stress  acting  along  the 
centerline  may  be  again  ignored.  From  Eqs.  (2)  and  (12a),  it  may  be  observed 
that  relaxation  of  the  pressure  difference  ac.oss  the  viscous  layer  provides  the 
main  balancing  factor,  at  least  in  the  early  part  of  the  flow  rehabilitation.  The 
final  equilibrium  state  is  reached  only  when  the  main  flow  is  in  the  horizontal 
direction. 

Finally,  it  is  worthwhile  to  point  out  chat  the  suggested  flow  model  may  be  em¬ 
ployed  to  study  flow  problems  in  man"  other  flow  regimes.  Upon  combining  with  the 
conformal  mapping  technique,  it  is  hep  1  that  many  of  the  incompressible  flow  prob¬ 
lems  may  be  studied. 
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NOMENCLATURE 

c  V/V  ,  Crocco  number 

MX 

Crocco  number  for  back  flow  of 
maximum  velocity 

H  step  height 

height  for  back  flow 

t  length  of  the  constant  pressure 

region  along  the  wake  boundary, 
measured  from  separation  corner 

6*  H/sin  0„,  length  of  the  wake 
boundary  measured  from  the 
separation  comer  to  the  point 
of  reattachment 

M  Mach  number 

p  pressure 

u  x-velocity  component 

V  magnitude  of  velocity 

v  y-velocity  component 

x  coordinate  in  main  flow  direction 

y  coordinate  normal  to  x 

P  density 

B  streamline  angle 

6  thickness  of  viscous  layer 

u/u^  ,  dimensionless  velocity 
C  y/5a  or  y/6^ 

w(c)  V( y+1  ) / ( y- 1 )'  tan~‘ _ 

yfi c  -  (y-l)/(ytl)3/[l  -  c2)' 

-  tan"*«  /[ (Y-t-1  )/(Y-l )  c*  -  lT^ 

V  1  -  c2 

Prandtl-Meyer  function 


Y  ratio  of  specific  heat 

T  shear  stress 

E  eddy  diffusivity 

8  angle  or  momentum  thickness 

f|  oy/x 

similar  parameters  for  constant 
pressure  jet  mixing  regions 

Subscripts 

»  viscous  layer  above  the  divid¬ 
ing  streamline 

b  viscous  layer  below  the  divid¬ 

ing  streamline  or  back  flow 

d  dividing  streamline 

•  external  inviscid  stream 

w  wall  or  centerline  state 

o  stagnation  state 

1  approaching  flow  state 

2  flow  state  after  the  Prandtl- 
Meyer  expansion 

00  station  at  the  beginning  of 

recompression 
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Figure  3b  The  Lower  Viscous  Layer  Figure  4a  Elementary  Control  Volume  for 

Lower  Viscous  Flow  Region 
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Figure  7  Results  for  M  =  2 . 25 .Sj /H  =0.01 
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Figure  8  Influence  of  Initial  Momentum 
Thickness  on  the  Base  Pres¬ 
sure  Ratio  (M  =  2.0) 
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Figure  11  Downstream  Flow  Field 
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ABSTRACT 

An  experimental  investigation  of  the  axisymmetric  turbulent  near¬ 
wakes  generated  by  two  base  configurations  (blunt  and  hemispher¬ 
ical)  in  a  free  stream  with  a  nominal  Mach  number  of  four  and 
high  Reynolds  number  is  reported.  A  special  annular  wind  tun¬ 
nel,  which  completely  eliminated  model  support  and  forebody  dis¬ 
turbances,  was  used  to  obtain  detailed  pressure  measurements  m 
all  regions  of  the  near-wakes,  as  well  as  on  the  surface  of  the 
models.  Various  flow  visualization  techniques  were  exploited  to 
verify  the  location  of  the  separation  and  rear  stagnation  points, 
and  to  determine  qualitatively  the  overall  flow  patterns.  Com¬ 
parison  of  the  data  for  the  two  base  geometries  indicated  a  no¬ 
ticeable  similarity  between  the  two  reattachment  processes. 


INTRODUCTION 


The  rear  geometry  of  a  body  in  supersonic  flight  usually  causes 
the  attached  boundary  layer  and  the  external  supersonic  flow  to 
separate  at  or  near  the  base.  The  resulting  separation  zone, 
usually  denoted  as  the  near-wake,  is  dominated  by  complex  viscois- 
inviscid  flow  interactions.  Detailed  knowledge  of  the  fluid 
mechanics  of  this  region  is  essential  in  the  determination  of 
convective  base  heat  transfer  rates  and  base  drag.  Furthermore, 
the  near-wake  flow  properties  are  the  initial  conditions  for  the 
far  wake,  understanding  of  which  is  necessary  for  identification 
of  re-entry  vehicles  by  radar  discrimination  techniques. 

A  comprehensive  investigation  of  the  separated  flow  configuration 
must  include  the  study  of  the  attached  approaching  boundary  layer, 
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the  separation  process,  the  free  shear  layer,  the  reattachment  or 
realignment  process,  the  recirculating  flow,  and  the  adjacent 
flow.  These  flow  components  for  the  hemispherical  base  model  are 
depicted  in  the  schematic  shown  in  Fig.  1. 

Experimental  investigations  of  the  near-wake  of  axisymmetric 
bodies  may  be  subdivided  into  various  categories  depending  upon 
approaching  flow  conditions,  body  configuration,  and  means  of 
support.  The  approaching  flow  may  be  laminar,  transitional,  or 
turbulent  in  nature.  The  bodies  investigated  take  a  variety  of 
shapes  and  may  be  supported  by  numerous  methods  such  as  wires, 
struts,  stings  or  magnetic  devices. 

The  body  configurations  which  have  been  most  widely  used  in  stud¬ 
ies  of  this  type  are  cones,  cone-cylinders,  and  ogive-cylinders. 
These  are  convenient  body  shapes,  because  they  may  be  supported 
in  conventional  wind  tunnels  and  may  also  be  fired  in  ballistic 
and  free-flight  tests.  An  extensive  literature  review  of  axi- 
symmetric  blunt  base  models  in  turbulent  supersonic  flow  has  been 
compiled  by  Przirembel  (1).  It  should  be  noted  that  most  studies 
of  the  near-wake  region  have  been  limited  to  the  measurement  of 
base  pressure  rather  than  measurements  of  the  entire  flow  field. 

There  is  no  hemispherical  base  data  by  other  authors.  Investiga¬ 
tions  of  the  near-wake  of  fully  circular  surfaces  have  been  lim¬ 
ited  to  spheres,  cylinders,  and  wedge-cylinders. 

Support  structures  invariably  create  disturbances  in  the  flow 
field.  These  effects  have  been  well  documented  by  numerous  in¬ 
vestigators,  and  have  been  reviewed  recently  in  references  (1-3). 
On  the  other  hand,  ballistic  and  free-flight  tests  have  the  dis¬ 
advantages  of  low  data  yield  per  run,  a  relatively  short  test 
time,  high  cost,  and  probable  misalignment. 

The  two  testing  configurations  which  eliminate  support  interfer¬ 
ence  are  annular  nozzles  and  magnetic  suspension  of  bodies.  How¬ 
ever,  the  present  state  of  the  art  is  such  that  the  use  of  mag¬ 
netic  suspension  systems  is  restricted  to  investigations  in¬ 
volving  very  small  models  under  laminar  flow  conditions.  Thus, 
an  annular  type  tunnel  is  currently  the  most  suitable  experimental 
facility  for  turbulent  near-wake  studies.  Also,  this  configura¬ 
tion  generally  eliminates  any  possible  upstream  influences  on  the 
main  flow  (such  as  tnat  due  to  the  leading  edge  of  a  cone) ,  and 
therefore  is  the  most  advantageous  arrangement  to  isolate  the 
base  region  for  detailed  investigation. 

Annular  type  tunnels  have  previously  been  utilized  by  Donaldson 
(4),  Badrinarayanan  (5),  Reid  and  Hastings  (6,7),  Korst  (8), 

Zakkay  and  Fox  (9),  and  more  recently  by  Sirieix  and  Delery  (10) 
and  Hong  (11).  Detailed  measurements  in  the  near-wake  were  made 
only  in  the  investigations  reported  in  the  last  two  references. 

It  should  be  noted  that  some  of  these  tunnels  (4,5)  were  fabri¬ 
cated  by  inserting  upstream  stings  in  conventional  nozzles  (two- 
dimensional  or  axisymmetric)  and  cannot  be  expected  to  produce  a 
uniform  flow. 

The  purpose  of  this  paper  is  to  present  the  results  of  a  compre¬ 
hensive  experimental  investigation  of  supersonic  axisymmetric  tur¬ 
bulent  near-wake  flow  fields  behind  blunt  and  hemispherical  bases 
in  the  absence  of  model  support  interference.  The  present  data 
provide  the  details  for  each  of  the  flow  components  necessary  for 
the  quantitative  evaluation  of  presently  available  analytical 
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models  and  for  the  formulation  of  improved  solutions  to  this  prob¬ 
lem. 

APPARATUS 

All  tests  were  carried  out  in  the  Rutgers  Axisymmetric  Near-Wake 
Tunnel  (RANT)  in  the  Department  of  Mechanical  and  Aerospace  En¬ 
gineering  at  Rutgers  University.  It  is  a  blow-down  facility 
(average  run  time  -  20  seconds)  which  uses  dry  air  (less  than  5 
ppm  of  water  vapor)  as  the  working  fluid  and  exhausts  to  the  at¬ 
mosphere.  RANT  is  shown  schematically  in  Fig.  2.  A  detailed  des¬ 
cription  of  RANT  has  been  reported  by  Przirembel  (12). 

The  annular  nozzle  was  designed  by  the  method  of  characteristics 
and  produces  a  uniform  flow  field  at  a  nominal  Mach  number  of  4. 
The  centerbody  and  test  models  are  integral  parts  of  the  nozzle 
configuration  and  have  constant  outside  diameters  of  3.00  inches. 
This  design  essentially  eliminates  support  interference  effects. 
The  centerbody  is  hollow,  thus  allowing  pressure  and  temperature 
leads  to  pass  from  the  test  models  to  measuring  instruments  lo¬ 
cated  outside  the  tunnel. 

The  test  section  is  equipped  with  rectangular  windows  to  allow  for 
optical  observations.  It  was  designed  to  avoid  separation  from 
the  windows  or  detrimental  shock  formation  caused  by  the  nozzle 
test  section  interface. 

EXPERIMENTAL  PROCEDURE 

A  brief  description  of  the  present  measurements  and  associated 
instrumentation  is  presented  in  this  section.  More  details  about 
the  experimental  procedure  may  be  found  in  reference  (13). 

The  stagnation  pressure  and  temperature-time  histories  during 
each  test  run  were  recorded  by  means  of  a  pressure  transducer 
and  a  thermocouple,  respectively.  A  constant  stagnation  pressure 
(*1/2  psi)  was  maintained  during  each  test.  Curves  of  stagnation 
pressure  versus  time  of  run  and  curves  demonstrating  repeatabil¬ 
ity  are  presented  in  reference  (12).  It  was  found  that  during 
steady  state  the  temperature  dropped  approximately  one  degree  per 
second.  Thus,  considering  the  stagnation  temperature  level  of 
approximately  520°  R,  it  can  be  assumed  that  the  stagnation  tem¬ 
perature  remai- ^d  constant  during  each  run. 

All  pressure  transducer  signals  were  recorded  on  X-Y  plotters. 

Each  individual  transducer-plotter  system  was  calibrated  with  a 
Texas  Instruments  precision  pressure  gage  with  a  resultant  ac¬ 
curacy  of  0.5%  full  scale. 

Each  test  model  had  three  or  four  shoulder  pressure  taps  which 
were  equally  spaced  on  the  circumference.  These  were  utilized  to 
measure  the  approaching  free  stream  static  pressure  and  to  check 
alignment  of  the  centerbody,  thus  insuring  uniform  approaching 
flow  conditions. 

Stagnation  and  static  pressures  on  the  centerline  were  measured 
by  means  of  a  standard  subsonic  pitot-rtatic  probe,  1/8  inch  in 
diameter,  which  was  introduced  from  the  center  of  the  base.  Its 
axial  location  was  adjustable  from  outside  the  tunnel.  Due  to 
the  large  velocity  gradients  which  exist  on  the  centerline,  the 
conventional  interpretation  of  the  probe  data  could  not  be  used. 
The  static  pressure  measured  at  a  specific  location  of  the  static 
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holes,  X,  was  taken  to  be  the  static  pressure  at  X,  not  as  the 
static  pressure  at  the  pitot  orifice  location.  The  presence  of 
this  snail  centerline  probe  did  not  noticeably  affect  the  base 
pressure. 

The  approaching  boundary  '.ayer ,  the  shear  layer,  and  the  recir¬ 
culation  region  were  investigated  with  specially  designed  pitot 
probes.  The  outer  and  inner  diameters  of  the  probe  tips  were 
0.042  inches  and  0.022  inches,  respectively.  They  were  intro¬ 
duced  into  the  region  of  interest  through  the  base  wall  at  a 
point  1/2  inch  from  the  centerline  of  the  body.  By  rotating  the 
probe,  investigation  of  flow  properties  over  a  one  inch  con¬ 
tinuous  range  of  radii  with  a  single  probe  was  effected.  The 
axial  location  of  the  probes  was  fixed  by  the  use  of  collars. 

On  the  oasis  of  color  Schlieren  photographs,  the  shear  layer 
probe  was  aligned  with  the  mean  flow  direction  (approximately  16 
degrees  from  the  axis).  Although  exact  alignment  is  not  guaran¬ 
teed  at  ail  probe  positions,  the  errors  are  found  to  be  negli¬ 
gible  (13) . 

Conventional  and  color  Schlieren  photographs  were  obtained  of  the 
near-wake  flow  fields.  High  speed  motion  pictures  (5  K  to  7  K 
frames  per  second)  were  also  taken.  For  additional  flow  visuali¬ 
zation,  talc  particles  were  injected  into  the  base  region  for 
seme  of  the  high  speed  films.  The  latter  provided  information 
about  the  tunnel  starting  process  and  about  the  shape  of  path 
lines  in  the  near-wake  region. 

EXPERIMENTAL  RESULTS 

All  experiments  were  carried  out  at  values  of  stagnation  pressure 
of  182. 5  psia  (blunt  base),  or  152.5  psia  (hemispherical  base). 
The  stagnation  temperature  in  both  cases  was  520°  R  *  20°.  The 
corresponding  free-stream  Mach  numbers  and  Reynolds  numbers  were 
(3.91,  1.82  x  107  per  foot)  and  (3.88,  1.56  x  107  per  foot),  res¬ 
pectively. 

From  the  measurements  in  the  attached  boundary  layer,  distribu¬ 
tions  of  Mach  number  and  velocity  were  calculated  by  standard 
methods.  In  light  of  previous  data  on  axisymmetric  turbulent 
boundary  layers  (14),  the  assumption  that  the  static  pressure  is 
constant  normal  to  the  surface  was  used.  Using  the  boundary 
layer  thickness  and  the  boundary  layer  displacement  thickness, 
as  determined  from  the  experimental  data,  in  conjunction  with 
tabulated  results  (15),  the  other  boundary  layer  properties  were 
calculated  and  are  presented  in  the  Table  below.  It  can  be  con¬ 
cluded  that  the  turbulent  boundary  layer  is  fully  developed. 

BOUNDARY  LAYER  PROPERTIES 


PQ (psia) 

6 

6* 

8 

n 

182.5 

0.338" 

0.138" 

0.0168" 

6.9 

152.5 

0.344" 

0.140" 

0.0171" 

7.3 
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BLUNT  BASE  NEAR-WAKE 


The  base  wall  pressure  distribution.  Pig.  3,  is  found  to  be  con¬ 
stant  across  the  base  except  in  the  imnediate  vicinity  of  the 
corner.  Schlieren,  water  injection,  and  oil  film  visualization 
techniques  clearly  indicated  that  the  separation  point  is  located 
precisely  at  the  corner.  In  a  similar  investigation  at  a  free 
stream  Mach  number  of  2.42,  Hong  (11)  observed  an  apparent  separa¬ 
tion  line  on  the  base  approximately  0.15  base  radii  below  the 
corner.  The  ratio  of  the  approaching  boundary  layer  thickness  to 
the  base  diameter  in  Kong's  facility  was  substantially  larger 
than  in  the  present  investigation.  Since  viscous  effects  dominate 
the  separation  process,  it  may  be  speculated  that  the  difference 
in  separation  line  location  can  be  attributed  to  the  relative  dif¬ 
ference  in  approaching  boundary  layer  thicknesses.  More  detailed 
measurements  of  base  flows  with  variable  approaching  boundary 
layer  parameters  are  needed  to  clarify  this  problem. 

Presented  in  Fig.  4  are  the  centerline  static  and  pitot  pres¬ 
sures.  The  data  show  clearly  that  the  rear  stagnation  point  is 
located  at  X/D  =  0.84.  These  pressure  data,  in  conjunction  with 
the  assumption  of  isoenergetic  flow,  were  used  to  calculate  the 
centerline  Mach  number  distribution,  which  is  compared  with  data 
by  Sirieix  and  Delery  (10)  for  M  =  4.0  in  Fig.  5.  For  the  RANT 
data,  the  peak  recirculation  velocity  was  calculated  at  X/D  =0.5 
to  be  approximately  equal  to  one-third  the  free  strew  velocity. 

Pitot  pressure  measurements  were  made  in  the  shear  layer  at  sta¬ 
tions  X/D  =  P.360,  0.587,  and  0.833.  These  are  presented  in 
Fig.  6.  From  these  profiles,  and  from  Schlieren  observations, 
there  is  no  evidence  of  the  existence  of  a  separation,  or  "lip" 
shock . 

As  previously  mentioned,  high  speed  motion  pictures  (16)  were 
taken  to  observe  the  flow  pattern  during  start-up  and  steady 
state.  A  tri-color  Schlieren  system  (17)  was  utilized  for  most 
of  these  studies.  During  one  phase  of  this  investigation  talc 
particles  were  introduced  into  the  base  region  through  two  small 
holes  located  close  to  the  corner.  The  particles  averaged  about 
2  x  10-5  inches  in  diameter.  Although  the  resolution  of  the 
optical  system  was  such  that  individual  particles  could  not  be 
traced,  groups  of  particles  could  be  followed  using  special  pro¬ 
jection  equipment.  The  resulting  path  lines  are  shown  in  Fig.  7. 
It  was  observed  that  all  particles  are  contained  within  an  hour 
glass  shaped  region  outlined  by  the  dashed  line. 

HEMISPHERICAL  BASE  NEAR-WAKE 

The  surface  pressure  distribution  on  the  hemispherical  base  is 
presented  in  Fig.  8.  Also  shown  in  the  figure  is  Hama's  laminar, 
two-dimensional  6°  half-angle,  wedge  cylinder  data  (18),  and  two- 
dimensional  and  axisymmetric  (method  of  characteristics)  predic¬ 
tions.  The  surface  pressure  in  the  separated  flow  region  is 
reasonably  uniform.  The  sharp  change  in  pressure  at  6  =  66°  lo¬ 
cated  the  separation  point.  This  is  verified  by  Schlieren  pho¬ 
tography,  and  oil  film  and  water  injection  visualization  tech¬ 
niques.  Shown  in  Fig.  9  is  a  compilation  of  experimental  data 
and  tneoretical  results  relating  Re/M  to  location  of  minimum  sur¬ 
face  pressure,  6S,  for  cylinders,  wedge-cylinders  and  the  present 
configuration.  The  Mach  number  for  the  approaching  free  stream 
varied  between  2.6  and  15.4;  the  attached  boundary  layers  were 
laminar,  transitional,  or  turbulent.  Extrapolation  of  these  data 
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beyond  the  indicated  values  is  not  warranted  at  this  time,  due  to 
the  limited  information  available  on  the  separation  process. 

The  centerline  static  pressure  and  Mach  ntmfoer  distributions  are 
given  in  Figs.  10  and  11.  The  centerline  pressure  in  the  recom¬ 
pression  region  increases  to  a  value  which  is  greater  than  the 
approaching  free  stream  value.  The  rear  stagnation  point  is  lo¬ 
cated  at  Xft/D  «  0.81.  A  peak  recirculation  velocity,  equal  in 
magnitude  to  1/3  of  the  free  stream  value,  exists  at  Xj,/D  =  0.29. 

Pitot  pressure  measurements  were  made  in  the  shear  layer  at  sta¬ 
tions  Xh/D  =  -0.215,  -0.033,  0.333,  and  0.667.  The  results  of 
this  investigation  are  presented  on  the  pressure  "map,*  Fig.  12. 
Those  points  marked  ‘high  and  low*  are  the  relative  maxima  and 
minima  of  the  pitot  curves  in  the  vicinity  of  the  separation 
shock.  There  is  excellent  agreement  between  the  Schlieren  date 
and  the  ‘high*  point  data.  The  Schlieren  data  also  indicate  a 
slight  curvature  of  the  separation  shock  near  the  surface  of  the 
hemisphere.  The  theoretical  prediction  of  the  shock  location 
calculated  by  the  rotational  method  of  characteristics  is  in¬ 
cluded  for  comparison.  Ihe  dotted  lines  are  estimated  contours 
of  constant  Mach  number  calculated  using  the  following  assump¬ 
tions:  (1)  behind  the  shock  wave,  the  static  pressure  is  con¬ 

stant  and  equal  to  either  the  surface  or  centerline  static  pres¬ 
sure  at  the  particular  axial  location,  and  (2)  ahead  of  the  shock 
wave,  the  total  pressure  is  equal  to  the  tunnel  stagnation  pres¬ 
sure.  The  small  recompression  wavelets  which  are  located  be¬ 
tween  r  =  0.6  and  1.x  inches,  =  2.0  inches,  were  also  observed 
in  the  color  Schlieren  photographs. 

DISCUSSION 


Some  rather  illuminating  correlations  and  comparisons  of  the  near¬ 
wake  properties  of  the  two  configurations  are  presented  x..  this 
section. 

The  lowest  pressure  recorded  on  the  surface  of  the  hemisphere 
before  separation  is  identically  equal  to  the  pressure  on  the 
blunt  base. 

A  comparison  of  the  centerline  recirculation  velocities  shows 
that  the  peak  velocity  occurs  closer  to  the  body  in  the  hemispher¬ 
ical  case.  This  is  not  surprising  as  this  shape  naturally  offers 
less  resistance  to  the  recirculating  flow.  The  peak  values  of 
velocity,  however,  are  nearly  identical  in  magnitude. 

The  centerline  static  pressure  distributions  at  first  seem 
quite  different.  However,  upon  choosing  an  appropriate  refer¬ 
ence  for  axial  location,  a  remarkable  similarity  between  the  two 
flow  situations  is  seen  to  exist.  A  natural  reference  point  is 
the  poinc  of  separation,  Xs  =  0;  whence  Xs  =  0  when  X  =  0  and  Xj, 

=  -0.9.  Both  distributions  are  plotted  as  a  function  of  Xs/D  in 
Fig.  13.  It  is  seen  that  the  curves  are  similar  most  respects 
except  for  a  slight  axial  displacement,  This  leads  to  the  fol¬ 
lowing  conclusions:  (1)  starting  at  Xs/D  *  0.65  the  f.  .:e  re¬ 
alignment  process  is  the  same  in  both  cases  and  (2)  because  of 
this  fact,  the  respective  shear  layers  must  be  fully  developed, 
i.e.,  independent  of  the  history  of  the  flow.  Of  course,  the 
upstream  flow  pattern,  Xs/d  <  0.65,  is  very  dependent  on  the 
geometry  of  the  base. 
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To  check  the  i^ove  conclusions,  the  pitot  pressure  profiles  for 
both  cases  ha**e  been  plotted  at  X*/D  of  approximately  0.60  in 
Fig.  14.  These  pitot  pressures  are  normalized  with  respect  to 
the  free-stream  pitot  pressures  at  their  respective  axial  loca¬ 
tions.  As  seen,  the  inner  edges  of  the  shear  layers,  r  =  0.6  to 
1.3  are  indeed  similar.  A  complete  estimation  as  to  the  scope 
of  this  phenomena  is  dependent  on  further  investigations  with 
other  base  configurations. 

SUMHARV  OF  RESULTS 

The  turbulent  near-wakes  of  both  blunt  and  hemispherical  based 
axisymmetric  models  have  been  experimentally  investigated.  The 
facility  used  for  these  tests  completely  eliminated  any  support 
interference  effects. 

The  major  results  of  the  blunt-base  near-wake  investigation  are: 
(1)  all  flow  visualization  studies indicated  that  the  separation 
point  was  exactly  on  the  corner,  (2)  pitot  pressure  measurements 
and  optical  studies  provided  no  evidence  of  a  "lip"  shock,  and 
(3)  the  centerline  static  pressure  in  the  recirculation  region 
was  approximately  constant,  and  equal  to  the  base  pressure  from 
the  base  to  X/D  =  0.6. 

The  principal  findings  of  the  hemispherical-base  near-wake  study 
are:  (1)  pressure  measurements  and  various  optical  techniques 

accurately  located  the  point  of  separation,  and  (2)  pitot  pres¬ 
sure  and  optical  measurements  indicated  the  separation  shock  to 
be  very  nearly  a  straight  line. 

NOMENCLATURE 

D  diameter  of  body  (in) 

M  Mich  number 

n  velocity  profile  power  law  coefficient 
2 

P  pressure  (lbf/in  ) 

r  radius  measured  from  centerline  (in) 

Re  Reynolds  number  per  foot 

5  location  of  separation  point 

X  distance  from  blunt  base  along  centerline  (in) 

Xh  distance  from  hemispherical  base  along  centerline  (in) 

Xg  distance  from  separation  point  along  centerline  (in) 

6  boundary  layer  thickness  (in) 

,5*  boundary  layer  displacement  thickness  (in) 

q  boundary  layer  momentum  thickness  (in) 

6  angular  position  on  hemispherical  base  (deg) 
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SUBSCRIPTS 


b  base 

P.S.  free-stream  conditions  at  specified  X 
h  hemispherical  near-wake  data 

s  separation 

-  free-strea*  conditions 
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Fig.  1  Hemispherical  Base  -  Flow  Schematic 
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r  (inches) 


Fig.  2  Schematic  of  RANT 


Fig.  3  Base  Pressure  Distri¬ 
bution  -  Blunt 


Fig.-  4  Centerline  Pres¬ 
sures  -  Blunt 


Fig.  5  c  r  r  .rime  Mach 
:  -i  -  Blunt 
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Pig.  10  Centerline  Static 

Pressure  -  Hemisphere 


Fig.  11  Centerline  Mach 
Number  -  Hemi¬ 
sphere 


Fig.  12  Flow  Field  Map  -  Hemisphere 


Fig.  13  Centerline  Static 

Pressure  -  Composite 


Fig.  14  Shear  Layer  Pitot 

Pressure  -  Composite 
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ABSTRACT 

The  ultimate  objective  of  continuum  dislocation  theory  is  to  provide 
a  framework  for  the  development  of  a  consistent  and  useful  macro¬ 
scopic  plasticity  theory.  Until  that  goal  is  reached,  fragmentary 
results  which  illuminate  specific  facets  of  the  general  problem  will 
be  the  rule.  This  paper  contains  three  such  separate  results.  First, 
the  initial  stress-couple  stress  problem  is  formulated  usirg 
incompatible  micropolar  elasticity;  continuous  distributions 
of  dislocations  and  disclinations  are  treated.  Second,  dislocation 
rate  effects  are  investigated  by  including  the  dislocation  rate 
tensor  in  the  construction  of  constitutive  relations.  The  relation¬ 
ship  between  this  rate  approach  and  a  recent  Russian  plasticity 
theory  is  discussed.  Finally,  motivated  by  an  interpretation  of 
micromorphic  kinematics,  a  slip  motion  is  defined  which  is  shown  to 
lead  to  classical  plasticity  and  the  plastic  strain  tensor. 

THE  INITIAL  STRESS-COUPLE  STRESS  PROBLEM 

The  initial  stress  problem  is  the  original  problem  of  continuum  dis¬ 
location  theory.  For  reviews  see  [1,2, 3, 4],  Lattice  defects  cause 
internal  stresses  in  solids,  and,  in  particular,  a  continuous  distri¬ 
bution  of  dislocations  causes  internal  stresses,  "internal"  as  dis¬ 
tinguished  from  those  stresses  arising  from  external  loads  on  the 
body.  Given  the  static  distribution  of  dislocations,  the  stresses 
are  to  be  determined.  The  initial  dislocations  existing  in  a  body 
may  be  viewed  as  having  been  created  by  prior  plastic  deformation. 

If,  in  addition  to  displacements,  microrotatior.s  are  considered,  a 
second  type  of  lattice  defect  called  a  disclination  [51  or  rotation¬ 
al  dislocation  is  included  in  the  initial  stress  theory.  In  fact  in 
the  following  treatment  [6J  the  continuous  distribution  of  disclina¬ 
tions  is  shown  to  cause  couple  stresses. 
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In  the  initial  stress  theory,  the  specified  distribution  of  disloca¬ 
tions  appears  as  a  source  tern  in  the  classical  elasticity  conpati- 
bility  equations.  Thus  the  phrase  "incompatibile  elasticity"  is 
used  to  refer  to  the  initial  stress  problem.  In  the  following  sec¬ 
tions,  the  initial  stress-couple  stress  problem  is  formulated  by 
developing  an  incompatible  micropolar  elasticity.  First  the  basic 
equations  of  micropolar  elasticity  are  summarized  and  then  continu¬ 
ous  distributions  of  dislocations  and  disclinations  are  included  in 
an  incompatible  micropolar  elasticity.  For  background  on  static 
dislocation  theories  the  reader  is  referred  to  the  above  referenced 
reviews  and  for  a  more  detailed  discussion  of  micropolar  elasticity 
to  17]. 

Compatible  Micropolar  Elasticity 

Micropolar  elasticity  is  a  special  case  of  the  micromorphic  theory. 
For  our  purposes  here,  we  begin  with  a  short  summary  of  the  basic 
equations.  The  balance  laws  are 


fckl  k  +  pff  =  p“e  (momentum) 

_  .  _  f  .  -.i*  (moment  of 

mkf,k  e!mn  mn  px,l  ~  p^l  momentum) 

(1) 

(2) 

and  the 

linear  constitutive  equations  are  explicitly 

=  UnuAl  +  lv+<)  Ek t  +  Me*k 

(3) 

mk 1  =  “  Kmm6ki  +  $Kik  +  YKkl 

(4) 

where 

ekS.  =  uI,k  "  eklm  *m'  Kkf  =  *f,k 

(5) 

In  the  above  equations,  m.,  is  the  couple  stress  tensor,  i  the  body 
couple  and  <J>  the  microrotltion  vector.  A  set  of  boundary-conditions 
for  micropolar  elasticity  are 

fckink  =  V  \i\  =  h  on  st 

uk  "  V  *k  =  *k  on  Su  =  S'St 

(6) 

where  and  M,  are  prescribed  surface  tractions  and  moments  on  a 
part  of*the  boundary  S, ,  and  and  are  prescribed  displacements 
and  microrotations  on  the  remaining  part  of  the  surface  Su> 

The  compatibility  equations  of  micropolar  elasticity  are  obtained 
from  Eq.  5  by  eliminating  u  and  4> .  They  are 

e,  e  .  -  +  i  6,  .  =  0  (7) 

kmn  ni,m  ik  mm  ki 

e.  <  .  =0 

kmn  nt,m 

Notice  that  these  are  first  order  partial  differential  equations  in 
the  strains  e  and  k  as  contrasted  with  the  second  order  equations  of 
classical  elasticity. 

Our  purpose  in  the  next  section  is  to  extend  the  micropolar  elas¬ 
ticity  to  include  dislocation  and  disclinations. 

Incompatible  Micropolar  Elasticity 

T  T 

The  total  micropolar  strains,  now  denoted  by  e ^  and  are 
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(8) 


considered  to  be  the  sun  of  elastic  and  plastic  parts,  i.e.. 


kl 


l,k 
kl 


eklm*m  =  Ekt  +  Ekt 


pi,k 


Kkt+ 


4 


(9) 


Compatibility  equations  on  the  strains  are  obtained  by  differenti¬ 
ating  Eq.  8  and  Eq.  9  and  eliminating  u^  and  Thus 


where 


ekmneni,m  “  *lk  +  Kn*nik £  =  "kl 

e.  k^_  =  0. 

kmn  ni,m  k 


"k£  = 


P  P  p 

ekmn  Enl,m  +  Klk  Kn*n^kl 


9kl  ”ekmn  Knl,m 


<10) 

(11) 

(12) 

(13) 


We  call  Ji  the  micropolar  dislocation  density  and  G  the  micropolar 
disclinafion  density  for  reasons  which  will  be  discussed  below.  Eq. 
P  P 

12  shows  that  e  and  k  are  the  sources  of  micropolar  dislocations; 
Eq.  13  shows  tfiat  disclinations  arise  from  the  gradients  of  k. 

By  differentiating  Eq.  12  and  Eq.  13  we  obtain 


n.  „  ,  +  e.  0  =0 

k  i ,  k  P„mn  mn 


(14) 


9kl,k 


=  0 


(15) 


which  are  identities  which  must  be  satisfied  by  Q  and  §.  Also 
differentiation  of  Eq.  10  with  respect  to  a  free  index  and  using 
Eq.  11  yields 

E  F 

e,  e„  t  +  e,  „  k  =  e.  II,  +0., 

kmp  tnq  mn,pq  k£m  rr,m  imn  kn,m  Ik 

The  symmetric  part  of  this  equation  is 


£ 

ekmp  etnq  E(mn),pq  ”  e  (k  Jmn  |  )m,n+9  (kt) 

When  0  .  vanishes,  Eq.  17  is  formally  the  same  (with  a  minus  sign) 

as  Kroneivs  incompatibility  equations  [8]. 


The  skew-symmetric  part  of  Eq.  16  gives  the  incompatibility  equa¬ 
tions  for  the  skew  part  of  the  micropolar  strain  tensor 


e 


mnp 


e 


E 

[np] »km 


+  2k 


E 

mm  t 


k 


mm,k 


(18) 


Eq.  18  appears  to  be  new;  it  reflects  the  fact  that  the  micropolar 
theory  is  based  on  non-symmetrio  strain  and  stress  tensors. 


The  static,  initial  stress-couple  stress  problem  can  now  be  formu¬ 
lated  using  the  incompatible  micropolar  theory  presented  above. 
Here,  one  considers  the  sources  of  internal  stress  (the  dislocation 
density  Q  and  the  disclination  density  0)  to  be  given  throughout  a 
body,  and  the  problem  is  to  determine  the  initial  stresses  and 
couple  stresses.  The  basic  system  of  equations  to  be  solved  is 


fckH,k  =  0 

mkt,k  +  eimn  fcmn  ”  9 


m  V 


(19) 

(20) 
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(21) 


tKtnlc  =  °'  "kl^  =  0  on  S 
with  n (x)  and  6 (x)  that  appear  in  the  incompatibility  equations 
E  EE 

ekmn  ent,m  "  “ik  +  KniAt  =  nkt(x)  (22) 

_  in  V 

ckmn  lfnl,«  =  0kl(S)  (23> 

to  be  specified  throughout  the  body.  The  constitutive  equations  to 
be  used  in  the  isotropic  case  are 

^  = *  4  4kt +  +  -  4  <24) 

=  0  4  4kl  +  B  4  +  *  4  (25) 

Recall  that  n (x)  and  6(x)  must  be  specified  subject  to  Eq.  14  and 
Eq.  15- 

Other  work  on  continuum  theories  of  disclinations  include  deWit  [9], 
Anthony  et  al  [10].  Anthony  et  al  present  a  short  discussion  of  the 
definitions  of  the  dislocation  and  disclination  tensors  only;  they 
have  no  balance  laws,  incompatibility  equations,  or  constitutive 
relations.  On  the  other  hand,  deWit  covers  all  of  the  above  points 
using  a  symmetric  strain  tensor  and  comments  that  his  work  could  be 
extended  to  non-symmetric  strains  by  using  the  Cosserat  deformation 
tensors. 

DISLOCATION  RATE  EFFECTS 

Using  micronorphic  mechanics,  a  dynamical  model  of  dislocations  mov¬ 
ing  elastically  about  their  equilibrium  configuration  was  developed 
in  [6]  and  [11] .  The  applicability  of  that  model  to  dislocation 
dispersion  of  elastic  waves  was  qualitatively  demonstrated  in  [6] 
and  [12].  In  this  section,  dislocation  rate  effects  are  studied 
within  the  micromorphic  model;  it  is  believed  that  this  approach 
offers  a  potential  continuum  method  of  attack  on  the  dislocation 
damping  problem  [13].  For  a  more  detailed  discussion  of  the  mate¬ 
rial  presented  here  see  [6]. 

The  elaborate  basic  equations  of  the  dynamical  model  for  reversible 
elastic  motions  are  in  [6,11]  and  will  not  be  unnecessarily  repro¬ 
duced  here.  The  kinematics  and  balance  laws  are  used  here  in 
unchanged  form;  additional  constitutive  equations  [6]  are  con¬ 
structed  below.  We  consider  the  free  energy  (i  to  be  of  the  form 

P  =  ip  (e,e,a,a,8)  (26) 

where  the  strain  tensors  are  related  to  the  displacement  vector  u. 
and  the  microdeformation  tensor  $k|l  by  K 

eki  =  j(uk,t  +  ut,k> 

(27) 

=  u£,k  +  ^ki 

a  is  a  third  order  tensor  related  to  the  dislocation  density  a  by 

akim  ~  2  eHmn  akn 


'£mn  kn,m 
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and  6  is  the  temperature.  Also,  the  stress  t(,  the  volume  stress 
average  skl,  the  first  stress  moments  Ak-  ana  the  entropy  n  are  all 
assumed  to  be  functions  of  the  variables  listed  in  Eq.  26.  A  super¬ 
posed  dot  denotes  time  differentiation. 


<29) 


The  linear  spatial  form  of  the  micromorphic  energy  equation  is 

pe  =  f2t(kl)"skl]  ekl  +  (8krtkt)  Etk  "  AktmYtmk  +  qk,k  +  ph 
q.  is  the  heat  flux  vector  and  h  is  the  heat  source  per  unit  mass. 
The  free  energy  is  related  to  the  internal  energy  density  e  by 


41  =  e  -  0n 


(30) 


For  construction  of  the  constitutive  relations,  the  second  law  of 
thermodynamics  is  needed  in  the  form 


pn 


1  1)  _  £ll  >  n 

'  e''k  e  -  0 


(31) 


Combining  Eq.  29  and  Eq.  30  with  Eq.  31  results  in  the  second  law  in 
the  form 


-p(i|/+en)  +  [2t(ki)  -  skl]  ekl  +  (s^-t^)  e 


k  V  ki 


qk0'k 

>  0 


ki 


£k 


(32) 


Y  +  -  2  > 

Akim  Timk  0 

Substituting  the  constitutive  assumptions  Eq.  26  into  Eq.  32  yields 


l2t(ki)  ^i  “  p3eT71  ek£  +  [S1 


ki 


ki 


ki 


(33) 


lXkim  +  p3aJlmkJaimk  "  X(k|i|m)  Y£(mk) 

.  O <l>  ...  .  qk0,k  .  „ 

Since  ek4,  e^,  almk  and  0,k  can  all  be  varied  independently 

and  the  coefficients  of  these  terms  are  not  functions  of  them,  it 
follows  from  Eq.  33  that 

dp 


2t(kl)  ~  ski  ~  p3e, 


ki 


ki 


hit 


=  p- 


dip 


dc 


(34) 


£k 


*  (k  |  £  |m) 

Thus  Eq.  33  reduces  to 


=  qk  =  °'  dS 


9  ip 


imk 


dp 


lXkim  +  P 03 imk’  ~  ° 


(35) 


Since  1J1  is  independent  of  a  we  introduce  _A  the  recoverable  part  of 
A  by  ~  b~ 


E^kim 


=  -  P 


9\J> 


9a 


(36) 


imk 
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(37) 


and  call  QX  the  dissipative  part  of  X  defined  by 
DAktm  =  Aktm  "  EAklm 

Thus  Eq.  35  reduces  to 


Vkta  *l»k  i  0  (38) 

and  the  constitutive  relation  for  the  tensor  lambda  can  be  written  as 

Aklm  =  EAkl»(2>  +  DW?'a)  <39> 

For  later  comparison  with  Russian  work  Eq.  39  is  written  in 
terms  of  the  dislocation  density  a  instead  of  a  by  using  Eq.  28 


3  Z 


klm 


krm  3a 


Ir 


+  DAkim(2'2) 


(40) 


and  where 


putting*™ 


DAmlk 


t  =  PK-  (41} 

we  introduce  the  second  order  tensor  pX^  by 


DAkl  =  ^kmn  DAklm,  DXklm  =  ekmn  DXnl 


(42) 


Using  Eq.  40  and  Eq.  42  the  micromorphic  moment  of  momentum  balance 
law  can  be  written  as 


ekrn/  3a^r  DXrl' 'k  +  fcml  sml  +  pS,lm  p°lm 


(43) 


Russian  School 


The  recent  work  of  Berdichevskii  and  Sedov  [141  is  closely  related 
to  micromorphic  mechanics  in  that  they  also  introduce  nine  new 
generalized  displacement  degrees  of  freedom  in  addition  to  the  clas¬ 
sical  three.  These  authors  construct  general  balance  equations  from 
a  variational  prinicple,  and  then  they  show  how  the  classical  elas¬ 
tic,  plastic,  and  fluid  constitutive  relations  can  be  constructed 
within  their  framework.  In  their  final  section  they  choose  anpropri- 
ate  variational  variables  and  obtain  a  dislocation-plasticity  theory 
which  utilizes  the  concepts  of  dislocation  density,  plastic  yield 
function,  strain-rate,  and  entropy  production.  For  comparison  pur¬ 
poses,  their  theory  is  summarized  as  follows: 


pkl,k  +  Fl  “  p'\ 

(44) 

^Imn^mk  +  £mk^'n  +  pkl  ®kl  -  0 

(45) 

pen  =  -  9(-jj0,k  +  O]^?9)  +  °2 

(46) 

No  names  are  given  to  the  new  quantities  appearing  in  these  balance 
laws,  but  they  can  be  identified  from  the  constitutive  relations: 


■'kl 


'kl 

TP  ' 
3c  kl 

^kl 

3a. 

!lk 

£. 

•  ’ 

"kl 

(reversible  part) 


kl 


3U 

3Skl 

3c2 


(irreversible  part) 

SOj 

"  W7Z 


(47) 


(48) 
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Also  a  yield  function  is  postulated  in  the  fora 

£(«kf'  •W  •  0  <«»> 

In  the  above  equations,  c*  and  e"  are  the  elastic  and  plastic 
strains,  S.  ,  the  dislocation  density,  and  a  superposed  dot  denotes 
ti*e  rate.1 


In  Eq.  45  the  contribution  to  the  kinetic  energy  in  the  Lagran- 
gian  frost  the  dislocations  has  been  neglected;  hence,  there  is  no 
inertia  term  on  the  right-hand  side.  The  nicromorphic  moment  of 
momentum  equation,  Eq.  43,  is  similar  to  Eq.  45  which  Berdichevskii 
and  Sedov  refer  to  as  the  "internal  parameters"  equation.  They 
interpret  the  skew  part  of  Eq.  45  as  an  angular  momentum  equation. 

No  interpretation  is  given  to  the  symmetric  part.  Their  use  of  the 
entropy  rate  equation  in  constructing  constitutive  equations  is  quite 
different  from  the  current  practice. 

SLIP  MOTIONS  AND  PLASTICITY 


An  approach  to  a  theory  of  plastic  flow  is  presented  in  this  section 
(6];  the  definition  of  slip  motion  introduced  here  is  motivated  by 
the  technique  used  to  obtain  the  microdeformation  tensor  in  micro- 
morphic  mechanics. 

The  classical  motion  without  slip  of  a  material  particle  X  is 

xR  =  xk(X,t)  (50) 

Since  the  classical  motion  is  smooth,  the  motion  x'  of  a  neighboring 
particle  X'  is  given  approximately  by 

x'k  =  xk(X,t)  +  xkRdXK  +  •••  (51) 

The  micromorphic  kinematics  is  here  interpreted  as  the  slipped  motion 
of  a  particle  X'  near  to  X  due  to  plastic  deformation. 

The  slipped  motion  is 

x'k  =  xk<X,t)  +  xkK(X,t)dXR  +  ••• 

We  take  Ax^  as  a  measure  of  the  extent  of  slip 

ixkK  =  ’‘kjK  “  XkK 

The  difference  between  the  actual  slipped  motion  and  the  motion  of 
X'  if  the  deformation  were  smooth  is  measured  by  Ax.  .  If  Ax.  =  0, 
the  motion  is  not  slipped  and  classical.  KK  kK 

The  slip  concept  introduced  above  leads  us  to  consider  a  solid  which 
possesses  a  stress  potential  of  the  form 

E  =  E<xk,K'AxkK)  (54) 

If  AxkK  is  zero,  Eq.  54  describes  an  elastic  solid;  with  Axk  non¬ 
zero,  Eq.  54  describes  a  plastic  solid.  The  principle  of  objectivity 
requires  that  Z  be  a  function  of  C  and  A  where 


(52) 

(53) 


CKL  _  Xk,KXk,LJ  AKL  ~  Xk,KAXkL 


(55) 


Instead  of  the  deformation  tensors  C  and  A,  we  introduce  the  strain 
tensors 

(56) 


EKL  2(CKL-i5KL);  E'kL  2(AKL-0KL) 


355 


356 


The  special  forms  adopted  for  T  and  sWT  are  that  T  is  integrable 

Kli  KL  ■** 

in  the  time  giving  a  relation  of  the  form 


tkl  =  tkl(e,<mn)'e"mn,8) 


which  is  invertible  for  £' as  a  function  of  T,  E"  and  9. 
=  0  we  extract  a  relation  of  the  form 


(66) 

From 


e"kl-  aki«n  ’’mn  +  bkl  ® 
when  f  =  <(<  *  0)  and  -gH-  TKL  +  |f  9  >  o 

KL 

where  f  =  f(T,E",9)  =  k  is  the  yield  function 
and 

x  =  Hkl(T,  EH,0 )  E«kl 
During  the  neutral  loading  and  unloading 


when 


or  when 


E  KL  =  0 


3f  T-  +  !fs<oonf-K,  <  =  0 


3TKL  KL  38 


f  <  < , 


<  =  0. 


(67) 


(68) 


(69) 


Recently  Green  and  Naghdi  [15]  introduced  a  non-symmetric  plastic 
strain  tensor  and  showed  how  their  earlier  non-polar  plasticity 
theory  [16]  could  be  viewed  in  the  context  of  multipolar  mechanics. 

In  the  section  above  we  have  demonstrated  that  their  plasticity  model 
can  also  be  viewed  as  a  constrained  micromorphic  model.  The  "con¬ 
straints"  are  the  definition  of  the  plastic  strain  tensor  and  the 
omission  of  moment  effects. 


An  explicit  comparison  of  the  above  approach  with  that  of  Green  and 
Naghi  [15]  is  given  in  Table  X. 

TABLE  I 

Green  and  Naghdi  [15]  Micromorphic 


Xl,A 

XiB 

Xk,K 

XkK 

s'ka'  ®ab' 

SKAB 

2tkl'  skl'  aklm 

eKA' 

e" 

AB 

ekl' 

V 

KL 

eABK 


r 

KLM 
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A  Method  for  Micro-hardness  Analysis 
of  an  Elastoplastic  Material 
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nENNSSCLAtn  POLYTECHNIC  INSTITUTE 


ABSTRACT 

A  method  is  presented  to  correlate  the  characteristics  of  an  elastoplastic, 
work-hardening  material  with  measurable  quantities  from  micro-hardness  experi¬ 
ments  . 

First,  the  problem  of  an  elastic  plate  pressed  on  by  a  rigid  indenter  of  a 
given  profile  is  considered,.  Using  Hankel  transforms,  the  relation  of  surface 
parameters  is  expressed  in  terms  of  a  singular  integral  equation.;  The  non¬ 
singular  part  of  the  kernel  of  this  singular  integral  equation  is  closely  approxi¬ 
mated  by  a  polynomial  of  even  order.  Then,  for  a  given  load,  the  radius  of  con¬ 
tact  circle,  the  depth  of  Indentation  and  the  pressure  distribution  are  obtained 
by  solving  a  set  of  linear,  simultaneous  algebraic  equations.  Stress  distribu¬ 
tions  within  the  plate  are  next  computed  by  convolution. 

For  the  post-yield  behavior  of  the  plate,  the  formality  of  simultaneous 
equations  as  in  the  case  of  the  elasticity  solution  is  assumed,  except  that  the 
constant  coefficients  which  characterize  material  properties  are  determined  by 
successive  approximations  using  the  finite-element  method.  A  numerical  example 
is  given  to  illustrate  the  method. 


INTRODUCTION 


In  simplest  words,  hardness  means  resistance  to  deformation,  and  in  the  se¬ 
lection  of  materials  for  application,  hardness  is  a  singularly  important  index. 
Since  hardness  measurements  involve  mainly  a  process  of  deformation,  how  are  the 
measurable  parameters  related  to  basic  properties  such  as  Young's  modulus  and 
yield  stress?  For  indentation  hardness,  the  first  important  correlation  was  due 
to  Hertz  [1,2] . 

Though  much  is  now  known  about  contact  problems  and  hardness  [3,4,5],  there 
has  been  little  work  done  in  three-dimensional  contact  problems  of  elastoplastic 
material  other  than  Ishlinsky's  ideal  plastic  indentation  soluting  using  an  arti¬ 
ficial  stress-strain  relation  of  Karman  and  Haar,, 
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This  paper  presents  a  aethod  by  Beans  of  which  an  analytic  correlation  be¬ 
tween  the  aeasurable  quantities  fraa  a  Micro-hard ness  test  and  the  properties  of 
an  elastoplastlc  Material  can  be  nade. 

In  Section  2,  the  solution  of  an  elastic  plate  under  a  rigid  indenter  of  a 
general  profile  is  considered.  The  foraulatlon  of  the  problem  is  similar  to  that 
of  Sneddon  [6],  It  is  shown  that  the  solution  can  be  obtained  by  approxiaating 
the  non-singular  part  of  the  kernel  function  by  an  even-ordered  polynomial.  As¬ 
suming  that  the  analyt  ie  fora  of  solution  for  elastic  state  is  valid  for  the  state 
of  incipient  plasticity,  the  finite-eleaent  aethod  is  used  to  deduce  the  effect  of 
each  small  increment  of  load.  Thus  a  step-by-step  procedure  is  developed  for  the 
post-yield  state  of  stress.  This  is  described  in  Section  3.  Finally  in  Sec¬ 
tion  4,  a  numerical  exa^le  is  worked  out  to  show  how  this  aethod  is  applied. 

spumous  for  an  elastic  plate 

Formulation  of  the  Problem 


Consider  an  infinite  plate  of  finite  thickness  H  resting  on  a  rigid  founda¬ 
tion  and  pressed  on  by  a  rigid  indenter  with  load  N  as  shown  in  Fig.l.  Reference 
axes  (r,z)  are  as  shown.  Love's  stress  function  X  for  elastic,  axisynmetric 
problems  is  defined  by  Eq.(l). 


2  2 
4  ,1  3  5M 


0, 
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with  stress  and  displacement  components  expressible  in  terms  of  X: 
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Material  constants  v  and  E  are  Poisson's  ratio  and  Young's  modulus,  respectively. 
The  displacement  component  in  r-dlrection  is  denoted  by  u,  and  in  z-dlrection 
by  v.- 


The  boundary  conditions  between  the  plate  and  the  rigid  base  (at  z  “  0)  are 
given  by  Eq.(4)  if  the  interface  is  lubricated  and  by  Eq.(5)  if  the  interface  is 
bonded : 


0  1  n  ■  0, 

v|  .  *  0 

(4) 

rz|z“0  ’ 

|  z-0 

u|z-0  “  °» 

V|z-0*° 

(5) 
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Although  Eq. (4)  i*  u«ed  In  thif  paper,  the  approach  appliea  equally  well  to 
boundary  conditions  described  by  Eq.(S). 

On  the  top  of  the  plate,  the  conditions  are  that:  (1)  there  is  no  shearing 
traction  inside  and  outside  of  the  contact  area;  (2)  the  vertical  displacement 
within  the  contact  area  is  prescribed  by  the  shape  of  the  lndenter;  and  (3)  the 
nornal  traction  is  zero  outside  the  contact  area.  Hence, 

°rz(z«H  *  °»  V|  Z“H, OsrSA  *  '°  +  *r>  and  azz|z-H,r>A  *  °  ’  (6) 

The  function  <p(r)  describes  the  profile  of  the  lndenter,  which  is  given.  Let 
<p(r)  ■  0,  so  that  D  represents  the  depth  of  indentation,  an  unknown  quantity. 

Note  the  radius  of  contact  area  A  is  unknown.  Also  unknam  is  the  nornal  pressure 
distribution  f(r)  within  the  contact  area.  Of  course, 

A 

2n  j  pf(p)  dp  =  N  (7) 


is  the  total  load  applied. 

For  computation,  it  is  convenient  to  introduce  dimensionless  variables  where¬ 
in  all  lengths  are  normalized  by  A  and  stresses  by  the  shear  modulus  G  ■  E/2(l+v). 
Subsequent  reference  to  Eqs.(l)  through  (7)  will  be  the  dimensionless  form.  Also, 
no  new  symbols  will  be  introduced  except  X  ■  H/A. 


Formal  Solution  by  Integral  Transforms 
Apply  the  Hankel  transform, 


f(p)  -  j  rf(r)JQ(pr)  dr 


(91 


whose  inverse  is 


f(r)  »  pf(p)JQ(pr)  dp, 
o 


(10) 


to  relevant  parts  of  Eqs.(l)  through  (8)  with  super  bar  denoting  the  transformed 
quantities.  Thus,  result  the  differential  equation 


‘  P2)  X  “  °> 


and  boundary  conditions 


(11) 


where 
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(14) 


Equation  (11)  with  boundary  conditions  (12)  and  (13)  possesses  the  solution 
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X  *  A  sinh  pz  4  Bz  cosh  pz. 


where 


pA  o  -2(2v  sinh  pX  4  pX  cosh  p\)«(p)  R  m  (2  sinh  pA)g(p) 
p^(sinh  2pX  +  2pX)  p2(sinh  2pX  +  2pX 


(15) 


(16) 


Using  the  inversion  theorets  and  assuming  f(r)  is  such  that  the  order  of  in¬ 
tegration  can  be  interchanged,  X  can  be  written  as 


X  *  2n  j  pf(p)»f(r,p)  dp, 


(U) 


where 

CO 

Xf(r,p)  =  ^  j  J0(pr)J0(pp)  • 

O 

r-2(2v  sinh  pX  +  p\  cosh  pX)sinh  pz  +  2(sinh  pX)pz  cosh  pz  \  dp 
^  p2(sinh  2pA  +  2p\ 

The  fundamental  solution  of  Love's  stress  function  for  the  plate,  i.e.,  solu¬ 
tion  for  a  ring  load,  is  Xf(r,p).  In  special  cases  when  \  -•  “,  )((r,  p)  becomes  the 
fundamental  solution  of  a  half-space  body  due  to  a  ring  load. 

With  x  known,  Che  stress  and  displacement  components  can  be  obtained  from 
Eqs.(2)  and  (3).  They  are  given  in  the  Appendix  of  Ref. [10].  In  particular. 


v|z=x=  2n  j  pf (p)K(r,p)  dp, 


(19) 


where 


1  -  v  r  ,  ,  ...  .  cosh  2p\  -  1 

K<r>P>  *  2n  J  Jo<Pr>Jo<PP)  sinh  2pX  4  2pil  dp 
o 


cosh  2p\  -  1 


(20) 


In  order  that  the  second  of  the  boundary  condition  (6)  is  satisfied: 

1 

-D  4  (p(r)  *  2n  J  pf (p)K(r,p)  dp  (0  «  r  <  1), 


(21) 


Also,  from  Eq. (7), 


2n  j  P f (P)  dp  «  N. 

£ 


(7a) 


Equations  (21)  and  (7a)  are  used  to  solve  for  the  unknown  functior  f(r)  and  the 
quantity  D. 

Solution  by  an  Approximate  Kernel  Function 

In  the  formal  solution  of  the  previous  section,  the  key  is  seen  to  be  the 
dual  integral  equations  [Eqs,(21)  and  (7a)].  In  general,  ^(r)  of  Eq.(21)  can  be 
expressed  by  an  even-ordered  polynomial,  i.e., 


-D  4  cf>(r) 


cPjT 


2i 


(22) 


i=0 
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where  tp.,  1*1,  2,  . ..,  n  and  Che  value  of  n  are  all  given  as  the  profile  of  the 
indenter.  But 

q>  -  -D  (23) 

o 

is  to  be  solved. 


The  solution  presented  here  is  based  on  the  facts  that  (1)  the  kernel  func¬ 
tion  K(r,p)  can  be  separated  into  two  parts:  a  singular  part  and  a  non-singular 
part;  and  (2)  the  solution  for  the  sane  equations  corresponding  to  a  half-space 
body  is  known. 


Using  the  identity, 

cosh  x  -  1  =  |  .  **  2e  x + _ x 

sinh  x  +  x  i_j  +  t*x  sinh  x  +  x 


2xe 


-x 


(1  +  e*X)(sinh  x  +  x)  J 


in  Eq.(20),  one  can  write 


with 


K(r,p)  =  KQ(r,p)  '  Kj(r,P) 
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(27) 


The  fundamental  solution  for  a  half-space  body  due  to  a  ring  load  is  K^(r, p) , 

which  is  singular..  The  contribution  due  to  the  thickness  of  the  plate  is  K^(r,p) 
and  is  non-singular..  Also,  it  is  observed  that 


2n  j  p(l  -  p2)1*  *Ko(r,p)  dp 


ro 


A1  r2j 
Aj  r  , 


A1*. 


where  s  are  known  constants  dependent  on  values  of  i  and  j  only.  This  observa¬ 
tion  emanates  from  the  fact  that  the  Legendre  polynomials  are  eigenfunctions  of 

the  kernel  K  (r.p)  functions  [7].' 

0 

Equations  (21)  and  (25)  lead  to 

n  1  1 


<Po  +  <p(r)  = 
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iPjT  =  2n  J  pf(p)Ko(r,p)  dp  -  2n  J  pf(p)K1(r,p)  dp.- 


(28) 


i=0 


Since  Kj(r,p)  is  a  well-behaved  function  and,,  in  view  of  the  axisymmetry,-  it  can 

be  approximated  by  an  even-ordered  polynomial  symmetric  with  respect  to  r  and  p.: 
Thus  the  (2n)th  ordered  polynomial  approximation  for  K^(r,p)  can  be  written  as 


K^r,?)  = 


n 

m* 

m=0 

ia0 

„m  2i  2i  2m-4i  2m-4i, 

C,  r  p  (r  +  p  ) 


(29) 
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where  m'  •  m/2  {or  b  to  be  even,  and  ■*“(«-  X)/2  for  a  to  be  odd.  Assuae  the 
fora  of  f(p)  to  be 


f(P)  -  (i  -  p2)*  Y  ft(l  -  P2)1. 

i=6 


(30) 


Mo  generality  will  be  loat  if  the  value*  of  n  in  Eqs.(28),  (29),  and  (30;  are 
taken  to  be  the  saae.  On*  any  take  the  largeat  of  them  all,  for  example.  Using 
Eq*.(29)  and  (30)  in  integration,  one  obtains 


1 

2tt  C  pfip^Or.p)  dp 
o 


i-0  j-0 


.  ,  2i 

W  ' 


(31) 


where  b, .  are  constants  depending  on  i,  j  and  can  be  calculated  froa  given  C?'s. 

ij  * 

Now,  using  Eqs. (31)  and  (30)  in  Eq,<28)  and  identifying  the  terms  with  the  same 
power  of  r,  one  obtains,  after  some  rearrangement, 


and 
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*t  *  Vi 
)*1 


3-1 
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(33) 


When  the  f*s  and  A  have  been  obtained,  the  depth  of  indentation  cp  can  be  calcu- 
j  o 

lated,  i.e., 


Vi- 


(34) 


In  order  to  see  how  some  of  the  coefficients  look  like  and  what  are  the 
actual  operations  involved,  a  case  for  n  =  2  is  worked  out  here.  For  this  case, 

2  4 

vU-\  *  9o  +  v(r)  *  ^o  +  V  +  tp2r  ’ 

Kl(r,p)  -  C0Q  +  C01(r2  +  p2)  +  C02(r4  +  p4)  +  C12r2P2 


and 


f(p) 


=  ft(l  -  p2)*  +  f2(l  -  P2)\ 


It  is  noted  that 


2n  j  pf(p)Ko(r.p)  dp  =  f^A^  +  Anr  ) 


+  f2(A2Q  +  A21r  +  A22r 


where 


A10  «  (1  -  v)tt/4,  A;1  »  -(1  -  v)n/8 

A20  =  9(1  -  V)n/128,  A„  =  -69(1  -  v)n/224,  A?2  *  663(1  -  v)tt/2240. 
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Also 
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ELASTOPLASTIC  SOLUTION  USING  THE  FINITE  ELEMENT  METHOD 

In  the  region  of  plasticity  near  the  incipient  yield,  the  stress-si  rain  rela¬ 
tion  is  assumed  to  be  of  the  incremental  work-hardening  type.  In  addition  to  this 
nonlinearity,  the  surface  of  the  stress  boundary  conditions  also  changes  with  the 
total  load  applied  in  case  of  the  Indentation  hardness  analysis.  A  step-by-stcp 
procedure  with  the  assistance  of  a  finite  element  computer  program  is  adapted  for 
this  part  of  the  problem. 
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The  finite  eleaent  aethod  has  becoae  Increasingly  important  to  the  solution 
of  practical  problem  of  contlnuua  Mechanics  l#].  Only  the  following  points  are 
to  be  noted  here: 

(1)  The  use  of  the  finite  eleaent  aethod  in  contact  problem  is  hindered  by 
the  unknown  boundary  conditions.  This  is  over cone  here  by  a  step-by-step  itera¬ 
tion  procedure. 

(2)  The  stress-strain  relation  in  the  state  of  plasticity  can  be  quite 
general.  Various  work-hardening  rules  as  well  as  unloading  can  be  incorporated 
with  sone  programing  considerations. 

The  procedure  for  solutions  is  now  described.  In  the  previous  section,  it 
was  shown  that  the  elastic  solution  of  a  thick  plate  under  a  rigid  indenter  can 
be  reduced  to  the  solution  of  a  set  of  algebraic  siaultaneous  equations.  When 
two  term  were  used,  for  example,  two  constants  f.  and  f  were  to  be  found  from 
the  equations 

*1-4"  <Bllfl  +  »12f2>  (38> 

*2  <B21fl  +  B22£2>'  <39) 

where  A  is  assumed  to  be  given  instead  of  N.  We  can  then  obtain  N  and  <p  from 
the  equations 

N  -  GA2(a1f1  +  a2f?),  (40) 

and 

*o  '  A(B01fl  +  B02f2>-  <41> 


All  quantities  shown  above  have  been  defined  in  the  previous  section.  It  is  to  be 
emphasized  in  particular  that  B, ,'s  are  constants  which  are  dependent  on  the  plate 
H  ^ 

parameter  \  *  —  and  the  material  properties  of  the  plate. 

It  will  be  assumed  that,  in  states  of  incipient  plastic  yielding,  the  solu¬ 
tion  can  be  expressed  in  the  same  form  as  those  of  Eqs.(38)  through  (41),  and 
that  B^j's  will  depend  also  on  the  stress  state  in  the  plate.. 

Equations  (38)  and  (39)  can  be  rewritten  in  the  following  form: 


-f  -  Biifi(1  +  V 


<p2  = 


X  B22f2(r2  +  1>' 


(42) 

(43) 


where 


B12f2 

Bllfl 


and  i. 


B21fl 

B22f2 


If  the  ratios  r^  and  r2  are  constant,  the  values  of  f^,  f^,  and  B^'s  can 
obtained  by  the  following  procedure  of  successive  approximation: 

(1)  Select  an  arbitrary  set  of  f',  f^,  and  b'^s. 

(2)  Apply  on  the  contact  area  of  radius  A,  a  pressure  distribution 


be 


f(o>  -  f'(l  -  p2)9  +  f'(l  -  p2)* 

as  part  of  the  boundary  condition  in  using  the  finite  elen ent  program. 
The  results  from  the  finite  element  program  give  the  value 3  of  ip^  and 
tp',  hence 
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(3)  I f  either  k^  or  kj  is  not  unity,  make  the  fol'nwing  adjustments 

t‘  e:  — —  t ; 

1  li  1  2  Ik  2 

\'K1  \*2 


B'.' 
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11'  21 
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“12'  "22 


\/*2 
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Use  this  new  set  of  f^,  f^,  and  B'^’s  and  return  to  Step  (1).  If  both  k^  and  k., 
are  unity,  the  assumed  (or  current)  values  of  f^,  f^,  and  ' s  are  the  correct 
solution.  Since  *re  directly  proportional  to  f j,  respectively  for  a 

small  increment  of  load,  as  can  be  seen  from  Eqs.(42)  and  (43),  this  process  is 
self-adjusting  due  to  Step  (3)  above.  The  requirement  that  r^,  r^  must  be  con¬ 
stant  is  met  for  the  case  of  perturbed  solutions  of  incipient  plasticity  where 
the  elastic  solution  just  prior  to  this  point  is  already  known. 


A  NUMERICAL  EXAMPLE 
Statement  of  Problem 

Consider  a  steel  plate  of  5  mil  thick  pressed  on  by  a  rigid  indenter  having 
a  parabolic  profile 

V  »  $o  +  Vjt2,  (A4) 

where  is  given  and  tpQ  is  yet  to  be  found. 

The  problem  here  is  to  determine  the  relation  between  a  given  load  N  and  the 

radius  of  contact  circle  A,  the  depth  of  indentation  D  *  -ip  and  the  pressure 
distribution  within  the  contact  area  f(p).  c 


Stress-Strain  Relation 


The  elastic  properties  are  given  by  Young's  modulus  E  and  Poisson's  ratio  v 

which  are  taken  to  be  26  X  106  psi  and  0.3  respectively.  In  the  region  of 
plasticity,  the  material  is  assumed  to  behave  according  to  a  linear  work- 
hardening  rule  of  Mises  yield  condition  and  Prandtl-Reuss  flcv  equation, 


f(o  )  =  j'  -  —  o'  o'  =  —  o  2 
v  ij;  2  2  ij  ij  3 


de 


ij 


3K  6ij  +  2G  dt7ij  +  H°ijakfd°kf 


(45) 

(46) 


where  o  are  deviatoric  stress  components  and  uniaxial  yield  stress  in  ten¬ 

sion;  j'  is  the  second  deviatoric  stress  invariant;  e^j  denotes  strain  components; 

K,  G  are  the  bulk  and  shear  moduli,  respectively,  and  a  is  the  hydrostatic  com¬ 
ponent  of  the  stress  tensor.  Also 
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-2  '"t 

where  E,  are  Young's  Modulus  and  tangent  aodulus,  respectively. 

The  inverse  relation  of  Eq. (46)  can  be  shown  |9]  to  be 

a!. it.. 
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where 


s-^i-1+  ^TT]  J  • 

^i;  -  e  ) 

In  Matrix  notation  and  for  the  axisyaaetric  state  of  stress,  Eq.(48)  becones 
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Approximation  for  the  Function  K^r^,!) 


The  elastic  solution  to  the  problem  is  based  on  the  fact  that  Kj(r, p)  of 

Eq.(27)  can  be  approximated  closely  by  a  pocer  series  of  r  and  p,;  In  this 
example,  it  is  assumed  tha*- 

( r , p )  =  ■i~!  |^C0  +  Cjtr2  +  P2)  +  C2r2p2),  (55) 

Since  K^(r,p)  given  in  Eq.(27)  is  non-singular,  its  value  at  any  particular  point 

can  be  evaluated  accurately  by  numerical  integration.  The  coefficients  of  Eq.(55) 
are  evaluated  by  matching  the  polynomial  with  the  values  of  actually 
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calculated  from  Eq.(27)  for  various  points  within  the  range  of  interest.  The 
nuaber  of  terns  required  depends  on  the  accuracy  desired  and  the  value  of 
X  «  H/A,  which  characterizes  the  relative  thickness  of  the  plate.  The  approxi- 

aating  K^(r,p)  of  Eq.(SS)  and  the  original  K^(r,p)  of  Eq.(27)  can  then  be  coa* 

pared  point  by  point  over  the  entire  region  of  interest:  0  i  r  $  1,  0  £  p  £  1  in 

the  r-p  plane.  The  table  given  below  shows  this  result  for  a  total  of  6  x  6  »  36 

points . 


TABLE  -  ACCURACY  EVALUATION  OF  K£r,p)  APPROXIMATIONS 


X 

Average 

Standard 

Deviation 

Maximum 

Error 

c 

0 

C1 

C2 

2 

0.54 

0.0008 

0.0015 

0.5838 

-0.0457 

0.0119 

1.5 

0.70 

0.003 

0.005 

0.7784 

-0. 1022 

0.0408 

1.0 

1.00 

0.15 

0.025 

1.1675 

-0.2963 

0.1905 

0.6 

1.60 

0.10 

0.16 

1.9436 

-0.9312 

0.8537 

0.4 

2.00 

0.30 

0.55 

2.869 

-1.857 

1.908 

It  is  clear  from  the  table  that 

(1)  for  X  >  2,  the  contribution  of  K^(r,p)  is  nainly  due  to  a  constant  tern 
which  affects  only  the  depth  of  indentation  but  not  the  pressure  distribution; 

(2)  with  rather  simple  expression  of  K^(r,p)  in  Eq.(55),  reasonably  accurate 
solutions  can  be  obtained  for  the  value  of  X  in  the  neighborhood  of  unity; 

(3)  for  smaller  X,  good  approximation  can  be  expected  by  taking  more  terms 
in  the  polynomial  and  the  solutions  can  be  obtained  in  the  same  simple  fashion. 

Elastic  Solutions 


Equation  (55)  is  very  similar  to  the  sample  calculation  in  Section  3  and  the 
solution  may  be  put  in  the  form 


-ip  »  2A 
1 6°GA^$^ 


tPjO 


3(1  -  v) 


where 


15n  -  4(5Cq  +  2C:) 


15r  +  8(5C1  +  2C2) 


15n 


15rr  +  8(5CX  +  2C2) 


(56) 

(57) 

(58) 


When  a,  !  >  1,  Eqs.(56)  and  (57)  become  the  solution  of  the  half-space.  Thus  o, 
3  indicate  the  effect  due  to  the  thickness  of  the  plate.;  Figure  2  shows  the 

values  of  or  and  8  as  functions  of  X  *  -7-  .  Other  results  of  calculation  are 

A 

shown  in  Figs. 3  and  4.  In  Fig. 3,  the  depth  of  indentation  D,  the  radius  of  the 
contact  area  A  and  the  maximum  pressure  under  the  indenter  are  plotted  against 
the  total  load  for  tp,  »  1,  i.e.,  the  radius  of  curvature  at  the  asperity  has  a 
1  1 

value  R  «  -j^r-  ■  —  Figure  4  shows  the  contours  of  J the  second  invariant  of 

the  deviatoric  stress  tensor.  It  is  obtained  through  numerical  integration  of 
the  stress  expressions  given  in  [10]  and  with  the  pressure  distribution  function 

f(P)  »  fxd  -  P2)5 

where 

fi  ■  AVBn- 
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Elastoplastic  Solution* 


A  perturbed  solution  for  incipient  plastic  stress  state  is  now  sought  for 
this  problea.  Following  the  Method  described  in  Section  3,  the  actual  steps  of 
calculation  are  as  follows: 

(1)  Let  the  elastic  solution  be  known  just  prior  to  Incipient  plasticity 
from  the  previous  sub-section.  That  is,  for  a  given  A,  the  values  of  ij,  N,  Bjj, 

and  Bqi  can  all  be  calculated.  An  increase  in  A  (correspondingly  an  increase 
in  N)  will  initiate  a  plastic  state  of  stress.  Thus 

(2)  Apply  the  finite  elesient  analysis  using  the  pressure  distribution 
function 

f(P>  -  fj(l  -  pV 

with  a  contact^circle  of  radius  A*  *  A  +  AA.  This  calculation  will  lead  to  the 
values  of  q>',  cp'  and  k^  ■  q>'/(f  ^ .  In  the  process  of  calculating,  if  any  eleaent 

is  found  to  have  become  plastic,  its  stiffness  matrix  is  to  be  adjusted  for  the 
next  cycle  of  iteration. 

(3)  If  kj  obtained  in  Step  (2)  is  not  unity,  make  adjustment 

V\/S 

and  return  to  Step  (2).  If  k^  is  unity,  the  set  of  A*,  fj,  and  N  consti¬ 
tutes  the  solution  of  onset  plasticity  sought. 

Results  of  the  calculation  are  shown  in  Figs. 5,  6,  and  7  for  D,  A,  and  f 

fa  max 

vs.  N,  respectively.  These  curves  are  for  E  =  26  X  10  psi,  v  =_0.3.  For  plastii 
work-hardening  solutions,  they  are  given  for  Et  =  E/10,  Et  «  0,  o  »  3.0  x  10®  psi 

and  o  =  6.0  X  106  psi  as  shown  by  the  short  branch  curves. 

CONCLUSIONS 


The  following  conclusions  can  be  drawn  from  this  Investigation: 

1)  The  solution  of  an  infinite  plate  of  any  thickness  pressed  upon  by  an  in- 
denter  of  arbitrary  shape  with  axial  symmetry  can  be  obtained  by  approximating  a 
non-singular  part  of  a  kernel  function  by  a  polynomial..  This  approximation  can  be 
made  as  close  as  one  wishes  to  the  original  function  by  taking  enough  terms  in  the 
polynomial.  In  general,  the  thinner  is  the  plate  compared  with  the  radius  of  con¬ 
tact  area,  the  more  terms  are  required  for  the  approximating  kernel. 

2)  By  so  doing,  the  elastic  solutions  become  that  of  a  set  of  simultaneous 
algebraic  equations.  The  coefficients  of  these  equations  depend  on  material  con- 

stants  and  also  on  an  important  parameter  A  «  —  where  H  is  the  thickness  of 

plate  anu  A.-  the  radius  of  contact  area. 

3)  Assuming  that  the  form  of  solutions  obtained  is  valid  in  the  plasticity 
state  as  well  as  in  Che  elasticity  state,  a  scheme  of  iteration  process  can  be 
established  with  the  help  of  the  finite  element  method  to  extend  solutions  into 
the  incipient  plastic  yielding.  The  use  of  an  iteration  is  essential  in  connec¬ 
tion  with  the  finite  element  method  to  overcome  the  difficulty  of  changing 
boundary. 

It  is  clear  that  more  accurate  results  can  be  obtained  by  taking  more  terms 
in  the  approximate  kernel  functions,  taking  more  terms  in  the  contact  pressure 
distribution  function,  improving  the  accuracy  of  specified  displacement  boundary 
conditions  at  the  edges  of  the  plate  for  the  finite  element  program,  and  using 
finer  grid  scheme,  especially  within  the  contact  area  and  in  the  region  of  ex¬ 
pected  plasticity.- 
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Figure  1.,  Configuration  of  the  Problem 
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Elastic-plastic  Materials: 
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ABSTRACT 

A  method  of  solution  of  elastic-plastic  boundary  value  problems  for 
compressible  materials  is  described,  A  perturbation  technique  is 
employed.  The  solution  to  the  corresponding  problem  for  an  incom¬ 
pressible  material  is  used  as  the  generating  solution  since  the 
assumption  of  incompressibility  often  leads  to  considerable  simpli¬ 
fication  in  the  governing  differential  equations  thereby  permitting 
complete  solutions  to  be  obtained.  The  perturbation  parameter  is 
chosen  to  be  proportional  to  the  ratio  of  the  shear  modulus  to  the 
bulk  modulus.  This  technique  is  illustrated  by  treating  an  axially 
symmetric  boundary  value  problem  -  the  elastic  plastic  deformation 
of  a  thick-walled  cylinder  obeying  the  Mises  yield  criterion  and 
Prandtl-Reuss  flow  law. 


INTRODUCTION 


Exact  solutions  to  all  but  the  simplest  boundary  value  problems  in 
the  theory  of  elastic-perfectly  plastic  solids  are  difficult  to 
obtain.  It  is  usually  necessary  either  to  neglect  elastic  compress¬ 
ibility,  to  neglect  elastic  strains  completely,  to  use  deformation 
theories,  to  appr  -ate  yield  functions  and/or  to  en..loy  non- 
associative  flow  uws.  In  many  cases  numerical  techniques  are 
necessary,  even  within  the  context  of  the  above  approximations. 

Another  alternative  is  to  attempt  asymptotic  solutions  by  expanding 
the  dependent  variables  in  a  power  series  in  terms  of  a  small 
parameter.  Such  perturbation  techniques  [1-9]  have  been  employed 
primarily  within  the  context  of  ngid-perfectly  plastic  theory. 

Hodge  [1]  has  treated  an  incompressible  problem  by  employing  the 
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rigid-perfectly  plastic  solution  as  a  generating  solution;  Ivlev 
12]  and  Spencer  (3]  have  considered  rigid  plastic  problems  in  which 
the  perturbation  was  applied  to  the  boundary  conditions;  Kuznetsov 
(4]  and  Spencer  [5]  have  treated  rigid  materials  with  small  non¬ 
homogeneity;  Onat  [6]  obtained  solutions  for  incipient  plastic  flow 
in  a  rigid  material  by  employing  time  as  a  small  parameter;  Spencer 
(7]  handled  dynamic  problems  in  rigid  plastic  materials  by  employ¬ 
ing  the  quasi-static  solution  as  a  generating  solution  and  also 
considered  the  effect  of  small  body  forces  [8]  by  perturbation 
techniques.  Richmond  and  Morrison  £91  have  employed  a  technique 
similar  to  that  employed  by  Spencer  for  the  solution  of  rigid 
plastic  problems,  by  using  exact  characteristics  instead  of  the 
characteristics  of  the  generating  system. 

In  the  present  work,  a  perturbation  technique  is  employed  for 
elastic-perfectly  plastic  problems.  The  incompressible  solution  is 
used  as  the  generating  solution  since  the  assumption  of  incompress¬ 
ibility  often  leads  to  considerable  simplification  in  the  governing 
differential  equations  thereby  permitting  complete  solutions  to  be 
obtained.  The  perturbation  parameter  is  chosen  to  be  proportional 
to  the  ratio  of  the  shear  modulus  to  the  bulk  modulus.  This 
technique  should  prove  fruitful  in  many  problems .  The  technique  is 
illustrated  by  treating  the  elastic  plastic  deformation  of  a  thick- 
walled  cylinder  by  means  of  the  Mises  yield  criterion  and  Prandtl- 
Reuss  flow  law.  The  results  are  compared  with  solutions  obtained 
by  other  techniques  [10,11]. 

THICK-WALLED  CYLINDER  PROBLEM 

Given  a  thick-walled  cylindrical  tube  consisting  of  an  elasticr 
perfectly  plastic  material,  and  given  that  the  tube  is  subject  to 
internal  pressure  and  edge  loading  so  as  to  induce  a  state  of  plane 
strain,  there  are  several  possible  approaches  to  the  solution  for 
the  internal  stress  distribution  and  the  displacements  of  the  tube. 
It  remains  to  specify  the  yield  criterion,  the  flow  law,  flow  or 
deformation  theory  and  numerical  or  analytic  solution  representa¬ 
tion.  Certainly,  the  simplest  solution  is  obtained  by  assuming 
the  material  to  be  incompressible.  Under  this  assumption  the 
solution  obtained  from  the  flow  and  deformation  theories  and  from 
the  Mises  and  Tresca  yield  conditions  are  identical  and  can  be 
exhibited  in  closed  form  [12].  However,  the  incompressibility 
assumption  is  not  tenable  when  the  total  strains  are  of  the  order 
of  magnitude  of  the  elastic  components  of  strain. 

Beliaev  and  Sinitskii  [13]  have  obtained  numerical  solutions  and 
Allen  and  Sopwith  [14]  obtained  a  closed  form,  albeit  extremely 
complicated,  solution  using  the  Hencky  deformation  theory. 

However,  the  use  of  deformation  theory  is  objectionable  in  princi¬ 
ple  since  conditions  of  proportional  loading  are  not  achieved. 
Solutions  based  on  flow  theory  were  presented  by  Hill,  Lee  and 
Tupper  [15],  Hodge  and  White  [10]  and  Koiter  [11].  The  latter  two 
solutions  employ  the  Mises  and  Tresca  yield  conditions,  respective¬ 
ly,  and  their  associated  flow  laws,  wheieas  Hill  et  al  obtain  their 
solution  based  on  the  less  satisfactory  non-associative  Tresca, 
Prandtl-Reusr,  assumption. 

Thus,  of  all  the  existing  compressible  solutions,  only  Hodge  and 
White's  and  foiter's  are  internally  consistent  and  free  from 
objection  on  theoretical  grounds.* 

*For  a  more  complete  survey  of  work  on  this  and  similar  problems 
see  Hill  [16],  Steele  [17],  and  Nadai  [18],. 
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The  Hodge  and  White  formulation  leads  to  a  system  of  nonlinear- 
partial  differential  equations  which  are  then  solved  numerically 
using  a  finite  difference  method,  whereas  Koiter  obtains  simple 
closed  form  solutions  based  upon  the  Tresca  criterion.  The  solution 
exhibited  below  is  obtained  by  applying  a  perturbation  technique  to 
the  Hodge  and  White  equations,  thereby  reducing  the  problem  to  a 
sequence  of  linear  problems  for  which  the  equations  of  the  M^b 
perturbation  may  depend  on  the  solutions  of  the  lower  order  pertur¬ 
bation  equations. 

GOVERNING  EQUATIONS 

Consider  a  circular  cylindrical  tube  of  internal  radius  a  and 
external  radius  b  and  let  r,  0,  z  denote  a  system  of  cylindrical 
coordinates  where  the  z-axis  coincides  with  the  geometrical  axis  of 
the  tube.  Let  the  tube  be  initially  stress  free  and  let  a  monoton- 
ically  increasing  pressure  p  =  p (t)  be  applied  in  a  quasistatic 
manner  to  the  inner  surface.  If  the  ends  of  the  tube  are  restrained 
against  axial  motion,  then  the  only  non-zero  stress  components  are 
o2(r,t),  <Jr(r,t)  and  o.( r,t) .  The  corresponding  non-zero  strain 
components  are  er  =  3u/3r  and  £o  =  u/r,  where  u  =  u(r,t)  is  the 
radial  displacement.  In  the  following,  spatial  coordinates  shall  be 
non-dimensionalized  by  dividing  by  the  outer  radius  b,  all  variables 
with  the  dimensions  of  stress  shall  be  divided  by  k,  the  yield 
stress  in  pure  shear,  and  all  displacement  related  variables  shall 
be  multiplied  by  G/kb,  where  G  is  the  elastic  shear  modulus. 

The  only  non-trivial  equilibrium  equation  is 


V°e 


r 


0  . 


Also,  the  compatibility  equation 

3e  _  3_$  _  2$ 

3r  3r  “  r 

must  be  satisfied,  where  the  kinematic  variables  e  and  $  are 
defined  as 


111 


(2) 


e  =  j(Er+te>  '  (3) 

♦  =  |<V  9>  •  (4) 

The  strains  may  be  divided  int"  elastic  and  plastic  portions, 
e'  and  e"  , ,  and  the  e'„T  are  related  to  the  stress  state  by 
Hope's  lawKL  KL 


KL 


=  2  e' 


KL 


(5) 


and  e  =*Nj/3K ,  i?e. ,  the  shear  modulus  divided  by  three  times  the 
bulk  modulus.  Since  0<e<l,  e  =  0  for  an  incompressible  material, 
and  e  is  much  less  than  unity  for  most  materials,  it  is  a  natural 
choice  for  a  perturbation  parameter, 


eokk=e'kk  (6) 

represent  the  deviatoric  stress  and  strain  tensors 
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When  the  pressure  p  is  sufficiently  small  and  there  is  no  plastic 
flow,  equations  (1,2, 5, 6)  may  be  integrated  subject  to  the  boundary 
conditions 


or(a/b)  =  -p,  or(l)  =  0  .  (7) 

This  is  the  classical  Lame  solution  for  thick-walled  cylinders  and 
is  valid  as  long  as  the  Mises  yield  condition 

J2  =  7  SLKSKL  =  1  (8) 

is  not  satisfied  anywhere  in  the  domain  a/b*r£l. 


It  can  be  demonstrated  that  J2  is  a  maximum  on  the  inner  wall. 
Therefore,  as  the  pressure  increases,  plastic  flow  spreads  outward 
from  the  inner  wall.  The  elastic-plastic  interface,  T ,  is  a 
cylindrical  surface  of  non-dimensional  radius  p,  a/b£p£l.  The 
solution  in  the  elastic  region  (psr£l)  is  now  obtained  by  replacing 
equation  (7a)  with  the  plasticity  condition 

J2(P)  =  1  •  (9) 


The  solution  in  the  plastic  region  (a/b<rsp)  is  obtained  by  employ¬ 
ing  equations  (1-6)  and  the  associated  flow  law  (Prandtl-Reuss) 


3e" 


KL  _ 


SJ, 


3p 


=  X 


30, 


=  Xs 


KL 


KL 


(10) 


for  the  rate  of  change  of  the  plastic  strains.  If  one  eliminates 
the  positive  parameter  X  by  combining  equations  (10)  and  expresses 
sz  and  se  in  terms  of  sr  by  means  of  equation  (8) ,  then  the 
governing  differential  equations  may  be  written  in  form 


3e  34  —  24 
3r  3r  r 


asr  1  3e  _ 

3r  e  Jr 


-3sr+  v4-3s£ 
2r 


(11) 

(12) 


3s 


3s_ 


3e 

Tp 


3 

'  7 


(4 


3s  +  s_ 


I  34  _ 


=  0. 


(13) 


Equations  (11-13)  constitute  a  system  of  first  order  hyperbolic 
quasi-linear  differential  equations  which  must  be  solved  in  the 
triangular  domain  a/bsrsp,  a/bspsl  subject  to  continuity  conditions 
in  Jj,  or  and  u  along  the  non-characteristics  line  r  =  p.  Hodge  and 
White  [10]  ob.ain  numerical  solutions  by  employing  finite  difference 
approximation?  and  satisfying  the  indicated  continuity  conditions 
with  the  elastic  region  solution  which  may  be  represented  in  non- 
dimensional  form  as 


u 


-  3P  fre 
2  [l+c 


+ 


(14) 


3r  =  4  ’  *)  '  °6  =  K1  +  M  ' 


=  P 


1-2& 

1+e 


=  2vP 


(IS) 
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where  v  is  Poisson’s  ratio  and 


PERTURBATION  EQUATIONS 

Let  the  solution  of  Equations  (11-13)  be  written  in  the  form 
e(r,p;c)  =  eo(r,p)  +  ee^r.p)  +  c2e2(r,p)  +  ... 

$  (r,p; e)  =  $Q(r,p)  +  ei^fr.p)  +  £2$2(r,p)  +  ... 

2 

s  (r,p;e)  =  s  (r,p)  +  es,  (r,p)  +  l  s,  (r,p)  +  ...  (17) 

°  rl  2 

Also,  let  the  displacements,  strains  and  stresses  derivable  from 
these  variables  be  expanded  in  similar  fashion  as  needed.  In  the 
limit  as  e  •*  0  the  following  incompressible  solution  [12]  is 
obtained 


Expressions  (17)  and  (18)  may  be  substituted  into  Equations  (l'.-13) 
and  the  resultant  terms  grouped  according  to  the  power  of  the  per¬ 
turbation  term.  By  successively  passing  to  the  limit  of  small  c  we 
can  conclude  that  the  resulting  differential  equations  must  be 
satisfied  independently  in  each  power  of  the  small  parameter  e. 

The  perturbation  equations  are  linear  first-order  differential 
equations  with  variable  coefficients  and  non-homogeneous  terms 
which  are  functions  of  the  lower  order  perturbation  solutions,  and 
therefore  known  functions  of  r  and  p.  The  N**1  order  perturbation 
system  is  of  the  form 


as. 


by 


SeN  _ 
3r 

fN(r,p’ WsrM> 

(19) 

8eN  _ 

^>-2^=0 

(20) 

5r 

3r  r 

ap 

+  "2  SrN  =  Vr'p'W*rM> 

(21) 

. ,  and 

the  lowest  order  equations  are 

defined 

fl  =  ? 


f2  =  - 


5s, 

T?* 


f3  = 


3s,  3s, 2 

_ rj>.  _  r  1 

3r  r 


*1  =  0 


*2  =  3srx  h  <el  +  V  '  ^  ""I 


(22) 
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It  should  also  be  noted  that  the  governing  differential  equations 
are  in  characteristic  fora  and  that  the  characteristics  of  the 
generating  system  equations  are  the  sase  as  the  exact  character¬ 
istics,  i.e.,  r  »  constant  and  p  *  constant.  The  proposed  Method 
is,  for  this  problem,  analogous  to  both  Spencer's  (3,5,7,81  and 
Richmond  and  Morrison' s  (9!  methods  for  rigid-plastic  theory . 

SOLUTION  OF  PERTURBATION  EQUATIONS 

The  perturbation  equations  may  now  be  solved  in  the  same  triangular 
domain  as  the  original  equations  by  satisfying  continuity  conditions 
across  r.  To  accomplish  this  we  expand  the  exact  elastic  solution 
(Equations  (14-16))  in  power  series  in  e.  The  interface  conditions 
are  then  satisfied  order-by-order  for  each  perturbation. 

The  stresses  and  displacements  are  determined  from  e,  4,  and  sr  by 
the  relations 

u  =  |  r(e-4)  ,  (23) 

a . .  =  s. .  +  6 . .  e/t  .  (24) 

i]  13  13 

It  should  be  noted  that  the  N*1*1  order  contribution  to  the  stresses 
must  be  computed  from  the  Nth  order  stress  deviation  and  the  (N+l)th 
order  dilation  contribution. 

In  order  to  obtain  the  first  two  complete  perturbation  solutions  we 
then  re<  uire  the  solution  for  e^,  e_,  e , ,  4,,  s^,  and  sr?.. 

Equations  (19-21)  may  be  solved  for^theJabove  functions  and  1 
Equations  (23)  and  (24)  used  to  obtain  the  following  second  order 
perturbation  solutions  for  the  displacement  and  stress  fields  in 
the  plastically  deforming  region 

u(r,p)  =  ££  +  e|E  [p2-l  -  In (x)  +  x) 

2r  2 

_e2  3r  {  [r2  _  e-x[Ei  (x)  _  Ei  (1)  j  +  x[1+e£  +  fil  + 

2  2  2 

+Ei(l)(E1(l)  -  E1(x))  -^1(x,-l,l))  -1  ~  y~\)  (25) 

or( r,p)  =  p2  -  ln(x)  -  1  +  t2  ^  {-  |-  +  |  o4  -  p6  -  /(x)  + 

+  Ei2(l)(E1(2)  -  Ex  (2x)  J  -  2p2  t2(x.- 1,1)  + 

+  2o2Ei (1) [e-1  -  fill  +  E. (x)  -  E. (1)]  + 

X  1  1 


+  ^1(x,-2,l)(Ex(x)  -  2Ei  (1 )  )  }  (26) 
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o0(r,p)  ■  p2  -  ln(x)  ♦  1  +  e2  (j  (“  j-  4  j  P*  "  P* 

-J*(x)  +  Ei2  (1)^(2)  -  Ej  (2x)  ]  - 

-  2p2£  <x,-l.l>  +  2p2Ei(l)|e_1  -  + 

+  E1(x)  -  E1(l)l  ♦  (x,-2,l)  (Ei  (x)  -  2Ei  (1)  1 ) 

-  3(r2  -  e"x[Bi(x)  -  Ei(l)J)2}  (27) 


o (r,p)  ■  p2  -  ln(x)  -  3e[r2  -  e-x[Ei(x)  -  Ei(l)J  + 
z 

+  3c2  (2  +  3r2  -  |  r4  +  |  p4  -  y  o6  -  2(l+r2)e1-X 

-  i^-(x)  +  i  Ei2  (1)  (E.  (2>  -  E  (2x)J  -  p2£  (x.-l.l) 
2  2  A  l  2 

+  p2Ei (1)  Ie'1  -  +  E1(x)  -  Ejd))  + 

+  i  £  (x,-2,l)  [Ei  (x)  -2Ei  (1)  1  -  |  c_2x [Ei  (x) -Ei(l))2 


In  the  above 


-  e“x[2x  +  1]  (Ei  (x)  -  Ei(l)J) 

(28) 

x  =  (p/r)2 

(29) 

X  v 

Ei (x)  =  /  *_  dx 

(30) 

Ei(x)=  J  i^dx 

(31) 

X  ax 

£„<x,a,B)  =  /  Sp-  Ei  (Bx)dx 

"  1  xN 

(32) 

X 

JM  =  /  (x,-2,l)dx 

(33) 

1  *  1 


Ei(x)  is  the  exponential  integral  and  E^(x)  =  -Ei(-x)  is  the 
exponential  integral  of  the  first  kind.  Both  functions  are  tabu¬ 
lated  [19).  The  functions  £n(x,a,8)  and  J*(x)  are  not  known  to  be 
available  in  the  literature.  These  functions  can  be  represented  by 
expanding  the  integrands  in  Taylor  series  and  integrating  term  by 
term.  They  are  monotonically  increasing  functions  of  x  for  the 
range  of  values  of  the  parameters  of  interest  in  this  paper. 
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DISCUSS10W 


In  order  Co  compare  our  solution  with  the  results  of  Hodge  and 
White’s  numerical  integration  of  the  nonlinear  equations,  with 
Koiter’s  solution  for  the  Tresca  material  and  with  the  incompress¬ 
ible  solution,  the  displacements  and  stresses  were  evaluated  for  a 
tube  with  an  inner  to  outer  diameter  ratio  of  1/2,  for  k/G  *  0.003, 
and  a  Poisson’s  ratio  of  0.3.  The  perturbation  parameter  c  then 
has  the  value  0.154. 

The  radial  and  tangential  stresses  given  by  all  solutions  are 
essentially  the  same .  This  result  is  to  be  expected,  since 
Equations  (26)  and  (27)  show  that  the  first  order  contribution  to 
cr  and  og  vanishes  identically. 

The  axial  stresses  for  the  compressible  cases  differ  markedly  from 
the  incompressible  solution.  The  perturbation  solutions  correspond 
closely  with  the  Hodge  and  White  numerical  solution,  while  Koiter's 
solution  shows  a  more  linear  variation  with  c  than  the  Mises 
solutions. 

Figure  1  shows  tie  displacement  solutions  of  the  cylinder  walls. 

It  can  be  seen  that  the  incompressible  or  zero  order  solution 
differs  markedly  from  the  compressible  solutions.  The  first  order 
perturbation  solution  overshoots  the  exact  solution  somewhat  and 
the  second  order  solution  is  essentially  tue  same  as  the  exact 
solution. 

As  a  result  of  these  observations  we  may  conclude  that  the 
perturbation  method  proposed  does  indeed  lead  to  solutions  which 
closely  approximate  the  numerical  solutions  to  the  exact  nonlinear 
equations  and  that  no  more  than  two  perturbations  need  be  con¬ 
sidered,  while  one  would  suffice  for  most  purposes.  The  analytic 
solution  which  results  is  certainly  more  convenient  for  studying 
the  effects  of  the  relevant  parameters  than  having  to  solve  anew 
each  problem  by  finite  difference  methods.  In  the  particular 
problem  considered,  it  should  be  noted  that  for  extremely  thick- 
walled  cylinders  the  arguments  of  the  exponential  integral  and  its 
related  i.it'grals  *  N  and  can  become  large  and  their  evaluation 
may  be  simplified  considerably  by  using  appropriate  asymptotic 
forms  [191.- 

This  perturbation  approach  has  recently  been  applied  to  the 
elastic-plastic  wedgo  problem  (20)  and  should  also  permit  analytic 
solutions  to  be  developed  for  other  problems  involving  compressible 
elast’c-perfectly  plastic  flow  of  materials  obeying  the  Mises 
yield  criterion.  The  use  of  this  criterion  in  solving  boundary 
value  problems  in  plasticity  may  then  become  in  some  cases  a  more 
attractive  alternate  to  the  Tresca  formulations  whic*-  require 
a  prion  assumptions  of  the  ordering  of  the  principal  stresses, 
and  which  conform  less  closely  with  experimental  data  for  metal 
yielding  than  does  the  Mises  criterion. 
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Upper  Bound  Solutions  to  Symmetrical 
Extrusion  Problems  through  Curved  Dies 
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KOUEA  INSTITUTE  OF  SCIENCE  AND  TECHNOLOGY 


A3STHACT 

Velocity  fields  of  plain-strain  and  axially  symmetrical  ex¬ 
trusion  problems  through  curved  dies  are  presented  for  an  In¬ 
compressible  material.  These  velocity  fields  are  also  applic¬ 
able  to  wedge  shaped  dies  In  plain-strain  and  conical  dies  in 
axially  symmetrical  extrusion.  Thus,  In  principle,  upper  bound 
solutions  for  plain-strain  and  axially  symmetrical  extrusion 
problems  through  arbitrarily  shaped  dies  are  obtained.  As  an 
Illustration,  solutions  of  axially  symetrlcal  extrusion  process¬ 
es  through  parabolic  dies  have  been  developed. 


XN’IBODUCriON 

Upper-bound  technique,  based  on  limit  theorems  [1,  2]  has  been 
used  extensively  to  calculate  an  over®st.lTite  for  the  average 
ran  pressure  of  plane-strain  and  axially  symmetrical  problems. 
Plain-strain  extrusion  problems  through  square  an<*  wedge  shaped 
dies  and  axially  symmetrical  extrusion  problems  through  cylindri¬ 
cal  square  and  conical  converging  dies  have  been  extensively 
Investigated  [3,  4,  5,  e,  9,  10]  . 

Flaln-8traln  extrusion  through  curved  dies,  l.e.,  circular, 
cosine,  elliptic,  and  hyperbolic  types,  have  also  been  Investi¬ 
gated  [6,  7]  .  It  seems,  however,  that  •'o  upper-fcoun'*  solutions 
hav®  previously  teen  proposed  for  plain-strain  and  axially 
symmetrical  extrusion  through  other  types  of  curved  dies,  whloh 
Is  the  concern  of  the  present  paper. 


383 


FUIM-ST3AIH  1XIRUSI0K 


Pig.  J.  Plain-strain  extrusion  t^oui*-  curve'*  die 
Velocity  PI eld 

T*e  equation  of  the  curved  die  profile  Is  vlven  by 

y  =  h  (x) 

.  .  .  c 

and  h(0)  =  1,  h<  L  )  =  3. 


The  strip  Is  divided  Into  three  zones  as  snown  In  Figure  1.  Ir. 
zore  I.  the  undeformed  region,  a  rigid  body  notion  In  the  x- 
dlrectlon  Is  described  by  V_(=l). 

In  zone  HI,  the  already  deforced  strip,  no  further, defcrmat  1  on 
occurs;  the  rigid  body  motion  Is  described  by  Vf(=  i ) .  parallel 
to  the  x-dlrectlon.  Assuming  "o  change  In  wid’h  anff  because  of 
volume  constancy. 


vr  = 


i_ 

B 


(2) 


Zore  II  Is  bounded  by  the  two  curved  planes  with  an  Initial 
gap  2  and  final  cap  2B  and  the  vertical  surfaces  T\  and  Tb. 

In  zone  n.  It  Is  assumed  that  the  velocity  fields  are  describ¬ 
ed  In  a  Cartesian  coordinate  system. 


U7. 

uv 


1 

Mi) 


y.  SJiii 

h2(x) 


(3) 


Uz  =  0 
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Por  a  velocity  field  to  be  kinematically  admissible,  volume 
constancy  must  be  satisfied.  The  material  crossing  boundaries 
17  end  is  Identical  whether  computed  for  th**  velocity  field 
coming  Into  the  surface  or  coins  out  of  It. 

Per  15  ,  the  velocity  normal  to  th*  surface  Is  Uxl«-o  =  1 
for  both  sides.  ,  0  , 

For  T7  ,  the  velocity  nor-.al  to  the  surface  Is  Uxlx=L  =  ■§■ 
Parallel  to  these  surfaces,  velocity  discontinuities  exist: 


Alons  Tg 

AVgcy.lh'tO)! 

.  .  .  W 

Along  T? 

AV,  =  -^|h'(L)| 

B 

Alonr  the  *le  surfaces,  the  resultant  velocity  Is  parallel  to 
It,  namely 


1 l 

Ux  y=h{x) 


-h'(x) 


(5) 


Thus,  the  nornal  velocity  to  the  die  surface  Is  zero,  and  the 
tangential  velocity  Is  equal  to  th'i  "esultant  velocity,  rarely 


Along  rj 


AV,= 


h(x) 


^/+hix) 


(6) 


Deformation  occurs  only  In  zone  H. 

Strain  rates  derived  from  equation  (3)  are: 


fxx  =* 

1 

'  h2(x) 

•  h'  ( x  > 

€yy  = 

1 

Iftx)  ’ 

h'(x) 

(7) 


*/z  -  €xt  =  ^yi  -0 

«xy  [h(x)-h"(x)-2h,2(x)J 

Checking  the  volume  constancy, 

€xx  +  *yy  +  €h  =0 


The  proposed  velocity  field  of  equation  (3)  Is  admissible, 
since  It  satisfies  the  condition  of  lnoomp’-es'-lblllty  and 
continuity  and  it  also  satisfies  the  velocity  boundaries. 
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Upper  Found 


Avltzur  C83  fornul  ufd  the  upper-bound  theorem.  "If  surface  of 
velocity  discontinuities  are  to  be  Included,  It  reads: 

Theorpm  2.  Among  all  kinematically  admissible  strain  rate 
fields  the  actual  cne  minimizes  thP  expression". 

dV+ir  T'4v ds  (9) 


The  Individual  terns  of  equation  (9)  are  now  computed ,  for  a  unit 
width  of  the  strip. 

The  power  dissipated  along  the  traction  prescribed  boundary  3t 
is 


Ef  =  +/s,Ti  vids=2  (Txf  ...(10) 

The  .nternal  power  of  deformation  is  computed  over  zone  II  alone: 


dv 


(ID 


wnere 


F,(x)  =  h(x}-h"(x)-2hfx) 

Shear  losses  over  surfaces  of  velocity  discontinuities  1}  and 
TJ  are 


Power  consumption  ove'  the  surface  1j  becomes. 
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^3*  AV3dS 


(14) 


where  m  Is  shear  factor  (  0  £  m  £  I ) . 

Setting  the  applied  powers  equal  to  the  upper-tound  on 
energies,  one  obtains: 


J*=-2(^b 


(15) 


Substituting  equations  (10),  (11),  (12),  (13),  (14),  and  (15) 
Into  equation  (9),  one  obtains: 


Oib 

0. 


+  ~=  [lh'(0)  I  +  lh'(L)|] 


js3_ 

2  0.  0. 


.  .  .  (16) 


As  an  example,  if  die  is  cosine  curve  given  by 


h  (x)  »-g-  (I  +B)  +  -g  ( l-B)  Cos(TTx/L) 

We  obtain  velocity  flel*  given  by 

Ux  =  h-'(x) 

.  .  .  (18) 

Uy  =  -  -y  ( I -B)  y  •  h~^(x) -  -jj-  sin (  Ttx/L) 


Velocity  field  of  equation  (18)  Is  the  same  as  equation  (8) 
of  ief.  [6J,  the  usefulness  of  velocity  field  equat  Ion  (3) 
Is  clear  lr  the  case  of  curved  dies. 


aaIauLI  ztrj.  •■.X.-.XCiiL  cjLi  -.u>u^ 


FI?.  2.  Axially  symmetrical  extrusion  throw? 

^ ie 

Velocity  Fl®ld 

The  equation  of  the  curv-i  ale  pro: lie  is  given  '  / 

r  =  R(*) 

and  R  (0)  =  I,  R(L)  =  B.:  *  *  ‘  U9) 

The  ~ou.nd  ba~  Is  ’lvld'd  Into  three  zones  (see,  Fig.  2). 

In  zone  I,  the  undeforraed  region,  a  rigid  body_  ration  In  the 
Z-dl”ect!on  Is  ^escribed  by  Vo(=i).  In  zone  H‘T,  the  already 
Reformed  oa-",  no  further  deformation  occurs;th“  rigid  body 
motion  Is  described  by  Vf,  oa’-nllel  to  Z-dlreetlon. 

Because  o4'  volume  constancy, 


.  .  .  (20) 


Zon^  II  Is  bounded  by  the  one  curved  su^ices  --nth  *n  Initial 
dlamete.  <;  an-’  final  dlavjter  23  and  t""  ve"tlcal  su"faces 
I]  and  Ij  . 

In  zone  II,  It  Is  assumed  that  the  velocity  fields  a-e  describ¬ 
ed  in  a  cylindrical  roondlnate  system, 
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u'  *  W)  "'•** 

U*  R^*>  .  .  .  (21) 

lie  =  0 


Po~  TJ  ,  the  velocity  no-nal  to  the  surface  Is  U,l  1=0  =  1 
for  both  sides.  For  r,  ,  the  velocity  ”or-al  to  the  sir-face 

IS  Uf  llrL  =-gg 

Parallel  to  these  surfaces,  a  ’-eioclty  discontinuity  e-lst  of 
Along  1J  AV2=  r-l  R'(0)  I 

.  .  .  (22) 

Along  T?  AV,= -plR/(t.)l 


Alonr  the  die  surfaces,  the  resultant  velocity  is  pa-allel 
to  it,  nanely 


=  R  (i)  ...  (23) 

r=Rd) 


Thus,  the  no-aal  velocity  to  the  die  surface  is  z° ro,  and 
the  tangential  velocity  is  equal  to  the  resultant  velocity, 
namely 


Ul 
u  z 


Along  I, 


4Vj  = 


I 

ftfi) 


J 


l  +  R'Z(i) 


.  .  .  (?'*) 


Reformation  occurs  only  In  zone  H.  In  a  cylindrical  coordinate 
systeT,  the  strain  rates  derived  from  equation  (21)  a"e; 


inmihww 

iee- ^ 


Cre  *  *  0 


(25) 


4rI  =  lfe  [«’(*)  m-  3  r,2(d] 
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Checkins  the  volume  constancy. 


6rr  +  «ae  +  =  O  •  •  *  <26> 

The  proposed  velocity  field  o'  equa-  Ion  (21)  is  adalsslble, 
since  It  satisfies  the  condition  of  ineoapresslbllity  and 
continuity  and  1*.  also  satlsfl»s  the  v»loclty  boundaries. 

Onper  Bound 

the  Individual  terms  of  equation  (9)  are  now  confuted. 

The  power  dissipated  alon;  the  traction  orescrlbed  boundary 
3t  Is 

E,  = 

The  Internal  power  of  deformation  Is  computed  07er  zo*e  H 
alonss 


where 

F2(i)  =R/,(i)R(i)-3R'Z(i) 

Shear  losses  over  surfaces  of  velocity  discontinuities  TJ 
and  TJ  are 


f  Ti  Vj  dS  =  TT<rxf 
hi 


.  (27) 


T,-AV|dS 


27tcr. 

3  JT 


Tj  •  AVe  •  ds  = 


271  cr. 
3/T 


.  .  .  (29) 


.  .  .  (30) 


Powe"  Consumption  over  surface  IJ  becomes 
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(31) 


Es3=| 

Jsr 

Set  tins  the  applied  powers  equal  to  thp  upper  hound  on 
ener^l-s,  one  obtains; 


J*  =-TTOib 


(32) 


Substitutes  equations  (2?),  (28),  (29),  (30),  (31)  and  (33) 
Into  equation  (9).  one  obtains; 

.  .  .  (33) 

,  Es3  _  0x< 

TTOi  or. 

T* Integration  Involved  In  equations  (16)  and  (33)  nust  be 
done  nutis'-icslly  and  the  solutions  are  cl?a-  In  nrlnclple. 


AXIA1XT  .XI-'.Uo,OM  Srf-tO’JSH  PA  :Ai;JL10  DI3S 

The  equation  of  the  parabolic  die  oroflle  Is  riven  by 
(See  FI?.  2) 


Rd)  =  >jai  +  I 


.  •  .  (3’+) 


whe-e 

a  =  <bz~  i  )/l 

Substttutlng  equation  (34)  Into  eolation  (21),  we  obtain  th® 
velocity  fields  In  a  cylindrical  coo”'’ Inate  syster. 

Ur  =  -y-  !az  +  I  )"* 

Uz  =  (az  +  I  )-1  •  •  •  (35) 

U,  =  0 
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3 


In  a  cylindrical  coordinate  systen,  the  strain  ^tss  derived 
froa  equation  (25)  ares 


6rr  =  -§-(01+  I)'* 
•  a  -2 

€m=  y  (flz+  I) 

elx  =  -a (a*+  if2 

£tt  **  4»  *  0 


•  a2r  -s 


Velocity  ilscor.tl.iultes  stiet  ofs 


Along 

t; 

AV,  *-^4- 
'  Ta^ 

Along 

r2 

AVa  = 

A 1  one 

r8 

A V8  =  <M  +  if'  J  1+  -^(ri+if1 

4 

(36) 


07) 


I"ie  lirilvl^.sal  terns  of  equation  03'  are  now  cc-niyited; 


E|  =  V3 /T^T 


L  ,  fR<*) 


|^=o.y  dij ’  "'zur  dr  y<02+ i)'S 
[jt  r2-a2  (ai +  i)'e]  '/2| 


.  .  .  (38) 
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Since  for  low;  "!le  length  lol  ((  l,  edition  (38)  ’••Juces  to 

Ei  =2CtX  In-g-  *  ♦  *  (39) 

Which  Is  the  Heil  •i“fo’"'9tton  enerjv. 

Esrf  T,  AV,  dS 
Jsjj 


4 

■> o 


(HO) 


IVT  i0  2B' 

Es2=f  Tz-A^  ds 
Jsr2 

I  *  f'  ML.,,r  J=  ™Lal 

-|jrL  ~  2,lr-dr|  3*r 


(41) 


Ess-r  T3-AV3  dS 

Jsij 

=  j^rL2X  (aj+i)'4  (ai+  i)~V H-^(az+i)H  -d2 

,  lol  In  -  'fWn-ff  +  ^ 

oiitstltutlnr  equations  (38)  -  (42)  Into  equation  03;.  on? 
obtains: 


_  °xb  _  _1_ 


<s 


Tlnr±^^r+i 


( 1  +V  1  +  3 '  > 


(B(B?t|Z)^-(l+|  )'/zj 


2m 

VTlal 


lol , 
+  —  In 


2  |^(  B*+  )*  -  ( i  +  )^j 

(jtfTf-  iflJ  ?  (JT^+i%i) 

(Jb^T  +T,(Ji  +  -£  -iSl» 


(43) 
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DISCUSSION 


Ha^lal  flow  velocity  field  proposed  by  Avltzur  (a)  can  also 
be  used  to  obtain  upper  bound  solutions  to  axlsy-netric  ex¬ 
trusion  through  parabolic  dies  as  shown  In  FI"--  3- 


FI?.  3.  ladlal  flow  velocity  field 
proposed  by  Avltzur 

In  this  case,  equation  (30)  of  >ef.  [8]  reduces  to: 


-|*,=  2fMln-i-+^(^-co.d£(l-m.|n|))  .  .  >  {44) 

( I  ”•  B) 

•l.here  (X  Is  equal  to  tan”  — q —  .  and  assumed  to  be  smaller 

than  oL\  defined  by  equation  (6)  of  3ef.  [11].  Substituting 
1  for  m  In  equation  (44),  one  obtains  upper-bound  solutions 
to  axlsymnetrlc  extrusion  throu'h  parabolic,  dies. 

To  check  the  usefulness  of  th“  present  solutions,  the  results 
of  equation  (43)  were  comparer1  with  that  of  equation  (4b)  as 
shown  In  the  following  Table  1. 


Table  1. 


P"oc°ss  Variables 

3olut'o"  of 

Si.  43 

Soiuf'on  of 

5q.  44 

n=P.ri 

0.1 

1 

r  =  i'.01 

0.1 

1 

3=1/2, L=l/2, 

=45° 

2.5956 

2.7447 

3.2362 

2.0701 

2.1420 

2.8522 

1=1 , 

=26.5° 

2.0922 

2.2038 

3.3743 

1.7327 

1.9266 

3.3^69 

L=2. 

=14° 

1.8130 

2.1019 

4.9909 

1.'093 

1.3973 

4.7758 

2=3/4, L=l/2, 

=26.5° 

1.0421 

1.1120 

1.8011 

0.9535 

1.0137 

1.6170 

L=l, 

=14° 

1.1117 

1.2231 

2. 5023 

0.7737 

0.9024 

2.0770 

L=2, 

=7° 

1.5638 

1.8040 

4.2056 

0.6021 

0.3358 

3.4045 
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Io  smooth  parabolic  d!es,  equation  (43)  rives  lower  ui  per- 
boun-*  than  equation  (44),  bat,  to  rough  parabolic  dies, 
equation  (44)  Is  lower. 

Under  the  sane  frictional  condition  along  die  surfaces  end 
the  same  die  projected  length,  conical  dl®s  gives  lower  unper- 
bound  than  parabolic  dies. 

cca:ujJioK3 

1.  Velocity  fields  find  upper-bound  solution  of  plain-strain 
anJ  axially  symmetrical  extrusion  through  curved  die  surfaces 
of  arbitrary  functions  are  obtained  through  equations  (3), 

(16),  (21)  and  (33). 

2.  By  setting  the  shear  factor,  a,  equal  to  one,  the  upper 
hound  solutions  of  .'.quare-cornered  dies  are  a.1  so  obtained 
through  equations  lib)  and  (33). 

3.  Analytical  expressions  for  upper  bound  solutions  of  axially 
symmetrical  extrusion  through  parabolic  dies  were  obtained 
through  equation  (43),  and  It  yields  lower  upper  bound  than 
Avltziir’s  solutlcn  for  comparatively  wide  range  of  process 
variables. 


NO:-i£NOLAIlP,£ 


B  - 

.E,» 
Esk  = 

e.- 

h(x)« 

J*- 

U  3 

m* 
o  = 
RU)« 
r,e,i  - 
x,y,i  * 
Ur ,Ux  * 
Ux  ,Uy  Pi  - 

8: 

AV„A\feA\fe= 
Si  = 

sr= 

T  = 
V  = 
CS- 
Oxb*5 


half  thickness  of  the  st-lp  at  die  exit  In  plain- 

strain  and  radius  of  the  round  bar  at  die  ^xlt  In 

axially  symmetrical  extrusion 

the  lnterml  power  of  deformation 

the  power  due  to  shear  or  friction  along  surface 

of  velocity  discontinuity  where  k=l,  2  or  3 

the  power  dissipated  alon>'  the  traction  prescribed 

boundary 

half  thickness  of  th°  atrip  at  a  generic,  section 
the  applied  power 

Axial  (projected)  length  of  the  curved  die 
friction  or  shear  factor 
orloln  of  th'“  coordinate  system 
radius  of  the  wire  at  a  generic  section 
coordinates  of  a  cylindrical  coordinate  system 
ooo-dlnates  of  a  Cartesian  coordinate  system 
components  of  the  velocity  field  In  cylindrical 
coordinate  system 

comconents  of  th"  velocity  field.  In  Cartesian 
coordinate  system 

the  «xlt  velocity  of  the  strip  and  wire 

the  entrance  velocity  of  th°  sf'lp  and  wl-e  (=1) 

velocity  difference 

surface  of  Integration  where  th"  surface  traction 
Is  prescribed 

surface  of  Integration  where  the  velocity  dis¬ 
continuities  Is  Involved 
the  prescribed  applied  surface  traction 
volume 

yield  limit  at  uniaxial  load 

stress  exerted  on  the  strlu  e.rd  wire  at  the 

entrance  of  the  die 
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0rt»  stress  exerted  on  the  strip  and  wire  at  the  exit 
of  th«  die 

€,-j  =  components  of  strain  rate 
"X  =  shea-  stress 

T.  'T»'t§s  sheer  stress  alone  the  velocity  discontinuity 
*7**12  curfaces  of  velocity  -’lseontlnultles 
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ABSTRACT 

Assuming  the  plane  stress  case,  ‘his  paper  presents  the  results  of  an  exper¬ 
imental  study  to  determine  the  initial  parameters  in  Hill's  anisotropic  yield 
function  and  plastic  potential  function.  The  material  investigated  was  com¬ 
mercially  -  produced  A1SI  1006  sheet  steel,  usually  called  aluminum-killed 
steel.-  A  single-shear  test  coupon  was  used  to  determine  the  initial  value  of 
the  anisotropic  shear  parameter  N.. 

Tensile  test  coupons  were  elongated  on  an  Instron  to  determine  the  initial  yield 
stress  as  a  function  of  orientation;  then  some  of  these  same  tensile  coupons 
were  further  elongated  to  determine  the  strain  ratio  R  as  a  function  of  orienta¬ 
tion.  This  data  permitted  the  initial  anisotropic  tensile  parameters  F,  G,  and 
H  to  be  determined  by  both  the  direct  and  the  strain-ratio  methods.  A  compar¬ 
ison  of  these  two  methods  is  included < 

INTRODUCTION 


The  anisotropy  initially  present  in  rolled  sheet  metal  is  generally  believed  to 
control  the  onset  of  such  phenomena  as  earing  during  the  cupping  operation,  when 
a  sheet  metal  blank  is  plastically  transformed  into  a  cup-shaped  part  using  a 
die  in  a  mechanical  press.; 

Two  methods  of  determining  the  initial  anisotropy  are  compared  in  this  paper. 
Both  methods  are  based  on  determining  the  anisotropic  parameters  in  R.  Hill's 
orthotropic  yield  function,  assuming  a  plane  stress  state.;  The  first  method 
(direct  method)  utilizes  the  initial  yield  stress  from  tensile  and  shear  cou¬ 
pons.  The  second  (indirect  method)  utilizes  strain  ratios  after  yielding  and 
hence  determines  the  parameter  ratios  of  the  plastic  potential  function,  which 
is  assumed  to  coincide  with  the  yield  function  initially.  Experimental  evidence 
in  the  literature  will  be  cited,  which  indicate  that  the  strain  ratios  in  the 
tensile  coupons  remain  essentially  constant  during  the  test,  so  that  finite 
strains  can  be  used  to  get  the  strain  ratios  with  greater  accuracy.- 
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R.  Hill  has  suggested  that  a  generalization  of  the  Hises  Yield  equation  could  be 
used  as  the  yield  criterion  for  some  anisotropic  materials.  See  (1],  Chapter  12. 
This  generalization  requires  that  four  parameters,  for  the  plane  stress  case,  be 
determined  by  experimental  studies  of  the  sheet  material  used  in  th.  r..astic- 
vorking  operation. 

Hill's  anisotropic  yield  equation  can  be  specialized  for  the  plane  stress  case  to 

-  (C  +  H)o2  -  2H0]foy  +  (H  +  F)oy  +  2NT2y  -  1  (1) 

Equation  1  assumes  orthotropic  symmetry,  with  three  mutually-ortliogonal  planes 
of  symmetry  in  the  metal.  The  intersection  of  these  planes  of  symmetry  defines 
the  principal  anisotropic  axes.  We  take  the  x-direction  as  the  direction  of 
rolling,  the  y-dlrection  as  the  transverse  direction  in  t!.a  plane  of  the  sheet 
metal,  and  the  z-direction  as  the  thickness  direction  (See  Figure  1).  Cor¬ 
responding  to  these  directions,  Xo  represents  the  value  of  ox  at  initial  yield 
for  uniaxial  tension  in  the  x-dlrectlon,  while  Yo  and  Z0  represent  the  initial 
tensile  yield  stresses  in  the  y-direction  and  the  z-direction,  respectively. 

When  a  specimen  yields  in  pure  shear,  the  initial  yield  value  of  -r,  Is  called 

T 

T0- 

There  are  four  parameters  (F,  G,  H,  and  N)  in  the  plane-stress,  anisotropic 
yield  condition,  Equation  1,  to  be  evaluated  from  experimental  data.-  ft  c 
parameter  N  was  independently  determined  by  experimentally  finding  the  shear 
yield  stress,  Tq.  Two  methods  were  used  to  find  the  remaining  three  parameters. 
One  of  these  two  methods  can  be  called  the  direct  method,  whereby  the  parameters 
F,  G,  and  H  were  determined  by  experimentally  finding  the  tensile  yield  stress 
as  a  function  of  orientation  with  respect  to  the  direction  of  rolling.  The 
second  method  Investigated  is  called  the  indirect  method  or  strain-ratio  method; 
this  method  used  the  ratio  of  the  width  strain  to  tot  thickness  strain  to 
evaluate  the  three  Initial  anisotropic  parameters  F,  G,  and  H. 


The  purpose  of  this  Investigation  was  to  compare  and  evaluate  the  direct  and 
the  indirect  methods  of  determining  the  initial  anisotropic  yield  parameters. 
The  material  studied  was  commercially-produced  AXSI  1006  sheet  steel,  often 
called  aluminum-killed  steel.. 

THLORY  TOR  THE  DIRECT  METHOD 


If  the  anisotropic  yield  function.  Equation  1,  is  specialized  for  the  case  of  a 
tensile  test  coupon  oriented  at  angle  a  to  the  rolling  or  x-direction,  the 
transformation  equations 


0  «o  cos2  a  o  •  o  sin2  a  t  *  a  sin  a  cos  a 
x  y  xy 


(2) 


reduce  it  to 


F  sin2  o  ■*  „  cos2  a  +  H  +  (2N  -  F  -  G  -  4H)sin2  a  cos2  a  *  —7  (3) 

a 

The  four  parameters  F,  G,  H,  and  N  can  not  be  evaluated  by  experimentally 
determining  the  yield  stress  for  tensile  coupons  in  four  directions  because  the 
four  equations  are  not  independent.,  1  nee,  the  Initial  value  of  N  was  inde¬ 
pendently  determined  by  specializing  Equation  1  for  the  pure  shear  case  to  get 

N  -  ~  (4) 

2Tq 

After  the  value  for  H  was  determined  then  only  three  equations  were  needed  to 
solve  for  the  remaining  three  param.ters  F,  G,  and  H. 
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COHPUTAT  ION  OF  THE  SHEAR  PARAHETER 


The  value  of  T0,  the  Initial  yield  stress  in  shear,  to  be  used  in  Equation  4  to 
determine  the  initial  shear  parameter  N  was  determined  by  pulling  twelve  single¬ 
shear  test  coupons,  Figure  2,  on  an  Instron  Tensile  Testing  Instrument,  type 
Tt-C.  The  shear  coupon  was  based  on  the  work  of  Yen  [2],  published  in  1960,  and 
particularly  the  discussion  by  Bradley  (3],  which  included  a  study  of  the 
geometry  parameters  of  the  coupon  and  their  effect  on  the  elastic  shear  stress 
distribution  in  the  stressed  zone.  The  average  shear  yield  stress  for  these 
twelve  seuples  was  computed  to  be  16,923  psi  with  a  standard  deviation  of  533 
psi.  With  this  average  yield  stress,  Equation  4  gave 

jl  .  _i_  «  - i - .  1.745  x  xo-9  incn'es1*/  pound2  (5) 

2T2  2(16,923)’ 

Since  the  load  for  initial  yielding  in  shear,  the  thickness,  and  the  shear 
length  were  each  measured  to  three  significant  figures,  the  accuracy  of  the 
shear  parameter  N  is  also  limited  to  three  significant  figures. 

COMPUTATION  OF  THE  TENSILE  PARAMETERS  USING  THE  DIRECT  METHOD 


A  study  of  the  initial  tensile  yield  stress  as  a  function  of  orientation  was 
required  when  using  the  direct  method  to  determine  the  tensile  anisotropic 
parameters  F,  G,  and  H.  Twelve  tensile  coupons  at  each  of  nine  orientations 
were  pulled  on  the  Instron.  Each  coupon  was  approximately  7  inches  long,  and 
0.532  inches  wide.  The  yield  stress  was  defined,  as  indicated  in  Figure  3,  as 
the  point  on  the  stress  strain  diagram  where  the  transition  zone  meets  the 
plastic  zone.  The  results  of  this  testing  program  are  shown  in  Table  I. 

An  examination  of  these  results  of  the  tensile  yield  strength  study  clearly 
shows  the  problem  associated  with  the  direct  method  of  computing  the  tensile 
parameters:  the  tensile  yield  strength  changes  only  a  small  amount  with  a 
change  in  orientation.  Hill,  [1]  page  321,  has  suggesteu  another  measure  of 
anisotropy,  the  strain-ratio  method,  which  will  be  discussed  later  in  this 
paper .; 


It  is  theoretically  possible  to  compute  F,  G,  and  H  by  choosing  any  three 
orientations  of  tensile  coupons  and  their  corresponding  initial  yield  stresses, 
as  given  in  Table  I,  along  with  the  value  of  N  from  Equation  5.  However, 
because  of  the  experimental  scatter,  F,  G,  and  H  were  determined  in  this 
investigation  from  the  data  for  all  nine  orientations  using  the  least  squares 
method.  See,  for  example,  Wylie  [4J.  Equation  3  was  rewritten  in  the  form: 


^7  -  F (sin  a)1*  +  G(cos  a)4  +  H(cos  2a)2  +  N  (6) 

a  2 

The  least  squares  method  consisted  of  setting  up  a  difference  equation  by 
subtracting  the  left  member  of  Equation  6  from  the  right  member.  This  dif¬ 
ference  was  called  6  . 

a 

&a  -  F(sin  a)4  +  G(cos  a)4  +  H(cos  2a)2  -  ^7  +  **- -S-^—  ^  (7) 


Each  pair  (a,  oa),  from  Table  I,  gave  a  difference  equation..  To  get  the  "best" 
values  of  F,  G,  and  H,  an  error  function  "E"  was  defined 


E 

b 


l  («a)2 

a 

l  fl’(sin 


or 


a)4  +  G(cos  a)4  +  H(cos  2a)? 


1 

- T 

0  *- 


N(sln  2cx)  ^ 
2 


(8) 
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The  error  function  was  minimized  in  the  usual  way  by  setting  equal  to  zero  the 
partial  derivatives  of  the  function,  with  respect  to  the  three  variables  F,  G, 
and  H. 

—  «  0  —  •  0  —  -  0  (9) 

3F  3G  3H  '  ’ 

This  resulted  in  three  equations  to  solve  for  the  three  unknowns  F,  G,  and  H, 
using  the  computed  value  of  N  •  1.745  *  10  9  as  given  in  Equation  5. 

These  simultaneous  linear  equations  were  solved  for  F,  G,  and  H  using  the  stand¬ 
ard  library  BASIC  language  computer  prograa  "S1MEQH"  on  the  General  Electric 
265  Tine-Sharing  Coaputer.  The  "best”  values  were 

F  «  6.94  *  10  10  inches1*/  pound2 

G  «  7.60  *  10  10  inches4/  pound2  (10) 

H  *  5.96  x  10  10  inches4/  pound2 

As  was  the  case  with  "N,"  the  accuracy  of  the  "best-fit”  tensile  parameters  is 

not  more  than  three  significant  figures.  As  the  discussion  of  Figure  4  in  the 
appraisal  section  indicates,  the  accuracy  was  actually  less  than  this. 

COMPUTATION  OF  THE  TENSILE  PARAMETERS  USING  THE  INDIRECT  HETHOD 


The  indirect  method  of  computing  the  anisotropic  parameters  requi.es  a  con¬ 
sideration  of  the  plastic  potential  theory  as  proposed  by  Mises  [5,6],  and  as 
generalized  by  Hill  [1,7]  for  the  anisotropic  case.  A  rigid,  work-hardening 
material  is  assumed;  hence  the  plastic  strain  increment  is  the  total  strain 
increment.  Plastic  potential  theory  assumes  that  the  stress,  strain-increment 
relation  is  derivable  from  the  plastic  potential  function  f (ojj )  by  the 
relationship 


dcij  ■  d>  (11> 

where  f(o^)  for  the  general  case  is  defined  by  Hill  [1]  as  frllows: 

2f(0lj)  -  F(oy  -  Oz)2  +  G(0z  -  Ox)2  +  H(ox  -  cy)2  +  2Lt2z  +  2Mt2x  +  2Nx2y  (12) 

It  should  be  noted  that  Equation  12  can  be  specialized  to  Equation  1  for  the 
plane  stress  case  where 


O  »  T  »  T  -  0 

z  zx  zy 


(13) 


Equations  11  and  12,  give  the  following  relationships: 

de  -  dX  [  (G  +  H)o  -  Ho  -  Co  ] 
x  x  y  z 

de  -  dX  [  (H  +  F)o  -  Fo  -  Ho  ]  (14) 

y  ‘  y  z  x 

de  -  dX[(F  +  G)oz  -  Gox  -  Foy] 

de  «  dX(NT  ] 
xy  1  xy 

It  should  be  noted  that  de  +  de  +  dez  ■  0,  which  is  consistent  with  the 
assumption  of  a  rigid,  work-hardening  material,  if  plastic  deformation  is 
assumed  to  produce  no  volume  change. 
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For  a  tensile  test  coupon  oriented  in  the  x-direction,  the  direction  of  rolling, 
°y  "  az  m  Txy  “  0,  and  Equations  14  reduce  to: 

dc^  -  dX(C  +  H)ox,  dcy  •  -dA(H)ox  ,  dcz  -  -dA(G)ox  (15) 

The  ratio  of  width  to  thickness  strain  increments  for  this  test  coupon  at 
a  ■  0*  then  can  be  written: 

de  dc 

R0  ■  dT  ■  d^  '  G  <16> 

t  z 

Sinilarly,  a  tensile  test  coupon  oriented  in  the  y-direction 

(°x  “  “  t  »  0  and  a  -  90*)  gives  the  following  ratio  for  width  to  th  .ck- 

ness  strain  increments: 

n  Ijf  H 

So  -  dT  "  iT  *  ?  <17> 

t  z 

For  the  more  general  case  of  a  tensile  test  coupon  oriented  at  the  arbitrary 
angle  "a"  to  the  direction  of  rolling,  the  width  strain  increment  must  be 
found  from  the  strain  transformation  equation: 

de  *  de  sin2  a  +  de  cos2  a  -  2de  sin  a  cos  a  (18) 

w  x  y  xy 

This  gives  a  ratio  of  width  to  thickness  strain  increment  as  follows: 

de  de  sin2  a  +  de  cos2  a  -  2de  sin  a  cos  a 
n _ V  x  y  xy 


Equations  14  can  be  transformed  to  refer  to  a  tensile  coupon  oriented  at  "a" 
to  the  direction  of  rolling  by  using  stress  transformation  Equations  2  to  get 
the  following  stress  strain  Increment  relations: 

dc  x  *  dA  [  (G  +  H)  0  cos2  a  -  H  0  sin2  a) 

dcy  «  dX  ( (H  +  F)  o  sin2  a  -  H  o  cos2  aj  (2 

dcz  ”  <"(-G  o  cos2  a  -  F  o  sin2  aj 

dc  -  dX [N  J  sin  a  cos  a  J 
xy 

whence  the  geneial  strain  ratio  Equation  19  becomes 

r  a  H  +  (2N  -  F  -  G  -  4H)  sin2  a  cos^  a  *  ^  w 

a  i  o  *  dr 

F  sin"  a  +  C  cos"  ot  t 

This  reduces  to  Equations  16  and  17  for  the  special  cases  of  ii  *  0°  and 
a  ■  90°. 


Tests  by  several  investigators,  including  Bramley  and  Mellor  [8,9],  Atkinson 
[10],  and  Lankford,  Snyder  and  Bauscher  [11]  indicate  that,  for  low  carbon 
steel,  the  width  to  thickness  strain-ratios  do  not  vary  as  the  material  strain 
hardens  during  the  tensile  test.  This  fact  permits  the  strain  ratios  to  be 
computed  at  larger  values  of  strain  to  get  more  accurate  results  and  permits 
finite  strains  to  be  used  in  place  of  strain  increments  in  Equation  21. 


Wid tli  Strain _ 

Thickness  Strain 


‘"Irl  1  ■{<".;! 
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In  Equation  22  “w,"  "t  "  and  "t"  represent  the  current  width,  gage  length,  and 
thickness  respectively  slailarly  "wq,"  "tg,”  and  "tg"  represent  the  initial 
measurements  of  these  quantities.  Atkinson  [10,12]  recoosends  that  the  strain 
ratio  should  be  aeasur:d  just  prior  to  necking,  at  a  logarithmic  length  strain 
of  about  0.20  for  low  carbon  steel.  Following  Atkinson's  recommendation,  exper¬ 
imental  strain-ratio  iata  were  obtained  for  the  same  tensile  coupons  used  in  the 
first  six  series  reported  in  Table  I.  Since  each  series  had  one  coupon  at  each 
of  nine  orientations,  a  total  of  fifty-four  coupons  were  Included  in  this  strain- 
ratio  study..  The  results  of  this  study  are  given  in  Table  II. 

It  is  possible  to  use  Equation  21  in  conjunction  with  any  three  orientations  and 
the  associated  strain-ratio  average  values  from  Table  II  to  evaluate  the  three 
tensile  parameters  F,  C,  and  H  using  the  computed  value  of  N  from  Equation  5. 

This  was  done  by  Bund  and  is  reported  on  page  42  of  [13].  In  the  present  study, 
the  least  squares  method  was  employed  to  utilize  all  nine  average  values  of 
strain  ratio  and  their  corresponding  a-values. 

Equation  21  was  used  to  define  a  difference  function  iQ  by  transposing  Rq.  The 
error  function  to  be  minimized  was 

E  W  £ f  H  +  (2N  -  F  -  G  -  4H)  sin2  a  cos2  n 
o  l  F  sin2  a  +  G  cos2  o 

While  it  is  possible  to  minimize  this  function  by  using  Equations  9,  this 
approach  would  require  solving  three  non-linear  equations  for  the  three  un¬ 
knowns.  Although  this  can  be  done  using  iterative  procedures,  an  alternative 
approacl  seemed  more  desirable.  A  computer  program  was  written  in  the  Basic 
Fortran  IV  language  which  permitted  non-negative  functions  to  be  minimized  on 
a  specified  interval.  The  function  was  initially  evaluated  at  a  hundred  ran¬ 
domly-picked  points  on  the  interval  to  determine  at  which  of  these  points  a 
minimum  functional  value  existed,  A  second,  smaller  interval  was  next  defined 
by  the  program  in  the  neighborhood  of  this  "minimum"  point;  then  the  program 
reiterated  by  evaluating  the  function  at  a  second  group  of  a  hundred,  randomly- 
picked  points  on  this  smaller  interval.  For  most  reasonable  functions,  a 
satisfactory  minimum  can  be  found  after  ten  to  fifteen  iterations. 

This  Basic  Fortran  IV  program  was  used  on  an  IBM  360  mode]  40  computer  to 
determine  the  following  "best-fit"  values  for  the  tensile  anisotropic 
parameters: 

F  -  5.2898  »  10* 10  inches"/  pound2 

G  »  5.7036  «  10~10  inches"/  pound2  (24) 

H  «  8.2869  x  io  10  inches"/  pound2 

Again,  the  accuracy  of  the  results  given  by  Equations  24  is  at  most  three 
significant  figures. 

AM  aPPRAISAL  OF  THE  COMPUTED  ANISOTROPIC  PARAMETERS 

There  are  many  ways  to  judge  the  reasonableness  of  the  computed  anisotropic 
parameters.-  Several  of  these  will  be  discussed  in  this  section.:  As  a  first 
check  of  the  direct  method,  the  values  of  N,  F,  G,  and  H  from  Equations  5  and 
10  were  used  in  conjunction  with  Equation  3  to  calculate  yield  stress  versus 
orientation.  This  result  is  plotted  in  Figure  4  along  with  the  nine  average 
values  of  the  experimental  data  from  Table  I.  From  Figure  4,  it  is  evident 
that  the  experimental  data  required  a  lot  of  "smoothing  out"  during  the  least 
squares  procedure. 

For  a  second  appraisal  of  the  direct  method,  the  anisotropic  parameters 
computed  by  the  strain-ratio  method,  Equations  24  were  inserted  into  Equation  3. 


Ro 


(23) 
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The  resulting  yield  stress  versus  orientation  output  is  also  plotted  in  Figure 
4  to  provide  a  convenient  comparison  with  the  results  of  the  direct  aethod.  It 
is  obvious  that  the  strain-ratio  aethod  indicates  a  greater  degree  of  planar 
anisotropy  than  does  the  direct  aethod. 

The  anisotropic  parameters ,  Equations  24,  computed  by  the  strain-ratio  aethod 
were  used  in  conjunction  with  Equation  21  to  provide  output  of  strain  ratio 
versus  orientation.  These  results  are  plotted  in  Figure  5  along  with  the  nine 
average  strain-ratio  values  froa  Table  II. 

It  is  evident  that  the  experimental  data  is  more  nearly  represented  by  the  "best- 
fit"  curve  in  Figure  5  than  is  true  for  the  results  presented  in  Figure  4.  This 
fact  suggests  that  more  credence  should  be  given  to  the  strain-ratio  results 
than  to  the  results  based  on  the  direct  method. 

As  a  final  check,  strain  ratio  versus  orientation  curves  were  compared  using  the 
two  sets  of  anisotropic  parameters.  The  results  are  shown  in  Figure  5.  It 
should  be  noted  Chat  the  strain-ratio  curve  from  the  direct  method  is  always 
less  than  unity,  while  the  strain-ratio  curve  based  on  the  measured  strain 
ratios  is  always  greater  than  unity. 

CONCLUSTIONS  AND  RECOMMENDATIONS 


The  following  conclusions  are  based  on  the  experimental  procedures  and  results: 

1.  The  yield  stress  data  as  presented  in  Table  I  and  in  Figure  4  Indicate 
the  difficulty  of  obtaining  sufficiently  accurate  data.  This  may  be 
due  to  the  difficulty  of  defining  the  yield  stress  as  well  as  the 
difficulty  of  measuring  the  small  variations  being  studied. 

2..  Figures  4  and  5  indicate  that  an  anomaly  exists  between  the 

anisotropic  parameters  determined  by  the  direct  and  the  indirect 
method.; 

3.  The  strain-ratio  data  is  an  indication  of  the  material  state  in  the 
plastic  regime,  but  possibly  not  in  the  transition  zone  (between 
the  elastic  and  plastic  regime). 

The  following  recommendations  are  based  on  the  study: 

1. '  If  the  plastic-working  operation  being  studied  involves  large 

plastic  deformation,  the  Indirect  (strain-ratio)  method  should  be 
used  to  determine  the  anisotropic  parameters. 

2.  If  the  plastic-working  operation  being  studied  involves  small 
deformations,  it  might  be  better  to  use  the  direct  method  to 
determine  the  anisotropic  parameters. 

3.  A  strain-ratio  study  should  be  made  which  extends  back  into  the 
transition  zone.  This  might  provide  information  to  help  resolve 
the  anomaly  as  indicated  by  the  results  shown  in  Figures  4  and  5. 
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Figure  1.  Notation  Used  for  Orientation  of  Tensile  Coupons 
with  Respect  to  the  Principal  Anisotropic  Axes 
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Angle  to  the  Direction  of  Rolling  (Degrees) 


Figure  4.,  Initial  Yield  Stress  Versus  Orientation  Curves, 
Based  on  the  Direct  and  the  Indirect  Methods.- 

□  Experimental  Yield  Stress  Data  from  Table  I 
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Figure  5.  Strain-Ratio  Versus  Orientation  Curves, 
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Steady-state  Response  of  Hysteretic  Systems 
with  MultHolu  Yielding  Distribution 


I.  C.  JONG  and  Y.  S.  CHEN 

UNIVERSITY  OF  ARKANSAS 


ABSTRACT 

This  study  introduces  the  concept  and  the  formulation  of'  hysteretic  models 
with  a  multifold  yielding  distribution.,  The  steady-state  response  of  such  models 
to  sinusoidal  excitations  is  investigated.  It  is  found  *'.iat  in  hysteretic  sys¬ 
tems  with  a  threefold  or  higher  order  of  yielding  distribution  there  may  exist 
the  phenomenon  of  discontinuous  Jumps  in  amplitude  as  either  the  frequency  or 
the  level  of  the  sinusoidal  excitation  varies  smoothly  and  continuously.  Fur¬ 
thermore,  it  is  shown  that  the  phenomenon  of  unbounded  amplitude  resonance  under 
a  certain  finite  level  of  the  sinusoidal  excitation  may  be  suppressed  by  increas¬ 
ing  the  order  of  yielding  distribution  in  the  hysteretic  system.- 


INTRODUCTION 


The  phenomenon  of  yieldin';  and  associated  hysteresis  has  be"n  observed  in 
many  physical  systems  carrying  cyclic  loads  or  withstanding  dynamic  r  isturbances 
The  cause  of  this  phenomenon  may  be  due  to  the  occurrence  of  slipping  of  the 
system  material  on  certain  crystallographic  planes  and  the  presence  of  Coulomb 
friction  associated  with  the  slipping. 

In  a  given  system  if  the  yield  limit  {or  silo  level)'  is  the  same  for  all 
material  elements,  the  action  of  yielding  of  the  system  will  be  accomplished  in 
an  abrupt  manner.,  in  other  wu.l~,  such  a  system  will  exhibit  a  concentrated  ,(or 
sudden)  yielding  The  hysteresis  loop  associated  with  this  Kind  of  system  is 
generally  composed  of  ftraight  line  segments  of  two  different  slopes  (i.e., 
bilinear). 

Hysteresis  loops  of  real  systems  are,  however,  rarely  bilinear.,  Thus,  it 
stands  to  reason  chat  yield  limits  for  the  material  elements  of  most  physical 
systems  are  generally  not  all  the  same.  This  concept  was  ment'oned  by  Timoshenko 
[1]  some  four  decade^  ago  but  appears  to  have  received  significant  attention  from 
investigators  only  in  recent  years. 
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Based  on  the  aforementioned  concept,  a  straightforward  distributed-element 
model  for  hysteresis  was  lately  formulated  and  studied  by  Ivan  I2J.-  he  present¬ 
ed  the  analytical  results  of  the  steady-state  response  of  the  model  and  compared 
them  with  the  experimental  results  from  an  actual  structure.  The  basic  elements 
used  for  distribution  in  his  model  [2]  are  the  so-called  Jenkin's  elements. 

Each  Jenkin's  element  consists  of  a  linear  spring  in  series  with  a  Coulomb  (or 
slip)  damper  which  can  withstand  forces  that  are  smaller  than  its  yield  limit. 

The  linear  spring  in  each  basic  element  is  assii’""d  „u  nuve  the  same  stiffness, 
while  the  yield  limit  for  the  Coulomb  damper  in  the  basic  element  is  allowed  to 
vary  from  one  basic  element  to  the  other.  Hence  it  is  the  yield  limit  of  the 
Coulomb  damier,  rather  than  the  stiffness  of  the  linear  spring,  thet  makes  a 
basic  element  different  from  the  others  in  the  rodel.  Consequently,  the  distri¬ 
bution  of  basic  “.Urn.,  .s  with  various  yield  limi  -s  in  the  model  con  be  viewed  as 
the  distribution  'or  tne  spreading  out)  of  the  iction  of  yielding  of  the  model. 
Furthermore,  no*  .g  that  the  yielding  o'  a  Jenkin's  element  is  of  an 

undistributed  (or  a  concentrated)  type,  the  hysteretic  model  formulated  by  Iwan 
in  (2J  may  be  classified  as  a  hysteretic  model  with  a  unefold  (or  single)  yield¬ 
ing  distribution. 

The  work  presented  in  [2 J  can  be,  in  a  way,  regarded  as  an  extension  of  a 
previous  study  by  Caughey  [3]  who  accomplished  the  analytical  investigation  of 
the  sinusoidal  excitation  of  a  one-degree-of- freedom  system  with  bilinear  hys¬ 
teresis.;  The  studies  and  results  of  nysteretic  models  vito  a  concentrated  yjt.id- 
ing  [3]  and  hysteretic  models  with  a  onefold  yielding  distribution  [2]  are  of 
basic  significance  and  quite  interesting.- 

As  a  logical  extension  of  (2,3),  the  present  study  introduces  the  concept 
and  the  formulation  of  hysteretic  models  with  a  multifold  yielding  distribution. 

A  hysteretic  model  with  a  twofold  (or  double)  yielding  distribution  is  defined  as 
a  distributed-element  hysteretic  model  whose  basic  elements  for  distribution  are 
hysteretic  models  with  a  onefold  yielding  distribution.  Similarly,  a  hysteretic 
model  with  an  n-fold  yielding  distribution  is  defined  as  a  distributed-element 
hysteretic  model  whose  basic  elements  for  distribution  are  hysteretic  models 
witi  an  (n-l)-fold  yielding  distribution.  As  an  application,  such  models  are 
her;in  employed  for  a  further  investigation  of  the  steady-state  response  of  one- 
degree-of-  freeuom  hysteretic  systems  to  sinusoidal  excitations.. 

The  purpose  of  this  investigation  is  to  show  that  there  may  exist  in  hys¬ 
teretic  systems  with  a  threefold  or  higher  order  of  yielding  distribution  the 
phenomenon  of  discontinuous  jumps  in  amplitude  as  either  the  frequency  or  the 
level  of  the  driving  force  is  varied  smoothly  and  continuously.-  It  is  to  be 
pointed  out  that  such  a  phenomenon,  characteristic  of  certain  nonlinear  systems 
I1*].  has  not,  heretofore,  been  found  ">  exist  in  hysteretic  systems  whose  hys- 
teres:  s  loops  do  not  pinch  together  at  vhe  origin  [2,3].,  Furthermore,  the  re¬ 
sults  jf  this  investigation  show  that  the  pherwjnon  of  unbounded  amplitude 
resonance  under  a  certain  finite  level  of  tne  sinusoidal  excitation  may  be  sup¬ 
pressed  by  increasing  the  order  of  yielding  distribution  in  the  hysteretic 
pj  stem.« 

THE  MODEL 

We  know  that  a  standard  linear  solid  in  viscoelasticity  is  converted  into  a 
general  bilinear  hysJ°retlc  model  if  t.ie  viscous  damper  (i.e.,  the  dasnpot)  in 
the  standard  linear  solid  is  replaced  with  a  Coulomb  (or  slip),  damper.-  Cu.ce 
there  are  two  non-degenerate  representations  |v )  of  tne  standard  linear  solid, 
there  also  exist  two  non-degenerate  representations  of  the  general  bilinear  hys¬ 
teretic'  model  One  of  tnese  two  representations  is  a  model  vnich  consists  of  a 
linear  spring  and  a  Jenkin’s  element  in  parallel  as  illustrated  in  Fig  1(a) < 

The  other  representation  is  a  model  which  consists  of  a  linear  spring  in  series 
with  an  assemblage  composed  of  a  linear  spring  and  a  Coulomb  damper  in  parallel 
(not,  shown). 

In  Fig.  1(a),  we  let  the  stiffness  of  tne  linear  spring  m  the  Jenkin’s 
element  be  ,  the  stiffness  of  tne  linear  spring  m  parallel  witn  the  Jeiutin's 
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element  be  1-u,  and  the  yield  limit  (or  slip  level)  for  the  Coulomb  damper  in  the 
Jenkin's  element  be  pa*. 

As  a  first  step,  let  the  general  bilinear  hysteretic  models,  illustrated  in 

1(a),  be  the  basic  elements  for  distribution  in  the  formulation  of  the  hys- 
tc. .tic  model  with  a  onefold  yielding  distribution.  This  approach  is  followed 
and  is  schematically  illustrated  in  Fig.  1(b).  In  every  basic  element  as  illus¬ 
trated  in  Fig.  l(b),  it  is  to  be  noted  that  the  stiffness  of  the  linear  spring  in 
the  Jenkin's  element  takes  now  the  value  of  p/K,  and  the  stiffness  of  the  linear 
spring  in  parallel  with  the  Jenkin's  element  takes  now  the  value  of  (l-p)/M, 
where  N  is  the  total  number  of  basic  elements  distributed.  The  yield  limit  for 
the  Coulomb  damper  in  the  i-th  basic  element  in  Fig.  1(b)  is  pa  /II  where  a.  is 
allowed  to  vary  from  basic  element  to  basic  element,,  1  1 

Let  the  basic  elements  in  Fig.  1(b)  be  arranged  in  the  order  of  increasing 
yield  limit,  and  tne  highest  yield  liir't  for  an  element  be  designated  as  a*/ N. 
Then,  it  is  clear  that  when  the  value  of  ;i  is  large  and  tends  to  infinity,  the 
hysteretic  model  with  a  onefold  yielding  distribution  is  obtained. 

Employing  the  foregoing  approach ,  a  hysteretic  model  with  a  twofold  yielding 
distribution  may  be  formulated  using  hysteretic  models  with  a  onefold  yielding 
distribution  as  the  basic  elements  for  distribution.  This  is  done  and  is  sche¬ 
matically  illustrated  in  Fig.  1(c).; 

Hysteretic  models  with  a  twofold  yielding  distribution  as  illustrated  in 
Fig.  1(c)  are,  in  turn,  used  as  the  basic  elements  for  distribution  in  the  for¬ 
mulation  of  the  hysteretic  model  with  a  threefold  yielding  distribution  as  illus¬ 
trated  in  Fig.  1(d).,  Any  hysteretic  model  with  a  higher  order  of  yielding  distri¬ 
bution  can,  of  course,  be  formulated  using  a  similar  approach. 

The  force-displacement  relationship  for  a  hysteretic  model  with  an  n-fold 
yielding  distribution  as  described  above  is  shown  in  Fig.  2(a).  In  this  figure, 
the  function  Y(a)  is  used  to  define  the  number  or  the  fraction  (or  percentage) 
of  the  basic  elements  whose  ultimate  yield  limit  is  a,  x  is  the  displacement,  p 

is  the  hysteretic  parameter,  t  is  the  time  variable,  F  =  F[x,u,t,Y(a)]  is  a 

functional  denoting  oho  hysteretic  restoring  force,  and  A  is  the  amplitude  of  the 
displacement.  Although  Y,a)  may  be  specified  in  many  different  ways,  it  will  be 
assumed  to  be  a  band-lim.W  =tep  function  as  shown  in  Fig.  2(b),  where  a*  is 
equivalent  to  the  smallest  displacement  beyond  which  all  of  the  basic  elements 
for  distribution  will  yield  and  the  total  area  of  the  distribution  diagram  is 
n  ( l/n )  =  1. 

From  Fig.  2(a),  it  is  obvious  that  the  hjsteretic  parameter  c  controls  the 
degree  of  hysteresis  damping  to  be  experienced  by  the  system.  As  a  matter  of 
fact,  we  have 

lim  F(x,p,t,Y(a)J  =  x  (lj 

p-*0 

It  c.n  be  shown  that  the  forward-loading  part  and  the  reversed-loaaing  part 
of  the  hysteresis  loop  for  F  versus  x  are  smooth,  -rves  without  sharp  corners  if 
0  <  n  *  a*  in  Fig.-  2(b).  t'oreover,  the  bilinear  .ysteresis  loop  can  be  obtained 
in  the  special  case  in  which  Y(a),  =  6(a-a*) ,  a  Dirac  delta  function. 

STEADY-STATE  EQUATIONS 


The  hysteretic  model  formulated  in  the  preceding  section  will  now  be  used 
for  the  analysis  of  tne  steady-state  response  of  a  one-degree-of- freedom  nystere- 
tic  system  acted  on  by  a  sinusoidal  force  P  cosuit.  The  mass  m  of  the  system  is 
mounted  on  one  end  of  a  hysteretic  spring.-  The  other  end  of  tne  hysteretic 
spring  is  connected  to  a  rigid  support.  The  restoring  force  developed  in  the 
hysteretic  spring  is  k  F[x,p ,t ,Y(a) ]  where  k  is  a  constant  ana  F(x,p,t,Y(a))  is 
defined  in  Fig,  2.:  Thus,  the  equation  of  motion  for  tne  system  may  be  written  as 
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mx  +  k  F(x,u,t,Y)  =  P  coswt 


(2) 


where 

Y  =  Y(a)  =  i  (H(a-a*+n)  -  H U-c*))  (3) 

and  H(a)  is  the  Heavyside's  unit  step  function. 

For  convenience,  let  the  following  variables  be  introduced: 

w2  =  k/m  (It) 

o 

t  -  #  t  (5) 

o 

f  =  P/(ua*k)  (6) 

8  =  <d/wo  (7/ 

X  =  x/a*  8) 

R  =  A /a*  (9) 

Then,  following  the  method  of  equivalent  linearization  (6),  Eq.  2  may  be  written 
in  the  form 

X"  +  XX'  +  <X  +  e(X,X'  ,i)  =  pf  cos3t  (lO)' 

where  a  prime  is  used  to  indicate  a  differentiation  with  respect  to  the  dimension¬ 
less  time  variable  t,  and 

e(X,X' ,t)  =  F(X,u,t,Y)  -  XX'  -  kX  (11) 

which  is  termed  the  equation  deficiency  [6],  In  this  method,  we  first  minimize 
the  equation  deficiency  with  respect  to  the  parameters  X  and  k  and  then  neglect 
it  in  Eq.  10  to  obtain  an  equivalent  linearized  equation  of  mot  on 

X"  +  XX'  +  kX  »  pf  cos8t  (12) 

whose  steady-st.ate  solution  is  known  to  be  of  the  form 

X  =  R  cose  (13)] 

0  =  8t  -  i|>  ill*} 

In  the  present  study,  let  the  mean  squared  value  of  the  equation  deficiency  be 
minimized  with  respect  to  X  and  k;  i.e., , 

[e(X,X'  ,t)]2  *  0  (15)] 


U(X,X',t)]2  =  0 


]( 16 )] 


where  the  bar  superscript  denotes  a  time  average. 


The  equivalent  linearized  parameters  X  and  <  may  now  be  evaluated  using  Lqs. 
11,  13,  lit  and  conditions  15  and  1 6.,  This  yields 


S(R)' 

SR 


K  .  CtR? 


'(17)] 

(18) 
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vhere 

S(B)  =  —  f  F(R  cos0,p,i,Y)  sine  d0 

•  *0 


1  fi  " 

c(r)  =  —  |  f(r  cose,p,t,Y)  cose  ae 
'  «  o 


'19) 


(20) 


Substituting  Eqs.  13  and  lh  into  Eq.  12  and  equating  the  coefficients  of  sine 
and  those  of  cose  on  both  sides,  we  obtain  the  steady-state  response  equations 


XSR  =  pf  sinij, 

(21) 

-82R  +  «H  =  pf  cos,), 

(22) 

Using  Eqs.  17  and  18  and  eliminating  4  in  Eqs.  21  and  22,  we  arrive 
state  response  equation 

,  % 

at  the  steady- 

B2  =  £  {  C(B)  ±  J{ pf)2  -  [ S(R)]2  } 

(23) 

which  relates  the  frequency  to  the  amplitude..  Moreover,  using  Eqs. 
23,  we  obtain  from  Eqs.  21  and  22,  the  phase  shift 

17,  18,  and 

4,  =  ±  tan_1ls(R)  j  J(pf)2  -  [S(R)12 

(21*) 

Since  the  maximum  amplitude  will  occur  at  the  point  where  two  roots  of  62 
coalesce,  it  is  readily  seen  from  Eq..  23  that  the  amplitude  resonance  occurs  at 
the  point  where 

f  =  _1S.(R).I. 

y 

(25) 

. 2  3  C(R) 

B2  *  — 

(26)! 

Meanwhile,  substitution  of  Eq.-  25  into  Eq.  2h  yields  ♦  ■  A  x/2.  Thus,  the  phase 
resonance  and  the  amplitude  resonance  always  occur  at  the  same  frequency  in  the 
present  system. 

EVALUATION  Of  S(R)  AND  C(R) 

In  steady-state  response,  the  hysteresis  loop  is  symmetric  about  the  origin. 
The  integrals  associated  with  S(R)  and  C(R)  as  defined  in  Eqs.  19  and  20  may  be 
taken  as  twice  of  the  same  integrals  evaluated  over  one  half  cycle  of  oscillation. 
This  has  been  done  for:  (l)  the  case  or  a  hysteretic  model  with  undistributed 
yielding  (i.e.,  bilinear  hysteresis)  in  [3J  (and  also  in  17]) >  .  (2)  the  case  of 
a  hysteretic  model  with  a  onefold  yielding  distribution  in  [2]  (and  also  in  [8]). 
Results  for  these  two  cases  have  been  published  and  need  not  be  derived  again. 

With  appropriate  adjustments  in  notation,  they  will  be,  in  keeping  with  Fig.  2, 
taken  from  17]  and  [3]  and  listea  below.  Results  for  the  cases  of  hysteretic 
models  with  a  twofold  and  a  threefold  yielding  distribution  are  derived  in  this 
section. 


For  convenience,  the  following  notations  will  be  used: 


a 

y 

X 


=  a/a* 
=  n  /a* 


(27 1 


(28): 


(29>; 
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C  *  cos"1  (1-  |) 

(30) 

t*  =  cos"1  (1-  —) 

(31) 

(I)  Hysteretic  Model  with  Undistributed  Yielding 
With  appropriate  adjustments  in  notation,  results  for  the  present  case  are 


17]: 

For  0  <  R  -<  1 

S(p;  =  0 

(32) 

C(R)  =  R 

(33) 

For  R  >  1 

S(R)  ■  -  sin2c 

IT 

(3h) 

C(R)  =  R-  ^(n-?  +  sin;  cose) 

71 

(35) 

(XI)  Hysteretic  Model  with  a  Onefold  Yielding  Distribution 
With  appropriate  adjustments  in  notation,  results  for  the  presen.,  case  are 


18]: 

For  0  <  R  -<  1  -  y 

S(R'  =  0  (36)' 

C(R)  *  B  (37) 

For  1  -  y  <  R  -<  1 

S(R)  =  -  ((3-cos2x)cosx  +  2)  (36) 

C(R)  =  R  -  I3( tt-x)cosx  +  (2+cos2x)sinxJ  (35) 

OTTy 

For  R  >  1 

S(R)  =  -  [(3-cos2x)cosx  -  (3-cos2c)cos;J  (ho) 

OTTy 

C(R)  =  R  -  [3(*-x)oosx  *  {2* cos2x)sinx  -  3(»-r,)cos C  -  (2+cos2c)sini;]  (hi) 

DTiy 

(III)  Hysteretic  Model  with  a  Twofold  Yielding  Distribution 


In  the  present  model,  the  basic  elements  for  distribution  are  the  hysteretic 
models  with  a  onefold  yielding  distribution.-  For  simplicity,  these  basic  elements 
are  assumed  to  have  a  full  yielding  distribution  (i.e.,  y  *  1)  in  themselves. 

In  terms  of  dimensionless  variables,  the  distribution  fun  t ion  Y  as  defined  in 
Eq.  3  may  be  written  in  the  form 

Y  =  Y(3)  =  i  [h(5-1+y)  -  H(d-l)]  (62) 

Thus,  making  use  of  the  assumed  nature  of  the  individual  basic  elements  of  the 
present  model  and  using  Eqs.,  36  through  hi  (where  y  is  set  equal  to  1)  as  well 
as  Fig.  2,  we  find  that  Eqs.-  19  and  20  as  applied  to  the  present  model  are 
equivalent  to  the  following  two  equations  S 
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S(R)  =  ■  I?"  Jo  i2  -  (3-cos2;*)cos;*J  Y(5)  dS  -  J*  Y(a)  da 

C<R>  *  JQ  jR  -  £7-  t3*  -  3(ir-;*)cos;*  -  (2+cos2;*)sin;*J  j  Y(a)  da 
♦  (R  -  |  pR2)  J  Y(a)  d5 

Substituting  Eqs.,  31  and  U2  into  Eqs«  ^3  and  UU,  we  obtain: 

For  0  <  R  ^  1  -  v 

S(R)  =  - 

3it 

C(R)  -  R  -  |pR2 
For  1  -  y  <  R  -s  X 

S(R)  *  -  3jffi  [128(l+y)  -  R(  109+20cos?x-cosl*x ) ] 

C(R)  »  R  -  |  192»y  -  R [ 36 ( 71- x )  +  2U(n-x)cos2x  +  28sin2x  +  sinl*xjJ 

For  R  >  1 


(1*3) 


(W*) 


(1*5) 

(1*6) 


(1*7) 

(1*8)' 


S(R>  =  “  38U'y  l126y  "  S(20co=2x-cosltx-20cos2;+cosl*;)] 
uR2 


C(R) 


R'  3fe{  X92sy  -  R(-36x  +  2l*(-n-x)cos2x  +  28sin2x  +  sinl*x  +  36; 
-  2l*(ir-;)cos2;  -  28sin2;  -  sinl*;]j. 

(IV),  Hysteretic  Model  with  a  Threefold  Yielding  Distribution 


(1*9)' 


(50)' 


The  basic  elements  for  distribution  in  the  present  model  are  the  hysteretic 
models  with  a  twofold  yielding  distribution.  For  simplicity,  these  basic  ele¬ 
ments  are  also  assumed  to  have  a  full  yielding  distribution  (i.e.,  Y  ■  1)  in 
themselves.-  Thus,  following  a  similar  approach  used  in  the  preceaing  case,  we 
find  that  Eqs..  19  and  20  as  applied  to  the  present  model  are  equivalent  to  the 
following  two  equations: 

d2  R 

S(Ri  °  -  35^7  [128  -  R(l9-20cos2;*+cosl*;*)j  Y(a)  da 


uR2 

3tt 


/oo 

Y(a)’  ia 


!5d; 


C(R)  =  r  {  R  -  3^  l1?2*  -  R(2l*T!+36;*-2ltucos2;*+2l*;*cos2;*-28sin2;* 

-  sinl*;*)]  J  Y(a)  da  ♦  [R  -  (I6-5R))J  Y(a)  da  J52J 

Substituting  Eqs.-  31  and  1*2  into  Eqs.  51  and  52,  we  obtain:' 
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For  0  <  R  -<  1  -  v 


S(R)  =  -  •jji  (2-R)  (53) 

C(R)  =  R  -  (16-5R)  (5*0 

For  1  -  y  <  R  ..<  1 

S(R)  =  -  (160y(2-R)  -  80R(X+cosx)  +  R2(61*+55cosx+10cos3x_oos5x)  J  (55) 

C(R)  =  R  -  '  {  90ny(l6-5R)  +  R2I15(n-x)(3+‘tcos2x)cosx 

+  (l05-95sin2x+6sin‘,x)sinx]J-  (56) 


For  R  >  1 

S(R)  =  -  tl60y(2-R)  -  80RCOSX  +  R2(55cosx+10cos3x-cos5x) 

+  80RcosC  -  R2(55cos;+10cos35-cos55)1  (57) 

C(R)  =  R  -  2^57y'  ^  90iry(l6-5R)  +  R2[15(h-x)(3+1jcos2x)cosx 
+  (l05-95sin2x+6sin‘*x)sinx]  -  R2[15(s-c)(3+1*cos2;)cosi; 

+  (105-95sin2c+6sin1,;)sinc]}  (5Q) 

(V)  Hysteretic  Models  with  a  Higher  Order 
Than  Threefold  Yielding  Distribution 

The  functions  S(R)  and  C(R)  associated  with  hysteretic  models  with  a  higher 
order  than  threefold  yielding  distribution  can  be  evaluated  in  a  similar  manner. 
Because  of  limited  space,  no  more  of  them  Will  be  presented  in  this  study. 


AMPLITUDE-FREQUENCY  CURVES 


Knowing  the  functions  S ( R)  and  C(H),  we  can  now  readily  investigate  the  re¬ 
lation  between  the  steady-state  response  amplitude  and  the  frequency  of  the  ex¬ 
ternal  sinusoidal  forcing  function  using  Eqs.  23,  25,  and  26.  Since  results  in 
the  preceding  section  reveal  that  S(R)  is  a  quantity  of  the  order  of  p  and  C( R) 
is  equal  to  R  plus  another  quantity  of  the  order  of  p ,  we  may ,  for  convenience 
in  the  study,  introduce  the  frequency  parameter 


'(59) 


Results  of  the  steady-state  response  of  the  hysteretic  system  with  onefold,  two¬ 
fold,  and  threefold  yielding  distributions  are  plotted  in  Figs.,  3,  A,  and  5  res¬ 
pectively,  for  f  =  0.2  and  several  values  of  y. 

In  the  hysteretic  system  with  a  onefold  yielding  distribution  and  f  =  0,2, 
it  is  shown  in  Fig.  3  that  when  the  width  y  of  the  distribution  diagram  is  in¬ 
creased  from  zero  to  unity,  the  resonance  peaX  first  decreases  and  then  increases 
and  in  the  meanwhile  moves  to  tne  left..  It  is  also  shown  that  all  curves  here 
are  single-valued.  The  curoe  corresponding  to  y  =  0.00  is,  in  fact,  the  steady- 
state  response  curve  of  a  bilinear  hysteretic  syspem. 

The  general  feature  of  the  steady-3tate  response  of  the  hysteretic  system 
with  a  twofold  yielding  distribution  is  in  several  respects  different  from  the 
preceding  one..  As  illustrated  in  Fig.  1),  when  the  width  y  is  increased  from 
zero  to  unity,  the  resonance  peuX  will  move  upward  and  at  the  same  time  move  to 
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the  right.  Moreover,  the  resonance  peak  is  seen  to  become  sharper  and  sharper  as 
y  varies  from  zero  to  unity.  It  is  to  be  recognized  that  the  curve  corresponding 
to  y  =  0.00  in  Fig.  k  is  the  same  as  the  curve  corresponding  tc  y  *  1.00  in  Fig. 
3.  All  curves  in  Fig.  k  are  also  single-valued. 

Quite  different  from  the  above  results  and  the  results  of  earlier  investi¬ 
gators  [2,3],  the  steady-state  amplitude-frequency  curves  of  the  hysteretic 
system  with  a  threefold  yielding  distribution  are  found  to  be  multi-valued  as 
shewn  in  Fig.  5.  This  feature  has  a  strong  resemblance  to  the  general  feature  of 
the  steady-state  response  of  a  mass  mounted  on  a  cubic  soft  spring  and  experienc¬ 
ing  some  viscous  damping  [It].  It  is  seen  from  Fig.  5  that  the  feature  of  multi- 
vmluedness  becomes  more  pronounced  when  the  parameter  y  varies  from  zero  to  unity . 
lbe  resonance  peak  is  found  to  decrease  and  move  to  the  left  when  y  is  increased 
from  zero  to  unity.  Again,  we  note  that  the  curve  corresponding  to  y  =  0.00  in 
Fig.  5  is  the  same  as  the  curve  corresponding  to  y  =  1.00  in  Fig.  k,  and  is 
singled- valued . 

The  features  of  the  steaay-state  response  of  hysteretic  systems  with  a  higher 
order  of  yielding  distribution  can  be  more  complicated.  The  foregoing  results 
are  presented  to  show  some  characteristic  features  that  exist  in  hysteretic  sys¬ 
tems  with  a  multifold  yielding  distribution. 

EXHIBITION  OF  JUHP  PENOHENON 


It  is  found  that  two  types  of  jump  phenomenon  may  exist  in  the  steady-state 
response  of  hysteretic  systems  with  a  threefold  yielding  distribution  and  those 
with  a  higher  order  of  yielding  distribution.; 

The  first  one  is  the  phenomenon  of  discontinuous  Jumps  in  amplitude  R  as  the 
forcing  frequency  parameter  0  varies.  This  phenomenon  is  depicted  in  Fig.  6  for 
various  values  of  the  forcing  level  f  of  the  hysteretic  system  with  a  threefold 
full  yielding  distribution  (i.e.,  y  =  1).  For  the  curve  corresponding  to  f  *  2.5 
in  Fig.'  6,  starting  at  Pp  let  the  frequency  be  increased  gradually.  The  oper¬ 
ating  point  will  first  travel  througn  P2  to  P,.  Then,  on  reaching  Pj,  the  ampli¬ 
tude  R  will  Jump  suddenly  to  P6  and  continue  to  move  along  to  P7  with  increase 
in  U.  From  P?  suppose  the  frequency  is  decreased  gradually.-  The  operating  point 
will  first  travel  through  Pfe  and  P5  to  Pv  Then,  on  reaching  P^ ,  the  amplitude 
R  will  drop  abruptly  to  P2  and  continue  to  move  along  to  Pj  with  decrease  in  Si. 
Hence,  there  is  a  range  of  frequencies,  located  between  the  dashed  lines  PjP^  and 
PjP6  of  this  figure,  for  which  either  of  two  different  values  of  R  may  exist. 

Which  value  does  exist  depends  upon  the  past  history  of  the  operation  of  the 
system.  The  portion  P.P^  of  the  response  curve  is  unstable,  and  operation  along 
P  P  cannot  be  realized  in  practice.  Similar  comments  apply  to  the  curves  corres¬ 
ponding  to  f  =  1.0  and  f  =  0.2  in  Fig.-  6. 

by  the  way,  it  is  seen  in  Fig.-  d  that  the  resonance  peak  moves  to  a  lower 
frequency  as  the  level  f  of  the  driving  force  is  increased.  Thus,  the  system 
exhibits  a  "soft"  type  resonance  as  in  [2,3].. 

The  other  type  of  jump  phenomenon  is  the  uiscontinuous  jumps  in  amplitude  R 
as  the  forcing  level  f  varies.  Such  a  Jump  phenomenon  is  indicated  m  Fig.-  7  for 
S2  =  -  1  and  y  =  1  of  the  hysteretic  system  with  a  threefold  yielding  distribution. 
It  is  clearly  seen  in  this  figure  that,  with  tne  forcing  frequency  held  constant 
,(tl  =  -  1) ,  discontinuous  jumps  in  R  will  occur  if  f  is  varied  smoothly  and  con¬ 
tinuously.  Moreover,  we  similarly  note  in  this  figure  that,  there  is  a  range  of 
values  of  the  forcing  level  f  for  which  three  values  of  R  are  possible.-  The  upper 
and  the  lower  of  these  values  are  stable,  while  the  middle  value  is  unstable  and 
cannot  be  realized  in  practice. 

The  phenomenon  of  discontinuous  Jumps  is  also  notea  to  exist  in  other  hys¬ 
teretic  systems  with  a  higher  order  of  yielding  distribution.  However,  such  a 
phenomenon  lias  not  been  found  to  exist  in  the  steady-state  response  of  hysteretic 
systems  whose  hysteresis  loops  ao  not  pinch  togetuer  at  the  origin  [2,3]. 
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POSSIBILITY  OF  UNBOUNDED  RESONANCE 


The  possibility  of  having  an  unbounded  resonance  in  amplitude  R  under  a 
certain  finite  forcing  level  f  nay  be  investigated  using  Eq.  25  and  the  appropri¬ 
ate  S(R)  for  the  bysteretic  model  under  consideration. 


Subs  .ituting  Eqs.  30  and  3*»  into  Eq.  25  and  then  solving  for  R,  ve  get 


R 


k 

4  -  sf 


(6o) 


Thus,  when  the  forcing  level  takes  the  value  of 


(61) 


the  bysteretic  s>  3 tern  with  undistributed  yielding  will  exhibit  an  unbounded  res¬ 
onance  in  amplitude. 


Substituting  Eqs.  29,  30,  and  40  into  Eq.  25  and  then  solving  for  R,  ve  get 


R  = 


4(3-3y+y2) 

3(2(2-y)  -  itf] 


(62) 


Thus,  whenever  the  forcing  level  is  given  by 


f  =  -  (2-y) 


(63) 


the  hysteretic  system  with  a  onefold  yielding  distribution  will  also  exhibit  an 
unbounded  resonance.  It  is  to  be  noted  that  Eq.  63  becomes  Eq.  6l  as  expected  if 
ve  set  y  =  0  in  Eq.:  63. 

Next,  let  us  substitute  Eqs.:  29,  30,  and  49  into  Eq.  25  and  then  solve  for  R. 
This  yields 

R  -  4  -  *Y  *  hi'  *3  (64) 

2(3-3y+y2)  -  3xf 

From  Eq.  64,  ve  note  that  when 

f  1  JJ-  (3-3y+y2)  (65) 

the  hysteretic  system  with  a  twofold  yielding  distribution  will  have  an  unbounded 
resonance..  If  ve  set  y  =  1  in  Eq.  63  and  y  “  0  in  Eq.  65,  ve  see  that  these  two 
equations  give  identical  values  for  f  as  expected. 

Similarly,  let  us  now  substitute  Eqs..  29  ,  30,  anu  57  into  Eq.,  25.  This 

gives 

f  °  3^  [ 5yR2  +  5(4-6y+1*y2-y3)  -  |  •  '(5-10v+10y2-5y3V)]  (66) 

It  is  clear  from  Eq.:  66  that  f  approaches  infinity  as  R  approaches  infinity.  For 
1  t-  y  ’0,  it  is  seen  that  no  solution  of  R  equal  to  infinity  and  f  equal  to  a 
finite  value  is  possible  for  Eq.,  66.  Thus,  the  present  hysteretic  system  with  a 
threefold  yielding  distribution  cannot  exhibit  an  unbounded  resonance  .aider  a 
certain  finite  forcing  level.. 

The  foregoing  f nalyses  demonstrate  that  the  phenomenon  of  unbounded  resonance 
in  amplitude  under  i  certain  finite  forcing  level  may  be  suppressed  by  increasing 
the  order  of  yielding  distribution  in  the  hysteretic  system. 


420 


fsjjx.n  J 


F 

r 

E 


SUMMARY  AMD  CONCLUDING  REHARKS 

Hie  present  study  introduces  the  concept  and  the  formulation  of  hysteretic 
models  with  a  multifold  yielding  distribution.  Specifically,  a  hysteretic  model 
with  an  n-fold  yielding  distribution  is  defined  as  a  distvibuted-element  hystere¬ 
tic  model  whose  basic  elements  for  ditf'  s*”utiou  are  hysteretic  models  with  an 
(n-l)-fold  yielding  distribution.  Suet  models  are  then  employed  for  the  further 
investigation  of  the  steady-state  response  of  one-degree-of- freedom  hysteretic 
systems. 

Results  of  the  investigation  point  out  that: 

(1)  In  hysteretic  systems  with  a  threefold  or  higher  order  of  yielding  dis¬ 
tribution,  there  may  exist  the  phenomenon  of  discontinuous  Jumps  in 
amplitude  as  either  the  frequency  o:  the  level  of  the  driving  force  is 
varied  smoothly  and  continuously. 

(2)  The  phenomenon  of  unbounded  amplitude  resonance  under  a  certain  finite 
level  of  the  driving  force  may  be  suppressed  by  increasing  the  order  of 
yielding  distribution  in  ti.e  hysteretic  system.; 

The  features  of  the  foregoing  results  are,  of  course,  consequences  of  the 
yielding  and  hysteretic  mechanisms  proposed  for  the  hysteretic  model.  Since  the 
present  hysteretic  model  possesses  many  features  of  real  physical  systems,  the 
results  of  this  s.udy  may  provide  additional  useful  insight  into  the  possible 
types  of  the  steady-state  response  of  physical  systems  exhioiting  yielding  and 
hysteresis  effects. 
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Fig.  6.  Discontinuous  Jumps  ir.  amplitude  as  forcing  frequency 
varies,  threefold  yielding  distribution. 
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ABSTRACT 

A  viscoelastic  circular  cylinder  undergoing  temperature  changes 
is  solved  with  a  method  based  on  superposition  principle.  The  cyl¬ 
inder  has  no  forces  on  the  lateral  surface  and  is  in  the  plane 
strain  condition.  The  viscoelastic  property  prescribed  is  linear 
but  otherwise  general,  and  its  temperature  dependence  follows 
thermo-rheologically  simple  law.  Transient  and  residual  stresses 
are  given  using  the  numerical  data  for  the  commercial  soda-lime 
glass  at  elevated  temperatures. 


INTRODUCTION 

Viscoelastic  stress  analysis  has  been  largely  stimulated  by  the 
requirement  of  a  more  critical  design  of  plastics  and  polymer  com¬ 
ponents.  The  development  started  with  the  representation  of  visco¬ 
elastic  characteristics  11]  and  was  recently  directed  toward  ana¬ 
lytical  and  numerical  techniques  of  solutions  to  various  engineering 
problems,  with  dynamic  effects  and  temperature  influence  included 
C2J  .  The  present  status  of  the  linear  viscoelastic  stress  analysis 
has  been  summarized  by  Lee  I3j.  Aside  from  applications  in  the  high- 
polymer  field,  uses  have  also  been  found  for  numerous  other  cases  in 
which  strain  rates  and  thermal  effect  become  predominant.  Investi¬ 
gations  of  bio-mechanical  systems,  sub-grade  foundation  analysis, 
and  thermal  treatment  of  glass  are  such  pertinent  exampo.es.  This 
paper  presents  a  numerical  solution,  based  on  superposition,  to  a 
circular  cylinder  with  general  linear  viscoelastic  properties  under¬ 
going  temperature  changes  while  the  lateral  surface  remainr  traction 
free.  Solution  by  the  usual  method  of  elimination  of  varid  les 
would  result  in  an  enormous  set  of  linear  equations,  for  which  both 
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computer  storage  and  solution  time  would  be  prohibitive.  The  nuiucr 
ical  data  presented  here  are  those  of  glass  at  elevated  temperatures 
and  the  actual  results  will  therefore  indicate  the  thermal  stresses 
in  a  glass  rod  under  the  hypothetical  heat  treatments. 

BASIC  FORMULATION 

We  consider  a  solid  viscoelastic  cylinder  in  the  state  of 
plane  strain  with  no  forces  on  the  curved  surface,  initially  it  is 
at  a  uniform  temperature  To  and  free  of  stress.  The  heat  transfer 
is  characterized  by  Newtonian  cooling  at  the  lateral  surface  and 
conduction  radially  in  the  cylinder.  The  dilatatloral  response  for 
this  material  is  considered  to  be  elastic.  The  deviatoric  behavior 
is  given  by  the  relaxation  function  which  follows  the  thermo- 
rheologically  simple  law  for  its  temperature  dependence  £4 J.  The 
object  of  this  analysis  is  to  predict  the  residual  as  well  as  tran¬ 
sient  stresses  in  the  cylinder  from  its  known  viscoelastic  proper¬ 
ties. 


In  terms  of  cylindrical  coordinates  the  problem  is  formulated 
as  follows: 


=  *«.  -  tj.  =  ° 


for  all 

< rr(a ,  i)  —o  for  a11 

where  "a"  is  the  radius  of  the  cylinder. 


t, 

t. 


The  basic  equations  with  usual  notations  are  given  as: 


r  _  3« 

r~~ dr 

(1) 

C  ss  JA. 

r 

(2) 

dr  r  r 

(3) 

<Tr  +  °0  +  -  3&[er 

+  (r-t)J 

(4) 

i 

•fl 

1 

K  • 

9*SV3, 

** 

1 

(5) 

(6) 

where  A  is  the  constant  bulk  modulus, J  the  difference  between  the 
current  and  initial  temperatures,  G(^)  the  relaxation  function  in 
shear,  and  the  variable  %  gives  the  reduced  time  scale  in  adjusting 
the  viscoelastic  properties  to  the  pertinent  temperature  15J. 

y(T<r,-t)]dt  -J  10  Jt  (7) 

•  o 

in  which  A  is  a  linear  shift  constant  and  Tg  is  the  base  temperature 
from  which  relaxation  function  shifts  on  the  logarithmic  time  scale. 


Equations  (1)  and  (2)  imply  the  following  compatibility  con- 


dition: 

Equation  (3)  can  be  rewritten  as: 

(8) 

fr(r<r,)-%  =  o 

Equations  (4)  and  (6)  have  the  following  forms: 

(9) 

430 


(10) 

q,  =  ft  ’ 

(ID 

Ojait  {€,+  6#  —3*T  )  — 

(12) 

We  integrate  equations  (8)  and  (9)  which  yield: 

(13) 

o;rr,-t)  = -jrj  cfc<r-t^r 

(14) 

As  mentioned  in  the  previous  section,  it  is  diffiu-’lt  to  obtain 
a  solution  by  the  usual  method  of  elimination  of  variables  unless  we 
make  a  drastic  assumption  to  simplify  the  material  properties  and 
their  temperature  dependence.  To  maintain  the  viscoelastic  law  as 
general  as  prescribed  above,  and  yet  obtain  the  solution,  we  resort 
to  the  method  based  on  the  superposition  principle  as  given  in  the 
next  section. 

Before  we  discuss  the  method  of  solution  in  detail,  we  will 
outline  the  approach  as  follows: 

For  each  fixed  time  t— at  up  to  which  the  solution  is  assumed  to 
have  been  obtained,  if  we  assume  a  value  for  €,(0.4  ),  then  from 
equations  (13),  (10)  and  (11)  we  can  determine  €e(o,  +  )  ,  <r,ro,  t) 
and  )  .  Now  by  using  equations  (13),  (10),  (11)  and  (14)  we 

can  determine  er(ar,t) ,  £j(ar, t),  o;(Ar,-t  )  and  cJ(at,+  ).  Repeating 
this  process  until  r  *  a  we  will  get  <rr(&,X  ),  which  is  in  gener¬ 
al  not  zero  as  required.  In  view  of  the  results  obtained  in  Appen¬ 
dix  A,  we  can  '.mmediately  determine  the  correct  stresses  and  strains 
which  will  satisfy  the  condition  0V(a."t  )  =  0.  The  procedures  of 
the  solution  are  given  in  the  sequel. 

METHOD  OF  SOLUTION 
We  assume  that : 

<rrca,t)  =  m>  U5) 

where  P(t)  is  given  and  equals  to  zero  in  this  particular  case.  We 
integrate  equation  (8)  from  r-Af  to  r  and  make  approximations  to 
obtain: 

zr  M  *.*>-*-  Ql  (16) 

where  Qj  =  [(I  - )  €@(  r-ar,  t )  4  y— ar,  f  )J 

Equation  (10)  can  be  approximated  by: 

(Tr ( r, /t )  ==  C,tr(r,t  )  +  C,€e(r,+  )4  Cj  (17) 

where: 

C(  =  ft  +  j-  {<5(0)  +  G[f<r,+  >-  f  )j} 
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(18) 


(19) 


ft -At 
O 

-  y{  0(o) +0  [f  (r.t )  -  Jr  r.  i- At  >jjf2*/r.  r,t-*t  >]  “  3-  *T 

Similarly  equation  (11)  is  given  by: 

<yr.t)=  ff,(r,t)  +  C4(Vr,tW,(r,t)]+  C, 
where 

C4=C,tt»+Gff(r,t)-J fr.i-at  )J 

-  {G(o)+Gf5<r.i)-t(M-At)j}fe,fr.t-at)-C,(r  *'**>] 

Equation  (9)  is  integrated  from  r-^r  to  r  as 

<rrK*>“'ff 

where  q2  =  (1  —  )  o;  ( r-Ar,-t  )  +  ) 

Equations  (16)  to  (19)  then  can  be  used  to  solve  for  €r,  ,  va  , 

and  (Tr  .  Note  that  Cj,  C2.  C3,  C4,  and  C5  are  known  up  to  and 
including  position  r  but  previous  to  time  t  and  Qj  and  Q2  are  known 
at  time  t  but  just  preceding  the  position  r.  The  equation  for 
£  (r  - 1>  can  be  obtained  from  the  above  as: 

/  .  (aa-a<3.-c»>+  ic*  c.q, jff 

€r<r.t)- 

By  assuming  a  value  6^(o*>we  can,  from  equations  (16)  to  (20), 
calculate  all  the  strains  and  stresses,  denoted  by  »  fg(r.t)  , 

<T*(r  t)  and  oJ*(r,t)  ,  say.  In  a  similar  manner  we  assume  a  value 

and  solve  for  the  strains  and  stresses  corresponding  tc  the 
sa'me' problem  except  with*-  0  (cf.  Appendix  A),  denoted  byt^r.tl, 
r.  t)  ,  <rrVr,t)  and  ^'<r,t)  .  The  correct  solution  is  then  ob¬ 
tained  by  determining  p  from  the  following  equation: 

ar(a,t  1=  <r*(A,  i )  +  p  <r,  (a  ,-t  )= o 

i .  e .  p  =  -  t  )/<rtV *,  t ) , 

And  the  solution  is  given  by: 

£r(r(t)=  t*(r,t)+/l  ('( r, i  ) 

<Vr,t>=  4<r.\)+PWr-t) 

CTf(r,t)  =  o?(  r.i)+pv,(T.i-) 
qg(r,i)=  Ogfr.U  +  PVgC-t) 


(21) 


(22) 


To  obtain  the  residual  stresses  we  have  to  calculate  until  the 
whole  cylinder  cools  down  to  the  ambient  temperature.  The  amount  of 
storage  and  the  computing  time  would  both  increase  exponentially 
with  the  steps  of  calculations.  It  is  imperative  to  make  approxi¬ 
mations  when  the  viscoelastic  effect  ceases  to  be  significant  and 
all  the  later  computation  can  be  lumped  together  using  elastic 
theory.  This  type  of  treatment  has  been  used  in  r 5 3  and  discussed 
in  {61  in  conjunction  with  a  heuristic  argument  regarding  residual 
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stress  determinate  >n  in  glass.  A  more  general  result  has  been 
obtained  and  will  oe  given  in  the  Appendix  B.  For  the  present  prob¬ 
lem  we  simply  have: 

<rt(r,cc)  =  (rt( <Tr*  *\t") 

=  <r9(r,i’)~a£{  r  t") 


where  t*  represents  the  "hardening  time"  beyond  which  the  material 
is  essentially  elastic,  and  superscript  "e"  signifies  elastic 
stresses  under  identical  conditions. 


The  numerical  data  used  in  this  problem  are  taken  from  the 
published  viscoelastic  properties  of  commercial  soda-lime  glass  at 
elevated  temperatures  (7]  .  The  reasons  for  choosing  glass  as  the 
material  for  illustration  are:  the  wide  range  on  the  logarithmic 
time  scale  of  the  viscoelastic  functions  at  different  temperatures 
(about  twenty  decades  for  a  change  of  500°  C.);  the  usefulness  of 
the  knowledge  on  such  transient  and  residual  stresses;  and  the 
possibilities  of  using  photoelasticity  directly  on  the  prototype 
rather  than  a  model  for  any  verification  after  the  cylinder  is  cool¬ 
ed  down  completely. 


The  calculations  here  require  the  relaxation  modulus  function 
in  shear  G(t),  while  the  data  available  in  (7]  are  that  in  flexure, 
E (t) .  They  are  related  through  an  integral  equation  181  : 

ert)=2<3(t)[l+/'(o>]  +  2/a  (23) 

where  zv(t)  is  the  viscoelastic  counterpart  of  Poisson's  ratio,  and 
dot  denotes  derivative  with  respective  to  its  argument.  Since  we 
assume  a  purely  elastic  dilatational  response, *s(t)  takes  the  form: 


and,  with  E(t)  given  in  Figure  1,  the  function  G(t)  can  be  obtained 
from  the  following  integral  equatior  by  numerical  iteration  and  is 
shown  in  Figure  2:  + 


E(t)  =  ( 3 -  ^ jcrt) --ft 


(25) 


The  temperature  problem  is  solved  with  Newtonian  cooling  on  the 
lateral  surface  and  uniform  initial  temperature  T„  while  the  ambient 
temperature  is  Ta.  The  solution  is  given  by  the  following  series 


(.91: 

TC.-t) 


To.+  Z  Ai 


W)e 


(26) 


where  H  is  the  thermal  diffusivity  and  Aj  are  given  by: 

j  V>)J 

The  constant  h  is  the  surface  heat  transfer  coefficient  and  Aj  are 
given  as  roots  of  the  equation: 

h'0i(Aa)+  haJoVAa)  =  0 

where  h'  is  the  Biot's  number.  The  series  (26)  is  summed  on  the 
computer  and  then  used  for  the  calculation  of  <(r,t)  by  equation 
(7). 


The  numerical  values  used  in  the  calculations  are  given  as: 
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d  =  92.  x  10-7,  A  =  0.0386,  TQ  =  560,  M  =  0.00333,  Ta  =  30 

all  in  c.g.s.  units.  The  material  constants  are  given  as  k  =  E(o) 

=  9.6  x  10°  psi.  The  following  cases  have  been  calculated  from  the 
method  outlined: 

Case  12  3  45 

Radius  of  cylinder  (cm)  0.635  0.635  0.635  0.3175  0.3175 

Heat  transfer 

Coefficient  h  0.01  0.0075  0.005  0.005  0.002 

(Cal./cm^  -  °C  -  sec.) 

The  results  are  shown  in  Figures  3  to  7.  They  represent  different 
degrees  of  tempering  with  heat  transfer  rates  varying  from  0.01  to 
0.002  Cal. /cm2  -  °C  -  sec. 

DISCUSSIONS 


The  figures  in  which  the  transient  and  residual  tangential 
stresses  are  given  resemble  those  for  an  infinite  slab  under 
symmetric  Newtonian  cooling  on  both  sides  C5J.  Initial  response 
is  invariably  low  compression  throughout  except  near  the  surface 
where  there  is  high  tension.  This  is  due  to  the  constraint  between 
the  layers  which  hinders  the  surface  layers  from  shrinking  on  a 
sudden  chill.  Later  in  time  the  viscoelastic  effect,  thermal 
contraction  and  the  continuity  among  the  layers  interact  in  a  rather 
complex  way  and  intuitive  reasoning  becomes  somewhat  difficult.  The 
residual  stresses,  however,  are  found  to  be  of  very  realistic  'order 
of  magnitudes  and  serve  to  predict  the  toughening  of  glass  rods 
very  well. 

The  motivation  for  studing  the  thermo-viscoelastic  stresses 
in  a  cylinder  is  twofold.  On  a  laboratory  scale  it  is  easier  to 
fabricate  test  specimen  and  experimental  measurement  is  more 
readily  accomplished  using  rods.  Also,  useful  applications  for 
the  cylindrical  shapes  are  known.  For  ins  ance,  the  cooling  rate 
of  glass  rods  used  in  laser  devices  can  be  determined  so  that  the 
residual  stresses  are  reduced  to  the  lowest  practical  value. 

The  problem  has  been  treated  for  the  plane  strain  condition. 

The  stress  Oj  has  not  been  calculated  since  it  is  of  minor  interest. 
It  can,  however,  easily  be  evaluated  from  the  algebraic  equation  (4) 
and  would  then  give  the  constraint  forces  at  the  ends  necessary  to 
maintain  the  condition  c.*o  at  all  times.  There  are  situations 
in  which  given  forces  N(t),  say,  act  in  the  axial  direction  and  the 
stretch  is  uniform  in  ^-direction.  In  this  case,  €»  is  a  function 
of  t  only  and  *’ 

(  0J(r,f)a»rJr  =  N(t  }  (27) 

When  N(t)  iu  indentically  zero,  we  will  have  the  state  of  general¬ 
ized  plane  strain.  The  numerical  procedure  can  be  readily  modified 
by  assuming  an  €j*(t)  in  addition  to  )  .  It  would  be  analo¬ 

gous  to  the  present  one. 
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APPENDIX  A  -  SUPERPOSITION  PRINCIPLE 
Basic  equations  for  thermo-rheologically  simple  viscoelasticity 


are: 

*ij  + 


Vi=0 


(Al) 

(A2) 

(A3) 

(A4) 


where 

<r=  o;,  +  oii  +  °i*  ,  (  -  , 

and  t 

f(*.t;-^  r(T(*.r>]dt' 

with  usual  Cartesian  tensor  notations.  Boundary  conditions  are 
}  On  boundary  Z„ 

0^  Vj  —  on  boundary  21  p 


U 


(A5) 

(A6) 


A  viscoelastic  solution  which  satisfies  (Al)  to  (A6)  will  be 
denoted  by  rs„) .  Let  us  consider  another  viscoelastic  solution 
which  satisfies  (Al)  to  (A5)  and 
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(A6*) 


and  denote  this  solution  by  IS*)  . 

In  addition  to. IS,) and  fs*]  ,  we  introduce  the  following  three 
solutions.  In  place  of  (A4)  and  (A6)  we  write: 


Oij  Vj  =  on  F, 
on 


(A6  *  * ) 
(A6‘ 1 ') 


Now  we  will  denote  by  fsil  a  solution  which  satisfies  equations 
(Al),  (A2) ,  (A3),  (A7) ,  (A5)  and  (A6’)j  by  t  S.*J  a  solution  which 
satisfies  the  same  equations  as  above  except  with  (A6‘ )  replaced 
by  (A61');  by  (Sy]  a  solution  with  (A61)  replaced  by  (A6''’). 

With  the  definitions  it  can  readily  be  shown  that: 

Sv=s;  *pX  (A8) 

with  pi  determined  by: 

P,  -lf+AP.'+ftlf+Alf  ia9) 

It  should  be  noted  that  (A9)  gives  three  equations  when  i  *  1,  2,  3 
and  S„ ■ s  can  represent  displacements,  strains,  or  stresses. 

APPENDIX  B  -  RESIDUAL  STRESS  CALCULATIONS 

The  basic  equations  are  given  by  equations  (Al)  to  (A6)  in 
Appendix  A.  For  t  where  t*  is  the  hardening  time,  all  the 
equations  remain  unchanged,  except  for  (A3)  and  (A4)  which  can 
be  approximated  by: 

t' 

3ftif(*,t#)-y<x,  (A4  • ) 

+  3i(o){(<*,t)-((X,t1)—3‘l( 

Hence,  if.Sv(*,t)  is  the  viscoelastic  solution  for  t  ^t*  we 
may  write: 

Sv(\t ;  =  )  +  S(*,.t,  i*) 

where  Sy  represents  solutions  which  satisfy  (Al)  to  (A6)  and 
§  (x,t,-t*)  should  satisfy  the  following  equations: 

€,  -  Xf  u-  +  «*, .  ) 

a-..  =o 

V> 
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>  (A10) 


S.,  *  ZOtoiltyx. 

e  =  3^(«;  {  ((  *,t)  -<  (X.  t")  -  3^[  f«.t )  -T<  j 

M.  =  O  or.  4 
%|1»j=0  *"  Zf 


But  the  set  of  equations  (A10)  is  satisfied  by: 

wnere  Sc  (*,t )  is  the  elastic  solution  of  (Al)  to  (A6)  with  G({  ) 
and  k(f)  taken  to  be  constant  values.  Bence, 

Sv(Jt  t>-V*'t)“^*'t*)-V*t*>  .  (All) 

In  particular,  when  t-»*c  ,  we  have  $t<x.K)-,o  f  if  the  initial  and 
final  remperatures  are  both  uniform.  We  then  obtain  the  general 
result  for  evaluating  residual  values: 

t')  (A12) 
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(0)  3/  U)  3 
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t  (SEC) 

Figure  1  Relaxation  Function  in  Flexure  of  Glass 
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Figure  2  Relaxation  Function  in  Torsion  of  Glass 
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Figure  3  Stress  for  Cylinder  of  0.635  cm.  Radius 
with  h  =  0.01 
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Figure  5  Stresses  for  Cyii,,,'  <  0.635  cm.  Radius 
with  h  =  .005 
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Figure  6  Stresses  for  Cylinder  of  0.3175  cm.  Radius 
with  h  =  0.005 
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Stress  Concentration  around  Holes  in  a  Class  of 
Rheological  Materials  Displaying  a 
Poroelastic  Structure 


J.  L  NOWINSKI 

UNIVERSITY  OF  DELAWARE 


ABSTRA.CT 

Two-phase  poroelastic  rheological  material  is  taken  as  the  object  of 
the  analysis,  the  solid  phase  being  treated  as  a  linear  isotropic 
perfectly  elastic  solid  and  the  fluid  substances  filling  the  pores 
as  a  Newtonian  viscous  fluid.  Using  Biot  equations,  derived  in  his 
consolidation  theory,  and  assuming  a  two-dimensional  state  of  deform¬ 
ation  governing  equations  involving  a  stress  function  and  the  fluid 
excess  pressure  are  derived.  Upon  using  the  Laplace  transformation 
the  resulting  general  equations  are  solved  by  a  procedure  extending 
the  complex  variable  method  of  Muskhelishvili.  An  illustrative  ex¬ 
ample  involving  stress  concentration  around  a  cylindrical  hole  under 
a  uniform  pressure  in  an  infinite  body  subject  to  a  uniaxial  tension 
is  solved  in  detail. 


INTRODUCTION 

Although  the  earliest  problem  of  stress  concentration  around  holes 
in  solids  has  been  solved  by  Kirsch  at  the  end  of  the  past  century, 
the  last  two  decades  have  witnessed  a  revival  of  interest  of  this 
subject  mostly  due  to  an  intensive  study  of  the  brittle  fracture  in 
which  all  stress  concentrators  play  a  dominate  role. 

A  number  of  results  involving  both  two-  and  three-  dimensional  prob¬ 
lems  of  stress  concentration  was  presented  on  the  eve  of  the  second 
World  War  by  Neuber  in  his  known  book  [1],  1937.  After  the  war, 
Savin  in  1951,  in  his  monograph  [2],  collected  many  new  solutions  to 
two-dimensional  problems  obtained  by  means  of  the  complex  variable 
technique  promoted  in  the  book  by  Muskhelishvili  [3],  Recently,  a 
second  edition  of  Savin's  book  [2],  1968  was  published  containing, 
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however,  so  much  new  material  that  it  has  to  be  considered  a  separate 
publication  [4] .  In  fact,  in  this  book  Savin  offered  a  collection  of 
almost  all  known  solutions  to  stress  concentration  problems  in  two 
dimensions  in  the  elastic,  plastic,  nonlinear,  thermoelastic,  brittle 
and  dynamic  cases,  as  well  as  for  the  Casserat  medium  and  the  shells 
with  holes.  The  book  includes  also  a  short  chapter  on  the  relative¬ 
ly  less  explored  stress  concentration  in  viscoelastic  bodies,  based 
on  the  linear  theory  of  viscoelastic  continua. 

It  is  well  known  that  the  time  factor  plays  a  more  or  less  substan¬ 
tial  role  in  deformation  and  stresses  generated  in  rheological  ma¬ 
terials  such  as  metals  in  elevated  temperatures, high  polymers,  wood, 
concrete  and  even  bones,  see  e.g.  [10}.  With  elapsing  time  the  as¬ 
sociated  transient  phenomena  of  stress  relaxation  or  creep  originate, 
and  the  mechanical  processes  involved  cannot  be  considered  as  sta¬ 
tionary.  Consequently,  the  elastic  constitutive  equations  which 
characterize  an  instantaneous  onset  of  final  stationary  mechanical 
states  have  to  be  substituted  by  relations  that  reflect  the  time  de¬ 
pendence  of  the  properties  of  the  materials. 

In  the  present  study  we  investigate  the  stress  concentration  problem 
in  a  particular  class  of  rheological  materials  called  poroelastic 
and  studied  by  Biot  on  the  occasion  of  his  consolidation  theory,  see 
e.g.  [6].  As  shown  in  a  number  of  reports,  see  e.g.  [5J,  [7],  Biot's 
theory  can  successfully  simulate  the  behavior  of  osseous  tissue  ac¬ 
knowledged  by  experimenters  [101,  [11]  and  practitioners  [12].  The 
model  so  adopted  involves  a  number  of  simplifications.  First,  de¬ 
spite  the  complexity  of  the  bone  structure  the  osseous  material  is 
treated  as  a  statistically  homogeneous  medium.  Secondly,  it  is  as¬ 
sumed  that  the  porosity  of  the  material  is  uniform  and  that  the  sol¬ 
id  skeleton  is  linearly  and  perfectly  elastic.  Third,  the  liquid 
phase  filling  the  pores  is  treated  as  a  Newtonian  viscous  fluid  gov¬ 
erned  by  Darcy's  law.  Finally,  it  is  postulated  that  the  stresses 
on  the  bulk  material  are  smoothly  divided  between  the  solid  phase, 
as  the  stress  ,  and  the  liquid  phase  as  the  pressure  o  ,  both 

per  unit  area  of  the  bulk  material. 

It  is  probable  that  in  the  bone  tissue  the  cavities  act  as  some  kind 
of  stress  concentrators.  There  prevails,  however,  an  opinion  that 
the  discontinuities  in  the  bone  are  generally  arranged  in  such  a 
fashion  as  to  create  only  minimum  stress  concentrations.  Whatever 
the  role  of  pores,  one  of  the  problems  of  practical  importance  is 
also  connected  with  the  effect  of  holes  that  are  large  as  compared 
with  pores*.  Such  holes  are  produced  intentionally  during  surgical 
interventions  in  order  to  insert  various  fixing  devices.  In  view  of 
our  assumptions  the  material  surrounding  the  holes  is  treated  approx¬ 
imately  as  a  homogeneous  continuum.  In  this  paper  we  first  give  a 
brief  derivation  of  the  governing  equations  for  the  two-dimensional 
deformation  of  poroelastic  media  in  terms  of  the  stress  function  F 
and  the  fluid  pressure  o  .  The  time  variable  is  eliminated  by 
means  of  a  Laplace  transformation,  and  the  solution  to  the  problem 
reduced  to  a  disclosure  of  one  harmonic,  one  biharmonic  and  two 
Helmholtz  type  functions.  Application  of  a  generalized  Muskhelish- 
vili  method  of  complex  variables  enables  one  to  represent  the  gen¬ 
eral  solution  in  terms  of  two  analytic  functions  only,  determined  by 
means  of  one  of  the  known  techniques. 

An  illustrative  example  is  solved  in  more  detail  involving  stress 
concentration  around  a  cylindrical  hole,  subjected  to  a  uniform 


*At  the  present  time,  the  stress  concentration  around  drilled  holes 
is  estimated  by  the  orthopaedists  globally  by  means  of  experimental 
coefficients. 
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pressure,  in  an  infinite  body  under  uniaxial  tension.  While  the 
viscoelastic  properties  of  the  adopted  model  seem  to  agree  with  the 
data  obtained  from  experiments  on  bones  (see  e.g.  the  treatise  [10] 
and  the  text  (11]),  it  belongs  to  future  investigations  to  decide 
whether  such  an  approach  fully  describes  the  actual  behavior  of 
bones  in  vivo. 

1.  GENERAL  EQUATIONS 

In  Biot's  theory  of  the  poroelastic  materials  the  material  is  treat¬ 
ed  as  a  statistically  homogeneous  medium  composed  of  an  elastic  skel¬ 
eton  with  tiny  interconnected  pores  filled  with  a  viscous  fluid  gov¬ 
erned  by  Darcy's  law.  In  the  two-dimensional  case,  analyzed  in  the 
present  paper,  and  with  o^j  denoting  the  stress  acting  on  the  sol¬ 
id  phase  and  o  the  fluid  pressure  (both  per  unit  area  of  the  bulk 
material) ,  the  constitutive  equations  of  the  medium  in  cylindrical 
coordinates  r,  9,  z  are 

°rr  =  2Nerr  +  Ae  +  Q£  * 

°ee  =  2Neee  +  Ae  +  Q£  , 

°ZZ  =  Ae  +  Qs  »  (1) 

°r0  =  2Ner0  ' 


a  =  Qe  +  Re  . 

Here  e  and  e  denote  the  dilatation  of  t:iC  solid  and  the  fluid 
phase,  respectively,  eij  is  the  strain  tensor,  the  rfl  -  plane  is 
the  plane  of  deformation  and  A,  N,  Q  and  R  are  material  constants. 
For  definiteness  it  is  assumed  that  the  two-dimensional  state  of  de¬ 
formation  is  that  of  plane  strain.  Treating  the  problem  as  a  quasi¬ 
static,  that  is  disregarding  the  influence  of  the  inertia  terms,  we 
satisfy  the  balance  equations 


3(arr  +<>>.!  3°r0  . 
- 5r -  +  r  T5~  + 


arr  "  °ee 


3(oee  +  c)  3ore 
- 5a -  +  -5F"  + 


upon  introducing  the  stress  function  F(r,  9;  t)  defined  by 


.  1  3F  1  i!F 

rr  -  r  3r  p 


°99  +  0 


„  _  1  3F  1  3  F 
r0  "  p  W  r  3r5e 


Biot  has  shown  ((6],  Equation  (42))  that  the  fulfillment  of  the  com¬ 
patibility  equation  leads  to  the  following  rslation  between  the 
stress  function  and  the  fluid  pressure 

kV4F  =  V2a,  (4) 

where  <  =  ( (A  +  2N) R  -  Q2 ] /2N (Q  +  R) . 
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On  the  other  hand,  Darcy's  law  in  combination  with  the  strain-dis¬ 
placement  relations  furnishes  the  governing  equations  in  the  form 


K  V6  P  =  b  ^  V4  P, 
K  V4  o  =  b  £  V2  a. 


(5) 


where  K  ■  [ (A  +  2N)  R  -  Q2]/[A  +  R  +  2  {N  +  Q)]  and  b  is  the 
permeability  coefficient.  Henceforth  we  map  the  problem  into  the 
Laplace  subspace  by  means  of  the  one-sided  transformation 


f*{r,9;5)  =  /  f(r,9;t)e_Ctdt,  (6) 

0 


where  the  asterisk  denotes  the  transform.  It  is  assumed  here  that 
the  derivative  3f  (r ,  9;  t)  /at  as  a  function  of  t  remains  bounded 

at  infinity. 


With  thi9  in  mind,  the  F*(r,9;£)  and  o*( r,9;£;  functions  may  be 
represented  as  sums  of  two  functions,  in  view  of  the  commutativity 
of  the  operators  3/3t  and  V2  and  V4  , 


F*  =  F*  +  F*  , 
a*  =  aj  +  aj  , 


(7) 


where  FJ  is  a  biharmonic  function  satisfying  the  equation 

74  F*  =  0  , 

a*  is  a  harmonic  function  satisfying  the  equation 

V2  a*  =  0  , 


(8) 


(9) 


and  FJ  and  a*  are  solutions  of  the  Helmholtz  equations 

r2  V2  F*  -  F*  =  0  , 

(10) 


Clearly,  V2  =  32/3r2  +  3/r3r  +  32/r2362  and  r2  :  K/b5.  Let  us 
denote  the  solutions  of  the  equations  (10)  by  u$i(r,6,£)  and 
£*(r,9;£),  respectively.  Since  of  is  a  harmonic  and  F*  a  bi¬ 
harmonic  function  then* 

o*  =  2 Re  s *  (z )  +  Z*  ,  (11) 

where  ,s*(z)  is  an  analytic  function  of  the  complex  variable 
z  =  rei®  ,  and 


F*  =  Re [z$* (z)  +  x*(z>l  +  ,  (12) 

*in  what  follows  all  starred  functions  with  an  explicit  argument  z 
should  be  understood  as  depending  on  the  parameter  £  (omitted  for 
brevity,  e.g.  <t>*(z)  =  $*(z,5). 
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with  ♦*  and  x*  being  Goursat  potentials  holomorphic  in  siaiply 
connected  regions,  see  e.g.  [3]. 

An  easy  computation  using  the  equation  (4)  furnishes  the  following 
connection  between  and  E*  , 


♦8 


r*  . 


(13) 


In  complex  variable  representation 

3z3z  z  3z 

o*  +  a*  =  2  +  Re  (2.  i^.))  ,  (14) 

00  3z3z  z  3z‘ 

o*B  =  2  Im  (-  ^-) , 
r6  ?  3z2 

where,  clearly,  z  is  the  complex  conjugate  of  z. 

Upon  using  (14)  a  slight  manipulation  yields  the  basic  relations 

oJr  +  °00  =  2ReI2  **<z>  ‘  2s*(*H  +  — -  £*, 


°90 


o*r  +  2ioJfl  =  2  H* (z,z)  , 


(15) 


1-2k 


°rr  “  i0?6  “  Re(2**(z)  -  2s*(z)l  -  H*  (z,z)  +  E*  , 


with 


_  z  -  2r02  ^ 
H*  (z,z)  =  ~  (z  «*'(z)  +  4-*  (Z)  +  — - ,] 

Z  K 


(16) 


and  4>*  (z)  =  <f>*'  (z) ,  V*  (  z )  =  x*“  (z) . 


A  longer  computation  enables  us  to  represent  the  transforms  of  the 
complex  displacements  u*  and  v*  (in  the  x-  and  y  direction, 
respectively)  in  terms  of  the  Goursat  potentials  as  follows, 


2N(u*  +  i  v*)  =  (3-2T)4*(z)  -  z4>  *  *  (z)  -  i|i*(z)+t(T-l)S*(z,z) 

2rQ2  3E* 


with  the  notation 
«  -  AR-Q2 


(N+A)  R-Q 


7 


3z 


2^5  (  s *  =  /  o*,  dx+i  /o*.dy  , 
R  1 

oj  =  2Re  s*(z)  . 


(17) 


(18) 
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An  inspection  of  the  equations  (15)  and  (17)  shows  that  these 
equations  generalize  the  well  known  elastic  equations  of  the  Musk- 
helishvili  theory.  In  fact,  upon  disregarding  the  asterisks  (as  im¬ 
material  in  the  statical  theory)  and  making  the  functions  s(z)  and 
Hz)  vanish  (as  for  a  one  phase  elastic  material),  equations  (15) 
transform  into  equations  (4)  and  (5)  in  Section  39  of  [3].  Similar¬ 
ly,  by  taking  the  constants  N  and  A  to  coincide  with  Lam£  con¬ 
stants  u  and  X  ,  respectively,  suppressing  the  constants  Q  and 
R  and  proceeding  as  before  we  easily  reduce  (17)  to  the  equation 

(I)  in  Section  32  of  (3j. 

This  completes  the  formulation  of  the  two-dimensional  theory  of  the 
class  of  rheological  media  under  investigation,  in  a  complex  vari¬ 
able  setting. 

It  is  well  known  that  the  Kolosoff-Muskhelishvili  method  of  solving 
two-dimensional  elastostatic  problems,  based  on  a  conversion  of  the 
solution  of  the  boundary-value  problems  to  the  solution  of  certain 
functional  equations  in  complex  domain,  has  proved  to  be  highly  ef¬ 
fective*,  in  that  it  uses  the  entire  apparatus  of  the  powerful  theo¬ 
ry  of  analytic  functions. 

In  fact,  a  solution  of  any  two-dimensional  problem  whether  related 
to  a  body  of  a  simple  or  multiple  connectivity,  and  subjected  to  ar¬ 
bitrary  traction  or  displacement  type  boundary  conditions,  requires 
no  more  than  a  determination  of  two  functions  of  a  complex  variable. 
This  can  be  done,  for  instance,  by  using  the  expansions  in  complex 
Fourier  series,  by  means  of  Cauchy  integral  method  or  by  a  reduction 
to  problems  of  linear  relationship. 

In  what  follows  we  show  the  effectiveness  of  the  Muskhelishvili  com¬ 
plex  variable  approach  generalized  so  as  to  encompass  the  poroelas- 
tic  materials.  For  definiteness,  we  employ  the  Fourier  expansion 
method  of  solution. 

Let  us  consider  an  infinite  plane  with  removed  finite  portions  bound¬ 
ed  by  simple  closed  contours,  that  is  an  infinite  plane  with  holes. 

In  particular,  let  us  analyze  in  more  detail  a  plane  with  a  single 
circular  hole.  However,  the  generalized  method  applied  is  effective 
in  any  other  two-dimensional  case,  exactly  in  the  same  manner  as  the 
classical  method  of  Muskhelishvili. 

We  first  circumscribe,  from  the  origin  of  coordinates  as  the  center, 
a  circumference  such  that  all  hole  contours  remain  inside  the  circum¬ 
ference.  Next  we  assume  that  the  stress  acting  on  the  solid  phase 
and  the  fluid  pressure  remain  bounded  in  the  entire  domain  of  defini¬ 
tion  including  an  infinitely  distant  point  r  =  °°. 

Under  these  conditions,  the  potential  part  of  the  fluid  pressure  in 

(II)  may  be  represented  by  the  main  part  of  the  Laurent's  expan¬ 
sion 


sMz)  =  t  (19) 

n=0  zn 

where  the  coefficients  dn  are,  in  general,  complex  numbers  depend¬ 
ing  on  the  Laplace  parameter  £  .  Similarly  the  requirement  of 
boundedness  of  the  functions  <*>*  ( z )  and  ^Mz)  appearing  in  (15) 


‘Prior  to  the  work  of  Kolosoff  and  Muskhelishvili  the  complex  vari¬ 
able  approach  in  two-dimensional  elasticity  was  propounded  by 
L.  Filon  in  Philos.  Trans.,  Vol.  201,  p.  69  (1903). 
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suggests  the  form  (compare  [31 #  Section  56) 


**{z)  =  ?  ,  T*(z)  =  f  ^  (20) 

k=0  z*  k=0  zK 

with  functions  (z)  ,  x*(z)  and  F*  derived  from  4>*  and  V* 

by  integration.  1 

There  remains  now  to  find  the  representation  of  the  Helmholtz  part 
of  the  functions  F*  and  a*  depending  actually  on  a  single  func¬ 
tion  £*.  To  this  end  note  that  a  general  solution  of  the  Helmholtz 
equation  has  the  form  [8] 


E*(r,6,£)  *  gQKo(— -)  +  ?  (gn  cos  n  0  +  hR  sin  n0)  Kn(jr-> 
o  n=l  ‘o 

+  k  I  (—•)  +  ?  (k  cos  n  0  +  t  sin  n  0)  I  (—) , 

o  o  r  _ ,  n  n  nr 

o  n=l  o 


(21) 


where  Kn  and  In  are  the  modified  Bessel  functions  of  the  n-th 
order.  Apparently,  in  the  general  problem  considered  here  the  modi¬ 
fied  functions  of  the  first  kind  should  be  disregarded  as  unbounded 
at  r  =  ■». 

2.  ILLUSTRATIVE  EXAMPLE 


As  an  illustrative  example,  let  us  consider  an  infinite  plane  with  a 
single  circular  hole  of  radius  a  .  Assume  that  at  time  t  =  +  0  , 
the  surface  of  the  hole  is  suddenly  subjected  to  a  uniform  hydrostat¬ 
ic  pressure  gQ  acting  upon  the  solid  phase  of  the  bulk  material. 
Assume  also  that  the  surface  r  =  a  is  unsealed,  and  that  the  fluid 
is  suddenly  subjected  to  an  excess  pressure  oe  .  At  infinity,  the 
liquid  pressure,  say,  vanishes  and  the  plane  is  under  the  action  of 
the  suddenly  applied  (at  t  =  +  0)  uniform  horizontal  tractions  such 
that  at  x  =  »,  Figure  1, 


=  “  Pn 


yy 


=  0.. 


xy 


=  0. 


(22) 


It  is  assumed  that  at  all  times  t  >,  +  0  the  forces  qc  ,  aQ  and 
Po  acting  on  the  body  are  maintained  constant.  The  boundary  condi¬ 
tions  just  described  may  be  cast  into  a  symbolic  form  as  follows. 


o* 


(a,0;C) 


9 


qo 

0jr(a,0K)  =  -  -f  ,  (23) 

oJe  (a,0rO  =  0  , 


0*  («,0J?) 

=  o  , 

0jr (“»ej5) 

=  "  51  (1  + 

COS 

26) 

Cge  (°°r  6  ;  C  ) 

cos 

26) 

0je(*,e;£> 

P0 

=  sin  20 

9 
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at  all  tinea  t  >,  +  0.  Clearly,  the  foregoing  conditions  should  be 
satisfied  identically  for  all  values  of  the  angle  8.  With  (11) 

(19)  and  (21)  in  mind,  the  boundary  conditions  (23)^  and  (24)^ 
give 

d '  =  0  (25.1) 

o 


and 


(25.2) 


=  hn  =  °'  dA  “  0  for  n  = 

with  the  notation*  d  =  d  •  +  id"  and  K  ,  =  K  (-£-) . 

n  n  n  oa  o 

o 

The  imaginary  parts  of  the  parameters  dn  remain  undetermined,  but 
as  seen  from  (ll)  their  values  are  immaterial  in  the  present  case 
and  may  be  set  equal  to  zero.  This  gives  finally 


o*  = 


K 


or 


and  similarly 


Since 


Z*  = 


3z 

then 


32  l  f32  _  1  3  132_2..32_1  3.,-2i0 

— K  =  — T  ;  37 - T  — y  =• 1  ( - r  — He  , 

4  3r  r  dr  rJ  r  3r30  r  30 


32E* 


3z 


4  Koa  *ro 


(F-  Kor  +  ?  Klr)e' 
o 


2i6 


and  for  (14) 3  we  find 


(26) 


(27) 


(28.1) 


(28.2) 


o*a  =  ?  1  (k(a£  sin  k  0  -  a£  cos  k  0) 

r0  k=0  1  k  k 

-  (b£  sin  (k-2) 0  -  b"  cos  (k-2)9)]. 


(29) 


Fulfillment  of  the  boundary  conditions  (24  )3  and  (23 ) 3  then 
yields,  respectively, 

bA  =  '  bA  = 0  °r  bo  =  5f  ' 

and 


•Similarly  we  use  the  symbols  Kqj. 
etc. 


K 


o 


KAa 


3Ko(r/ro) 
- Sr - 


r=a 


j 
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(30) 
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for  »  3 


(37) 


These  equations  generalize  the  following  three  known  results. 

(a)  Assuming  independence  of  time,  that  is  taking  K  =  1,  and  posing 
Po  =  °o  =  0  one  obtains  the  classical  solution  to  the  Lame's  prob¬ 
lem  for  a  tube  under  internal  pressure  with  the  outer  radius  tending 
to  infinity,  that  is  for  a  cylindrical  hole  in  an  infinite  body. 

(b)  Proceeding  as  before  but  taking  a0  =  qQ  =  0  one  obtains  the 
classical  solution  to  the  problem  of  an  uniaxial  uniform  stretch  of 
a  plate  with  a  circular  hole  [3],  Section  56a,  Equations  (4). 

(c)  Taking  qQ  =  Po  *  0  and  returning  to  the  unspecified  coeffi¬ 
cients  one  obtains  the  equations  which  can  be  derived,  after  certain 
manipulations,  from  the  solution  given  by  Jana  for  an  axially  symme¬ 
tric  case,  with  the  aid  of  a  displacement  function,  see  [9],  his 
Equations  (3.5)  in  combination  with  (4.11)  for  V  5  0.  It  is  seen 
that  even  in  the  absence  of  the  external  load  acting  on  the  solid 
phase,  stresses  arise  in  this  phase,  due  to  the  excess  fluid  pressure 
applied  on  the  boundary  of  the  body.  On  the  other  hand,  from  the 
linearity  of  the  phenomena  under  discussion  clearly  exhibited  in  the 
linear  dependence  of  stress  components  on  the  individual  load  cate¬ 
gories,  there  follows  the  following  viscoelastic-elastic  analogy 
based  on  the  principle  of  superposition  of  effects: 

In  the  viscoelastic  case  the  £  multiplied  Laplace  transforms  of 
the  stress  components  acting  on  the  solid  phase  are  equal  to  the  sums 
of  the  corresponding  components  of:  (a)  the  stresses  generated  by 
the  given  external  load  if  ..ing  on  an  elastic  body  identical  with 

the  given  viscoelastic  body  and  (B)  the  stresses  generated  in  the 
solid  phase  by  the  excess  fluid  pressure  if  acting  alone  on  the 
boundary  of  the  given  viscoelastic  body.  Clearly,  the  latter  are 
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found  once  and  for  all  for  the  given  body  and  the  preassigned  load. 

3.  STRESS  COMPONENTS  AMD  FLUID  PRESSURE 

The  equations  for  the  stress  components  (3fi)  are  obtained  in  a 
transformed  form,  so  that  their  retransformation  to  the  physical 
space  is  needed.  However,  because  of  the  presence  of  the  modified 
Bessel  functions  in  (38)  the  evaluation  of  the  inverse  transforms, 
say,  by  means  of  contour  integrations  is  clumsy  and  would  rather  ob¬ 
scure  than  clarify  the  discussion.  Instead,  we  choose  a  simpler  pro¬ 
gram  adequate  for  our  purposes.  We  first  multiply  both  sides  of  e- 
quations  (38)  by  the  parameter  £  and  note  that  all  terms  except 
those  with  the  factor  oQ  become  independent  of  £  (and  consequent¬ 
ly  of  time,  implicit  in  r0) .  We  call  these  terms  o^j  elast,  de- 
note  the  remaining  terms  with  the  factor  oQ  by  Ojj  J fluid  and  con¬ 
vert  equations  (38)  into  the  following  form. 


£0*  = 
rr 

°rr 

elast  + 

arr 

fluid  , 

«°oe  = 

a9  0 

elast  + 

°00 

fluid  , 

(39) 

°r6  = 

°r9 

elast. 

The  last  equation  shows  that  the  shear  stress  is  not  influenced  by 
the  fluid  pressure. 

We  first  discuss  the  azimuthal  stress  component  a*0  as  the  one 
that  is  responsible  for  the  stress  concentration  at  the  surface  of 
the  hole. 

We  use  two  limit  theorems  of  the  operational  calculus  expressed  sym¬ 
bolically  by 


f  (t  =  +  0)  =  lim  £  f  *  (£ )  , 


f(t  =  +  <»)  =  lim  £  f  *  (£ )  . 

£*0 

and  giving  the  values  of  a  function  from  the  value  of  its  transform 
in  two  instances:  at  t  =  0  ,  that  is  in  our  case  directly  after 
the  application  of  the  load,  and  seco.  dly  after  the  elapse  of  an  in¬ 
finitely  long  time.  In  the  first  case,  the  Macdonald  functions 
Kn(x)  may  be  approximated  by  their  asymptotic  expression  e-x  (tt/2x)*2  . 
In  the  second  case,  the  asymptotic  approximations  K0(x)s  -  In  x 
and  Ki(x)=;l/x  are  permissible.  Confining  ourselves  to  the  circle 
r  =  a  where  the  stress  concentration  reaches  its  peak  we  find  after 
passing  to  the  appropriate  limits 


09 

(a, 9; 

t=0) 

00 

(a, 8; 

t=“>) 

o 


o 


+  a 


88 


(a,9) 

elast 


o 


o 


l-< 

< 


+  o„„  (a, 6)  . 
69  elast 


(41) 


A  similar  compu  .ation  leads  to  the  following  values  of  the  radial 
stress  component. 


°rr  (r , ® '  t=0) 


=  J 


0  for  r  =  a 


0  3 

o  rz  for 


r  j-  aJ 


+  °rr  elast,  <42> 


455 


°rr(r,6;  t=a)  = 


<4-.. 


+  c 


rr  elast; 


the  last  equation  retains  the  validity  in  the  vicinity  of  the  hole 
only. 

The  equations  for  the  fluid  pressure  now  become 

'0  for  r  ?  a  , 

o(r,6;  t=0)  =  < 

o  for  r  =  a  .  (43) 

o 


o(r,0;  t=“)  =  aQ  in  the  neighborhood  of  r  =  a. 

It  is  of  interest  to  make  an  estimate  of  the  variation  of  the  azimu¬ 
thal  component  (41)  2  with  time.  To  this  purpose  we  have  to  evalu¬ 
ate  the  coefficient  *  made  up  of  the  material  coefficients.  For 
the  osseous  tissue  the  coefficients  remain  for  the  most  part  unknown. 
It  is  possible,  however,  to  make  a  rough  assessment  of  the  value  of 
k  by  using  an  analysis  of  the  poroelastic  coefficients  similar  to 
.nat  given  in  [9]  and  indicated  in  more  detail  in  [5] .  The  analysis 
furnishes  the  value  tc  s  0.3,  so  that  the  equations  for  the  azimuthal 
stress  at  the  surface  of  the  hole  (where  the  existing  tensions  may 
originate  a  crack  departing  from  any  tiny  fissure)  become 


oe0(a,e;  t=0)  =  oo  ♦  o96  ela8t> 


(*, 8?  t«)  =  T  II.  +  dj 


(44) 


Clearly  the  first  terms  represent  here  the  stress  increments  to  the 
classical  expression  provided  by  the  assumed  rheology  of  the  material. 
It  is  also  seen  that,  as  the  time  goes  by,  the  azimuthal  stress  at 
the  hole  intensifies,  in  view  of  the  time  independence  of  the  classi¬ 
cal  components.  On  the  other  hand,  the  increase  of  the  a  term  is 
certainly  bounded. 

The  variation  in  time  of  any  deformation  characteristic,  such  as  for 
instance  thp  dilatation,  can  now  be  trivially  found.  Thus  from  (1) 
we  find  at  r  *  a. 


-S-^T  (0rr  +  °08  -  2I  0)' 


(45) 


2 [  (A+N ) R-Q  ] 

or,  in  view  of  (41)  -  (43)  explicitly  at  8  =  j  ,  say, 


Wf  °o  +  °o 


at  t  =  0 


(A+2N) 


_  •  S 

I 


•22  c  +  T  0 
R  O  3  c 


+  <0rr  +  a86)elast 


(46) 


at  t  =  “ 


Since  Q/R  is  found  to  be  positive  (see  [5]),  it  is  seen  that  under 
a  sudden  application  of  load  (in  the  present  case  of  the  tension  p0 
and  the  pressures  q0  and  0O)  an  instantaneous  deformation  origin¬ 
ates  which,  with  elapsing  time, increases  asymptotically  to  a  final 
bounded  value.  Such  a  behavior  of  the  body  under  the  action  of  a 
constant  load  represents  what  is  krown  as  the  creep  associated  with 
the  standard  rheological  (three  parameter)  model  composed  of  a  Kel- 
vin-Voigt  element  in  series  with  ai  elastic  spring.  It  is  remarkable 
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that  such  a  model  of  osseous  tissue  was  proposed  by  Sedlin  in  a  fun¬ 
damental  treatise  (10]  based  on  comprehensive  experimental  observa¬ 
tions.  In  fact,  according  to  Sedlin,  under  load  well  below  the  frac¬ 
ture  load  the  actual  behavior  of  bones  is  qualitatively  described  by 
the  standard  viscoelastic  mode.'..  This  opinion  seems  to  be  shared  by 
practitioners.  For  instance,  Frankel,  orthopaedic  surgeon  and  an  au¬ 
thority  in  orthopaedic  biomechanics,  in  the  text  coauthored  by  Bur- 
stein,  [12],  p.  112,  notes  that  "the  results  of  tests  conducted  .  .  . 
on  bovine  bones.  .  .  (show)  excellent  qualitative  agreement,  up  to 
the  point  of  yield,  between  the  (standard)  model  behavior.  .  .  and 
the  experimentally  observed  behavior". 


P. 


<■ 


NOMENCLATURE 


r,0,  z 
t 

aij*  eij 
o 

e,  e 

a,n,q,r. 


K 

K 

b 


F(r,9;t) 
*5  and  E* 
<ji*  and  x* 

s* 

7 

Re  and  Im 


=  cylindrical  coordinates 
=  time 

=  s ureas  and  strain  tensors 
=  fluid  pressure 
=  dilatations  of  solid  and  fluid 
=  material  constants,  P  =  A  +  2N 
=  (PR  -  Q2)/2N(0  +  R) 

=  (PR  -  Q2)  /  (A  +  2N  +  R  +  2 Q ) 

=  permeability  coefficient 
K/bC 

=  Laplace  transform 
=  transform  parameter 
=  32/3r2  +  a/rar  +  32/r2362 
=  stress  function 
=  solutions  of  Equations  (10) 

=  Goursat  potentials 

=  the  potential  part  of  fluid  pressure 
=  conjugate  of  complex  variable  z  =  rei® 
=  real  and  imaginary  parts 
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afe,  bjt,  djt  =  coefficients  of  Laurent's  expansions 

ajt,  Bjt  =  defined  by  Equations  (33) 

I0»  =  modified  Bessel  functions 

Kor  2  «oa  “  3Ko<r/ro)/3r  atr-a 

<Io*  °o  =  hole  pressure  on  solid  and  liquid  phase 

P0  =  tension  on  solid  phase  at  infinity 
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ABSTRACT 

Using  a  general  thermodynamic  theory  of  interact!  g  media,  the  con¬ 
stitutive  equations  for  interacting  continuum  composed  of  a  linear 
viscoelastic  solid  and  a  Newtonian  fluid  are  developed.;  The  case  of 
incompressible  fluid  is  also  discussed. 


INTRODUCTION 

A  general  theory  for  heterogeneous  media  has  been  first  proposed  by 
Truesdell  and  Toupin  ( 1  ]  ••  The  equations  of  mass,  momentum  and 
energy  balance  were  postulated  for  each  component  of  the  mixture, 
some  alternative  formalisms  were  also  proposed  by  several  authors. 
Green  and  Naghdi  [2],  on  the  other  hand,  proposed  a  single  energy 
and  entropy  production  inequality  for  the  whole  mixture.;  The  basic 
equations,  governing  the  mixture,  are  then  derived  from  the  postula¬ 
ted  equations  by  a  systematic  application  of  invariance  requirements.. 

Based  on  the  latter  theory,  the  constitutive  equations  for  a  mixture 
of  elastic  solids  and  Newtonian  fluids  were  derived  by  Green  and 
Steel  [3]  and  a]  o  by  Crochet  and  Naghdi  [  U  ]  .•  The  constitutive 
equations  for  a  binary  mixture  of  elastic  solids  and  incompressible 
Newtonian  fluids  were  derived  by  the  authors  [ 5 ] .  Gome  methods  of 
solutions  to  the  governing  equations  of  such  binary  mixtures,  for 
steady-state  case,  were  also  presented  and  classical  thpories  of 
flow  through  undeformable  porous  media  [6]  and  deformable  porous 
media  [7]  also  discussed  ir  the  light  of  continuum  approach. 
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In  this  paper  the  constitutive  equations  for  binary  mixtures  of 
Nevtonian  fluids  and  viscoelastic  solids  vill  be  given.  These 
equations  will  be  derived  by  following  the  theory  of  Green  and 
Naghdi  together  with  a  thermodynamic  theory  of  irreversible  systems 
[8].  Such  constitutive  equations  are  applicable  to  a  great  variety 
of  engineering  problems  such  as  flow  of  oil  or  water  in  petroleum 
reserviors ,  seepage  problems  and  soil  consolidation  Just  to  mention 
a  few.  This  problem  has  also  been  considered  by  Biot  [9]. 

BASIC  EQUATIOHS 

The  basic  equations  of  a  binary  mixture  are  given  in  the  following 
for  self-consistency.  The  motion  of  a  mixture  of  two  components, 

Sj^  and  S2,  is  referred  to  fixed  Cartesian  coordinates  with  material 
coordinates  designated  by  X  and  Y  respectively.  The  position  of 
particles  at  time  t  is  given  by 

x*  =  Xj^X^.t)  yi  =  yjfYj.t)  (l) 

These  particles  are  considered  to  occupy  the  same  position  at  time 
t  so  that 


*1 


(2) 


The  velocity  and  acceleration  vectors  of  are  given  by  ux  and  ax 
and  those  of  S2  by  v^  and  .  The  densities  at  time  t,  are  p^  and 
P2  and  the  rate  of  deformation  tensors  are  defined  to  be : 


diJ  =  l/2(ui,J  +«J,i>  fiJ  =  l/2(vi,J  +  vJ,i} 


(3) 


where  a  comma  denotes  partial  differentiation  with  respect  to  Xi  or 
Y  i  • 

The  summation  convention  is  being  used  in  the  above  equations  and 
throughout  the  paper  unless  stated  otherwise. 


The  vorticity  tensors  and  other  mixture  variables  are  defined  as 
follows 


"  1/2(ui,J-'iJ,i)  AiJ  =  1/2(Vi,J-VJ,i5  P  =  °1  +  P2 

D  3  -  3  D  U>r  ■(2>2 

pV,  =  Plu.+p0v.  ~  =  —  +  vm  P—  =  Pn— -  *  P-^T  (!*) 


i  2  *  Dt 


3*m  Dt 


Dt 


Dt 


where  the  numerical  superscript  on  the  material  time  derivative 
refers  to  the  component  in  question  presented  here  for  reference 
only.  The  continuity  equations  for  a  binary  mixture  in  the  absence 
of  chemical  reactions  are  as  follows 


(1) 


Dp. 


Dt 


+  0  u  .  =0 
1  k  ,k 


(2) 


Dp. 


+  P2\,k  =  ° 


Dt 


(5) 
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The  equations  of  motion  for  the  mixture  are 


Plai+P28i 


(6) 


where  oJti  and  Tk^  are  partial  stresses  of  the  solid  and  the  fluid 
respectively  and  F^  and  G^  are  the  body  forces  per  unit  mass  of  each 
continuum.  The  partial  stresses  satisfy  the  following  symmetry 
relation 


°ki  +  Tki  =  °ik  +  Tlk  (7) 

The  diffusive  force  is  given  by 

«i  =  1/2(°ki-Tki).k  +  l/2pi(Fi-ai)-l/2p2(Gi-g.)  (8) 

The  entropy  production  inequality,  under  isothermal  conditions,  may 
be  written  [3] 


-p—  +  ^(uj-vj)  r  l/2(°ki  +  0ik)dik  +  1/2tlki  +  \k)fik 


+  1/2«aki-°ik)  (rik'Aik>  *  ° 


(9) 


where  A  =  U  -  TS  is  the  Helmholtz  free  energy,  U  is  the  internal 
energy  per  unit  mass ,  S  is  the  entropy  per  unit  mass  and  T  is  the 
temperature. 


We  finally  define  the  notion  of  hidden  coordinates  of  irreversible 
thermodynamic  which  will  be  used  in  conjunction  with  the  above 
basic  results. 


The  thermodynamic  system  is  assumed  to  have  n  degrees  of  freedom  de¬ 
fined  by  n  state  variables  C^....tn.,  These  independent  state 
variables  are  alternatively  called  generalized  coordinates.  These 
coordinates  are  divided  into  two  groups  of  hidden  and  observed  ones. 
The  system  is  assumed  to  be  under  the  action  of  n  generalized 
forces  Q,  in  such  a  manner  that  QidCi  represents  an  incremental 
amount  of  work  done  on  the  system.  The  hidden  variables  are  those 
whose  corresponding  conjugate  forces  are  zero  and  are  of  interest 
only  to  the  extent  of  their  influence  upon  our  observed  variables. 

As  an  example,  in  a  body  under  external  loading,  strain  components 
are  considered  as  observed  variables  and  stress  components  as  their 
conjugate  external  force,  while  the  effect  of  "molecular  configura¬ 
tion",  interstitial  atoms,  dislocation,  grain  boundaries,  etc.,  on 
stress-strain  law  can  be  accounted  by  hidden  variables.  At  this 
stage  we  ere  not  concerned  about  the  explicit  form  of  .  However, 
they  are  assumed  to  be  functionals  of  the  history  of  the  observed 
variables . 
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SEVELOPHEHT  OF  THO  CONSTITUTIVE  EQUATIONS 


The  following  assumptions  will  be  used  in  this  paper 

a)  -  Both  the  viscoelastic  solid  and  the  fluid  are  initially  at 
rest  under  zero  initial  stresses. 

b)  -  The  continuua  is  initially  homogeneous  and  undergoes  an 
isothermal  deformation. 

c)  -  The  displacements  of  the  solid,  the  change  in  density  and 
velocity  as  well  as  their  space  and  tine  derivatives,  remain  small 
during  the  motion  so  that  higher  order  terms  may  be  neglected. 

We  now  postulate  the  following  constitutive  equations  in  accordance 
with  the  equipresence  principle. 


A  -  AU^, 

V  V  V  diJ 

>  u. -v  .  ) 
l  i 

(10) 

S  =  S(eir 

V  £*  fij’  dij 

,  u  -v  ) 

(11) 

~( 0,  +c .  ) 

*  A .  +A  ( u , - v . 

)+A  f 

+A  ,  d 

(12) 

2  ki  ik 

ik  ik J  j  J 

lkrs  rs 

lkrs  rs 

2  ki 

=  B.,  +B  (u,-v. 

>  +  B.  f 

+  B  d 

(13) 

lk  ikj  i  j 

lkrs  rs 

ikrs  rs 

lk)  *  -i(ui 

-ilk)  =  D|t i  +  f-x i  j 

(uj-vj '+Dk 

i rs  f rs+Dikrsdrs 

(lit) 

i  =  a  +a  (u,-v ,)+a.  f  +  a.  d 
l  1  iJ  J  )  irs  rs  irs  rs 


(15) 


where  !■  ^...depend  on  The  dePendence  of  fi j  »  ^ij  ’ 

ai'vi  c“r’  be  omitted  from  (eq.  10)  and  (eq.  1 1 )  by  thermodynamic 
consideration  as  shown  by  Crochet  and  Naghdi  [It], 


ij.  C2,  5e) 

(16) 

■  .  y  P  £  6  ) 

U  2  1 

(IT) 

S  =  S  (  e 

The  entropy  production  inequality  yields 


—  =  -0—  *  n.(u.-v  )  +  — (o  +o  )d  +  -i-(  tk . +t  .  )f . 
Dt  Dt  ill  2  ki  ik  iK  ?  ki  ’  a  j 


Dt  Dt 
+  -i  ( o  -o  )  ( f  -A,  )  >,  0 


2  ki  ik 


ik  ik 


(18) 
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I 


where  Dy/Dt  if  the  rate  of  irreversible  entropy  production. 


Differentiating 

(eq. 

16) 

gives. 

oH*  . 

3A  ££2 

A  ft  _ 

3A 

Ders 

+  p*L. 
35i 

«* 

CDt 

P?P2  Dt 

3ers 

Dt 

Dt 

In  view  of 

(eq.  9), 

(eq. 

19) 

becomes 

o2*  = 

-PP2  ■ 

3  A 

rkk 

+  JL 

3x 

i 

!!i  i 

+ 

3A  N  ,, 

Dt 

3pj 

2 

3Xr 

3*s 

*  3ers 

ZTJ  15 

♦  («k- 

•  vk) 

01 

3A 

3Pg 

1 

1 

3A 

-  f 

3A  ^  3ers 

3P2 

3yk 

T 

02  | 

3ers 

3esr  t  3*k 

3A 

D<t 

1 

t 

+  c7Tt  vr 


(19) 


(20) 


With  the  help  of  (eq.  20)  andteqs.  12  to  15),  (eq.  18)  becomes 


+  (Brsi  +  arsi)  frs(ui-Vi)  ♦  (Arsi  +  arsi)  drs  (ui-Vj  ) 

♦  Aikrsdikfrs  +  «ij  («i-vi)  (uj-Vj)  +  Bikrsfjkfrs 

+  cki(rik  “  Aik)  +  Ekij  (rik  -Aik)  (ui"vi)  *  Ekirsfrs  (rik  *  Aik) 

2A  —  —  _ 

'  ct”  +  Ai)trsdrs<iilt  +  Bikrsdrsfik  +  Ekirs(rik  "  Aik)  *  0  (21) 


the  summation  over  l  carries  from  t  =  J. . . n,  where  n  is  the 

number  of  independent  thermodynamic  hidden  coordinates. 


Applying  the  same  argument  as  in  [3]  to  the  above  inequality  and  in- 


corporating 

the 

results  into 

the 

constitutive  equations. 

we  obtain 

°ki  = 

°ik 

3x  3x 

i  k  3  A 

3X„  3X  _  3e__ 

*  Aikrsfrs  +  Aikrsdrs 

(22) 

'ki  = 

Tik 

r  s 

-  3A  A 

-  -  p  p  o  r —  <->  i 

3p0  1 

rs 

k  + 

Bikrsfrs  +  ®ikrsdrs 

(23) 

( 
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JA 


ip. 


-  pz  . 

2  »e„ 


JA  Ser* 


A  >P2  »yi 
It  is  found  that 

BikJ  =  0  *ikj  =  0  »ikj  =  0 


3x« 


+  a(u^-ri) 


®ikj 


(2fc) 


(25) 


for  isotropic  Mixtures  only, however ,  to  keep  the  equations  in  a 
simpler  form  and  yet  preserve  the  generality  to  anisotropic  aedia, 
the  dependence  of  partial  stresses  on  (ui-v^)  is  neglected  in  the 
above  analysis. 


In  view  of  the  constitutive  equations  proposed  and  worked  out  for 
the  rate  of  entropy  production  by  Biot  [9],  Sebapery  [10], 

Valanis  [ll]  and  the  others,  we  postulate  the  following  constitutive 
equations  for  D£. 

Dt 


2-  =  f (tg,  dij,  fij,  Ui-Vi,  eii},  p,  tt)  0  (26) 

££  =  ;'  (27) 

Dt  ' 

where  C*  is  the  material  time  derivative  of  ith  hidden  coordinate. 

If  is  expressed  in  terms  of  material  coordinates,  the  above 
derivative  reduces  to  partial  derivative  with  respect  to  time. 

The  rate  of  entropy  production  is  required  to  be  zero  in  equilibrium 
state. 

f(0,0,0,0,eij  ,  p,  C*)  =  0  (26) 

Therefore  the  appearance  of  ej j ,  p,  Cg  in  the  above  constitutive 
equation  is  implicit  and  consequently  (eq.  26)  can  be  written  as 

Dt  ■  ti.it,  dij  ,  fi j  ,  Ui-vi)  i  0  (29) 

where  the  implicit  dependence'  on  e^j  ,  p,  Cj  is  understood.  Assuming 
required  smoothness  of  the  function  f,  it  can  be  expanded  in  Taylor 
series.  Neglecting  terms  higher  than  the  second  and  eliminating 
terms  less  than  two  on  account  of  the  assumption  of  zero  initial 
stresses,  yields. 


=  (bia50ia  +  tijodijSa  +  b^f^i;,  +  bia  ( Uj-Vi  Ua  ) 

+  terms  not  including  £.  (30) 
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The  rate  of  irreversible  entropy  generation  aust  be  always  con- 
ico.  This  would  then  lead  to  the  following  additional  relations 


Substituting  for  A  from  (eq.  33)  into  (eqs.  22-2U)  and  retaining 
linear  terns  ve  obtain: 

°ik  =  ^iktBet«  +  B  aik«^a  +  aikn  +  Aikrsfrs+Akirsdrs  (37) 

Tik  =  "  p2(b n  *  claetB  *  1  ca9o)  4ik  +  Bikrsfrs+Bikrsdrs  (3®) 

*i  =  a( Uj-Vj )  (39) 

Substituting  for  C„  from  (eq,  36)  into  constitutive  equations  for 
partial  stresses  yields: 


Jik 


rl  ID  ,  4  3etm(D 

J  Cikln^t  "  D  3t 


ft  (2) 

dT+  /  °iklm(t  -  t) 


it.  (t) 
la 

3t 


dx 


ft  (3)  9d  (.)  /»  snl 

+/  Giktn.(t  “  T)— St -  dX  *  /  °ik  (t  -  T)  -Tr 


3n( t  ) 


TT 


di 


(UO) 


1  ik 


f  /*  D)  Se._  /*  3n(i )  | 

<  /  Ftni  (t  -  t) — dt  +  ,/  F  (t  -  t) -  d:  > 

)/_<*>  3  T  _  «* 


6ik 


/t  (2)  3f,  ft 

L  Fikt“(t  -  T)^r  dI  +  J_m  F 


/t  (3) 
ikim 


“dl 

(t  -  t) - S  dx 

3  r 


where 


(1) 

kti 

(2) 


aik  Clmo 


Giktm  =  Cikira  *  l~  „ 


A.  , 


/  Cu  , 

I  -  -  (t  -  T  ) 

;  1  -  e  bo 


ikim  iktm 

(  3 ) 

G.  „  =  A 

ikim  lklm 


(•»> 


Gik  aik  q 


aikaCa 


C 

- 2  ( t  -  T  t 


1  -  e  “O 


and 


(1) 

Ft»  =  'CoCtm  +  0^- 


C  C.  , 
ct  ima 


-  —  (t  -  T) 


1  -  e  ua 


(i*D 

(U2) 

(1.3) 

(1.1.) 

U5) 

(1.6) 


(2) 

Fik f.m  ”  ®ik tm 


(1*7) 


(3)' 

Fikim  '  ®ikim 


(1.8) 
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(t  -  r) 


(*»9) 


(*•)  _  _  V 

F  =  -pb  t  p.  I  - — 


(1) 

Where  Gikia . are  relaxation  functions.  The  above  constitutive 

equations  hold  for  the  most  general  anisotropic  case.  The  inter¬ 
action  was  assumed  to  render  the  constitute  equations  for  partial 
stresses  a  function  of  all  state  variables.  However  some  of  the 
relaxation  functions  night  be  either  a  constant  or  zero  at  all 
tines.  This  remains  to  be  determined  through  experinents  and  we  do 
not  discuss  it  any  further. 


INCOMPRESSIBLE  MEDIA 


i 


Consider  the  case  where  the  fluid  is  incompressible.  Tne  incom¬ 
pressibility  condition  was  derived  to  be  [5]. 

fkk  +  aldkk  =  0 

where  =  (R-F0)/P0,  P0  denotes  the  initial  porosity  of  the  visco¬ 
elastic  solid  and  R  is  a  constant  expressing  the  ratio  of  pores 
compressibility  to  the  total  compressibility. 

Similar  to  that  of  reference  [5]  if  the  quantity 

p  [fkk  +  aqd^]  =  p  [fik  +  a1dik]  6ik  (51) 

where  p  is  an  unknown  Scalar  function,  is  added  to  the  entropy  pro¬ 
duction  inequality.  The  resulting  equation  may  be  treated  as  a 
variational  problem.  The  resulting  constitutive  equations  are 


(i) 

°ik  =  °ik  +  aiP  5ik 

(52) 

(I) 

(53) 

Tik  *  Tik  *  P  4ik 

where  o^k  and  t^k  are  partial  stresses  for  the  case  where  fluid  is 
incompressible.  o^k  and  tik  are  to  be  substituted  from  (eqs.;  77  and 
38).  It  is  seen  that  p  introduces  a  new  unknown,  however,  the 
incompressibility  condition  provides  the  additional  equation.  It  is 
further  seen  that  n  can  be  related  to  solid  dilatation  erara  through 
the  integration  of  (eq.  50)  and  use  (eq.-  5).  This  would  yield 

1  =  al  P2  emm  (51*) 

It  is  convenient  to  introduce  a  new  unknown  Scalar  function  p  given 
by 


P  =  P  -P2(bn  +  Ci 


«  In 


c«t«l 


(55) 
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The  final  constitutive  equations  sre 


(X)  A 

°ik  ^  Hikla  (t'°— dt  *  *lpSik 

(56) 

(57) 


+  Aiklm  flm  *  Aiklm  dlm 

(I) 

Tik  =  P*ik  *  Bikl»  fl»  +  Bikln  dlm 


Hikln  is  *  ne“  reXa*stion  function. 

Similar  to  the  case  of  classical  elastic  solid  and  Newtonian  fluid, 
the  Scalar  p  may  be  defined  as  thermodynamic  pressure.  It  should  be 
pointed  out  that  the  effect  of  thermodynamic  hidden  coordinates  are 
contained  in  the  express 'on  for  p ,  as  may  physically  be  expected. 

The  thermodynamic  pressure  p,  may  also  be  defined  for  compressible 
case 


P  =  -  P  (bn  +  Clffl  elm  +  Ca  ta)  (58) 

In  analogy  to  fluid  mechanics,  the  above  equation  may  be  considered 
as  the  equation  of  state.  It  should  be  remembered  that  £„  is  a 
known  functional  of  n  and  ejra  through  (eq.  36).  The  above  equations 
together  with  basic  equations  of  section  two  constitute  a  consistent 
mathematical  system  describing  the  binary  mixture  of  viscoelastic 
solids  and  Newtonian  fluids. 
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ABSTRACT 

The  transient  response  of  a  penny-shaped  crack  subjected  to 
time-dependent  loadings  is  investigated  using  the  method  of  integral 
transforms.  Treated  in  detail  Is  the  problem  of  a  load  applied  in- 
dicially  on  the  crack  surface.  By  means  of  superposition  of  appro¬ 
priate  solutions  with  the  crack  absent,  the  present  investigation 
also  yields  the  solutions  to  (1)  the  problem  of  diffraction  of  a 
normally  incident  tension  wave  by  a  penny-shaped  crack,  and  (2)  the 
sudden  appearance  of  a  penny-shaped  crack  in  a  uniform  tensile 
stress  field.  The  stress  wave  pattern  produced  by  the  impact  load 
is  examined  and  the  results  show  that  the  intensity  of  the  local 
stress  field  reaches  a  peak  very  quickly  and  then  decreases  in  mag¬ 
nitude  oscillating  about  the  static  value.  The  time  at  which  the 
local  stresses  peak  also  corresponds  to  the  maximum  crack  opening 
displacement,  a  useful  quantity  for  estimating  the  crack  extension 
force. 
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INTRODUCTION 


The  response  of  a  solid  medium  to  the  sudden  application  of 
loads  has  been  a  subject  of  interest  to  many  investigators  in  the 
past.  However,  only  a  few  studies  have  been  concerned  with  the  re¬ 
distribution  of  stresses  around  geometric  discontinuities  such  as 
crack-like  imperfections  under  impact.  One  question  which  may  be 
raised  in  tnis  connection  is  whether  or  not  the  medium  weakened  by 
flaws  or  cracks  behaves  in  any  critical  manner  as  the  load  is  ap¬ 
plied  indicially  in  comparison  with  static  loading. 

Certainly  this  is  of  importance  to  the  study  of  earthquake  phe¬ 
nomena  and  in  the  analysis  of  structural  failure  under  dynamic  load¬ 
ing.  The  problem  considered  here  has  a  direct  bearing  on  the  case 
where  the  disturbance  due  to  an  explosive  loading  is  reflected  at  a 
free  surface  thus  causing  a  tensile  wave  to  pass  across  the  plane  of 
a  penny-shaped  crack. 

Major  contributions  to  the  area  of  dynamic  crack  analysis  have 
been  reviewed  in  "Some  Elastodynamic  Problems  of  Cracks"  [1].  Some 
other  works  that  are  pertinent  to  this  study  are  due  to  Flitman  [2], 
Kostrov  [3],  Eshelby  [4],  and  Achenbach  [5,6].  Flitman  considered 
the  sudden  appearance  of  a  crack  in  an  infinite  elastic  media.  He 
obtained  far-field  stress  and  displacement  solutions  for  a  number  of 
geometric  configurations,  this  being  of  importance  in  geophysics. 
However,  his  approach  did  not  yield  information  about  the  stress 
field  near  the  crack  tip,  the  important  region  when  considering 
structural  failure.;  Kostrov,  Eshelby,  and  Achenbach  hjve  obtained 
solutions  for  propagation  of  longitudinal  shear  cracks  under  static 
and  transient  longitudinal  shear  loading.;  Their  methods  are  based 
on  mathematical  techniques  which,  until  now,  are  only  applicable  to 
the  case  of  anti-plane  strain.  Ravera  and  Sih  [7]  have  used  a  dif¬ 
ferent  method  to  study  the  character  of  the  dynamic  stress  field 
near  a  line  crack  for  the  case  of  anti-plane  strain..  Their  approach 
was  to  reduce  the  problem  to  a  standard  integral  equation  in  the 
Laplace  transform  variable  which  was  inverted  by  application  of  the 
Cagniard  technique  as  rephrased  and  simplified  by  deHoop.  An  asymp¬ 
totic  stress  solution  was  given  for  large  values  of  time.;  This  work 
was  later  extended  to  the  more  difficult  but  analogous  problem  in 
the  plane  theory  of  elasticity  by  Sih  and  Ravera  [8J.  More  recent¬ 
ly,  Sih  and  Embley  [9]  proposed  a  three-dimensional  crack  model  con¬ 
sisting  of  a  penny-shaped  flaw  engulfed  by  transient  torsional  waves. 

This  paper  is  concerned  with  a  new  technique  which  will  produce 
a  complete  near-field  solution,  valid  for  small  and  large  values  of 
time.  The  technique  involves  an  isolation  of  the  singular  stress 
solution  in  the  Laplace  transformed  domain.-  Time  inversion  is  per¬ 
formed  only  on  the  near-field  solution  which  provides  the  necessary 
and  sufficient  information  for  determining  the  energy  release  rate 
of  the  entire  crack  system  as  Sih  [10]  has  pointed  out  in  a  recent 
paper.  Results  are  presented  for  the  problem  of  a  penny-shaped  crack 
subjected  to  a  suddenly  applied  tensile  load  and  are  compared  with 
previously  published  results  for  a  line  crack. 

STATEMENT  OF  THE  PROBLEM 


In  an  impact  problem  the  medium  under  consideration  is  initially 
at  rest.  Either  a  stress  or  displacement  is  prescribed  at  a  boundary 
for  t>0.;  The  resulting  motion  is  determined  by  solving  the  initial¬ 
boundary  value  problem  consisting  of  the  partial-differential  equa¬ 
tions  of  motion  and  the  initial  and  boundary  conditions.; 


•i/4 


The  geometry  of  the  present  problem  is  that  of  a  penny-shaped 
crack  in  an  infinite  homogeneous  isotropic  elastic  solid.  The  crack 
is  of  radius  a  and  lies  in  the  plane  z=0  in  a  cylindrical  coordinate 
system  (r,e,z)  as  shown  in  Fig.  1.  The  applied  load  is  represented 
in  the  form  of  a  tension  wave  normally  incident  to  the  plane  of  the 
crack.  The  displacement  expression  which  represents  the  wave  with 
no  crack  is 

ur  =  ufl  =  °,  u.  =  ^  (z-Clt)H(t-^-)  (1) 

where  oQ  is  a  constant  with  the  dimension  of  stress,  x  and  u  are 
Lame's  constants,  c1  =  /( X+m )/p  is  the  dilatational  wave  velocity 
with  p  being  the  mass  density,  and  H(t)  is  the  Heaviside  step  func¬ 
tion.  The  corresponding  non-zero  stress  component  is. 


0 


ZZ 


(2) 


The  solution  to  the  problem  in  which  the  wave  passes  across  the 
plane  of  the  crack  at  t=0  is  given  by  the  superposition  of  the 
stress  and  displacement  field  of  Eqs.  (1)  and  (2)  and  the  stresses 
and  displacements  due  to  the  application  of  uniform  pressure,  oQH(t), 
to  the  surface  of  the  penny-shaped  crack  in  an  initially  unstressed 
medium.  It  should  be  noted  that,  in  the  region  through  which  the 
wave  front  has  passed,  the  resultant  stress  solution  is  identical  to 
that  due  to  the  sudden  appearance  of  a  crack  in  a  medium  under  uni¬ 
form  tensile  stress  a  .• 


The  boundary  conditions  for  the  problem  of  normal  compression  on 
the  crack  surface  are  tractions  o0H(t)k  and  -o.H(t)k  applied  to  the 
upper  and  lower  crack  surfaces  respectively  ana  vanishing  displace¬ 
ment  at  infinity  (the  unit  vector  k  is  directed  along  the  positive 
z-axis).  The  initial  conditions  are  taken  to  be  zero.  Considerable 
simplification  is  possible  if  the  symmetry  properties  of  the  problem 
are  taken  into  account.  The  condition  of  axial  symmetry  requires 
that  u0  be  zero  throughout  the  body  and  that  ur  and  uz  be  independent 
of  e.-  That  is 


u Q  =  0,  ur  =  ur(r,z,t),  uz  =  u2(r,z,t)  (3) 

In  turn,  this  form  of  the  displacement  components  dictates  that  or0 
and  aZQ  be  zero  everywhere. 

The  symmetry  condition  across  the  [lane  z=0  allows  the  reformu¬ 
lation  of  the  problem  for  the  upper  half-space  z>0  where  the  stress 
field  due  to  the  presence  of  the  crack  is  obtained  by  specifying  ap¬ 
propriate  boundary  conditions  on  the  plane  of  symmetry  and  at  infin¬ 
ity.  These  are 

°rz  °  0  for  8,1  r  and  z  =  0,  (4) 

ozz  *  -oQH(t)  for  r<a  and  z=0,  (5) 

uz  =  0  for  r>a  and  z=0,.  (6) 

and 

uz  ->  0  and  ur  ->  0  as  /r>  +  z':  ■+  »  (7) 

For  the  sake  of  generality,  integral  expressions  will  be  obtained 
in  the  following  section  for  the  stress  and  displacement  fields  for 
the  class  of  axisymmetric  half-space  problems  where  arz  =  0  on  the 
plane  z=0  and  where  displacements  vanish  at  infinity.. 
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STRESS  AMD  DISPLACEMENT  COMPONENTS  IH  AXISYMHETR1C  HALF-SPACE 
PROBLEMS 


For  axial  symmetry  the  displacement  components  in  Eq.  (3)  may  be 
expressed  in  terms  of  two  scalar  potentials,  *(r,z,t)  and  *(r,z,t). 


U  =  ii.  _  il 
r  3r  az 

(8) 

and 

u  =  il-  +  —  i —  (r<») 
z  az  r  ar  Krvi 

(9) 

Navier's  equations  are  satisfied  if 

1  i_  (r  il)  +  ill  3  L_  i£t 
r  ar  ar'  az*  c^  at2 

(10) 

1  i_  (r  it)  -  £_  +  lit  =  1_  ill 
r  ar  '  ar'  r7  az7  c|  at7 

(11) 

where  the  dilatational  and  transverse  wave  velocities  are  respective¬ 
ly 

c,  =  [U+2m)/p]1/2 

(12) 

c2  =  (u/p)1^2 

(13) 

Recalling  that  the  initial  conditions  are  zero, 
transform  may  be  applied  to  Eqs.  (10)  and  (11)  with 

the  Laplace 
the  results 

liil  +  1  ill  +  liil  =  ei  ** 
ar2  r  ar  az2  cj  9 

and 

(14) 

iill  +  1  ill  .  ii  +  iiil  =  fii  ** 

ar2  r  ar  r2  az2  c|  ¥ 

(15) 

where  the  Laplace  transform  pairfll]  is  defined  by 

the  equations 

f*(p)  =  /  f(t)exp(-pt)dt 

n 

(16) 

V 

i  Yt’" 

f(t)  =  jtt  /,  f*(p)exp(pt)dp 

Y-i  ® 

(17) 

By  application  of  Hankel  transforms  [12]  of  the  first  and  second 
order,  it  is  easily  shown  that  a  solution  satisfying  the  governing 
differential  equations  (14)  and  (15)  and  the  boundary  conditions  of 
Eqs.  (4)  and  (7)  may  be  written 

cc 2  »  A*(s,p)s(s2+^z) 

♦*  :  JpT1  /  Yl  exp(-v,z),l0(sr)ds 

(18) 

**  =  -~r-  /  A*(s,p)s2exp(-v2z)J1  (sr)ds 

(19) 

where 
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and  where,  in  order  that  displacement  vanishes  at  infinity,  the  s- 
plane  is  cut  so  that  YjiO  and  y2>.0  for  0<s<-.  JQ(sr)  and  Jj(sr)  are 
Bessel  functions  of  zeroth  and  first  order  respectively. 

The  corresponding  displacement  and  stress  expressions  are 


0  Ci  “ 


u*  =  - 
uz  up3 


J  A*(s,p)[s(s2+^r)exp(-Y1z) 


-  s3exp{-Y22)]J0(sr)ds 

s2(s2+f|r) 


*  0_C*  » 

Ur  =  *  l  A*(s*p)[' 


exp(-Y-|Z) 


-  szY2exp(-Y2z)]J1(sr)ds 


(22) 


(23) 


1  n2  1/2 

1 

i 

| 

t  Y1  =  ls2+%} 

(20) 

1  nZ  1/2 

j  y2  - 

(21) 

J 

] 

e*  =  o*  +o*  ♦  o* 

rr  zz  ee 


_  °o 


(,2+ScT) 


zz 


~  (3-4c2)  /  A*(s,p)  - -  exp(-Y1z)J0(sr)sds 

0  .  .  n2  J 

exp(-Y-)  z) 


2o  cs  - 

■*  -  -p1  J  A*(s,p)[ - 2_ 


0  Y1 


-  s2Y2exp(-Y2z)]J0(sr)sds 


2a  tS 
*  _  o  2 

- - 73- 


(s2+fe-) 


/  A*(s,p)[- 


exp(-YiZ) 


pl  o  .  Y1 

-  s2Y2exp(-Y2z)]J2(sr)sds 

=  -°r  J  A*(s,p)s2(s2+^r)[exp(-Y1z) 


rz 


(24) 


(25) 


(26) 


-  exp(-Y2z)]J1 (sr)ds  (27) 

FORMULATION  AND  SOLUTION  OF  DUAL  INTEGRAL  EQUATIONS 

In  order  to  determine  a  stress  and  displacement  solution  for  the 
half-space  problem  that  is  also  the  solution  for  the  crack  problem 
under  consideration,  the  function  A*(s,p)  must  be  evaluated  so  that 
the  mixed  boundary  conditions  specified  by  Eqs.  (5)  and  (6)  are  met. 
The  Laplace  transforms  of  these  expressions  are 

o 

o*z  *  ~  p  f°r  r<a  anc*  z=0  (2®) 

u*  =  0  for  r>a  and  z=0  (29) 
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Substitution  of  Eqs.  (25)  and  (22)  into  (28)  and  (29)  yields  the 
following  set  of  simultaneous  integral  equations 


/  A*(s,p)t(sk)J(sr)s2ds  =  -1,  r<a, 
o 

m 

/  A*(s,p)J  (sr)sds  =  0,  r>a. 
o 


where 

t(sk)  = 


*• 1 1  iriirp 


<1+TskF> 


,  1/2  c2  1/2 

-  o*wl  (1+w}  ]- 


co  =  q,c> 


(30) 

(31) 


(32) 

(33) 

(34) 


In  order  that  the  simultaneous  integral  equations  be  in  a  form  suit¬ 
able  for  solution  by  known  means  the  two  equations  must  have  the 
same  physical  dimensions.  This  may  be  accomplished  by  multiplying 
Eq..  (30)  by  r  and  integrating  from  zero  to  r.  The  result  is 


/  A*(s,p)t(sk)J1(sr)sds  =  -  j,  r<a  (35) 

o  c 

In  order  to  accomplish  the  solution  of  the  set  of  dual  integral  equa¬ 
tions,  (35)  and  (31),  the  form  of  the  expression  for  u  for  r<a  and 
z=0  must  be  constructed  to  render  the  expected  asymptotic  behavior 
at  the  crack  border.  That  is,  let 


where  U* ( t , p ) 
[O.a], 


*(*iP)tc|t 
r2-r2  J1 


r<a , 


z=0 


is  assumed  to  be  continuous 


(36) 

in  t  on  the  closed  interval 


It  should  be  noted  that  Laplace  inversion  and  integration  by 
parts  of  Eq.,  (36)  leads  to  the  expression 


uz  =  2up  [u<a  .t)/a2-r2  -  /  ».U./T!;-rz  di]  r<a ,  z=0  (37) 

where  the  leading  term  implies  that,  near  the  edge  of  the  crack,  the 
displacement  is  proportional  to  the  square  root  of  the  distance  from 
the  edge.  Referring  to  Eqs.,  (22)  and  (31)  the  function  U*(r,p)  may 
be  related  to  A*(s,p)  by  the  equation 


/  A*(s,p)J0(sr)sds 


/ 

»* 


P  )  T  d  T 

?  j  1/2 


r^a 


0 


r>a 


(38) 
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Application  of  Eq.  (40)  results  in  the  equation 

bO  f  *  t  ♦  /  [U*(c,p)c  J  f {ks)sin(st)sin(sc)ds]dc 


Non-dimensioralize  Eq.  (47)  by  the  transformation  of  variables, 
C  *  x/a,  n  *  c/a,  a  *  sa, 
and  define 
*  *  k/a 


a*(c,«)  *  U*(ca,p) 


Then,  Eq.  (47)  nay  be  written  in  the  form  of  a  standard  Fredholm 
integral  equation  of  the  second  kind. 


A*(c,0  -  /  A*(n,*)K(c  ,n)dn  =  C,  0<C<_1 
o 

whose  kernel,  being  synnetric  in  c  and  n,  is 


K(t,n)  =  — r—  /  f (ait )sin(oC )sin(an )do  (52) 

o  o 

Convergence  in  the  numerical  computations  is  facilitated  by  in¬ 
troduction  of  the  function 

g(aK)  =  f(aK)  *  (aKy7j^r  (53) 

where,  in  order  that  g(ax)  be  of  order  (ac)’6  for  large  (a<),  D  and 
£2  arc  .hosen  as 

D  =  J  [3c*-4c2+3]  (54] 


:^-6c«+2cf+l 

ooo 


/  s^n(ac)sin(an)da  s  I  exp(-En/<)sinh(EcM, 

o  ' 


the  expression  for  the  kernel  in  the  Fredholm  integral  equation  may 
be  written 

K(c,n)  =  jj—  (-  exp(-En/»;)sinh(Ec/K) 

“o 

+  \  1  g(a<)sin(ac)sin('*i)t  >.  n>£  (57) 

o 

Recalling  Eqs.  (41)  and  (50)  the  function  A*(s,p)  may  be  written 
in  terms  of  the  solution  to  the  Fredholm  integral  equation  as 
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A*(s,p)  *-75-7/  sin(sic)A*({,K)dc  (58) 

0  0 

TIME  DEPEWOEWT  STRESS  FIELD 

The  dynamic  stress  field  may  be  obtained  by  determining  inverse 
Laplace  transforms  of  the  expressions  given  by  Eqs.  (24)  through 
(27).  The  near  field  solution,  i.e.,  the  singular  stresses  near  the 
crack  edge,  mill  je  obtained  here.  Since  the  integrands  in  Eqs. 

(24)  through  (27/  are  bounded  for  all  s  any  divergence  of  the  inte¬ 
grals  along  the  crack  border  must  be  due  to  behavior  as  s-*-.  Hence 
the  integrands  are  expanded  asymptotically  and  those  terms  dominant 
for  large  s  retained.  If  Eq.  (58)  is  integrated  by  parts,  it  can  be 
seen  that,  for  the  portion  of  the  solution  that  is  singular  at  the 
crack  border,  A*(s,p)  may  be  written 

A* ( s , p )  =  Tjjrf7'  cos(sa)A*(l.c)  ♦  ...  (59) 

0 

If  the  above  equation  is  substituted  into  the  equations  for  the 
stress  field  and  if  the  lowest  order  terms  in  expansions  of  the  in¬ 
tegrands  for  large  s  are  retained  the  resulting  expressions  are 

°rr  =  7  °oa  7  (1-sz)eos(sa)expv-sz)J0(sr)ds  +  ;...  (60) 


86  n  0 


£  a  a (1  -2cj* )  i  cos(sa)exp(-sz)J  (sr)ds  + 


2  „  a 
r  °„a  — 


zr  «  0 


/  (sz)cos(sa)exp(-sz)J1 (sr)ds  + 


°zz  =  7  °oa  7  (1+sz)cos(sa)exp(-sz)J0(sr)ds  +  ...  (63) 

Upon  application  of  the  Laplace  inversion  theorem  and  well  known 
Bessel  integral  identities  [13],  the  following  results  are  obtained:. 

°rr  =  7  M(T)o0  {cos[i(0re2)] 

V2 

-  (64) 


°ee  =  7  M<T>-o 


cos  [^-(0 1  -o23  +  ..... 


o,„  =  -  M ( T ) 0 
zr  n  '  0 


{7^  cos[|(e1-e2)]}  + 


°zz  =  7  M<T)*o  .  ~~ 


+  F77  sin[?(8,-o2)]  +  ... 


where  r^,  r^,  r,  o 1 ,  and  02  are  shown  in  Fig.  1  and 

Y+i- 


M(T)  =  ITT  /  exP(Pt)rfP 

Y-i-  v 


(68) 


in  which  T  -  c2t/a  is  a  dimensionless  tine  variable.  The  procedure 
used  for  numerical  evaluation  of  H { T )  is  due  to  Papoulis  [IS]  and 
Miller  and  Guy  [16]  and  is  summarized  in  [Sj. 

In  a  manner  analogous  to  the  static  theory  of  linear  f/racture 
mechanics  the  local  stress  field  at  the  edge  of  the  crack  may  be  ob¬ 
tained  by  letting  e2-»0  and  r~-*2a.  Then,  in  terms  of  r,  and  e,,  the 
stresses  are  c  c  11 


orr  *  7  M(T)o0  coslp-)  {l-sin(^-)sin(^-))  t 


06 


=  71  *(T)on  ~L  cos(^-) 


7  JH  9i  ®i  3e, 

°zr  “  7  costjllsintjijcost-jl)  +  ... 


zz 


7  ®  1  ®  1  36 , 

f  M(T)oo  cos(jS-)  n+sin(^.)sin(-jj-)}  + 


(69) 

(70) 

(71) 

(72) 


Following  the  definition  used  by  Sih  [10]  a  dynamic  stress-in¬ 
tensity  factor,  which  represents  the  strength  of  the  stress  singu¬ 
larity  at  the  crack  edge,  may  be  defined  here  as 


kl(r)  =  f  V1  M(T) 


(73) 


which,  in  the  limit  as  T-*-,  reduces  to  the  static  value  of 


(Ms-fv*  (74) 

Thus,  M ( T )  represents  the  ratio  of  the  dynamic  to  the  static  stress- 
intensity  factor. 

The  solution  to  the  Fredholm  integral  equation  for  A*U,*)  de¬ 
pends  on  the  material  parameter  c  where,  from  Eq.  (34),  it  may  be 
shown  that 


c 


2 

O 


1  -2v 
2  ( 1  -  v ) 


(75) 


Values  of  A* ( 1 , k )  corresponding  to  various  Poisson's  ratio  v  in  the 
range  .10^v<.35  have  been  plotted  as  a  function  of  <  in  Fig.  2.  The 
differences  in  the  curves  for  the  common  structural  materials  Alumi¬ 
num  (v» . 34) ,  Steel  ( v=. 29 ) ,  and  Glass  (v=. 25) ,  are  insignificant; 
however,  a  noticeable  change  is  observed  when  the  difference  in  v  is 
sufficiently  large,  between  v=.;10  and  v-,29  for  example.- 


Once  A  *  ( 1 ,  k  )  is  known,  M  { T )  can  be  obtained  from  Eq,  (68) .;  The 
curves  representing  the  ratio  k^/(k|)s  as  a  function  of  c^t/a  for 
v  =  .10  and  v=.29  are  shown  in  Fig.  3.-  For  steel,  the  maximum  value  of 
kj  is  observed  to  be  23£  greater  than  the  corresponding  static  value 
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and  occurs  at  c2t/a  =  1.25.  It  can  also  be  seen  that  the  smaller 
value  of  u  corresponds  to  a  smaller  peak  value  In  the  stress-inten¬ 
sity  facior. 

As  was  pointed  out  in  [3]  for  the  torsional  case,  the  near  field 
solution  obtained  here  is  valid  as  long  as  Cgt>r^.  Thus,  the  local 
region  in  which  the  stress-intensity  factor  is  defined  must  be  kept 
arbitrarily  small  in  order  that  the  solution  be  good  for  all  time  t 
(except  near  t=0). 

CRACK  SURFACE  DISPLACEMENTS 

Examination  of  the  displacements  of  the  crack  surface  as  a  func¬ 
tion  of  time  provides  additional  information  regarding  the  nature  of 
transient  response  of  a  solid  Interrupted  by  a  crack.  Making  use  of 
Eqs.  (36)  and  (50),  the  expression  for  u*  on  the  surface  of  the 
crack  is  found  to  be  z 


u*  - 


V 


/  .  -a,  z=o 


“PV  r/a  (c2-r2/ a2)1/2’ 


(76) 


The  above  integral  may  be  evaluated  numerically  for  varying  *  and 
r/a.  The  displacement  can  then  be  calculated  as  a  function  of  T  by 
means  of  the  numerical  inversion  process  described  in  [9].  The  posi¬ 
tion  of  the  crack  surface  for  values  of  T  in  the  range  0-T<.3.0  is 
shown  in  Fig.  4. 


For  small  values  of  T  inere  is  a  circular  region  of  radius 
(a-Cjt)  on  the  crack  surface  that  the  wave  emanating  from  the  crack 
border  has  not  reached,  'he  uniform  displacement  within  this  region 
is  equal  to  c1o0t/A+2u,  thi  displacement  of  the  surface  of  a  semi-in¬ 
finite  half  space  upon  which  uniform  pressure  oQH(t)  has  been  ap¬ 
plied.  Thus  for  example,  the  normalized  displacement  for  T=0.25  is 
equal  to  0.3  everywhere  within  a  radius  of  0.54a  (since  Cjt=.46)  and 
only  begins  to  be  affected  by  the  crack  edge  for  r>0.54a.; 

As  c2t/a  increases  further,  the  effect  of  the  crack  edge  becomes 
dominant;  In  a  manner  analogous  to  the  behavior  of  the  stress-inten¬ 
sity  factor  the  crack  surface  displacement  reaches  a  maximum  value 
greater  than  that  found  for  the  static  case  and  subsequently  oscil¬ 
lates  around  the  static  curve  with  decreasing  amplitude.  The  dis¬ 
placement  reaches  a  maximum  at  approximately  the  same  time  as  maxi¬ 
mum  k^  occurs. 

CLOSURE 


The  most  important  result  contained  here  is  that  the  nature  of 
the  transient  stress  field  near  the  crack  border  allows  the  defini¬ 
tion  of  a  dynamic  s tress-i ntens i ty  factor,  k,,  which  may  be  compared 
to  the  static  value.  Although  the  actual  expressions  that  have  been 
obtained  have  been  for  the  problem  of  normal  compression  applied  to 
the  crack  surface,  the  addition  of  the  displacement  and  stress  com¬ 
ponents  given  in  Eqs.-  (1)  and  (2)  yields  the  solution  to  the  problem 
of  diffraction  of  a  normally  incident  tension  wave  by  the  penny¬ 
shaped  crack.  It  is  apparent  that  these  additional  terms  will  not 
affect  the  singularity  of  the  stress  field  or  the  difference  between 
the  displacements  of  the  upper  and  lower  crack  surfaces. 

The  principle  of  superposition  also  allows  the  solution  corre¬ 
sponding  to  more  complicated  inputs.-  Thus,  a  square  wave  of  dura¬ 
tion  At  may  be  generated  by  the  addition  to  the  original  tension  wave 


of  a  compression  wave  of  the  same  magnitude  which  passes  across  the 
plane  of  the  crack  at  a  time  At  later  than  the  tension  wave.  Refer- 
ring  again  to  Fig.  3  it  can  be  seen  that  if  at  is  greater  than 
.7a/c.  the  dynamic  stress-intensity  factor  will  reach  a  value  greater 
than  the  static  k^. 

Figure  5  allows  the  comparison  of  k,  for  normal  compression  on 
the  penny-shaped  crack  with  k,  for  the  same  loading  on  the  line  crack 
under  conditions  of  plane  strain.  -Although  dynamic  magnification  of 
the  static  stress-intensity  factor  seems  to  be  the  same  for  both 
cases,  the  curve  for  the  penny-shaped  crack  reaches  a  peak  value  at 
Tsl.5,  in  approximately  half  the  time  required  for  the  value  of  k. 
associated  with  the  through-the-thickness  line  crack  to  reach  a  max¬ 
imum.  This  difference  may  be  attributed  to  the  nature  of  the  dis¬ 
turbances  emanating  from  the  crack  border  in  the  two  cases.  These 
stress  waves  were  compared  for  the  case  of  mode  3  loading  in  [3]. 

For  the  case  of  the  straight  edged  tunnel  crack  model  in  normal  com¬ 
pression  treated  by  Si h  and  Ravera  [2]  the  disturbance  initially 
takes  the  form  of  two  outgoing  cylindrical  waves  of  radius  c.t  which 
radiate  from  the  crack  edges.  The  wave  fronts  do  not  interact  until 
c,t=a.  As  should  be  expected  the  value  of  k.  reaches  a  maximum  after 
interference  at  C2t=3a  in  this  case..  1 

In  the  axisymmetric  problem  considered  here  the  crack  geometry 
produces  a  different  stress  wave  pattern.  The  initial  disturbance 
is  toroidal  in  shape  and  interference,  or  interaction  of  stress 
waves,  occurs  much  more  rapidly  due  to  the  effect  of  curvature  of  the 
crack  border.  This  is  reflected  in  the  fact  that  k,  reaches  a  peak 
value  much  sooner  than  in  the  plane  case.; 

The  disturbed  and  undisturbed  wave  fronts  for  the  problem  of  the 
tension  wave  normally  incident  on  the  penny-shaped  crack  are  shown 
in  Fig..  6.  The  wave  front  of  the  original  tension  wave  is  shown  by 
the  straight  solid  line,  the  diffracted  wave  is  contained  with  the 
circle  of  radius  c.t,  and  the  front  of  the  wave  reflected  by  the 
crack  surface  is  tAe  dotted  line.  Tie  unshaded  regions  1  and  2  are 
stress  free.  On  region  1  the  displacement  is  zero  everywhere.  In 
region  2,  which  is  stress  free  due  to  superposition  of  the  reflected 
and  incident  waves,  the  particles,  including  those  on  the  lower  crack 
surface,  are  moving  at  a  constant  velocity  2cjo0/*+2ii  in  the  negative 
z-direction.  For  steel,  this  velocity  when  normalized  as  in  Fig.  4 
is  equal  to  2.4  Thus,  in  the  associated  problem  of  normal 

compression  on  the  crack,  the  portion  of  each  crack  surface  which  the 
diffracted  wave  has  not  yet  reached  must  be  moving  with  a  velocity 
of  1.2  Cjt/a.  For  example,  for  ~  -25,  the  portion  of  the  crack 

surface  within  a  distance  of  ,54a  of  the  origin  must  have  a  uniform 
displacement  of  0.3.  This  is  confirmed  by  the  displacement  curve  in 
Fig.  4. 
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Figure  1 .  Stress  Components  and  Geometry  Referred 
to  a  Penny-Shaped  Crack. 
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Figure  3.,  Poisson's  Ratio  Effect  on  Stress-Intensity  Factor 
for  Case  of  Normal  Compression  on  a  Penry-Shaped 
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Figure  5,  Comparison  of  Dynamic 
Stress-Tntensity  Factors  for  Normal 
Compression  on  the  Penny-Shaped 
Crack  of  Radius  a  and  the  Line 
Crack  of  Radius  2a. 
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Figure  6.;  Undisturbed  and  Disturbed 
Wave  Configurations.. 
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ABSTRACT 

The  problem  studied  is  the  reflection  of  Rayleigh  waves ,  which  propagate  > i  the 
faces  of  an  open  crack  in  an  elastic  solid,  from  the  crack  tip.  A  semi-  ^finite 
plane  crack  in  an  unbounded  isotropic  elastic  solid  is  considered.  The  incident 
surface  waves  are  time-harmonic  and  are  prescribed  in  sue  ,  a  way  that  a  st.-  te  of 
plane  strain  exists.  The  problem  is  solved  bv  integral  transform  methods..  Upon 
reflection,  the  incident  surface  waves  are  found  to  give  rise  to  cylindrical 
dilatational  and  shear  waves,  along  with  their  associated  head  waves,  diverging 
from  the  crack  tip.  In  addition,  reflected  surface  waves  art  generated  on  the 
faces  of  the  crack,  which  is  the  contribution  of  primary  interest  here.  In 
particular,  numerical  values  of  the  relative  amplitudes  and  phases  of  the  re¬ 
flected  surface  waves  on  each  face  of  the  crack  are  presented  for  se"crdl  com¬ 
binations  of  incident  waves,  from  these  results,  the  rate  at  which  surface  wave 
energy  is  lost  due  to  mode  conversion  to  body  wave  modes  can  be  determined. 


INTRODUCTION 


It  has  been  known  for  some  time  that  elastic  surface  waves  may  be  guided  over 
significant  distances  by  -orming  waveguides  on  surfaces  of  elastic  solids  in 
various  wavs.  It  now  appears  that  a  slit  (ai  open  crack  of  finite  width  and 
incefinite  length)  running  through  the  interior  of  an  elastic  solid  can  also  act 
as  a  waveguide  for  surface  waves.;  In  order  to  analyze  the  latter  problem,  some 
understanding  of  the  interaction  of  surface  waves  propagating  on  the  faces  of  the 
crack  (or  slit)  with  the  edges  of  the  crack  must  be  developed.  ",s  a  f'rst  step 
in  this  direction,  it  is  the  purpose  of  this  paper  to  discuss  the  normal  inci¬ 
dence  of  elastic  surface  waves  on  the  edge  of  a  half-plane  crack.  The  results 
may  be  of  interest  in  other  areas,  for  example,  ultrasonic  flaw  detection. 
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A  homogeneous,  isotropic,  elastic  solid  is  assumed  to  contain  a  semi -infinite 
open  crack  occupying  a  half-plane.  The  excitatio-  is  in  the  form  of  time- 
harmonic  Rayleigh  surface  waves  on  one  or  both  fa  es  of  the  crack,  propagating 
toward  the  tip  of  the  crack.  The  reflected  surface  waves  on  the  faces  of  the 
crack  are  sought  under  the  conditions  of  plane  strain.  This  situation  nay  arise 
if  surface  wpves  are  generated  on  the  faces  of  the  crack  by  transducers,  or  it 
may  develop  from  the  following  diffraction  process.  Suppose  a  plane,  harmonic 
wave  is  incident  on  the  edge  of  a  long  planar  crack.  The  plane  wave  is  diffra¬ 
cted  by  the  edge  of  the  crack,  and  the  diffracted  field  includes  cylindrical 
dilatational  and  shear  waves,  along  with  their  associated  head  waves,  diverging 
from  the  crack  edge  (1].  The  amplitude  of  these  waves  decays  nuitc  rapidly  with 
distance  from  the  edge.  Also  included  in  the  diffracted  field  are  surface  waves 
on  the  faces  of  the  crack ,  which  propagate  without  attenuation  down  the  crack . 

The  only  significant  elements  of  the  diffracted  field  to  reach  the  far  end  of 
the  crack  are,  therefore,  the  surface  waves  on  the  feces  of  the  crack.  It  is  the 
arrival  of  these  surface  waves  at  the  far  edge  of  the  crack  which  is  the  subject 
under  consideration  here.  In  particular,  the  portion  of  the  enerpy  of  these 
surface  waves  which  is  reflected  from  the  edge  as  surface  waves  and  the  portion 
reconverted  to  body  wave  modes  is  determined.. 

The  reflection  of  a  Rayleigh  wave  by  a  rigid,  smooth  obstacle  on  the  surface  of 
a  half-space,  which  is  a  special  case  or  the  problem  considered  here,  was  con¬ 
sidered  by  Fredrick  and  Knopoff  [2].  The  solution  to  the  corresponding  three- 
dimensional  oroblem  was  given  by  Freund  [3].  In  both  cases,  the  problem  was 
solved  by  integral  transform  methods  and  the  Wiener-Hopf  technique  [4],  In  [S], 
a  method  is  presented  for  obtaining  the  dynamic  stress  concentration  factor  for 
wave  motion  in  the  vicinity  of  a  finite  crack.  Several  references  to  papers 
dealing  with  waves  in  a  body  containing  a  crack  are  given  in  [5], 

FORMULATION 


Consider  an  unbounded  homogeneous  elastic  solid  containing  a  semi-infinite  crack. 
Cartesian  coordinates  xj  =  (x,  v,  z)  are  prescribed  if  the  body  in  such  a  way 
that  the  crack  occupies  the  half-plane  z  =  0  ,  x  <  0  ;  see  Figure  1.  The  faces 
of  the  crack  are  taken  to  be  free  of  traction,  that  is,  the  crack  is  open.  The 
displacement  field  due  to  the  incident  surface  waves  in  this  problem  is  uniform 
in  the  y-direction.  The  problem  is  therefore  two-dimensional,  and  the  plane 
strain  formulation  is  employed.  Most  expressions  are  written  in  the  index  no¬ 
tation  of  Cartesian  tensor  analysis,  and  the  range  of  the  indices  is  usually  1,  3., 

In  the  absence  of  body  forces,  the  equation  governing  the  non-zero  components  of 
the  displacement  vector  Uj(x,  z,  t)  is 


cijkiVjt  - p  5i =  0  - 1  * 3  (1) 


where  p  is  mass  density..  For  the  isotropic  material  being  considered,  C... 
can  be  expressed  in  terms  of  the  Lame'  constants  A  and  v  as  '  : 


C. 


s  A  6.  6. 


(2) 


The  boundary  conditions  which  must  be  satisfied  for  the  faces  of  the  crack  to  be 
traction-free  are 


i33(x,  o  ,  t)  =  o  ,  0  ,  t)  =  0  ,  x  <  0 


(3) 
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♦ 

where  the  notation  0“  Beans  that  the  indicated  stress  components  Bust  vanish 
as  z  -  0  is  approached  through  positive  or  negative  values  of  z  .  The  stress 
natrix  is  related  to  the  displacement  by  the  constitutive  relation 


ij  '  Cijkl  Uk,l 


The  excitaticr  is  in  the  fora  of  surface  waves  on  one  face  or  on  both  faces  of 
the  crack.  A  steady-state  situation  is  assuaed  to  exist  with  surface  waves, 
haraonic  in  tine  with  circular  frequency  a  ,  propagating  on  the  faces  of  the 
crack  fron  x  =  -  •  toward  the  tip  of  the  crack.  Three  particular  cases  are 
considered:  U)  surface  wave  on  one  face  of  the  crack,  incident  on  the  crack 
tip,  (u)  incident  surface  waves  on  each  face,  the  waves  having  normal  displace- 
aents  which  are  of  the  saae  amplitude  and  are  in  phase,  and  (-Cu.)  incident  sur¬ 
face  waves  on  each  face,  the  waves  having  normal  displacements  which  are  of  the 
saae  amplitude  but  are  «  radians  out  of  phase.  Any  other  situation  may  be 
viewed  as  a  linear  combination  of  the  above  three  cases.  (In  fact,  iii)  and 
Cc&O  above  may  be  combined  to  yield  case  (i).  Case  (c)  is  a  sufficiently  im¬ 
portant  special  case,  however,  to  deserve  explicit  consideration). 

The  three  cases  are  now  cast  into  mathematical  form,  making  use  of  the  notation 
for  discontinuities. 


AU.(x,  t)  i  U.(x,  0\  t)  -  U.(x,  O',  t) 


(5) 


The  discontinuity  in  the  incident  disturbance  is  written  as 


-  A  ei(ut  '  YX> 

j 


x  <  0 


(6) 


where  y  is  the  wavenumber  of  Rayleigh  surface  waves.  The  various  cases  are 
then  considered  by  assigning  appropriate  values  to  : 


U) 

ax  =  ir 

H 

II 

ro 

c 

(7j) 

Ui) 

Ai  =  2 

•  A3  =  0 

(7b) 

(IU) 

O 

ll 

H 

< 

■  A3  a  2 

(7c) 

where 

r  e  (2y2  -  k2)/2y(y2  -  k2)1/2 

and  is  the  wavenumber  for  shear  waves.  All  values  of  A,  are  normalized 
with  respect  to  the  magnitude  of  the  z-component  of  displacement  on  z  =  0+ 
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It  is  ass  used  that  the  scattered  field  has  the  saae  harmonic  tiae- dependence  as 
the  incident  waves,  that  is. 


U.(x,  z,  t)  =  u^(xt  z)  e*ut  ,  (8a) 


AU.(x,  t)  =  Au.  (>• )  e1Bt  ,  (8b) 


I..(x,  z,  t)  *  Oj.ix,  *^Ut  •  ( 8c) 


The  amplitudes  o:  j  ,  and  Au,  are  determined  by  means  of  a  modified  form 

of  a  displacement  representation  theorem  due  to  de  Hoop  [6].  In  Section  5  of 
[61  the  plane  strain  problem  of  an  elastic  solid  bounded  by  a  simple  closed  curve 
in  the  x,  z  -  plane  is  considered.  Time-dependent  boundary  data  are  specified 
in  such  a  way  that  the  elasto-dynamic  problem  is  well-posed.  It  is  then  shown 
that  the  displacement  at  any  interior  -loint  and  at  any  time  can  be  represented  as 
a  turn  of  two  line  integrals  over  the  bounding  curve  (plus  a  body  force  term). 

The  Laplace  transform  on  time  of  the  representation  theorem  is  also  presented. 

A  displacement  representation  theorem  of  use  in  solving  the  problem  at  hand  may 
be  easily  obtained  in  two  ways.  Since  the  representation  of  [6]  is  valid  for 
any  t ime -dependence ,  the  simple  harmonic  time-dependence  may  be  made  explicit  and 
some  integrals  over  time  may  be  evaluated  to  yield  a  representation  for  u.(x,  z). 
The  representation  may  also  be  derived  by  substituting  iu  for  the  Laplace  trans¬ 
form  parameter  in  the  transformed  representation  theorem  of  [6].  In  either  case, 
the  result  is  (neglecting  body  force  terms) 


ui(x)=  f  C3klmrij(x*  <>Vm(t)\(t)dt 

C 

(9) 

♦  3 IT  J  Vm  rit  (x>  «>  uj(t)  nk(t)  d5 


where  C  is  the  boundary  curve,  x  =  (x,  z)  is  any  point  in  the  body,  £  = 
(5,  £)  is  a  point  on  C  ,  n  is  the  outward  unit  normal  to  C  ,  and 


r..(x,  £)  =  — [H.(2)(x.r)  -  H_(2)(x,r)] 


13 


,  2  1 3x. 3x .  1  o 

4ew  i  5 


6. .  k2  H  ^2\k  r)  } 
ij  b  o  b  1 


(10) 


r  -  C(£  -  x)2  +  <t  -  z)2]1/2 


(11) 
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Is  the  Have- 


In  (10),  HI  '  ia  the  Hankel  function  of  the  second  kind  and  r. 
nuaber  of  dila^ational  waves  in  the  elastic  solid.  " 

for  the  problem  being  considered  here,  the  curve  C  is  nade  up  cf  the  straight 
segaent  coinciding  with  the  side  cf  the  crack  z  *  0"  ,  a  circle  of  infinitesimal 
radius  around  the  crack  tip,  the  straight  segaent  coinciding  with  the  face  of  the 
crack  z  =  0+  ,  and  a  circle  of  infinitely  large  radius  centered  at  the  crao\ 
tip,  as  shown  in  figure  1.  In  view  cf  the  boundary  ,-or.dit ior.c  (3),  the  represen¬ 
tation  (9)  reduces  to 


(v 

Cj3lm  rit<X>  2>  0)  dt  •  '12> 


As  is  indicated  by  the  fora  of  (12),  the  contributions  from  each  of  the  circular 
segments  of  C  are  vanishingly  small.  Sows  of  the  steps  In  going  from  (9)  to 
(12)  are  outlined  in  (6].  The  representation  (12)  is  now  employed  to  obtain  a 
solution  to  the  posed  problem  by  Laolace  transform  methods  and  the  Wiener- Hopf 
technique. 

REFLECTED  SURFACE  WAVES  OK  z  =  01 


The  general  scheme  for  obtaining  the  reflected  surface  waves  o.i  the  faces  of  the 
crack,  due  to  the  incident  surface  waves,  is  the  following.  A  bilateral  Laolace 
transform  is  defined  over  the  spatial  variable  x  .  This  transform  is  then  ap¬ 
plied  to  the  reprrsentation  formula  (12),  to  the  stress-str  .In  relation  (4)  and 
to  the  boundary  cjnditions  (3).  The  transformed  reorese-,  ;-'tior  of  displacements 
is  substituted  into  the  transformed  stress-strain  relot  .on,  and  the  boundary 
conditions  are  then  imposed.  The  result  cf  these  stecs  Is  a  pair  of  equation 
relating  functions  of  toe  complex  transform  parameter  thich,  with  p-op;r  inter¬ 
pretation,  are  of  the  standard  Wiener-Hopf  type  P  ].  Jnce  these  eoua.ions  are 
solved,  the  transformed  displacements  p.av  be  inverted. 

The  bilateral  Laplace  transform  of  a  function  is  denote!  by  a  bar  over  the  func¬ 
tion  and  is  defined  by 


/•» 

♦  (X,  z)  =■  j  e”'X  i  (x,  z)  dx 


(13) 


The  anticipated  form  of  the  diffracted  fields  euggects  that  all  ouantitier  are 
dominated  by  a  term  like  (j.1-1/2  exp(-ix  x)  as  x  ♦  +»  and  like  exp(iyx,  as 
x  ■*  -«  which  implies  that  .  11  transforms  converge  only  on  the  imaginary  ax's. 

To  apply  the  tuener-Hopf  method,  however,  a  strip  of  convergence  is  required. 

The  usual  means  of  achieving  this  strip  is  tc  assume  the  material  to  be  sligtriy 
dissipative.  It  is  well-known  from  the  linear  theory  of  viscoelasticity  that 
this  is  accomplished  simply  by  replacing  the  constants  A  and  p  in  (?)  by 
their  corresponding  complex  moduli,  which  in  general  are  functions  of  frequency 
All  wavenumbers  are  then  complex,  with  negative  imaginary  carts,  which  in  turn 
implies  that  all  field  variables  are  dominated  by  a  decaying  exponential  as  |x| 
becomes  large.  With  this  result,  the  existence  of  the  requisite  strip  oc  con¬ 
vergence  of  (13)  cart  be  established.  The  Wiene>  -Hopf  method  is  the.)  applied, 
after  which  the  dissipation  is  assumed  to  vanish  [4,  7].  This  procedure  Is  e  .1- 
established  in  the  literature  and  the  details  will  not.  be  discus  ,ed  here.  A  main 
result  of  this  scheme  which  must  be  mentioned  is  that  the  inversion  path  for  the 
transform  (13)  is  the  imaginary  axis,  aporoached  from  the  right  '"n  the  lower 
half-plane  and  from  the  left  in  the  epper  half-plane,  as  showr  in  Figure  2,;  The 
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details  of  how  the  appropriate  inversion  path  is  deerained  are  well-known,  and 
■ay  be  found  in  [4],  for  exaaple. 

The  transfora  is  first  applied  to  (13),  making  use  of  the  familiar  result  for 
transforming  a  convolution  integral.  The  transform  of  the  Hankel  function  is  f 8] 


'Ax  H(2)C*  (x2  +  z2)1/2]  dx  =  -  2eiol*l 
o  a  a 


2  2  1/2 

where  a  =  («c  +  X  )  and  Im(a)  >  0  .  Making  use  of  (14),  the  transform  of 
(12)  is  a 


Ujd,  z)  =  H..(X,  z)  Au^(X)  ,  (15) 

where 

=  t[-  212  exp(is|z|)+  (x2  +  2X2)  exp(iB|z|  )]/2k^  (16a) 

Mi2  =  iX[-(x2  ♦  2X2)  exp(io|z])+  2o8  exp(iB|z| )3/2ux^  (16b) 

M21  =  iX[2aB  exp(ia|z| )-  (x2  +  2X2)  expliB|z| )]/28x2  (16c) 

Mj2  s  ±[(x2  +  2X2)  exp(ia|z|)~  2X2  exp(iS|z| )]/2x2  (16d) 

B  -  (x2  ♦  X2)i/2  ,  Im(B)  >  0  ,  (17) 

fiUj(X)  =  j  duj(x)  e  Ax  dx  .  (18) 


In  (16)  the  upper  signs  apply  for  z  >  0  and  the  lower  signs  for  z  <  0  .  The 
result  of  applying  the  transform  to  the  stress-strain  relation  is 

i  0^(1,  z)  -  jj-  (X,  z)  +  Xu3(X,  z)  (19a) 

2  2 

l  *y,  3ui 

io  (X,  z)  =  *(-|  -  2)  u  (X,  z)  ♦  (X,  z)  (19b) 

'  *  X*  x3 

a  a 


Finally,  the  transformed  boundary  conditions  are 


(20) 


5.3U,  o1)  s  r.(X) 


where  is  an  unknown  function  which  is  analytic  on,  and  to  the  right  of,  the 
inversion  contour  in  the  1-plane.  Implicit  in  (20)  is  the  condition  that  the 
traction  is  continuous  across  z  =  0  for  x  >  0  . 

The  Wiener- Hop f  equations  are  obtained  by  substituting  (15)  and  (20)  into  (19), 
and  the  result  is 


.  i  4u,(X)  d(X) 

i  R  (X)  -  - iy - 

2*b  ® 


,  i  sir,(x)  d(x> 

> - 

2k.  a 
o 


where  d(X)  is  the  Rayleigh  wave  function 


(21a) 


(21b) 


d(X)  s  (2X2  +  k2)2  -  4A2bB 
o 


(22) 


The  equation  d(X)  = 
material  parameters) 
flu .  as  a  sum  of  two 


0  has  two  roots  in  the 
located  at  X  *  +  iy  . 
terms 


cut  X-plane  (for  all  realistic 
It  is  helpful  at  this  point  to  write 


4u.(l)  =  -  +  iy)  +  Lj(X) 


(23) 


which  separates  out  the  discontinuity  in  displacement  due  to  the  incident  waves.; 
The  function  Lj  is  the  transform  of  the  discontinuity  in  displacement  across 
z  *  0  due  to  outgoing  waves  only  and  this  function  is,  therefore,  analytic  on, 
and  to  the  left  of,  the  inversion  path  in  the  1-plane  [7].; 

The  functions  a  and  8  may  be  factored  into  products  of  sectionally  analytic 
functions  o+o.  and  B+6_  where 


o±  =  (1  ±  iKa>1^2  ,  8*  *  (1  ±  iKb)3',2 


(24) 


The  subscript  plus  (minus)  indicates  that  the  function  is  analytic  on,  and  to  the 
right  (left)  of,  the  inversion  path  in  the  1-plane.  It  is  also  convenient  to 
introduce  the  auxiliary  function  D(A)  defined  by 


D(A)  =  d(l)/K(l2  +  y2) 


(25) 
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2  2 

where  x  =  2(xb  -  xa)  .  This  function  has  neither  zeros  nor  poles  in  the  cut 
A-plane,  and  D(A)  *  1  as  |a|  •*  •  .  A  product  factorization  of  D  into 
sectionally  analytic  functions  D+  and  D.  has  been  presented  many  tines  in  the 
literature,  for  exanple  in  [2],  and  it  is  merely  noted  here  that  such  a  factori¬ 
zation  can  be  accomplished. 

Relation  (21a)  may  then  be  written 


2k?  B  R  (A)  (A  -  iy)  D_(A) 

157  '  dJTaT  s  c_ai  +  (x  *  iy)  Li(x>] - r — : — 


(26) 


Applying  the  usual  analytic  continuation  argument,  each  side  of  (26)  represents 
one  and  the  sane  entire  function,  say  E(A)  .  From  the  conditions  that  the  dis¬ 
placement  must  be  continuous  and  that  the  strain  energy  density  must  be  integra- 
ble  at  the  tip  of  the  crack,  it  can  be  shown  [3]  that  E(A)  =  otA1^)  as 
| A |  ♦  *  .  The  extended  Liouville  theorem  then  implies  that  E(A)  =  E0  ,  a  con¬ 
stant,  whose  value  can  be  determined  by  setting  A  =  -  iy  in  the  right  side  of 
(26).  The  final  result  of  solving  (21a)  is 


Au1(A)  = 


A^(2iy)  B_(A)  D_(-iy) 
(A2  +  y2)  B_(-iy)  D_(A) 


Similarly,  (21b)  yields 


Au3(A) 


A3(2iy)  a_(A)  D_(-iy) 
(A2  ♦  y2)  o_(-iy)  D_(A) 


(27) 


(28) 


The  solution  of  the  Wiener-Hopf  equations  is  thus  complete  and  the  transforms 
may  be  inverted. 

It  is  worth  noting  at  this  point  that  the  function  U|  is  not  analytic  in  a 
strip  of  the  A-plane,  even  when  the  material  is  taken  to  be  dissipative.  The 
reason  for  this  is  that  the  displacement  uj  represents  both  incoming  (incident) 
and  outgoing  (diffracted)  waves.  This  does  not  mean  that  the  inverse  of  uj  can¬ 
not  be  obtained,  however.  Since  u^  is  known  explicitly  as  a  function  of  A  , 
it  can  be  separated  into  parts  representing  the  incident  and  the  diffracted  waves, 
and  these  parts  can  be  inverted  separately.  The  desired  reflected  surface  waves 
are  elements  of  the  total  diffracted  field.  The  separation  of  iii  is  effected 
simply  by  substituting  (23)  into  (15).  The  transforro  of  the  displacement  of  the 
diffracted  waves  is  then  given  by 


5^(A,  z)  =  M,  JA,  z)  L^(A)  .  (29) 


Attention  will  be  limited  to  the  z  component  of  the  surface  displacement  on 
z  =  0*  .  This  is  sufficient  for  the  discussion  of  surface  waves  because  a 

single  component  of  surface  displacement  completely  characterizes  a  Rayleigh 
surface  wave,  if  the  propagation  direction  is  specified.  The  inversion  integral 
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for 


d, 

“3<*. 


0")  is 


0")  * 


2lT 


r 


H3.(X, 


■)  L.(X) 


Xx  .. 

r  dX 


(30) 


where  the  integration  path  is  shown  in  Figure  2.  The  integrand  of  (30)  has 
branch  points  at  A  =  ±  ica  ,  ±  ixb  and  it  has  a  simple  pole  at  A  =  iy  .  For 
x  >  0  the  path  of  integration  nay  be  closed  by  an  arc  at  infinity  in  the  left 
half -plane.  By  applying  Cauchy's  theoren  u<j  may  be  written  as  a  branch  line 
integral,  which  represents  a  contribution  due  to  oody  waves  for  x  >  0  .  Similar 


may  be  written  as  the  sum  of  the  resi- 


considerations  for  x  <  0  show  that 
due  of  the  pole  at  X  =  iy  plus  a  branch  line  integral,  the  latter  again  repre¬ 
senting  a  contribution  due  to  body  waves.  The  residue,  on  the  other  hand,  re¬ 
presents  the  reflected  surface  waves,  which  are  the  waves  of  primary  interest 
here.  Denoting  the  residue  by  u|(x,  0*1  ,  the  reflected  surface  waves  are  given 
by 


u*(x,  0: 


1  D>iY) 

5  =  2  D  (iy) 


a_(iy) 

±  A3a  My) 


-  iTA 


B_(iy) 
i  FTTyT 


i(t  ♦  yx) 


(31) 


All  quantities  in  (31)  have  been  defined  except  the  ratio  D_(-iy )/D_(iy)  ,  which 
is  given  in  [3]  as 


D>iy) 

D_(iy) 


H2U2 


x2)1/2(x2  -  C2>1/2 


(2t 


2,2 

Kb) 


(32) 


Thus  it  can  be  seen  that,  even  though  the  inverse  transforms  for  the  complete 
wave  motion  are  far  too  complicated  to  allow  evaluation,  the  surface  wave  con¬ 
tribution  may  be  extracted  in  a  relatively  simple  form. 

DISCUSSION 


The  analytical  result  (31)  which  represents  the  reflected  surface  waves  has  been 
numerically  evaluated  for  the  case  when  Poisson ' s  ratio  is  0,25.  The  wavenumbers 
for  this  case  are  related  by  =  3  x|  and  y^  =  3.549  x|  .  To  isolate  the 
ajiplitude  and  phase  factors  of  the  reflected  waves,  equation  (31)  is  written  in 
the  form 


us3(x,  0*)  =  B1  ei(YX  +  ^ 


(33) 


+  £ 

where  3  and  <<  are  real  numbers,  the  former  being  non-negative.  In  the 
format  of  (33)  the  numerical  results  are  presented  in  the  Table  for  the  three 
cases. 
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for  case  (i),  which  is  the  case  of  a  single  incident  wave  of  unit  amplitude  on 
2  s  0+  ,  the  reflected  wave  on  z  *  0+  has  the  comparatively  small  amplitude 
0.085.  The  amplitude  of  the  reflected  wave  on  2=0"  is  0.185,  which  is  more 
than  twice  as  large.  For  case  (it),  which  is  the  case  when  surface  waves  whose 
z-components  ot  displacement  are  symmetric  with  respect  to  z  -  0  are  incident, 
the  reflected  waves  also  have  the  same  symmetry,  if  each  incident  wave  has  unit 
ampli'ude,  the  amplitude  of  each  reflected  wave  is  0.100.  The  last  case,  in 
which  the  z-components  of  displacement  of  the  incident  surface  waves  is  anti¬ 
symmetric  with  respect  to  z  -  0  ,  is  essentially  a  special  case  of  the  problem 
considered  in  [3).  For  incident  waves  of  unit  amplitude,  the  reflected  waves 
are  antisymmetric  and  each  has  an  amplitude  0.270,  which  is  significantly  larger 
than  the  former  case. 

It  is  clear  from  the  Table  that  case  (4)  is  a  linear  combination .of  cases  (Li) 
and  (tLt) ,  for  example,  [0.100  e'*’1,  *  +  0.270  e*1,/'l]/2  =  0.085  e ,  The  fac¬ 
tor  1/2  appears  on  the  left  side  because  all  ar •  itudes  were  normalized  with 
respect  to  the  amplitude  of  the  z-component  of  the  incident  wave  on  z  =  0+  . 
Also,  the  results  of  cases  (Li)  and  (LLi)  can  be  built  up  from  case  (i)  and  its 
reflections  in  the  x,  z-plane  and  the  x,  y-plane.  For  example,  to  obtain  B+ 
and  di+  for  case  (■Lit)  the  result  of  case  (L)  is  added  to  the  result  of  reflect¬ 
ing  case  (L)  in  the  x,  z  and  x,  y-planes,  that  is,  0.085  -  0.185 

0.270  e*11'^  .  The  ...inus  sign  appears  on  the  left  side  because  only  one  reflect¬ 
ion  is  made  in  a  plane  containing  the  z-axis,  so  that  the  sign  ot  the  z-component 

of  displacement  chang.es. 

The  z-component  of  displacement  adequately  describes  the  reflected  surface  waves 
being  considered,  it  is  not,  however,  the  only  useful  parameter  in  determining 
the  degree  of  mode  conversion  from  surface  waves  to  body  waves  upon  reflection  at 

the  crack  tip.  It  would  appear  that  an  energy  parameter  would  also  be  useful  for 

this  purpose.  A  convenient  energy  parameter  is  the  square  of  the  amplitude  of 
the  z-displacement.  The  reason  that  the  energy  parameter  may  be  derived  from  a 
single  component  of  displacement  is  that  the  ratio  of  amplitudes  of  the  compon¬ 
ents  of  the  displacement  for  a  surface  wave  is  a  fixed  quantity  for  a  given 
material.  The  value  of  this  energy  parameter  is  also  included  in  the  Table. 

These  values  are  also  normalized  since  the  energy  of  a  wave  of  unit  amplitude 
is  one.,  Thus,  only  about  4.1  percent  of  the  incident  surface  wave  energy  is 
reflected  as  surface  waves  i-  (i),  about  1.0  percent  in  (Li),  and  about  7.3  per¬ 
cent  in  (LLi).- 
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»/2 

-n/2 

v/2 

-*/2 

-t  n 

-»/2 

0.0072 

0.0100 

0.0729 

0.0342 

0.0100 

0.0729 
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ABSTRACT 

A  dynamic  elastic  quarter-space  problem,  in  tdiich  the  horizontal  surface  is 
struck  by  a  normal  line  load  and  the  vertical  boundary  is  bonded  to  a  rigid  wall, 
is  considered.  Integral  transforms  are  applied  on  space  a.id  time,  leading  to  a 
set  of  coupled,  singular  integral  equations  which  are  solved  iteratively.  Both 
analytical  and  numerical  results  in  the  first  iteration  are  obtained  for  the 
stresses  on  the  rigid  wall  due  to  the  incoming  Rayleigh  wave  and  for  the  surface 
displacements  of  the  reflected  Ra'  leigh  wave.. 


INTRODUCTION 


This  paper  considers  an  elastic  quarter-space  which  is  subjected  to  a  normal 
line  load  of  arbitrary  time  dependence  on  its  horizontal  surface  and  whose  verti¬ 
cal  surface  is  clamped  to  a  rigid  wall  (Fig.  1) This  "rigid-clamped"  (RC) 
quarter-space  is  useful  as  a  model  of  an  abrupt  change  ir.  topography  of  the 
earth's  surface,  and  it  can  be  used  to  study  the  interaction  of  seismic  waves  near 
the  earth's  surface  vith  a  buried  structure  such  as  the  wall  of  a  building  founda¬ 
tion.. 


The  first^study  of  wave  propagation  in  an  elastic  quarter-space  was  presented 
by  Lapwood  [lj  in  1961.  The  horizontal  boundary  was  subjected  to  a  normal  line 
load  while  the  vertical  boundary  was  free  of  tractions.-  By  applying  spatial 
Laplace  transforms  and  a  Fourier  transform  on  time  to  the  governing  equations, 
Lapwood  obtained  two  coupled  pairs  of  singular  integral  equations  for  the  dis¬ 
placements  along  the  boundaries.  He  solved  these  equations  by  iteration  and  ob¬ 
tained  results  in  the  first  approximation  for  the  Rayleigh  wave  that  is  trans¬ 
mitted  around  the  corner. 


Numbers  in  brackets  refer  to  the  references  at  the  end  of  the  paper.. 
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In  1966  Viswanathan  [ 2]  extended  Lap wood's  work  by  treating  the  problem  of 
two  dissimilar  quarter-spaces  welded  together  along  a  common  vertical  interface 
and  with  a  concentrated  line  load  acting  on  one  of  the  horizontal  boundaries. 
Viswanathan  used  Fourier  integral  representations  for  the  displacement  potentials 
and  was  led  to  a  complicated  set  of  coupled,  singular  integral  equations  for  cer¬ 
tain  unknown  functions..  Following  Lapwood's  iteration  procedure,  Viswanathan  ob¬ 
tained  approximate  solutions  to  these  equations  and  discussed  in  detail  the  vari¬ 
ous  waves  in  the  first  approximation.-  However,  Viswanathan  did  not  calculate  ex¬ 
pressions  for  the  stresses  nor  did  he  present  numerical  results  for  thi  various 
waveforms  except  for  the  Stonely  interface  waves.  In  addition,  Viswan.  than's 
expressions  for  the  reflected  Rayleigh  wave  contain  integrals  whose  in egrands 
have  poles  along  their  paths  of  integration,  preventing  one  from  making  numerical 
calculations.  Furthermore,  results  for  the  limiting  case  in  which  one  of  the 
quarter-spaces  becomes  infinitely  rigid  IRC  quarter-space  problem)  cannot  be  de¬ 
duced  from  Viswanathan's  solution  because  certain  improper  integrals  in  his 
formulas  become  divergent.  In  this  paper,  the  aforementioned  difficulties  in 
Viswanathan* s  solution  are  resolved  for  the  RC  quarter-space  problem  and  we  obtain 
and  evaluate  numerically  approximate  results  for  both  the  stresses  on  the  rigid 
wall  due  to  the  incoming  Rayleigh  wave  and  for  the  surface  displacements  of  the 
reflected  Rayleigh  wave. 

In  addition  to  these  two  investigations  fl],  [2],  solutions  are  available  in 
the  special  case  of  the  "rigid-smooth11  (RS)  quarter-space  problem  where  the 
vertical  boundary  is  pressed  against  an  ideally  smooth  rigid  wall.  Then  an  exact 
solution  can  be  obtained  bv  the  method  of  images,  a  technique  used  bv  a  number  of 
authors  for  a  variety  of  RS  quarter-space  problems  rs"1— [6j.  Finallv,  it  should  be 
mentioned  that  Alterman  and  Rotenberg  r 7 1  used  a  finite-difference  scheme  to 
study  waves  in  a  quarter-space  with  a  buried  line  source.:  They  presented  results 
for  the  displac.mcnts  both  within  and  along  the  free  boundaries  of  the  quarter- 
space  and  discussed  the  various  wave  contributions.; 


GOVERNING  EQUATIONS 

Consider  a  homogeneous,  isotropic  elastic  quarter-space  which  occupies  the 
region  x  >  0,  v'-O,  -  ®  v,  z  ^  in  a  Cartesian  coordinate  system  (Fig.  1).,  The 
quarter-space,  initially  at  rest,  is  subiceted  at  time  t  =  0  to  a  concentrated 
line  load  of  arbitrary  time  dependence  on  the  surface  v  =  0  at  a  distance,  a, 
from  the  corner,  while  the  vertical  boundary  is  rigidly  fixed..  We  assume  that 
plane  strain  conditions  hold.  Then,  introducing  the  i.aplace  transform 

03 

f (x, V , 8)  =  I  f(x,v,tle  Stdt, 

■'o 

and  applying  it  to  the  governing  equations  of  el  as  tods  nanti  c  s  T  8J we  obtain  the 
transformed  equations  of  motion  as 


s?u.  (n  *  1,2) 
1  01 


(1) 


and  the  transformed  stress-displacement  gradient  relations 


V  -  (<  -  2)VvV  +  + 


<n,.-  -  1,2), 


(2) 


Here  -  1nr/^  (v,5  =  1,2),  where  Ta_  is  the  stress  tensor,  ua  is  the  dis¬ 
placement  of  the  medium  in  the  Xg-direction,;  and  is  the  kronocker  delta. 
Throughout  this  paper  we  will  take  uj  -  u,  u9  =  v,  and,-  as  is  customary,  xj  -  x, 
x2  ~  v <  x3  -  z.  The  symbols  sro,  vm>-  sr,.  vr  and  <  are  defined  hv  sm  =  s/cm, 
vm  =  l/cm  (m  -  1,2),  sr  =  sfcr,  and  /  =  cj/co,,  where  cj,  Cj,  cr  are  the 
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wavespeeds  for  compress Lonal,  shear,  an1*  Rayleigh  waves,  respectively. 

The  transformed  b-iundary  conditions  for  the  RC  quarter-space  problem 
similarly  aie 


-c7ix,0,',)  =  -  ?a2P(sV:{x  -  a)  (31 

ua(d,y,s)  «  0  (a  -  1,2)  (41 

where  {•(•)  is  the  Dirac  delta  function,  denoting  the  line  load  of  Fig.  1,  and 
P(s!  is  the  Laplace  transform  of  the  loading  function,  P(t)., 


DERIVATION  T  INTEGRAL  EQUATIONS 

The  transformed  governing  equations  of  the  RC  quarter-space  problem  are 
equations  (l)-(4),  Their  solution  presents  considerable  difficulties..  In  this 
section  we  apply  spatial  Fourier  sine  and  cosine  transforms  to  these  equations 
and  demonstrate  how  this  procedure  leads  to  a  set  of  coupled,  singular  integral 
equations  for  unknown  boundary  displacements  and  stresses  in  terms  of  which  the 
omplete  solution  to  the  RC  quarter-space  problem  can  be  expressed. 

The  sine  and  cosine  transTorms  in  X  of  a  function  f(x,y,t)  are  defined  as 


dx 


whereas  the  sine  and  cosine  trarsfonts  on  y  are  denoted,  through  similar  .elations, 
by  fS(x,T1,t)  and  fc(x,n,t),  respectively.  Consistent  with  the  above  notation,  we 
shall  also  write  double  sine  transforms  in  x  and  y  as  fss(f  ,m,'t) ,  double  cosine 
transforms  as  fcc(?,r,tl,  etc.. 


If  we  take  (cos,  cos'  transforms  on  (x,y),  respectively.  for  Eq.  (1)  with 
a  =  1  and,  to  be  consistent,  (sin,  sin)  transforms  on  (x,v)  tor  1=2  and  then 
apply  the  appropriate  sine  and  cosine  transforms  to  Eq.  ( 2 > Eq.  (31  for  a  =  1, 
and  Eq.  (4s  for  a  =  2,  we  obtain  two  equations  for  uccf  and  vss  which  can  be 
solved  simultaneously  to  yield 


and 


uee(?,n,s) 


vss((r,n,s) 


-  (S2  +  K2r2  +  S^dj^O.r.s) 

_ 

-  (K2  -  2)F2  -  <2n2  +  (K2  -  2)s2jvS(F,0,s) 

- 

-  (K2  -  l)§i"P^j(0,  r,s) 

- 


(5^ 


+  ”[(3K2  -  2)?2  +  <2’"2  +  <2s2'!vS(?,0,s) 

- 


(6) 


2  2  2  2  2  2  2 

where  A  =  <  ^  +  n  +  S2^.  Inverting  I'q.  (5)  on  ?  and  setting 

x  =  0,  we  obtain,  with  the  replacement  §  ;  t/ 


_c  -  -ih(0’T1-s 

u  (O.ri.s)  = 


2  2  2  2 

j  (0,n,sl  r  (\  +  +  s,)d' 

~2  /  ~~2  2  2  ~  2 

J  (■  +  v  +  s,)('  +  r 

-CO  1 


2  ^  2^ 
+  S  ,1 
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Even  at  this  early  stage  the  integration  in  Eq.  (13M  is  difficult  to  per¬ 
form.  Thus,  we  cannot  carry  out  the  iteration  procedure  exactly  beyond  the 
"zerotl  order"  approximation.  However,  for  a  large,  the  predominant  incident 
wave  i  the  B:-yleigh  wave  and  we  need  consider  only  the  normal  wall  stress  it  pro¬ 
duces.,  *.s  shown  in  T9],  the  effects  of  incident  compressional  and  shear  waves  are 
at  least  of  0(a*1/2)  when  a  is  large,  while  the  incident  Rayleigh  wave  is  theore¬ 
tically  unattenuated  with  its  distance  of  propagation  in  a  two-dimensional  problem 
[10],  Therefore,  for  a  large,  only  the  residue  at  the  pole  X  «  isr  need  be  con¬ 
sidered  [9],  a  contribution  which  becomes  the  exact  result  for  5j  as  a  " 

Evaluating  this  Rayleigh  wave  contribution  and  inverting  the  result  on  T|,  we  find 
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I 


where 


^(O.y.s) 


igs*AjP(s)e 


vj” 


"2Vn2+s2  [(K2-  2)(s2-s2)  -  K2n2>lTVdt) 

2  2  2  2  2  2  ' 
L(T1)(T1  +  Sj  -  sr)(ri  +  s2  "  sr) 


.22  \[2  2 

2v1v2Vi  r  ~  V1 

iFTTTj 


is  a  real  constant. 


(14) 


R'(ivr)  »  f dR(A) /dXl A =^v  ,  and  P=  -  sgnf Im(s) j 
‘  r 


Here  Im  stands  for  "imaginary  part  of."  In  evaluating  this  integral  and  subse¬ 
quent  integrals  we  usually  can  assume  s  is  real  and  positive.  However,  in  Eq.,  (14) 

VI  2 

_  sr  -  sm  (m  =  1,21  are  on  the  real  axis. 
To  interpret  them,  therefore,  we  consider  giving  s  a  nonzero  imaginary  part  as  if 
s  were  lying  along  the  Bromwich  inversion  path  in  a  complex  s-plane..  If 

Im(s)  ^  0,  then  the  poles  at  n  =  +  Vs2  -  s2,  respectively,  are  located  in  the 
upper  half  of  the  T)-plane  and  we  must  take  their  residues.  The  poles  and  branch 
contributions  then  can  be  shown  to  give 


~j(0,y,s)  = 


£ 

-2 


sP(s)e 


m=l 


-iBsVv2 


Im 


2iBAt  f 


G  (Y)e"VsydY 
I  m 


(15) 


where  the  constants  Cjm  and  functions  Gjm(Y)  are  defined  in  the  Appendix.. 

In  treating  the  problem  of  two  welded  quarter-spaces,  Viswanathan  I" 2 "I  found  ex¬ 
pressions  similar  to  those  in  Eq.  (14)..  However,  he  then  set  n  *  Ys  in  the 
integrand  and  factored  an  appropriate  power  of  s  outside  the  integral.;  But  this 
leaves  real  singularities  on  the  path  of  Y* integration  without  explanation  of  how 
the  integrals  should  be  interpreted.-  Also,  since  Eq.  (14)  is  used  in  Eq.  19)  to 
obtain  the  v-displacement  of  the  reflected  Rayleigh  wave,  as  will  be  shown 
shortly,  singular  integrals  would  appear  in  that  result  as  well..  Such  difficul¬ 
ties,  however,  are  avoided  when  the  singularities  art  interpreted  with  s  complex.. 


The  first  two  terms  in  Eq.  (15)  can  be  inverted  directly  on  a  Bromwich  path 
while  the  last  two  terms  can  be  inverted  by  inspection  19},.  Thus  the  final 
result  for  the  real  normal  stress  on  the  clamped  wall  due  to  the  Rayleigh  wave 
may  be  written  in  the  first  iteration  as 


aj(0,y,t) 


[c  r*  P(t  -  -rWv2  -  v2  yd 
V1  _Im  |  _ _ r_  _m_ 

“!  nJ  (t-sv)2  + 
m=l  — » 


,2  2.  2 
(v  -  V  )y 
r  r  m 


2A.  r 

— -  I  II (t  -  av  -  t)G,  (-)dT 
ny  I  r  Im  y 

v  Y 


(16) 


f°°  • 

where  II (tV  =  1 /r  J  P(?)d?/(t  -  §)  is  the  Hilbert  transform  of  P(?)  -  dP(F)/d?. 


The  first  two  terms  in  Eq.  (16)  represent  the  normal  wall  stress  due  to  reflection 
of  the  incident  Rayleigh  wave  taking  place  along  the  wall  while  the  last  two  terms 
are  the  effects  of  diffracted  body  waves.. 


SECOND  ITERATION 


The  iteration  procedure  can  be  continued  to  find  the  surface  displacement 
v  (?,0,s)  in  the  second  approximation  by  placing  Eq.  (15)  back  into  Eq.  (9)., 
First,-  however,  it  is  convenient  to  write  Eq.  (9)  in  terms  of  ~jj(0,v,s)  instead 
of  ~n  (0,1  ,s) ..  This  can  be  done  by  using  the  Fourier  cosine  transform  relation 
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between  ^5j(0,A,s)  and  ~n^O,y,s )  in  Eq.  (9)  and  then  performing  the  ^-integration 
first.  Uhen  Eq.  (IS)  is  placed  in  the  ensuing  expression  and  the  y-integration 
is  performed,  we  get 


v*(5,0,s)  = 


m2  2  2.  , 

5  +  s,  s„  sin  5a 

1  4 


2  -  'V 
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C(252  +  SjKim 


+  SjVe2  +  s2  cx 


p  \r  +  s,  +  ipsVv;  -  S  Vr  +  s,  +  iBsVr*  -  v‘ 
I  1  r  m  4  :  r  m 


,  ,  f  G  (Y)dY 

+  ISA  ?(2f2  +  s2)  |  -  T.  ■  ■« 

1  2  Jv  Ys  +  9^5  +  s2 

f"  GIm<V>dV  1 
K  ys  +  e2V?2  +  s2 1 
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2i£A1e1e2?V52+  s2  V52+s2 


To  do  both  the  5  and  Y  integrations  exactly  is  prohibitively  difficult,  but  we  can 
estimate  the  form  of  the  reflected  Rayleigh  wave  due  to  the  incident  Rayleigh 
wave  in  this  approximation  by  taking  the  "Rayleigh"  pole  contribution  in  the 
5-plane,  The  result  can  then  be  inverted  on  s  directly  to  give 


v2(x,0,t)  =  BQPr t  -  (x  +  a)vfl  +  Bjll[ t  -  +  a)vr] 


(18) 


where  BQ  and  Bj  are  two  constants  given  by  lengthy  expressions  [9]  involving 
integrals  of  Gjm(Y).  Whereas  v  can  be  shown  to  depend  only  on  ll(t)  in  the 
incident  Rayleigh  wave  ClO"l,  we  see  Chat  the  reflected  wave  in  the  RC  quarter- 
space  problem  is  a  linear  combination  of  P(t)  and  TI(t)..  Lapwood  [  1 1 ,  in  deter¬ 
mining  the  Rayleigh  wave  which  is  transmitted  around  the  corner  of  a  quarter- 
space  with  stress-free  boundaries,  found  a  similar  result  for  that  wave  in  his 
first  iteration..  In  the  related  problem  of  two  welded  quarter-spaces, 

Viswanathan  [2]  also  found  that  the  surface  v-displacement  depended  on  both  P(t) 
and  II(C),  but  the  coefficients  in  his  expressions,  as  mentioned  earlier,  contain 
integrals  which  are  not  properly  defined. 

Although  the  incident  body  waves  in  the  first  approximation  are  negligibly 
small  for  a  large,  this  is  not  true  for  the  body  waves  produced  by  interaction 
of  the  Rayleigh  wave  with  the  wall.  These  body  .ves  are  contained  in  the  last 
two  integral  terms  in  Eq.  (16).  Therefore,  we  must  substitute  Eq.  (17)  in  its 
entirety  into  Eq.  (8)  to  obtain  the  next  approximation.  However,  in  practical 
terms  this  can  only  be  done  in  a  formal  manner  because  the  resulting  integrals  are 
too  complicated  to  evaluate. 


SHEAR  STRESS  AND  HORIZONTAL  DISPLACEMENT 

Having  illustrated  the  method  of  successive  approximations  for  Eqs.  (8)  and 
(9),  we  will  now  apply  it  to  Eqs..  (10)  and  (11).-  Since  the  analysis  follows 
closely  the  procedure  just  outlined,  we  shall  only  discuss  the  details  briefly. 


ZEROTH  AND  FIRST  ITERATION 


As  before,;  we  begin  by  neglecting  the  integrals  in  Eqs.  (10)  and  (11),  giving 


-c 

T 

o 
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r<252  +  s2> 


+  Jj  V?Z  +  Sj] 


where  t„  and  u„  are  Che  nth  approximations  for  and  u  (?,0,s), 

respectively. 

He  now  derive  the  first  approximation  by  placing  Eqs.  (19a)  and  (19b)  back 
into  Eqs.  (10)  and  (11).  As  mentioned  previously,  the  Rayleigh  wave  is  the  most 
important  part  of  the  incident  waves  when  a  is  large.  The  major  contribution  to 
the  wall  shear  stress  can  be  extracted  by  evaluating  the  residue  at  the  "Rayleigh" 
pole  as  before  and  the  result  then  Inverted  on  r\  to  yield 


t|(0,y,s)  = 


3  —  -8  a 

«  A2P(s )e  r 


s)e  r  /•  (jjVri  +  s1 
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where  A2  *  2vrvjf (v^  -  2vr)  +  $/vr  -  v^  Vvr  -  v|]/iR'(ivt)  is  a  real  constant. 
This  integral  can  also  be  performed  by  contour  integration  as  before  and  the 
result  inverted  on  s,  giving  finally 
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where  the  unit  step  function  H(t)  «  1  for  t  >  0  and  is  zero  for  t  <  0,  and  the 
quantities  C2m  and  G^iv)  are  defined  in  the  Appendix.  Notice  that  the  integrands 
of  the  last  two  terras  in  Eq.  (21)  contain  P(t)  in  contrast  to  the  normal  stress 
result,  Eq.,  (16),  where  the  factor  II(t)  appeared  in  the  body  wave  terms  instead. 

SECOND  ITERATION 


To  obtain  the  horizontal  surface  displacement  of  the  reflected  Rayleigh  wave, 
we  proceed  as  before  and  first  rewrite  Eq,  (11)  in  terms  of  ~i2(0,y,s) ,  place  the 
first  iteration  solution  for  ~i2(0,v,s)  into  this  result  and  perform  the  re¬ 
maining  y-integration.  Taking  the  Rayleigh  wave  contribution  in  the  F-plane  and 
in  erting  on  s,  we  finally  find 

u,(x,0,t)  *=  D  Pi" t  -  (x  +  a)v  ]  +  D.Iirt  -  (x  +  a)v  ]  (22) 

4  0  r  l  r 

where  D0  and  Dj  are  constants  given  by  lengthy  expressions  [9],  As  :een  from 
Eq.  (22)  the  u-displacement  of  the  reflected  Rayleigh  wave  is  also  given  in  terms 
of  P(t)  and  1 1  ( t ) .,  while  in  the  incident  Rayleigh  wave,  u  depends  only  on  P(t) 
[10], 


This  completes  ii„  derivation  of  the  iteration  solutions.  The  success  of 
this  method  depended  entirely  on  our  choice  of  ihe  pairs  of  integral  equations, 
(8),  (9)  and  (10),  (11),  since  other  choices  of  bine  and  cosine  transforms  would 
lead  to  integral  equations  for  which  the  method  of  successive  approximations  would 
fail.  In  fact  the  iteration  scheme  m  these  cases  woulc  predict  wall  stresses 
having  nonlntegrable  singularities  near  the  ,orner  of  the  quarter-space,  violating 
a  necessary  requirement  that  the  strain  nergy  remain  finite  in  every  neighborhood 
of  the  corner,  Furthermrre,  the  iterat  on  scheme  would  give  a  meaningless  r.sult 
for  the  reflected  Raylei  di  wave.  Expl'cit  proof  of  both  of  these  statements  is 
given  in  (9].;  This  same  type  of  failure  occurs  if  instead  we  had  used  spatial 
half-range  Fourier  transforms  or  if  we  had  tried  to  solve  the  problem  using 
Fourier  integral  representations  for  the  displacement  potentials,  as  done  bv 
Viswanathan  [2]. 
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DISCUSSIOW  OF  RESULTS 


COSHER  BEHAVIOR 


The  expressions  for  stresses  on  the  clamped  wall  in  the  first  iteration  were 
given  by  Eqs.  (16)  and  (21).  He  will  now  examine  the  behavior  of  these  stresses 
near  the  comer  of  the  RC  quarter-space,  i.e.,  as  y  -•  0.  It  is  convenient  to 
start  from  the  transform  expressions,  Eqs.  (14)  and  (20)  for  o^(0,y,s)  atd 
Ti(0,y,s),  respectively.  If  the  function  L(ri)  in  these  two  equations  is  ration¬ 
alized  and  the  integrands  of  the  resulting  expressions  then  expanded  in  a  sum  of 
partial  functions,  we  obtain 
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where  the  additional  terms  can  be  shown  to  be  bounded  in  y  as  y  -  0  and  can  be 
neglected  in  comparison  with  the  first  two  terms  which  are  singular  at  y  =  0. 

With  s  taken  as  a  fixed,  positive  number,  these  first  terms  of  Eqs.  (23a)  and 
(23b)  represent  modified  Bessel  functions  of  zero  order,  K0(smy)  (m  =  1,2),  that 
behave  like  -  in(y)  for  y  small.  Thus,  as  y  -  0  we  can  invert  Eqs.,  (23a)  and 
(23b)  on  s  and  obtain 

4A.(K2  -  2)  . 

a.(0,y,t)  - 1 - s—  Il(t  -  av  )/n(y) 

n(v2+4 

4A_(>C2  -  2>  . 

t  (0,y,t)  ar  - 5 - 5—  P(t  -  av  )fn(y) 

1  rr(v2  +  v‘) 

Equations  (24a)  and  (24b)  show  that  the  stresses  on  the  clamped  wall  due  to  the 
incident  Rayleigh  wave  are  singular  near  the  corner  of  0(/n  y)  as  y  -  0.  This 
type  of  singularity  is  permissible  since  it  dees  not  violate  the  requirement  of 
finite  strain  energy  in  any  neighborhood  of  the  corner.  These  results  are  in 
contrast  to  the  exact  solution  to  the  RS  '■narter-space  problem  of  Ref.  [31,  where 
the  w.-ll  shear  stress  is  identically  zero  and  the  normal  stress  at  the  corner  is 
proportional  to  P(t  -  avr) .-  Note,  however,  that  the  above  expressions  were  de¬ 
rived  from  the  transformed  solutions  by  considering  s  as  a  fixed  number.  We  do 
not  expect,  therefore,  that  Eqs.  (24a)  and  (24b)  remain  valid  either  as  (t  -  avr) 
-•  0  or  as  (t  -  avr)  -•  »,  but  that  they  are  meaningful  for  "moderate"  times,; 

STRESSES  ON  THE  WALL 


(24a) 

'24b) 


For  the  case  of  step  loading  P(t)  =  PH(t)/p  and  for  Poisson's  ratio  v  equal 
to  1/4,  the  approximate  expressions  for  the  normal  and  shear  stresses  on  the  RC 
wall  due  to  the  incoming  Rayleigh  wave,  Eqs.  (16)  and  (21),  can  be  integrat°d 
exactly.  The  results  are  given  in  Figs,  2  and  3,  where  the  stresses  are  plotted, 
for  various  fixed  dimensionless  times  t  =  t/avr,  versus  the  nondimens ional  depth 
along  the  wall  y  =  y/a. 

Figures  2  and  3  show  that  the  Rayleigh  wave  produces  normal  and  shear 
stresses  for  t  <  1,  where  t  =  1  corresponds  to  t  »  avr>  i.e.,  the  time  at  which 
the  major  portion  of  the  incident  Rayleigh  wave  arrives  at  the  clamped  wall.  This 
is  because  the  Rayleigh  wave,  when  isolated  from  the  body  waves,  has  no  distinct 
front  [10].  As  t  -*  1,  the  shear  stress  in  Fig.  3  grows  larger  and  becomes  more 
concentrated  near  y  =  0  until  finally  at  r  =  1,  tj(0,y,t)  is  zero  everywhere 
except  y  =  0  where  it  is  Infinite.  In  contrast,  the  normal  stress  ec  t  *  1  is 
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given  by  oj  =  -  0.2712/y  instead  of  Eq.  (24a).  This  curve  is  not  shown  in  Fig.  2, 
but  is  of  the  same  type  as  obtained  at  t  *  1  in  the  RS  quarter-space  problem  of 
[3].;  The  sharp  "peaks"  in  Figs.  2  and  3  represent  the  wavefronts  of  diffracted 
compress ional  and  shear  waves  produced  by  the  incident  Rayleigh  wave.  For  the 
idealized  step  function  loading  we  have  chosen,  these  diffracted  body  waves  have 
infinite  slopes  at  their  wavefronts,  but  this  behavior  can  be  eliminated  by  taking 
a  smoother  loading  profile. 

Figure  3  shows  that  the  shear  stress  tj  *'as  finite  values  at  the  comer 
y  =  0  when  P(t)  =  PH(t)/u.  This  result  is  also  due  to  the  very  special  behavior 
of  the  step  function.:  For  more  realistic  loadings  Tj  will  have  the  logarithmic 
singularity  at  the  comer  as  derived  in  Eq.  (24b).  In  fact,  this  equation  shows 
why  the  singular  behavior  vanishes  for  P(t)  =  PH(t)/ji.  For  then,  Pit  -  avr)  = 

P6(t  -  avr) /u  which  is  identically  zero  except  at  t  =  avr,  i.e.,  x  =  1. 

REFLECTED  RAYLEIGH  WAVE  DISPLACEMENTS 


Numerical  results  for  the  surface  displacements  of  the  reflected  Rayleigh 
wave  can  be  obtained  rrom  Eqs.  (18)  and  (22).  These  displacements  depend  on  the 
loading  P(t)  and  its  Hilbert  transform,  TI(t).  Here,  we  choose  v  =  1/4  and 
P(t)  =  Pt0/(t^  +  tg)  where  tQ  and  P  are  constants..  This  function,  used  by  Lamb 
in  his  original  classic  paper  on  the  dynamic  half-space  problem  rill,  approximates 
the  profile  of  a  smooth  pulse  and  gives  II(t)  =  Pt/(t^  +  tg).-  In  this  case 
the  displacements  are  shown  in  Fig.  4,  where  U2  and  V2  are  plotted  versus  the 
nondimensional  variable  "t  =  [t  -  (x  +  a)vrl/t0.  It  is  interesting  to  compare 
these  curves  with  those  for  the  reflected  Rayleigh  wave  displacements  contained 
in  u0  and  vQ,  which  are  merely  images  of  the  incident  Rayleigh  wave  profiles. 

These  latter  curves  are  almost  completely  opposite  those  for  U2  and  V2  and  thus, 
it  appear^  the  RC  problem  is  indeed  different  from  a  "simple"  image  problem.  The 
diffracted  body  waves,  which  arise  in  order  to  satisfy  the  boundary  conditions  at 
the  clamped  wall,  are  very  significant  in  changing  the  shape  of  the  reflected 
Rayleigh  wave  from  that  of  the  incident  waveform. 
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ABSTRACT 

A  theory  of  composite  materials,  in  which  each  constituent  is  model¬ 
ed  as  a  continuum  which  undergoes  an  individual  motior  but  interacts 
mechanically  with  the  other  constituent,  is  presented  in  a  form  pro¬ 
posed  for  application  to  a  restricted  class  of  fiber  reinforced 
materials.  Estimates  of  the  constitutive  constants  occur ing  m  the 
theory  are  provided  in  terms  of  the  individual  constituent  proper¬ 
ties  and  the  composite  geometry.. 

Some  characteristics  of  the  proposed  theory  are  illustrated  by  con¬ 
sidering  the  propagation  of  steady  state,  plane  waves  in  an  arbi¬ 
trary  direction  in  an  elastic  material  containing  uniformly  distri¬ 
buted,  straight,  parallel  elastic  fibers.  For  a  typical  set  of 
material  parameters,  graphs  are  presented  of  phase  velocity  as  a 
function  of  wave  number  for  various  propagation  directions  relative 
to  the  fiber  direction.  Additional  graphs  are  presented  which  pro¬ 
vide  insight  into  interesting  aspects  of  the  behavior  of  the  propa¬ 
gation  modes. 


INTRODUCTION 


It  has  been  shown  both  analytically  [1,2]  and  experimentally  [3] 
that  dynamical  processes  in  composite  materials  exhibit  disper- 
sional  effects  as  a  result  of  the  macroscopic  composite  structure. 
Because  of  the  complex  geometry  of  even  the  simplest  composite 
materials,  for  example,  regular  plane  laminated  materials,  only  a 
limited  class  of  particularly  simple  problems  can  be  solved  using 
the  classical  approach  of  formulating  a  boundary  value  problem  in 
the  linear  theory  of  elasticity  [4].-  For  composite  materials  with 
more  complicated  geometries,  such  as  fiber  reinforced  materials, 
the  classical  approach  would  be  formidably  complex. 
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In  (5] ,  a  new  approach  to  the  dynamics  of  composite  materials  was 
introduced  in  which  each  constituent  of  the  composite  was  modeled 
as  a  continuum  which  could  undergo  an  individual  motion.  Disper- 
sional  effects  in  the  composite  were  then  introduced  through  me¬ 
chanical  coupling  between  the  continua.  A  one  dimensional  theory 
of  this  type  was  postulated  in  [5]  and  was  shown  to  adequately  pre¬ 
dict  the  dispersion  of  compressional  waves  propagating  in  the 
direction  of  the  layering  in  a  laminated  elastic  composite. 

The  concept  introduced  in  15]  was  formally  developed  into  a  thermo- 
mechanical  theory  for  interacting  elastic  continua  in  16].  A  set 
of  linearized  constitutive  equations  were  obtained  for  elastic 
composite  materials  which  exhibit  transversely  isotropic  material 
symmetry,  i.e.,  laminated  materials  or  materials  reinforced  by 
locally  unidirectional  fibers. 

The  contribution  of  this  paper  is  to  propose  particular  forms  of 
the  equations  obtained  in  16]  for  application  to  a  restricted  class 
of  fiber  reinforced  materials.  We  consider  an  isotropic  elastic 
material  reinforced  by  uniformly  distributed,  thin  elastic  fibers. 
It  is  assumed  that  the  fibers  occupy  only  a  small  fraction  of  the 
total  composite  volume,  and  that  the  fibers  are  strong  ir.  tension 
but  have  negligible  strength  in  bending  and  shear.  An  example  of 
an  actual  composite  material  conforming  to  these  assumptions  would 
be  a  plastic  reinforced  by  fiberglass  filaments.-  These  assumptions 
make  possible  a  substantial  simplification  of  the  general  constitu¬ 
tive  equations  obtained  in  [6] .  In  order  to  make  the  resulting 
simplified  equations  accessible  for  application  to  particular  com¬ 
posites,  we  provide  estimates  for  the  constitutive  constants 
appearing  in  the  theory  in  terms  of  the  constituent  properties  and 
the  fiber  geometry. 

Finally,  we  exhibit  some  characteristics  of  the  obtained  equations 
by  deriving  the  dispersion  equation  for  steady  state  plane  waves 
propagating  in  an  arbitrary  direction  relative  to  the  fiber  direc¬ 
tion  in  a  material  containing  straight,  parallel  fibers.  Graphs 
of  phase  velocity  as  a  function  of  wave  number  are  presented  for 
each  of  four  resulting  modes  of  propagation.  Several  interesting 
and  unanticipated  features  of  the  results  are  discussed. 

MOMENTUM  AND  CONSTITUTIVE  EQUATIONS 


In  this  section,  we. present  the  linear  mechanical  equations  for 
dynamic  processes  in  composite  materials  developed  in  [6].  The 
theory  is  founded  on  the  viewpoint  that  each  composite  constituent 
can  be  regarded  as  an  individual  continuum,  with  interactions  with 
the  other  constituents  being  considered  as  external  supplies.  The 
small  displacement  balance  of  linear  momentum  equation  for  each  con¬ 
stituent  thus  has  the  form  (in  Cartesian  tensor  notation) 


3^U 


PU) 


im. 


n2 


+  p(UP(C)k  +  cU)fU)k 


(1) 


where  5  denotes  the  constituent,  ,i 
sity  per  unit  composite  volume,  u 


(f.) 


is  the  constituent  mass  den¬ 
is  the  individual  constituent 


displacement  vector, t 


(Ojk 


is  the *C&&stituent  partial  stress  ten¬ 
sor,  is  the  body  force  density  induced  in  the  tth  constituent 

j  ».» •  i-V  a  a*.V  a»«  1  ♦■linn  V  ( 

(f )  k 
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stituent  external  body  force  density. 

The  linearized  constitutive  equations  developed  in  [6]  for  t^j^ 

and  Pir\i.  for  the  case  of  transversely  isotropic  elastic  composites 
in  whxdrithe  interaction  body  force  terms  P(r)jt  depend  upon  the 
relative  displacement  between  the  constituents,  have  the  form,  for 
two  constituents  denoted  by  subscripts  m  and  f, 

t(C)]K  =  A'S)4jku(C)n,n  +  B(£)(u(5)j,k  +  “(Ok.j1 

+  C(c)  (4jkdmdnuU)m,n  +  djdku(On,n> 

+  D(a  Wkdm(u(£)  j(in  +  “(Om.j1  +  djdm(u(Ok,m  +  uU)m,k] 


+  E(e)djdkdmdnu(C)m,n 


( 5  =  m,f) 


p(m)p(m)k  “  ~p(f)p(f)k  "  u(u(f)k  ~  u(m)k’ 


+  Pdkdj(u(f)j  -  u(m)j> 


(3) 


where  is  the  Kronecker  delta,  dk  is  the  local  direction  of  the 
symmetry  axis  of  the  material,  and  A(^)  through  v  and  o  are 

constitutive  constants  which  must  be  evaluated  for  a  given  composite 
material.  Eq.  2  has  the  form  of  the  usual  stress-displacement  rela¬ 
tion  for  a  single  transversely  isotropic  elastic  material. 


CONSTITUTIVE  CONSTANTS  AND  DISPLACEMENT  EQUATIONS 


We  now  propose  simplified  forms  of  Eq.  2  for  application  to  the 
particular  class  of  fiber  reinforced  materials  consisting  of  an 
elastic  matrix  containing  uniformly  distributed,  continuous,  local¬ 
ly  unidirectional  fibers  in  which  the  fibers  occupy  a  small  frac¬ 
tion  of  the  total  composite  volume.  Where  possible,  we  also  pro¬ 
vide  estimates  for  the  constitutive  constants  in  the  proposed  equa¬ 
tions  in  terms  of  the  properties  of  the  composite  constituents  and 
the  fiber  geometry. 


Let  the  material  comprising  the  matrix  be  elastic,  homogeneous  and 
isotropic.  Since  the  fibers  occupy  a  small  fraction  of  the  total 
volume,  we  assume  in  our  model  that  the  relation  between  the  stress 
in  the  matrix  and  the  deformation  of  the  matrix  is  isotropic. 
Therefore,  for  the  matrix,  denoted  by  subscript  '  -  m,  Eq.  2  reduces 
to 


fc(m)jk  A(m)  6  jku  (m)  n,n  +  B(m)  ^u(m)],k  +  u(m)k,j* 

In  addition,  we  approximate  the  constants  A(_,  aid  B,  •,  by  the  usual 
Lame  constants  k  and  u  of  the  matrix  material,  so  that  the  constitu¬ 
tive  equation  for  the  stress  in  the  matrix  material  m  terms  of  the 
individual  deformation  of  the  constituent  has  the  same  form  that  it 
would  in  the  absence  of  the  fibers. 

fc(m)jk  ~  A4jku(m)n,n  +  u*u(m)j,k  +  “talk,]* 


We  assume  that  the  fibers  have  negligible  bending  and  shear  resis¬ 
tance  and  thus  support  only  axial  forces  in  the  local  fiber  direc¬ 
tion.  Thus,  denoting  the  fiber  continuum  by  subscr:  pt  f,  =  f,  it  is 
easy  to  show  that  Eq.  2  must  reduce  to 
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fc(f) jk  “  ndjdkds.anu<f)m,n 

where  the  scalar  constant  E,f,  has  been  replaced  by  n .  The  constant 
n  can  be  related  to  the  fiber' geometry  and  properties  by  a  simple 
derivation  presented  in  Appendix  1. 


Using  Eq.s  3,  5  and  6  in  Eg.  1,  the  displacement  equations  for  the 
case  of  straight,  parallel  fibers,  with  dk  =  6.  .  so  that  the  fiber 
direction  is  parallel  to  the  x^  coordinate,  become 


9  ^  U 


p  (m) 


(m)k 


9t‘ 


u(m)j,jk  +  uu(m)k,jj 

+  u(u(f)k  -  u(m)k^ 

+  a6kl(u(f)l  "  u(m)l> 

+  c(m)  f(m)k 


(7) 


(f)k  _  ,  .. 

°(£)  kl  u(f)l,ll 

“  v(u(f)k  -  u(m)k> 

-  o«kl  <u(f)1  “  u(m)  i> 

+  p(f)  f  (f)  k 


(8) 


The  constant  v+a,  which  appears  in  Eq.s  7  and  8  when  k  =  1,  is  eval¬ 
uated  in  terms  of  the  composite  properties  in  Appendix  2  using  a 
procedure  introduced  in  (5).  The  same  procedure,  when  used  to  eval¬ 
uate  the  constant  v  appearing  in  Eq.s  7  and  8  when  k  =  2  or  3,  leads 
to  an  elasticity  problem  whose  solution  cannot  be  approximated  in 
closed  form.  In  our  numerical  results,  we  have  therefore  assumed 
for  nominal  cases  that  o=0,  and  have  also  included  data  for  various 
values  of  a  to  illustrate  the  sensitivity  to  this  parameter. 

STEADY  STATE  WAVE  PROPAGATION 


In  order  to  exhibit  some  characteristics  of  the  proposed  theory,  we 
consider  the  propagation  of  steady  state,  plane  waves  at  an  arbitra¬ 
ry  direction  relative  to  the  fiber  direction.  The  propagation 
direction  is  assumed  to  Jie  in  the  x,-x-  plane  and  only  motion  in 
the  Xi-Xj  plane  is  considered.  We  therefore  seek  solutions  of 
Eq.s  7  and  8  of  the  form 


»  -  a  pik(ax,+Bx,-ct) 

U  (m)  ]  ”  V  1  1 

ik(ax,+ex2-ct) 
u(f)j  Bje  l 


(9) 

(10) 


Substitution  of  Eq.s  9  and  i.0  into  Eq.s  7  and  8 
homogeneous  equations  in  A  ,  B.,  resulting  in  a 
equation  for  the  phase  velocity  c  of  the  form 


leads  to  a  set  of 
characteristic 


JQc8  + 

O 


,c6  + 


V 


+  J2C 


Jo  = 


S18 


0 


(11) 


(12) 


where  the  coefficients  are 

T  -  2  2  v8 

J8  ~  p(m)p(f)k 

J6  =  p(m)p(f)k4  {*iin)k2[“na2k2  “  (o+u,] 

+  p(f)k2[-(A+ii)k2g2  -  uk2  -vj 

-  P(f)k2[(X+g)k2a2  +  uk2  +  (a+v)  ]  -  p(m)k2vj  (13) 

2  4  4  2  2  2 

=  -v  P(m)P(f)k  +  p(jn)p(f)k  t(X+u)k  S  +  uk  +  v] 

Ina2k2  +  (o+v)]  +  (-P(f)k2  ( (X+u )  k2o2  +  uk2  +  (o+v)) 

"  p(m)k2ul  [p(m)k2  <"na2k2  ”  (o+v))  +  p(f)k2  (“ ( X+u) k262 

-  uk2  -  v)  ]  +  [(X+u)k2a2  +  uk2  +  (°+v) J vp (m) 0 (f )  k^ 

-  (o+v)  2p  (mj  p  ^ )  k^  -  Pjfjk^  [(x+u)k2a8]2  (14) 

J2  =  {p(m)k2v2[nft2k2  +  (o+v)!  +  o(f)k?v2[(A+u)k2a2  +  uk2 

+  (a+v)]j  +  | [-P  (f)k2  ( (X+u)k2a2  +  uk2  +  (o+v))  -  P(m)k2v] 
[(\+u)k282  +  uk2  +  u]  [na2k2  +  .(a+v)]  +  v  [  (>.+u)k2n2  +  uk2 
+  (a+v)]  (P(m)k2  (-na2k2  -  (o+v))  +  P(f)k2  (-(X+u)k2P2  +uk2 

-  v)  ] }  +  |-(o  +  v)2p  (f)k2(-(X+u)k2B2  -  uk2  -  v]  +  (a+v)2P(m)vk2| 

+  j-p(f)k2  ((X+u)k2n8)2  [-na2k2  -  (o  +  v)  -  v]j  '< 15) 

JQ  =  v2(o  +  v)2  +  v[(X  +  u)k2c2  +  uk2  +  (o+v)]  +  [ ( X+u)  k282  +  uk2] 

(na2k2  +  (o+v)]  -  v(o+v)2  [(X+u)k232  +  uk2  +  v] 

-  v [ ( X  +  u ) k2ag ] 2  (na2k2  +  (a+v)]  (16) 

The  solution  of  Eq.  11  for  k  =  0,  the  limiting  solution  for  long 
wavelength,  is 
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(17) 


c2|  =  c2  =  Tn - Tt - r  )^x  +  3n  +  na2)  ±[(A  +  3m  +  na2)2 

>k=0  °  2(p(m)+p(fP  l  i 

-4((X+m)m  +  (x+M)na2B^  +  i)2  +  wna2)]*5 

For  the  propagation  in  the  direction  of  the  fibers,  a 
and  Eg.  17  gives  the  two  solutions 

c?  _  (A+2u+n) 

00  (p(*)+p(f)* 

c2  =  “ 

08  "  <p(m)+p(f)> 

Eq.s  18  and  19  clearly  represent  congressional  and  shear  propagation 
velocities,  respectively.  x+2m+h  is  the  combined  compression  modu¬ 
lus  of  the  matrix  and  fibers  and  p.  .  +  p ,, ,  is  the  composite  den¬ 
sity.  The  fibers  affect  the  shear 'velocity' only  through  their  den¬ 
sity,  since  they  have  no  shear  resistance. 

For  propagation  normal  to  the  fibers,  a  =  0,  6=1,  and  Eq.  17  gives 


(18) 

(19) 


c2  =  (X  +  2m) 

OC  (p(m)+p<f)1 

c2  =  - a - T 

08  (p(m)+p(f)) 


(20) 

(21) 


again  corresponding  to  congressional  and  shear  velocities.  In  this 
case,  no  stretch  motion  of  the  fibers  occurs,  the  fibers  affecting 
the  velocities  only  through  their  density. 


Numerical  solutions  of  Eq.  11  have  been  obtained  for  a  set  of  mater¬ 
ial  parameters  corresponding  to  a  glass  fiber  reinforced  phenolic 
resin  [3] : 


pm  =  0.00013  lb-sec2/in4 
Cf  =  0.00026  lb-sec2/in4 
X  =  0.86  x  106  lb/in2 
M  =  0.37  x  106  lb/in2 


Y  =  12.4  x  106  lb/in2 
m£  =  10.2  x  106  lb/in2 
s  =  0.1  in 
5  =  0.005  in 


where  p  and  pc  are  the  matrix  and  fiber  material  mass  densities, 

Y  is  the  individual  fiber  Young's  modulus,  uf  is  the  fiber  material 
shear  modulus,  s  is  the  spacing  between  fibers  (assumed  uniformly 
distributed  in  a  hexagonal  array),  and  6  is  the  fiber  radius. 

2  2 

In  Fig.  1,  the  phase  velocity  squared  in  in  /sec  is  plotted  as  a 
function  of  wave  number  in  1/in.  for  plane  waves  propagating  in  a 
direction  parallel  to  the  fibers.  Four  curves,  corresponding  to 
four  distinct  propagation  modes,  are  presented.  Two  of  the  modes, 
denoted  as  curves  1  and  2  in  Fig.  1,  approach  finite  propagation 
velocities  for  small  wave  number.  These  will  be  called  primary 
modes,  in  keeping  with  terminology  introduced  in  15].  The  remain¬ 
ing  modes,  which  approach  infinite  propagation  velocities  for  small 
wave  number,  will  be  called  secondary  modes. 
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The  asymptotic  values  approached  by  the  various  modes  at  low  and 
high  wave  number  are  shown  in  Fig.  1.  The  values  approached  by  the 
primary  modes  fcr  low  wave  number  agree  with  Eq.s  18  and  19.  At 
high  wave  number,  primary  mode  1,  which  is  the  compressional  mode 


at  low  wave  number,  approaches  the  compressional  propagation  velo¬ 


city  in  the  matrix  material,  cl  =  (J  +  2u)/p, 


It  was  shown  in 


(5]  that  at  high  wave  number  this  mode  approaches  the  lower  of  the 
two  co'^tituent  compressional  propagation  velocities,  in  this  case 
that  assoc  aced  with  the  matrix.  Primary  mode  2,  which  is  the  shear 
mode  at  low  wave  number,  approaches  at  high  wave  number  the  lower  of 
the  two  constituent  shear  propagation  velocities.  In  this  case, 
where  the  shear  stiffness  of  the  fibers  has  been  neglected,  the 
shear  propagation  velocity  in  the  fibers  is  zero. 


Conversely,  the  secondary  modes  3  and  4  approach  at  high  wave  number 
the  higher  of  the  constituent  compressional  and  shear  propagation 
velocities.  Mode  3  approaches  the  compressional  velocity  in  the 
fibers,  c2  =  n/o,f>,  and  mode  4  approaches  the  shear  velocity  in  the 
matrix,  c2  =  u/p  J  • . 


In  Fig.s  2,  3  and  4,  the  propagation  velocities  of  the  four  modes 
are  plotted  as  functions  of  wave  number  for  plane  waves  pr  _>agating 
at  5°,  30°  and  60°  to  the  fiber  direction.  A  most  interesting 
phenomenon  is  found  to  occur.  Mode  1,  which  is  the  compressional 
mode  at  low  wave  number  for  propagation  in  the  direction  of  the 


fibers, 

number 


no  longer  approaches  a  compressional  velocity  at  high  wave 
but  approaches  the  shear  velocity  c2  =  u/p  ,  . .  Similarly, 


mode  4 ,  which  approached  the  shear  velocity  at  high  wave  number  for 
the  zero  degree  case,  now  approaches  the  compressional  velocity 
c2  =  (x  +2u)/P(m).  It  appears  that  a  wave  which  is  compressional 


in  nature  at  low  wave  number  becomes  a  shear  wave  at  high  wave  num¬ 
ber.  That  this  is  indeed  what  occurs  will  be  shown  in  what  follows. 


In  Fig.  5,  the  propagation  velocities  of  the  four  modes  are  pre¬ 
sented  for  plan  waves  propagating  at  90°  to  the  fiber  direction. 
The  asymptotic  values  approached  by  the  primary  modes  at  low  wave 
number  agree  with  Eq.s  20  and  21.  The  interpretation  of  the  high 
wave  number  limits  is  identical  to  that  for  propagation  parallel  to 
the  fioers;  the  primary  modes  approach  the  lower  constituent  com¬ 
pression  and  shear  velocities  while  the  secondary  modes  approach 
the  higher  compression  and  shear  velocities.  For  propagation  nor¬ 
mal  to  the  fibers,  the  compression  and  shear  resistance  of  the 
fibers  are  zero,  so  that  the  lower  compression  and  shear  velocities 
each  equal  zero,  while  the  higher  velocities  are  those  associated 
with  the  matrix. 


In  order  to  examine  further  the  unanticipated  behaviour  of  modes  1 
and  4  observed  in  Fig.s  2-4,  we  have  also  determined  the  amplitude 
ratios  u(m)2/u(m)l  =  *2^1  and  u ( f )  2//u ( f >  1  =  B2/Blas  functions  of 
wave  number.  These  ratios  can  then  be  used  to  determine  the  angles 
9  (m)  =  tan~^'(A2//,Al^  ancJ  9(f)  =  tan  _1^B2^Bl^'  w^lch  give  the  angles 
between  the  x^  axis  and  t  le  direction  of  particle  motion  in  each 
constituent.  In  Fig.s  6  and  7,  P  ^  and  0^  are  plotted  as  func¬ 
tions  of  wave  number  for  propagation  of  plane  waves  at  5°  to  the 
fiber  direction.  Compressional  modes  are  those  for  which  particle 
motion  is  approximately  parallel  to  the  propagation  direction, 
while  shear  modes  involve  particle  motion  approximately  normal  to 
the  propagation  direction.  The  ''approximate"  stipulation  is  neces¬ 
sary  due  to  the  anisotropy  introduced  by  the  fibers.- 
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In  Fig.s  6  and  7,  it  is  clear  that  modes  1  and  4  correspond  at  low 
wave  number  to  compression  and  shear  modes,  respectively.  Then,  a 
transition  region  in  wave  number  is  reached  where  the  particle 
motion  directions  in  modes  1  and  4  shift  90°  and  they  become,  re¬ 
spectively,  shear  and  compression  modes.  This  interesting  behaviour 
does  not  occur  in  modes  2  and  3. 

It  can  be  seen  in  Fig.s  1-5  that  this  tran-  .tion  wave  number  region 
is  associated  with  the  wave  number  region  in  which  rapid  changes  in 
phase  velocity  of  the  modes  occur.  The  importance  of  this  transi¬ 
tion  wave  number  region  or  transition  frequency  region  in  the 
behaviour  of  composites  has  previously  been  suggested  in  [2)  and 


In  Fig.s  1-7,  it  has  been  assumed  that  a  =  0,  so  that  the  coupling 
force  between  matrix  and  fibers  for  relative  motions  parallel  to 
the  fibers  equals  tie  coupling  force  for  the  same  relative  motions 
normal  to  the  fibers.  The  sensitivity  of  the  results  to  this 
assumption  is  illustrated  in  Fig.  8,  in  which  phase  velocity  as  a 
function  of  wave  numoer  is  plotted  for  propagation  at  60°  to  the 
fiber  direction  for  o  =  v,  a  =  0  and  a  =  -*sv  vhile  holding  o  +  v 
constant.  The  results  correspond  to  a  normal  coupling  force  of  one- 
half,  one,  and  two  times  the  parallel  coupling  force,  respectively, 
for  an  equal  relative  displacement.  It  is  clear  from  Fig.  8  that, 
even  for  these  extreme  variations  in  r ,  the  effect  on  the  results 
is  not  sufficient  to  change  the  conclusions  drawn  from  Fig.s  1-7. 

In  particular,  the  asymptotic  values  of  the  phase  velocities  are 
unchanged . 
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APPENDIX  1.  EVALUATION  OF  n 


Consider  a  set  of  continuous  fibers  distributed  such  that  their 
direction  can  be  specified  by  a  continuous  vector  field  dj  and 
their  number  density,  the  number  of  fibers  per  unit  area  measured 
normal  to  the  local  fiber  direction,  by  a  continuous  scalar  field  F. 
It  is  easy  to  show  that  dj  anc  f  are  not  independent,  but  are  re¬ 
lated  by  (djF),j  =0, 

The  number  of  fibers  crossing  an  area  element  ds  having  normal  nj 
will  be  Fdjnjds.  If  t  is  the  mean  tensile  force  in  the  fibers 
crossing  ds,the  stress  vector  Tjc  acting  on  ds  can  be  written  as 

Tk  =  tFdjnjdk  (22) 


If  each  fiber  has  cross  sectional  area  S,  and  Young's  modulus  Y,  t 
can  be  written  as 

t  =  SfYc  (23) 

where  t  is  the  mean  tensile  strain  in  the  fibers  crossing  ds. 
Modeling  the  fibers  as  a  continuum,  c  can  be  identified  with  the 
linear  strain  of  the  continuum  in  the  fiber  direction,  given  by  the 
usual  transformation  as 


e  =  „  (2 

m  n  ( f )  m ,  n 

where  u(f)ra  n  is  the  displacament  gradient  of  the  fiber  continuum. 


With  Eq.s  23  and  24,  Eq.  22  becomes 


*k  =  SfYFdjdkdmdnu(f)m,nnj 


(25) 


Defining  the  stress  tensor  in  the  fiber  continuum  by 

Tk  ~  t(f)gkn] 


(26) 


and  comparing  Eq.s  25  and  26,  we  obtain 
t(f)jk  =  SfYFdjdkdmdnu(f)m,n 


(27) 


Comparing  this  with  Eq.  6,  the  constant  n  is  found  to  be 
n  =  SfYF  (28) 

APPENDIX  2.  EVALUATION  OF  v  +  o 


Let  the  fibers  be  straight,  parallel  and  uniformly  distributed 
throughout  the  matrix  in  a  hexagonal  array,  as  m  Fig.  9.  Let  the 
fibers  be  subjected  to  a  constant,  uniformly  distributed  body  force 
density  in  a  direction  parallel  to  the  fibers,  and  let  an  oppositely 
directed  body  force  density  be  applied  to  the  matrix  material,  so 
that  the  two  force  systems  are  in  equilibrium.  By  solving  this 
static  problem,  both  by  elasticity  theory  and  by  using  Eq.s  7  and  8, 
and  requiring  the  two  solutions  to  correspond,  the  constant  v  +  c 
can  be  evaluated. 
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An  approximate  elasticity  solution  can  be  obtained  by  replacing  the 
hexagonal  problem  by  a  cylindrical  problem  and  considering  a  single 
fiber  with  radius  S  contained  in  a  cylinder  of  matrix  material  with 
radius  h.  This  equivalent  cylinder  is  illustrated  in  Fig.  9.  The 
ratio  of  matrix  mass  to  fiber  mass  will  be  preserved  if  h  is  related 
to  the  fiber  spacing  s  by  h2  =  (/3/2w)s2. 

Let  f,f.,  be  the  body  force  density  acting  on  the  fiber,  and  let 
u,.  bercne  axial  displacement  in  the  fiber.  The  boundary  condition 
°"  ufl  at  t*le  fiber  center  is  3u,./3r|  =  0.  The  solution  of  this 

simple  radially  symmetric  elasticity  problem  is  easily  shown  to  be 

Ufl  =  (Pff  ;f)1/4yf)  {62  -  r2)  (29) 

where  pf  and  u,  are  the  density  and  shear  modulus  of  the  fiber 
material  and  rris  the  radial  coordinate  normal  to  the  fiber.  The 
average  displacement  in  the  fiber  is 


“fl 


JAUfl  ** 

f  dA 
'  A 


3f  f(f)l6  /8uf 


(30) 


Let  u  .  and  f .  . .  be  the  axial  displacement  component  and  body  force 
density  in  the’matrix.  Due  to  symmetry,  the  boundary  condition  on 


ujn^  at  the  matrix  cylinder  boundary  is 
ing  solution  for  uffll  is 


auml/3r 


=  0.  The  result- 


r=h 


“ml 


(pmf(m)l/2u)  ("r  /2  +  h  log  r  + 


c2/2  - 


h *  log  6) 


(31) 


where  p  and  u  are  the  mass  density  and  shear  modulus  of  the  matrix 
maveriaT,  and  the  corresponding  average  displacement  is 


“ml 


(pmf(m) lh2/u) 


i  log  (h/6)+|62/h2-  g64/h4-  | 


(1 


iVh2) 


(32) 


The  condition  for  the  body  force  distributions  to  be  in  equilibrium 
is 

°mf(m)lUh2  -  *{2)  +  pff(f)X  =  0  (33) 

Now,  solving  the  same  problem  using  the  continuum  theory  proposed 
in  this  paper,  we  note  that  the  solution  is  independent  of  the  axial 
coordinate  and,  in  the  continuum  theory,  must  be  independent  of 
directions  normal  to  the  fibers  as  well.  Eq.  7  for  this  static  pro¬ 
blem  therefore  becomes 


<v  +  o)  (u(f)l  "  u(m)l!  +  p(m)f(m)l  =  0  (34) 

Assuming  that  the  constituent  displacements  u(f,,  and  u.  . ,  corre¬ 
spond  to  the  average  displacements  and  u^^from  the  elasticity 
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solution,  we  equate  the  relative  displacements 


u(f)l  "  u(»)l  =  ufl  "  uml  (35) 

and  using  Eq.s  30,  32,  33,  34,  and  35,  the  constant  v  +  o  is  found 
to  be 

„  .  , _ (u/h2)  (l-62/h2)2 _ 

jjlog (h/6)  +  \^/ h 2  -  -  |j  +  |(li/uf)  (l-i2/^)2  (36) 

The  corresponding  result  for  a  laminated  material  with  alternating 
matrix  layers  of  t-  lickness  2h  and  reinforcing  layers  of  thickness 
26  is  easily  shown  to  be 


v  +  a 


3u/h(h+6) 


(37) 
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Fig.  1  Phase  Velocity  vs.  Wave  Number  for  Propagation  in  the  Fiber 

Direction 


Fig.  2  Phase  Velocity  vs.  Wave  Number  for  Propagation  at  5°  to  the 

Fiber  Direction 


r 
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Fig.-  3  Phase  Velocity  vs.  Wave  Number  for  Propagation  at  30°  to  the 

Fiber  Direction 


Fig.  5  Phase  Velocity  vs.  Wave  Number  for  Propagation  Normal  to  the 

Fibers 
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Fig.  6  Direction  of  Matrix  Particle  Motion  Relative  to  the  x,-Axis 
vs.;  Wave  Number  for  Prop  .gation  at  5°  to  the  Fiber  Direction 


10  100  1000 
k 

Fig.  8  Phase  Velocity  vs.  Wave  Number  for  Various  Values  of  Normal 
Coupling  Force  Constant  for  Propagation  at  60°  to  the  Fiber 

Direction 


Fig.  9  Uniformly  Distributed  Fibers  in  a  Hexagonal  Array 
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Tensile  Instability  in  Orthotropic  Sheets  Loaded 
Biaxially  at  an  Arbitrary  Orientation 


C.  W.  BERT  and  J.  J.  SHAH* 

UNIVIRSITY  OP  OKLAHOMA 


ABSTRACT 


Using  Hill's  orthotropic  plasticity  theory,  an  analysis  was  developed  to 
predict  the  nominal  stress  at  which  plastic  tensile  instability  occurs  in  a  flat, 
orthotropic  sheet  loaded  by  a  biaxial  stress  system  in  the  plane  of  the  sheet  at 
an  arbitrary  angle  with  the  major  material-symmetry  axis.-  The  cases  of  localized 
and  diffuse  necking  are  both  considered,  and  applied  to  the  case  of  a  glass- 
fabric  reinforced-plastic  laminate  loaded  uniaxiallv  at  45  degrees. 

NOMENCLATURE 


a  . 

qj 


VVC1 


c 


o 


Cf  jkh 
f 

K 


n 


R 


direction  cosines 

area  associated  with  load  P^ 

quantities  defined  by  Eqs.>  (19) 

coefficient  defined  by  Eq.,  (12) 

anisotropic  plastic  stiffness  coefficient  in  tensor  notation 
yield  function 

strength  coefficient  in  Eq.;  (19) 
strain-hardening  exponent  in  Eq.  (19) 
load  on  area  AT 

anisotropic  parameter  used  in  Ref.  5 
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t 

V 


■onotonlcally  increasing  deformation  parameter 
volume 

material-symetry  axes  of  the  material 
yield  stress 

critical  subtangent  to  the  0  vs.  e  curve 
022/0ll 

Kronecker  delta 

components  of  the  true  strain  tensor 
effective  true  strain 
true  stress  components 
effective  true  stress 

lncrementsl  plastic  work  per  unit  volume 

angle  between  maximum  principal  stress  and  major  material-symmetry 
axis 


8  angle  between  direction  of  neck  and  maximum  principal  stress 

Subscripts:- 

d  diffuse  necking 


h  ,  i  i j  ,k , 
m,n,r,8 


summation  notation  taking  values  x,y 


t  localized  necking 

p,q  summation  notation  taking  values  1,2 

x,y  material-synmetry  axes 

1,2  applied-load-system  axes 

Superscripts:- 

A  actual  mode  of  deformation 


o  initial  yield  condition 

INTRODUCTION 


Plastic  tensile  instability  (P.T.I.j  is  exemplified  most  simply  by  the 
necking  of  a  ductile-material  specimen  in  a  uniaxial  tensile  test.  In  the  case 
of  flat  sheets,  P.T.I.  is  manifested  by  a  thinning  of  the  sheet  thickness  in  the 
form  of  a  trough-shaped  neck.  If  the  neck  forms  in  a  sheet  along  a  direction 
perpendicular  to  the  maximum  principal  stress,  diffuse  necking,  first  Investigated 
by  Swift  [1],  is  taking  plac s.  However,  in  certain  instances  it  has  been  observed 
that  necking  occurred  along  a  direction  at  an  acute  angle  with  the  maximum  prin¬ 
cipal  stress.  This  type  of  P.T.I. ,  called  localized  necking,  was  first  analyzed 
by  Hill  [2],  who  derived  the  conditions  for  determining  the  inclination  of  the 
neck.. 
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As  early  as  1950,  Hill  [3]  had  developed  a  theory  of  orthotropic  plasticity. 
Recently,  in  connection  with  certain  metallic  alloys  which  exhibit  plastic 
orthotropy,  there  has  been  interest  in  P.T.I.  of  an  orthotropic  sheet  (Keeler  and 
Backofen  [4],  Moore  and  Wallace  [5],  Hillier  [6]). 

In  all  of  the  previous  analyses  known  to  the  authors,  it  has  been  assumed 
that  the  material-symietry  axes  and  the  principal-stress  axes  coincide.  The 
aim  of  the  present  work  is  to  study  theoretically  the  plastic  tensile  instability 
of  orthotropic  materials  subjected  to  plane  stress  when  the  material-syanetry 
axes  and  principal-stress  axes  do  not  coincide.  Both  the  localized  and  diffuse 
necking  criteria  are  considered.  The  analyses  are  applied  to  flat  sheets  in  bi¬ 
axial  tension  and  to  a  numerical  example  of  a  glass-fabric-reinforced  plastic 
laminate  in  uniaxial  tension.  The  results  for  the  example  are  compared  with  ex¬ 
perimental  results. 

hypotheses 


The  analyses  presented  are  based  on  the  following  hypotheses: 

1.  Elastic  strains  are  sufficiently  small  compared  to  the  plastic  strains  that 
only  the  latter  are  considered. 

2.  The  Incremental  or  flow  theory  of  plasticity  is  used  rather  than  the  de¬ 
formation  theory. 

3.  The  plastic-range  anisotropy  is  orthotropic  and  it  is  not  altered  by  plastic 
deformation;  in  other  words,  proportional  stressing  is  assumed. 

4.  Imcompressibillty  (constancy  of  volume)  in  the  plastic  range  is  also  assumed. 
It  was  shown  by  Bert,  Mills,  and  Hyler  [7]  that  this  hypothesis  has  negli¬ 
gible  effect  on  the  stress  at  which  plastic  tensile  instability  occurs  in 
isotropic  materials. 

5.  The  loading  path  and  the  material  hardening  are  such  that  the  ratios  of  yield 
stresses  remain  invariant  during  deformation. 

6.  The  hydrostatic  components  of  stress  do  not  Influence  yielding. 

STRESS  SYSTEMS 

Considering  a  thin  sheet  element  of  an  orthotropic  material,  the  material- 
symmetry  axes  x,y  are  chosen  as  the  cartesian  axes  of  reference,  in  the  plane  of 
the  sheet.  It  is  assumed  that  directions  1  and  2  are  arbitrary  orthogonal 
directions  making  an  angle  tp  measured  positive  counter-clockwise. 

The  transformation  equations  for  transforming  stress  components  from  the 
1,2  axes  to  the  x,y  axes  are 

o..  -  o  1 » J  *  x»y  ;  p»q  *  l>2  U) 

ij  pq  pi  qj 

where  a  and  a  are  the  direction  cosines,  o  and  o  are  the  total  stress  com- 
ponents^with  reipect  to  x,y  and  1,2  axes,  respectively^and  repeated  Indexes 
denote  summation. 

YIELD  CRITERION  AND  ASSOCIATED  fLOW  RULE 


The  orthotropic  yield  criterion  and  associated  generalized  plastic  strain 
increment  suggested  by  Hill  [3]  are  used.  However,  following  the  general  ap¬ 
proach  of  Hillier  [6],  tensor  notation  is  used  here.*  According  to  Hill's  plasti¬ 
city  theory,  the  yield  criterion  for  plane  stress  <-'zz  »  ozx  *  0)  can  be  written 
as: 


2f(o 


iV 


Cljkh°ljakh 


1;  i.j.k.h  -  x,y 


(2) 


where  C 


ljkh 


are  material  parameters.: 


*It  should  be  noted  that  Hillier  expressed  the  yield  criterion  in  terms  of  the 
deviatoric  components  of  the  stresses  rather  than  the  total  stresses. 
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For  Che  most  general  anisotropy,  there  would  be  a  9  x  9  array  if  (2)  would 
be  expanded.  However,  due  to  the  symmetry  conditions  for  shear  stress  (o,“C,,) 
and  shear  strains  (eij'cu),  this  array  would  be  reduced  to  a  6  x  6  array.  J 
Still  further  assuming  that  the  material  is  orthotropic,  i.e.,  has  three  mutually 
orthogonal  planes  of  material  symmetry,  the  array  reduces  as  shown: 


C  C  C  0 

xxxx  xxyy  xxzz 

C  C  0 

yyyy  yyzz 

C  0 

zzzz 


0  0 
0  0 
0  0 


(Symmetric) 


C  0 

yzyz 


0 


C  0 

zxzx 


C 

xyxy 


(3) 


It  is  seen  that  for  anisotropy  of  the  orthotropic  type,  there  are  only 
twelve  non-vanishing  coefficients  of  the  original  9x9  array.  Of  these  twelve, 
symmetry  about  the  main  diagonal  of  the  array  of  coefficients  requires  that 


Cjjii  ‘  Ciijj 


(4) 


Thus,  there  are  only  nine  independent  coefficients.  Of  these  nine,  it  can 
be  shown  that  six  can  be  related  to  the  six  parameters  used  by  Hill  [3]. 


The  remaining  three  coefficients  in  the  above  array  can  be  shown  to  be  as 
follows  (see  Shah  [91,  Appendix  A) f 


:  -  -  1/2 

(C 

+ 

c 

-  C  ) 

xxyv 

xxxx 

vyyy 

zzzz 

:  *  -  1/2 

1C 

+ 

C 

-  c  : 

yyzz 

yyyy 

zzzz 

xxxx 

:  *  -  1/2 

(C 

+ 

c 

-  c  : 

zzxx 

zzzz 

xxxx 

vyyy 

Hill  r3]  has  defined  demn  by  the  following  ssociated  flow  rule:; 


d e  »  dX  ^((e  )/jo  J 
out  mn 


(6) 


Thus,  for  the  plane  stress  condition. 


de  *  dX  (C  o  +  C  C  ),  de  -  dX  (C  a  +  C  -  ) 

xx  xxxx  xx  xxyy  yy  yy  yyyy  yy  xxvy  xx 

de  „  *  dX  (C  y  +  C  0  ),  de  *  dX  (C  c  ) 

zz  zzxx  xx  yyzz  yy  xy  xvxv  xy 


(7) 


where  d)  is  a  coefficient  of  physical  significance  explained  later.  Equations 
(7)  can  be  rewritten  as:: 


de  /(C  o  +  C  o  )  -  de  / (C  0  +  C  3  ) 

xx  xxxx  xx  xxyy  yy  yy  yyyv  yy  xxyv  xx 

de  / (c  c  +  c  0  )  *  he  c  )  =  d\ 

zz  zzxx  xx  yyzz  yv  xy  xyxv  xy 


(8) 


Following  Hill  [3],  the  effective  yield  stress  c  and  effective  plastic 
strain  increment  de  are  chosen  to  satisfy  the  relation 


C^de.  j  =  0  de  =  dX 


(9) 


where  dX  is  the  increment  of  plastic  work  per  unit  volume.' 
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Ic  is  assumed  Chat  ratios  of  the  yield  stresses  regain  invariant  during 
deformation,  and  hence 


Y  «t  f 
ij  ij 


C.  .  -  t'2  C°  . 
ijkh  ijkh 


(10) 


where  e  is  some  parameter  of  deformation,  and  superscript  o  denotes  the  initial 
yield  condition. 

The  effective  stress  and  effective  strain  can  then  be  written  as: 


where 


5  =  <cV1/2  <c°jkhoijcW1/2 


(li) 


C°  =  (1/3)  (C°  +  C°  +  C°  ) 

xxxx  yyyy  zzzz 


(12) 


and 


d?  *  (2/3) 1/2  (-C0  -  C°  -  C°  ) 

yyzz  zzxx  xxyy 


1/2 


L-  (. 

L  yyzz\ 


-C~  de  +  C  de 
ttxx  vv  xxyy  zz 

”  C°  +  C°  c3  +  c° 


yyzzl  C°  C°  +  C°  C°  +  C°  C° 

'  yyzz  zzxx  zzxx  xxyy  xxyy  yyzz 


c°  f: 

zzxx^ 


-C  de  +  C  de 
xxyy  zz  yyzz  xx 


C°  C°  +  C° 


+  C°  C° 


yyzz  zzxx  zzxx  xxyy  xxyy  yyzz 


-c 


de  +  C 


de 


xxyy\ 


+  (^ 


C° 
yzyz 


+  c° 

c°  + 

C° 

zzxx  zzxx 

xxyy 

xxyy 

2 

2 

1/2 

(de  T 

(de  r 

zx 

xy 

c* 

c° 

zxzx 

xyxy 

J 

(13) 


Cr.ITICAL  SUBTAMaNT  FOR  DIFFUSE  NKCKING 

Following  Hillier  [6],  the  principle  of  maximum  rate  of  plastic  work  re¬ 
quires  that  for  a  volume  V  of  plastic  material, 

f[ -  dOtJ)  deij  ]  dV  ?•  0  (14) 

where  here  the  superscript  A  refers  to  the  actual  mode  of  deformation. 

If  the  first  time  derivatives  are  assumed  to  be  continuous,  differentia¬ 
tion  of  (14)  yields 

J  [  (do^  -  dc^)  de.j]  dV  >  0  (15) 

It  is  postulated  that  for  instability  to  occur,  inequality  (15)  should  he 
violated  for  materials  subjected  to  a  homogeneous  state  of  stress  and  strain. 

It  is  convenient  to  write  inequality  (15)  as  follows:' 

Z'1  =  (o)"1  (dr/de)  ?  (1/")  (d"A/d?A)  (16) 
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where  Z  1*  the  critical  aubtangent  to  the  curve  of  effective  true  atresa  veraua 
effective  true  atrain. 


For  purposes  of  calculation,  the  critical  aubtangent  for  diffuae  necking 
may  be  calculated  froa  the  following  formula 

(Zd>*1  ’  <C°6rl  Ci}r.  Cfch  °r.0kh<<dP1U/d«-n) 

<  %  WVde-n)  1  %  07 

where  6^  ia  the  Kronecker  delta,  and  there  ia  no  sum  over  the  Greek  suffix  T|. 

This  expreasion  ia  the  aaae  as  that  of  Hilller  [6]  except  that  in  the  pre¬ 
sent  work  the  total  coaponents  of  stresses  are  considered,  whereas  Hilller  had 
considered  the  deviatoric  coaponents  of  stresses. 

Considering  s  flat  aheet  subjected  to  biaxial  tension,  l.e.  to  the  stress 
system  ,  022  on  the  principal-stress  axes  (see  Fig.  1)  or  to  the  stress 
system  Cxx,  Oyy,  O* y  on  the  material-symmetry  axes,  the  critical  subtangent  for 
diffuse  necking  is  obtained  as  follows  (Shah  [9],  Appendix  B) : 

(Z.)'1  [(C°  +  C°  +  C°  )/3]1/2  [c°  {  (1  +  cr  tan2  (?) /(tritan2  CP)1  2 

d  xxxx  yyyy  zzzz  xxxx  l  J 

+  2  C°  (l+o  tan2;p)/(ar+ tan2<p)  +  C°  +  (4  C°  )j  (1-or)  (tan  tp) /(ar+tan2q>)}  ]3^2 
xxyy  yyyy  xyxy  l  J 

=  [{  (C°xxx>  (l+a  tan2(p) /(o  +  tan2tp)  +  C°xy  J  2|  ( 1  +  o  tan  2(?)  /  (o  +  tan2  <p)j 

|(de1j/dc22)  tan2  q>  +  1  +  (de12/de22)  fan  V  }  [tan2tp  +  (dc^/dc.^) 

*  (dt12/de22)  tan  ’l'1  +  lCyyyy  +  Cxxyy  (1  +  “  ta"2  +  tan2  «’>}2 

+  A  C*yxy  {  tan  9  (1  '  a),(a  +  t8"Z  V)}2  {Cyyyy  +  Cxxyy  (1+0,  tan2*>/(<*+tan2*>}3 


If  v’  '  0  and  C°  /C°  -  C°  x/C°  »  R,  (18)  reduces  to  the  form  that 

Moore  end  Wallace  [5?yo§ta?n£Jf  forZ?fie  cas?ywhen  the  principal-stress  axes  are 
lined  up  with  the  material-symmetry  axes.  This  serves  as  a  check  on  (18),  T|-  is 

of  interest  also  to  note  that  Chiang  and  Kobayashi  [8]  obtained  the  same  ex¬ 
pression  as  Moore  and  Wallace  by  using  the  plane  strain  theory  and  an  effective 
etress  (2/3)  (2+R)/(l+R)  times  the  effective  stress  that  Moore  and  Wallace  used. 

If  the  work-hardening  characteristics  of  the  material  are  assumed  to  follow 
the  Hollomon  power-law  form 

s-Re'"  (19) 


where  K  and  n  are  empirical  constants,  it  can  be  shown  that  the  critical  effect¬ 
ive  strain  becomes  proportional  to  the  magnitude  of  the  critical  subtangent 
(Shah  [9],  Appendix  B) .: 

CRITICAL  SUBTANGENT  TOR  LOCALIZED  NECKING 

Theortically,  the  line  of  the  neck  should  coincide  with  a  characteristic 
in  view  of  the  property  of  characteristics  as  curves  along  which  small  distur¬ 
bances  propagate  (Hill  [3]).  The  slopes  dy/dx  of  the  characteristics  satisfy 
the  equation 


(20) 
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^(dejj/dCjj)  +  tan2(**F)  -  <del2/de22)  t,n  <#  +  v);'1  +-Cyyyy+Cxxyy{  1+a,t*n2 (0^)} 
{arf-tan2 ~ 1  ]2  +  40°^  {(l-Qr)tan(*+«)}2{0rftan2(e+t;>)) "2[C°yyy+C°xyy 

|l+flr  tan2(e+c)j'  -f »  +  tan2(0  +  ;p)j  2]  (24) 


where 


de..  »  (dX/2)  (cos2a>){ -C°  0..-2C0  (0, , -0„)+(tan2s)o,,  (4C°  +4C°  )+  o„ 

11  H  l  zzxx  11  xxyy  11  22 '  11  xyxy  xxyy  22 


(-2C°  -2C°  -4C°  -4C°  )  +  (tan4»)(-C°  )0  -2C°  (o. 

zzxx  yyzz  xyxy  xxyy  ••••—  11  .  1 


"yyzz  ail  xxyy  12'  f 


de22  -  (dX/2)  (cos  CP)  {  C-2C°xyy  V^yzz1^1  +  (tan  e)  [-C^  a,2 

-2Cx°xyy(t,22-°n»  tan^  ^ll^yzz  'KzW  ‘4Cxyxy  ^Cxxyy>+Kyxy*Cxxy/W} 

de,,  ■  (dX/2)  sin2cp  cos%{2C  0,,  +  (4C°  -2C°  )  O,,  +  (4tan2^/ 

12  *  L  xyxy  11  yyzz  xyxy  22 

C°  (-<j,,+0,,)  tan2  cp  [a  , (2C°  +  4C°  +4C°  )+(-4C°  -2C°  )0,,] 

xxyy  11  22  11  xyxy  yyzz  xxyy  xxyy  xvxy  22 

+  sec2  »  (-2C°  0, ,  +  2C°  o„)  +  tan2^  sec2cp(-2c°  0,  ,-2C°  O,,)} 

*  zzxx  11  yyzz  22'  *  *  yyzz  11  zzxx  22  J 


application 

Fig.  3  shows  the  reciprocal  of  the  critical  subtangent  plotted  as  a 
function  of  biaxial  stress  ratio  for  a  typical  orthotropic  material  (glass-cloth- 
reinforced  plastic  laminate)  loaded  at  45°  to  the  axis  of  major  material  symmetry 
and  for  an  isotropic  material  (Keeler  and  Backofen  [4]),  It  is  seen  that  in 
both  cases,  failure  must  have  occurred  due  to  the  diffuse  necking  criterion, 
as  the  value  for  the  critical  subtangent  is  higher  for  both  in  diffuse  necking 
and  the  true  stress  at  which  plastic  tensile  instability  occurs  is  inversely 
proportional  to  the  critical  subtangent.:  However,  in  the  plot  for  orthotropic 
material,  the  region  of  localized  necking  cannot  be  separated  as  in  the  isotropic 
material.  This  is  a  significant  difference  between  the  two  cases. 
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Fig.,  1.  Schematic  diagram  of  diffuse  necking,  for  the  case 
when  is  the  maximum  principal  stress. 
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Fig.  2..  Schematic  diagram  of  localized  necking,  showing  angular 
relationships  among  direction  of  maximum  principal  stress 
(cil),  the  major  material-symnetry  axis  (x),  and  the  neck 
orientation. 


BIAXIAL  STRESS  RATIO  0<  =  Fn/ < 


Fig.:  3.  Critical  subtangent  for  P.T.I.  versus  biaxial  stress  ratio 
for  an  isotropic  and  an  orthotropi,.  ir.ateiial. 
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Axisymmetric  Buckling  of  Axially  Compressed 

Heated  Cylindrical  Shells 


ATLE  GJELSVIK 

COLUMBIA  UNIVERSITY 


ABSTRACT 

It  is  shown  that  the  buckling  load  of  axially  loaded  geometrically 
perfect  cylindrical  shells  can  be  significantly  reduced  by  partial 
yielding  caused  by  temperature  gradients  through  the  wall.  The 
buckling  is  of  the  Shanley  type.  The  load  on  the  shell,  and  the 
difference  between  the  outside  and  inside  temperature  takes  the  place 
of  the  load  in  the  classical  Shanley  formulation,  and  it  is  these 
quantities  which  have  to  change  to  insure  plastic  flow  as  the  shell 
buckles. 


INTRODUCTION 


The  combination  of  thermal  gradients  ind  loads  on  a  structural  ele¬ 
ment  may  cause  partial  yielding  of  the  element  .  If  the  structure 
is  free  to  expand  it  is  known  from  limit  analysis  that  partial  yield¬ 
ing  will  not  affect  the  collapse  load  of  elastic  -  perfectly  plastic 
structures.  For  compression  elements  however,  the  situation  is  very 
different.  Bodner  (1]  and  Tao  and  Gjelsvik  [2]  have  shown  that  the 
stability  of  columns  can  be  substantially  reduced  by  the  presence  of 
transverse  thermal  gradients.  Tao  and  Gjelsvik  [2]  showed  that  the 
buckling  process  of  the  column  was  of  the  type  first  discussed  by 
Shanley  [3]  . 

In  the  present  paper  tl  e  buckling  of  an  axially  loaded  cylindrical 
shell  with  a  thermal  gradient  across  the  wall  is  analyzed.  The  out- 
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side  and  inside  temperatures  are  considered  spacially  constant  but 
slowly  varying  with  time.  The  temperature  gradient  across  the  wall 
can  then  be  considered  linear.  The  applied  load  in  the  shell  is  also 
varying  with  time. 

The  analysis  is  restricted  to  an  elastic-perfectly  plastic  material 
with  temperature  independent  properties.  These  restrictions  are  how¬ 
ever  not  essential.  The  analysis  of  the  more  general  problem  with 
work  hardening  material,  temperature  dependent  properties  and  non 
linear  temperature  distributions  can  be  performed  in  the  same  way  as 
the  present  analysis,  but  with  considerable  increase  in  the  complexi¬ 
ty  of  the  mathematical  manipulations. 

The  analysis  is  restricted  to  axisymmetric  deformations.  This  is 
felt  to  be  reasonable  since  the  buckling  of  heated  structural  elements 
is  essentially  plastic  and  since  the  plastic  buckling  of  cylindrical 
shells  as  shown  by  Batterman  and  Lee  [4]  is  usually  axisymmetric. 

The  rate  method  introduced  by  Onat  [5]  and  subsequently  used  by  other 
writers  in  the  study  of  stability  problems  is  used  in  the  analysis. 

The  presentation  has  three  main  parts,  in  the  first  paiL  the  govern¬ 
ing  rate  equations  for  the  problem  is  set  down.  In  the  second  the 
stress  distribution  and  deformations  prior  to  buckling  are  obtained. 

In  the  third  the  buckling  and  some  aspects  of  the  post  buckling  are 
investigated. 

A  closed  form  solution  is  obtained  for  the  case  with  only  one  plastic 
zone  in  the  cross  section.  For  a  practical  problem  this  is  the  most 
important  case.  For  additional  plastic  zones  a  step  by  step  numeri¬ 
cal  procedure  is  required  to  obtain  the  solution.  The  governing  rate 
equations  are  given  in  a  sufficiently  general  form  to  cover  all  these 
cases. 


Governing  Equations 


When  written  in  a  convenient  non-dimensional  form  the  rate  equations 
of  equilibrium  are: 


l2m 


.2 

d  v 


o  +  n  o 
2  z  ,  2 


r  ±  n  =  0  , 

\  e 


dz  dz 

The  non-dimensional  quantities  are: 


dn 
_ z 

dz 


(1) 


(2) 


in  which  M  =  the  rate 

N  =  the  membrane  force 
Z 


of  change  c  'hi'  meridional  bending  moment, 
in  the  mor  1'."  1  direction,  N  and  N  =  the 

z  e 
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rate  of  change  of  the  meridional  and  circumferential  membrane  forces, 
V  is  the  outward  radial  velocity,  Z  =  axial  coordinate,  R  =  radius, 
hr=  wall  thickness  and  <j  =  the  yield  stress.  The  sign  convention 
and  notation  used  are  sho&n  in  Fig.  1. 


Fig.  1  Notation  and  sign  convention 


Fig.  2.  The  yield  locus. 


When  written  is  a  non-dimensional  form  the  strain  rates  and  strain 
rate  velocity  relations  are: 


e  =  e  +  rk 
z  z  z 

dv 

.  z 

e  =  -x  - — 

z  dz 


6  8 


k  =  x 
z 


2 

2  _ r 

dz2 


e„  =  -  xv 
S  r 


(3) 


The  non-dimensional  quantities  are: 


(4) 


in  which  x  =  a  coordinate  measured  radially  outward  from  the  middle 

surface,  k  =  the  rate  of  change  of  curvature  in  the  meridional 
z 

direction  and  Vz  =  the  velocity  in  the  meridional  direction.  These 

rate  equations  are  the  same  as  those  used  by  Batterman  [6]  in  a 
series  of  paper  on  the  plastic  buckling  of  cylindrical  shells. 


The  temperature  rate  distribution  T  in  the  column  wall  is  when 
written  in  a  non-dimensional  form: 

aeT  =  t  +  ( 1  —  v )  tr  (5) 

The  non-dimensional  quantities  are: 


aE 


<T  +  T ,) 
o  1 


2a. 


t 


aE  (T  -  T  J 
_ o  1 

(l-v)a 

o 


(6) 


•  • 

in  which  E  =  Young's  modulus,  T  and  T.  =  the  outside  and  inside 

o  l 

rate  of  change  of  temperature,  a  =  the  coefficient  of  linear  thermal 
expansion  and  v  =  Poisson's  ratio. 
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The  yield  locus  is  shown  in  fig.  2.  The  stress  rates  required  in  the 
analysis  are  the  fully  elastic  ones  and  the  plastic  ones  correspond¬ 
ing  to  the  sides  AB,  BC,  and  CD  including  the  corners  A,  B,  C,  and 
D  of  the  yield  locus.  These  stress  rate-strain  rate  equations  and 
the  criterions  for  plastic  flow  are  summerized  in  Table  I.  The 
stresses  are  non-dimensionalized  by  dividing  by  a  Compressive 
stresses  are  taken  positive. 


TABLE  I  MATERIAL  RATE  EQUATIONS 


Position  on 

Strain  Rata  Criterion 

Straas  Rata  Equations 

the  Yield 

for  Loading 

Locus 

count*  A 

V1  ••  V1 

*^*9T>0,  i^+T>0 

v°-  o,-o 

SIDE  AB 

<**v*|*#  (l*v)T*0 

count*  ■ 

v*  • ,’.-0 

<#+oT*0,  *f*«t+2*T*0 

v°-  n>w0 

SIDE  BC 

a  -o*l,  tX<?  <1 
i  •  •  i 

V*.  * 0 

CORKER  C 

a  *0.  o.*- 1 

z  • 

«^*oT>0,  t  ♦Cg+ZaTsO 

o  *  0,  o.  »  0 

z  • 

SIDE  CD 

O^w-1,  -1«J^<0 

(l+v)T*0 

CORKER  D 

V1'  o,-l 

t  ♦oT*0 

o  m  0  o.  •  0 

K  ft 

EIASTXC 

HOKE 

a  - — *  - ■  [ «  +w«  ♦«(l+v)Tl 
*  (1-v  >  * 

a9"  (l+v)Tl 

(1-v  ) 

Since  the  stresses  are  continuous  across  the  wall  of  the  shell,  the 
stress  resultant  rates  are  given  by: 


(7) 


To  conform  with  the  elastic  and  plastic  buckling  analysis  of  unheated 
cylindrical  shells  the  end  of  the  shell  are  constrained  from  rotating 
but  are  free  to  expand.  This  insures  a  pre-buckling  stress  state 
independent  of  z.  The  only  kinematic  boundary  conditions  are  then: 


dv 
_ r 

dz 


=  0  at  z 


(8) 


in  which  L  =  length  of  the  shell. 

.  .  P 

P  ~  nz  2itRho 

o 


For  equilibrium  at  the  ends 


(9) 


in  which  P  is  the  load  rate  acting  on  the  shell.  The  bending  mo¬ 
ment  rate  m  at  the  ends  is  also  balanced  by  the  end  constraint, 
z 

For  convenience  the  vector  (p,t)  will  be  referred  to  as  the  load 
vector  and  (p,t)  as  the  load  rate  vector. 
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RATE  EQUATIONS  FOR  THE  PRE-BOCKLIHG  STRESS  STATE 

As  the  temperature  and  load  are  increased  from  zero  the  stress  dis¬ 
tribution  can  go  through  an  elastic  and  a  sequence  of  elastic-plastic 
stress  states  before  the  shell  buckles.  The  governing  equations 
take  a  simple  form  for  the  pre-buckling  stress  state,  since  in  this 
case  the  stress  and  strain  rates  are  function  of  r  only,  k  is  then 
identically  zero.  The  solution  is  obtained  from  the  equations  in 
the  previous  section  and  can  conveniently  be  written  in  the  form: 


-a  t  -  b  p>( 


e 

e 


for  the  strain  rates.  The  stress  rates  and  the  conditions  for  plas¬ 
tic  flow  are  obtained  by  substituting  in  Table  I.  The  superscripts 
refer  to  a  particular  stress  state.  The  correspondence  between  the 
superscript  and  the  stress  state  is  summarized  in  Table  II.  The 
stress  state  corresponding  to  case  2  is  also  shown  in  fig.  2. 

TABLE  II 


Position  of  Elastic-Plastic  and  Plastic-Plastic  Interfaces 


1 

St 

n.  m 

roinioa  on  m  rnu  surface 

Values  of  tha  functions  in  Appendices 
Obtained  by  Assigning  These  Values 
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2 
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2 
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2 
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2 

1  1 

2  2 

12 
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The  quantities  a  ,  b  ,  a  1  and  8  are  functions  of  the  posi¬ 
tions  of  the  elastic-plastic  and  plastic-plastic  (corresponding  to 
the  corners  in  the  yield  surface)  interfaces.  The  actual  values  of 
these  functions  are  given  in  Ap: endix  I.  For  the  cases  1  and  2,  the 
functions  take  the  simple  form: 


a(1)  =0,  a(1)  =0,  b(1)  =1.  B(1)  . 

a(2)  =  0,  b(2)  =  1  +  (1-v2)  -I - 

q  +  ?> 


-V.  a<2>  e  . 


>(2) 


(11) 


The  rate  equations  for  the  motion  of  the  elastic-plastic  and  plastic- 
plastic  Interfa  through  the  cross  section  can  be  obtained  from 
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the  condition  of  continuity  of  the  stress  c  and  a  .  These  equations 

z  6 

and  summarized  in  Appendix  II.  For  case  2,  the  equation  for  the 
single  elastic-plastic  interface  takes  the  simple  form: 


r  =  -  —  (f  +  — ) 
s  2t  J  2' 


t  (5+j) 


PRE— BUCKLING  STRESS  STATE 

The  pre-buckling  stress  and  strain  state  can  be  obtained  by  integrat¬ 
ing  the  rate  equations  given  in  the  previous  section.  The  states 
corresponding  to  the  cases  1  and  2  can  be  obtained  in  a  closed  form. 
The  result  is  given  below.  The  remaining  states  can  only  be  obtain¬ 
ed  through  a  step  by  step  numerical  integration.  This  integration 
has  to  be  carried  out  in  the  appropriate  sequence  since  the  last 
step  of  one  case  forms  the  initial  conditions  for  the  next.  The  form 
of  the  rate  equations  given  are  ideally  suited  for  programming  on  a 
digital  computer. 


Positive  and  negative  values  of  t  (positive  t  corresponds  to  the 
outside  of  the  cylinder  being  the  warmest)  give  identical  solutions 
except  the  positive  direction  of  r  is  reversed.  Only  the  solution 
for  r  positive  outwards  is  therefore  given  below. 


Before  yielding  begins  the  state  is  given  by  case  1. 
are: 


The  strains 

(13) 


and  the  stresses  in  the  complete  cross  section  -£  s  r  s  £  are: 


c  =  p  +  tr,  cr  —  tr  (14) 

z  6 

For  positive  values  of  p  which  is  the  only  case  of  interest  in  a 
buckling  analysis,  yielding  occurs  at  r  =  J  (outside  of  the  wall 
when  t  is  positive)  when  the  load  vector  satisfies: 


t  +  2p  =  2  (15) 

This  is  the  line  ab  in  Fig.  3.  This  figure  shows  the  regions  cor¬ 
responding  to  cases  1  and  2,  and  the  approximation  positions  of  the 
regions  corresponding  to  the  neighboring  cases  in  the  (p,t)  plane. 
Beyond  this  line  the  stress  state  changes  to  case  2.  The  strains 
are: 

If  ,,  2.  t  . -  -11  1  r  i 

ez  ~  ~  e  T  "  P  “(1-v  )  2  "  ^2t  (1-p)  +  1-p  ,  eg  =  -  -- x  +  vpj 

(16) 

The  position  of  the  elastic  plastic  interface  is: 
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Fig.  3 

Regions  in  the  load  plane  (p,t) 


Fig.  4 

Direction  of  the  load  rate 
vector 


The  stresses  in  the  elastic  region  -J  s  r  <  t  are: 

a  -  1  ♦  t  /r  ♦  f 
z  2  .  t  , 

aQ  =  v  (1-p)  +  t  'r  +  vj  - 

and  in  the  plastic  region  (on  the  side  AB  of  the  yield  locus) : 
a  =1.  a  =  v  (1-p)  +  (l+v)tr 

Z 


(18) 


(19) 


For  p  <  0.7722  an  additional  plastic  zone  develops  in  the  cross 
section  at  r  =  -£  when: 


v/ 2 1  (1-p)  +  t  +  vp  -  (1+"  )  =  0 


(20) 


This  is  the  line  be  in  fig.  3.  Beyond  this  line  the  stress  state 
changes  to  case  3 , 

For  p  ■>  0.7722  the  complete  elastic  zone  becomes  plastic  with 
stresses  lying  along  the  side  BC  of  the  yield  locus  when: 

/2t7T=FV  +  (i-p)  -  f  -  o  (2D 

This  is  the  line  ac  in  fig,  3.  Beyond  this  line  the  stress  state 
changes  to  case  4. 

The  criterion  for  continued  flow  is: 

(!  +  ^)2  t  +  2p  0  (22) 
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This  means  that  the  loading  vector  (p,t)  must  be  outward  from  the 
constant  ?  lines  in  the  (p, t)  plane.  Outward  in  this  sense  means 
towards  decreasing  value  of  ?  ,  that  is  increasing  extent  of  the 
plastic  region.  This  is  illustrated  in  fig.  4.  An  acceptable 
loading  path  in  the  load  plane  (p, t)  is  one  where  this  is  satisfied 
at  each  point. 

BUCKLING 

A  shell  with  the  appropriate  geometry  can  buckle  starting  from  any 
of  the  stress  states  discussed  in  the  last  section.  Furthermore,  as 
shown  in  [2] for  each  stress  state  a  series  of  buckling  mechanisms 
exist,  each  one  with  an  associated  buckling  load  and  temperature. 

This  is  illustrated  schmatically  in  fig.  5  which  shows  the  family  of 
buckling  curves  in  the  load  plane  (p, t) .  Each  curve  or  mechanism 
corresponds  to  a  different  degree  of  unloading  of  the  plastic  part 
of  the  cross  section.  The  lowest  curve  corresponds  to  complete  load¬ 
ing,  that  is  continued  flow  in  all  the  plastic  material.  It  is  this 
curve  which  will  be  determined. 


P 

io  ^  pf  <  1 


Fig.  5  Family  of  buckling  curves.  Fig.  6  Buckling  load  (p, t) 


If,  therefore,  plastic  flow  is  postulated  in  the  plastic  part  of  the 
cross  section  the  governing  equatiors  can  be  reduced  to  an  equation 
for  the  radial  velocity  v  at  the  point  of  buckling. 


*2A(i) 

dz4 


1B(1^  -  pCU)'  - f  +  D(l*v 

dz2 


i/F(i>p+G(1) 


•  (i)»i 

T  +  H  t 


(23) 


The  value  of  the  coefficients  in  the  equation  depend  on  the  pre¬ 
buckling  stress  state  and  are  in  general  functions  of  the  positions 
of  the  interfaces.  Their  values  are  shown  in  Appendix  III.  The 
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superscript  refers  to  a  particular  stress  state  in  the  same  way  as 
before.  For  case  1  and  2  these  functions  take  the  simple  values: 


(1) 


2  2' 
12  (1-v  ) 


B(1)  =  0. 


.(1) 


(1-v2) 


(1-v2) 


,(1) 


ve 


(1-v2) 


.(1)  __  _ 

(1-v2) 


0  .  A 


(2) 


2  2 

12  (i-v  V 


(?+&)4. 


.(2) 


=  0,  C 


(2) 


(1-v2) 


(5+i)  .  D 


(2) 


(1-v2) 


(s+£)  . 


.(2) 


.  g(2) 


—  (?+$)  .  k(2)  =  0 


(24) 


(1-v  ) 

The  solution  to  this  equation  satisfying  the  boundary  conditions  is: 


1  f  (i)  •  „  (i)  •  •.  rn^rR 

'  t  -  3  pj  +  V  cos  z 


(25) 


where  V  is  the  buckling  velocity  amplitude  and  m  is  an  integer. 
The  buckling  load  is  given  by 


2 

JX _ j"  (i)  .  ..(i)  r  ^B2Rn2  X  A  -y 

„  (i)  .  V.  L  ,  .muR.  2  J 

1  L  ' 


(26) 


m  has  to  be  determined  so  as  to  minimize  p.  For  most  cases  of 
practical  interest  m  is  a  large  number  (m  is  i  general  larger 
when  a  temperature  gradient  is  pres  .  than  with  o  gradient) .  When 
this  is  the  case  m  can  be  treated  as  a  continuous  variable.  The 
"•Lniraum  value  of  p  occurs  when 

,  (i) 

(27) 


^mirR'  4 

L  J 


2  (i) 
X  A 


The  corresponding  buckling  load  is  given  by: 

_  _  —  /B(i>  .  2_A(i)D(i)^' 

P  -  (i)  B  +  2:.A  D 


(i) 


(28) 


B(i),  C(i)  and  D(i) 


At  this  point  it  is  helpful  to  recall  that  A 
are  functions  of  the  position  of  the  interface,  and  that  these  posi¬ 
tions  in  turn  are  functions  of  the  load  vector.  To  obtain  the  buckl¬ 
ing  criterion  as  a  function  of  the  load  vector  these  positions  must 
be  eliminated.  Except  for  case  1  and  2  this  can  only  be  done  numer¬ 
ically. 

For  case  1  the  usual  elastic  buckling  load  is  obtained: 

Xe 


Pe  = 


J: 


(29) 


3  (1-v  ) 
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(30) 


For  case  2  the  buckling  load  vector  is  given  by: 

43  .3  4 

p  t  -  8  (1-p)  Pe  =  0 

Some  typical  critical  values  are  shown  in  fig.  6.  This  shows  chat 
the  effect  of  the  temperature  is  largest  for  p  =  1  . 

The  strain  rate  field  associated  with  the  solution  (25)  must  also 
satisfy  the  criterions  for  continued  flow  of  the  material  in  the 
plastic  parts  of  the  cross  section.  Except  for  cases  1  and  2  this 
can  only  be  done  numerically,  but  it  will  in  general  lead  to  res¬ 
trictions  on  the  values  of  p,  t  and  V. 

For  case  2  the  criterion  reduces  to: 


(?  +  \)2t  + 


2p  -  X 


1 

r  12  (5  +  2) 

(1-v2) 


; 


V  3-  0 


(31) 


when  v  is  positive.  Since  there  is  no  preference  for  positive  or 
negative  value  of  V,  the  discussion  is  limited  to  positive  values. 
The  meaning  of  this  inequality  is  best  understood  from  fig.  4.  This 
figure  replaces  the  two  dimensional  load  deflection  curves  used  in 
most  plastic  buckling  analysis  [See  for  example  [2]  and  [6]).  The 
load  rate  displacement  vector  (p,t,V)  must  be  somewhere  between  the 
two  planes  x  and  Y  . 


The  largest  value  of  V  occurs  when  the  equality  sign  in  (31)  is 
satisfied.  The  load  displacement  vector  then  lies  in  the  plane  X 
in  fig.  4.  When  this  is  the  case  unloading  of  the  plastic  material 
is  just  on  the  point  of  starting  at  one  side  of  the  plastic  region. 
The  most  critical  loading  direction  is  when  the  -load  displacement 
vector  lies  in  the  plane  X  and  is  at  right  angles  to  the  t  =  const, 
lines.  This  occurs  when: 


« * 


(32) 


which  corresponds  to  the  maximum  rate  of  growth  of  the  plastic 
region. 

As  the  values  of  p  and  t  are  increased  above  their  critical  values, 
a  point  will  be  reached  where  equilibrium  can  not  be  maintained 
except  by  decreasing  the  value  of  p.  The  corresponding  load  vector 
can  be  defined  as  the  ultimate  load  on  the  shell.  The  value  of  the 
ultimate  load  will  require  a  step  by  step  nonlinear  numerical  analy¬ 
sis  of  the  type  performed  in  [2].  The  buckling  load  will  however 
in  general  be  a  lower  bound  on  the  ultimate  load.  Furthermore,  from 
analogy  with  plastic  buckling  of  cylindrical  shells  [6)  it  can  be 
expected  that  the  buckling  load  and  ultimate  load  are  fairly  close. 


CONCLUS IONS 

It  is  shown  that  the  theoretical  buckling  load  of  axially  loaded 
cylindrical  shells  can  be  significantly  reduced  by  partial  yielding 
caused  by  temperature  gradients  through  the  wall.  The  buckling  is 
of  the  Shanley  type.  The  load  vector  (p, t)  takes  the  place  of  the 
load  in  the  classical  shanley  formulations,  and  it  is  this  load 


550 


vector  which  has  to  change  to  insure  continued  plastic  flow  as  the 
shell  buckles.  The  ultimate  load  the  shell  can  carry  will  depend  on 
the  particular  path  followed  by  the  load  vector  in  the  load  plane 
(p,t)  after  the  shell  has  buckled.  From  analogy  with  plastic 
buckling  of  cylindrical  shells  it  can  be  expected  that  the  initial 
buckling  load  and  ultimate  buckling  load  are  fairly  close. 
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APPENDIX  I  VALUES  OF  THE  FUNCTIONS  APPEARING  IN  THE  STRAIN  RATES 
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For  the  stress  states  with  an  elastic  region  (Cases  1,  2,  3,  6,  8, 
12) 
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C(i)  =  (%'-€)  +  — ~ -(5-C).  5(1)  =  (52-C2)  +  (l-v)(?,2-S2) 

(1-v  > 

For  the  stress  states  without  an  elastic  region  (cases  4,  5,  7,  9, 
10,  11) 

* Tfcr''-el  •  cll>  ■ 
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APPENDIX  II  EQUATIONS  FOR  THE  MOTION  OF  THE  INTERFACES 
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APPENDIX  III  VALUES  OF  THE  FUNCTIONS  IN  THE  BUCKLING  EQUATION 
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G  =  a  f  -af  ,  H  =  a  g  -ag 

Where  £or  the  stress  states  with  an  elastic  region  (Cases  1,  2,  3,  6, 
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For  the  stress  state  without  an  elastic  region  (Cases  4,  5,  7,  9,  10, 
11) 
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ABSTRACT 

The  elastic  buckling  and  initial  post-buckling  behavior  of  clamped  shallow  spher¬ 
ical  sandwich  shells  under  axisymmetrical  loads  is  investigated  numerically  for 
face  sheets  of  the  same  material  and  thickness.  An  analysis  is  made  of  the  de¬ 
pendence  of  the  buckling  and  initial  post-buckling  behavior  on  the  area  of  the 
region  over  which  the  load  is  uniformly  distributed.  It  is  found  that  as  the 
area  of  the  loaded  region  decreases,  the  buckling  behavior  changes  from  the  asy¬ 
mmetrical  type  to  axisymmetrical  snap-through,  and  then,-  for  a  significant  range 
of  radius  of  the  loaded  region,  the  clamped  spherical  sandwich  cap  does  not  buc¬ 
kle  either  axi symmetr ica  1  ly  or  asymmetrically.. 

The  buckling  behavior  of  the  clamped  shallow  spherical  sandwich  cap  is  studied 
also  for  a  concentrated  load  at  the  apex.  Again  the  face  sheets  are  assumed  to 
be  made  of  the  same  material  and  have  equal  thicknesses.  It  is  found,,  for  the 
range  of  m  terial  and  geometrical  parameters  considered,,  that  buckling  does  not 
occur 


INTRODUCTION. 

The  purpose  of  this  paper  is  to  present  a  numerical  analysis  of  the  buckling 
and  initial  post-buckling  behavior  of  clamped  shallow  spherical  sandwich  shells 
(Finu-e  I)  with  face  sheets  made  from  the  same  materials  and  whose  thicknesses 
are  .qual..  The  shell  is  subjected  to  a  pressure  that  is  distributee  uniformly 
over  a  reqion  surrour  ring  its  apex.  The  core  material  is  assumed  to  be  an  iso¬ 
tropic  homogeneous  continuum  capable  of  transmitting  transverse  shearing  forces 
only..  Consequently,  .the  rigid  core  theory  of  sandwich  construction  is  used. 

The  theoretical  treatment  employed  in  this  study  is  essentially  a  perturbation 
technique  proposed  by  Koiter  [1]  and  which  was  transcribed  into  a  form  suitable 
for  application  to  the  clamped  shallow  spherical  homogeneous  shell  by  Fitch  [2] 


The  buckling  and  Initial  post-buckling  behaviors  of  clamped  shallow  spherical 
homogeneous  shells  under  various  types  of  loads  have  been  studied  extensively  in 
recent  years  [2-6].  It  has  been  suggested,  in  the  literature,  that  the  clasped 
shallow  spherical  homogeneous  shell  can  be  regarded  as  a  reasonable  approxima¬ 
tion  of  the  substructure  which  supports  the  ablation  material  of  the  heat  shield 
on  space  vehicles.:  Since  this  substructure  is  likely  to  be  a  sandwich  construc¬ 
tion  it  is  clear  tnat  the  buckling  and  initial  post-buckling  analyses  of  clamped 
shallow  spherical  sandwich  shells  have  significant  practical  implications. 

The  buckling  and  initial  post-buckling  analysis  presented  in  this  paper  is  based 
on  a  set  of  nonlinear  differential  equations  derived  in  an  earlier  investigation 
by  the  present  authors  [7]  .- 

THEORY 


Basic  Equations 


The  behavior  o+  thin  clamped  shallow  spherical  sandwich  shells  undergoing  moder¬ 
ately  large  deflections  can  be  described  by  the  nondimensional  equations 
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with  boundary  conditions  at  the  clamped  edge  (x  «  A) 
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The  nondimensional  quantities  appearing  in  Eq.-  (1)  -  (10)  are  related  to  the 
corresponding  physical  quantities  through  the  relations 
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X$'(X)  -  vMX)  =  0 

(18) 

aQ  (X)  =  0 

(19) 

1 im  {0,  $,  a  }  =  0 
x-0 

(20) 

I  I 

where  0  =  -w  ,  $  =  f  ,  and  refers  to  the  axisymmetrical  behavior.; 

The  conditions  (20)  follow  from  symmetry  and  boundedness  of  the  membrane  forces 
at  the  apex,  finally,  the  nondimensional  load  parameter  T"  appearing  in  Eq..  (14) 
is  given  by 


where 


r: — 

2pXj  y(x),  (Centrally  distributed  pressure) 


(21) 


(22) 


Average  Deflection  Parameter 


As  a  suitable  nondimensional  measure  of  the  deflection  of  the  cap  under  central¬ 
ly  distributed  pressures,  the  ratio  of  the  average  vertical  displacement  of  the 
region  r  <  r^  to  the  face  sheet  thickness  t  is  selected.  Accordingly, 
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When  the  deflections  are  axisymmetrical ,  Eq..  (23)  reduces  to 

X 

t  J  nrd-vS)]';  /  v(x)  0dx  w 

Expression  (24)  can  also  be  used  as  a  measure  of  the  deflection  of  the  cap  under 
a  concentrated  load  at  the  apex  if  y  =  1.  In  this  case  the  average  deflection 
parameter  is  to  be  interpreted  as  the  ratio  of  the  vertical  deflection  of  the 
apex  to  the  thickness  of  a  face  sheet.; 

Defining  Sg  as  the  rate  of  change  of  the  load  parameter  p  with  respect  to  the 
gross  deflection  parameter  W/t  at  pc  for  the  axisymmetrical  path  there  results 
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where  (30/Dp)^  is  to  be  evaluated  at  the  bifurcation  point. 


(25) 


Buckl ing  Behavior 

In  order  to  determine  if  asymmetrical  buckling  precedes  axisymmetrical  buckling 
a  solution  of  Eq.  (I)  -  (10)  is  sought  in  the  form 


s;s 


where  £  is  an  infinitesimal  scalar  parameter.  The  function  Bq(x)  e  0  by  symme¬ 
try  considerations.  With  no  loss  in  generality,  (w^ ,  f.,  a. ,6.)  can  be  taken 
in  the  form 

Wj  (x , (J>)  =  w]n(x)  cos  n* 
f.  (x ,<J>)  =  f .  (x)  cos  niji 

'  1  (27) 

Oj  (x , <p)  =  ot |  n  (x)  cos  n<b 

Bj  (x,<J>)  =  B,n(x)  sin  n<Ji 
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^  <;“2  *«2B2)  +  0“2  *  0B2  ‘  A  <B2  "  *  V  "  0  (i,3) 


with  boundary  conditions  (5)  *  (10)  on  w2>  f2,  a2,  and  £j. 

It  can  be  shown  by  direct  substitution  in  Eq.  (1)0)  -  (2*3)  and  the  associated 
boundary  conditions  at  x  «  X  and  the  conditions  of  regularity  at  x  «  0  that  the 
functions  (w2>  f2<  a,,,  62)  must  be  of  the  form 
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B2  (x,4>)  «*ui(x)  +  t(x)  sin  2ni 


where  t(x),  S' (x) ,  and  y(x)  must  satisfy  the  boundary  value  problem 
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(45) 
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L,(y)  -  A  (y  +  s)  -  0 

(47) 

?(A)  -  0, 

(48) 

Af '  (A)  -  vf(A)  »  0 

m 

y(a)  -  0, 

(50) 

11m  {?,  V,  y}«  0 

(51) 
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and  the  functions  p(x),  xW.  o(x),  and  t(x)  must  satisfy  the  boundary  value 
problem 
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The  boundary  value  problem  for  the  function  u»(x)  is 


A(o-p  )  =  0  (54) 

A(t  ♦  ~  p)  “  0  (f5) 
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and  yields  »»  z-  0. 

*he  functions  appearing  on  the  right-hand  sides  of  Eq-  (45),  (46),  (52),  and 
(53)  are  defined  by  the  relations 
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These  formulas  are  precisely  the  same  as  those  for  the  homogeneous  spherical 
cap  (2,4,5,6) . 

It  is  shown  in  reference  (2)  that  the  expansions  (39),  when  they  are  assumed 
asymptotically  valid  for  5  <<  I,,  imply  a  relationship  of  the  form 
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(70) 


£  =  I  +  a(  +  b£2  +  .  ..  .. 
pc 

it  can  be  shown  that  the  coefficient  a  i  0  for  the  spherical  sandwich  cap  and 
that 
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(71) 


By  using  Eqs..  (45)  and  (46)  for  g.  and  g^  and  the  equations  obtained  by  differ¬ 
entiating  the  axisymmetrical  equilibrium  Eq.:  (14)  -  (20)  with  respect  to  the 
load  parameter  p  at  pc,  the  integral  in  the  denominator  of  Eq<  (71)  can  be  writ¬ 
ten  in  the  more  convenient  form 

A 

-  J  c, dx,  Concentrated  load) 

0  (72) 

2  } 

-  2x.  J  y(x)?dx,  (Centrally  distributed  load) 

1  0 


The  sign  of  the  coefficier»  b  determines  whether  the  load  initially  increases 
or  decreases  subsequent  to  asymmetrical  buckling.  The  signtt  icanc.  of  the 
coefficient  b  is  connected  with  the  notions  of  imperfection-sensitive  and  im¬ 
perfection-insensitive  structures.:  It  has  been  shown  in  references  [2]  and  [4] 
that  structures  containing  geometric  imperfections  (imperfect  structures)  are 
imperfection-sensitive,  in  the  sense  that  the  buckling  load  for  the  imperfect 
structure  should  be  expected  to  be  less  than  that  for  the  corresponding  perfect 
structure,  whenever  the  load  for  the  perfect  structure  initially  decreases  at 
the  bifurcation  point.  A  structure  is  said  to  be  imperfect  ion- i nsens i t ive ,  in 
the  sense  that  load-deflection  curve  for  the  imperfect  structure  exhibits  a  much 
milder  growth  of  displacement  as  the  load  reaches  and  exceeds  the  classical  buck¬ 
ling  'oad  of  the  corresponding  perfect  structure,  whenever  the  load  for  the  per¬ 
fect  structure  increases  subsequent  to  asymmetrical  buckling.-  Accordingly,  a 
structure  is  said  to  be  imperfection-sensitive  or  imperfect  ion- insensi t ive  ac¬ 
cording  to  whether  b  is  negative  or  positive,  respectively.  In  calculating  b 
it  has  been  assumed  that  the  buckling  mode  has  been  normalized  so  that  the  max¬ 
imum  value  of  W]  (=  2H/\2  Wj)  js  equal  to  the  face  sheet  thickness  t. 


Let  S  represent  the  initial  slope  of  the  load-deflection  curve  corresponding  to 
the  bifurcation  path..  It  is  not  difficult  to  show  that 


S 


(73:; 


where 

5  =  - 2 - - — .  J  y?c)x 

bpc(l2(l-\/)]  *  0 


(74) 


The  function  s(x)  is  defined  by  the  boundary  value  problem  (45)  -  (51).  b  is 
the  initial  post-buckling  coefficient  defined  by  Eq.  (71).,  and  pc  is  the  value 
of  the  loading  parameter  p  at  the  bifurcation  point. 


Finally,  as  a  measure  of  the  relative  stiffness  the  following  parameter  is  used 

•&■=  f  arctan  j  (75) 

The  parameters  Sg,  S,  and  were  defined  by  Fitch  and  Budiansky  [4]  and  the  av¬ 
erage  deflection  parameter  defined  hi.-re  is  analogous  to  the  one  defined  by  those 
authors .. 
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NUMERICAL  PROCEDURE  ANO  RESULTS 


The  numerical  procedures  employed  in  this  study  have  been  described  in  detail 
by  Fitch  [2].;  A  brief  account  of  our  application  of  these  procedures  is  present¬ 
ed  here  to  provide  a  clearer  understanding  of  the  numerical  results  to  be  pre¬ 
sent  .d  in  the  sequel. 

The  system  of  nonlinear  differential  Eq.  (14)  -  (20)  governing  the  axisymmetri- 
cal  buckling  of  the  sandwich  cap  was  solved  by  Newton's  method,  which,  essentia¬ 
lly,  replaces  these  equations  with  a  system  of  linear  correctional  equations. 

This  latter  system  of  equations  was  in  turn  approximated  by  a  system  of  finite 
difference  equations  using  central  difference  formulas  for  the  derivatives.-  The 
linear  correctional  equations  lead,  via  an  iterative  process,  to  the  solution  of 
the  axisymmetrical  problem..  The  numerical  procedure  employed  was  to  solve  the 
linearized  finite  difference  analogue  of  the  axisymmetrical  Eq.  (14)  -  (20)  for 
a  value  of  p  for  which  the  shell  response  was  linear  and  to  use  this  solution  as 
an  initial  estimate  of  the  solution  for  a  slightly  higher  value  of  p.  The  fi¬ 
nite  difference  analogue  of  the  linear  correctional  equations  was  solved  then  by 
an  iterative  process  for  the  correction  functions  associated  with  these  initial 
estimates  of  the  solution.  The  correction  functions  were  considered  to  be  suf¬ 
ficiently  accurate  whenever  their  absolute  values  at  each  station  were  less  than 
0.01%  of  the  absolute  values  of  the  current  estimate  of  the  solution  at  the  cor¬ 
responding  station..  Having  obtained  the  solution  for  a  given  value  of  p  it  was 
used  as  an  initial  estimate  for  a  slightly  higher  value  of  p  and  the  process 
was  continued  until  convergence  did  not  occur.; 

Axisymmetrical  cap-snapping  was  assumed  to  occur  when  a  local  maximum  on  the  ax¬ 
isymmetrical  load-deflection  curve  was  reached.-  The  occurence  of  a  local  maxi¬ 
mum  was  signified  by  the  failure  of  the  Iterative  process  to  converge.  In  lo¬ 
cating  the  local  maximum  numerically  it  was  assumed  that  it  had  been  exceeded  if 
convergence  of  the  system  of  linear  correctional  equations  had  not  occurred  af¬ 
ter  fourteen  iterations  for  a  fixed  value  of  the  loading  parameter  p.-  The  pre¬ 
ceding  value  of  p  for  which  convergence  had  occurred  was  then  incremented  in 
steps  of  I / 1 0  of  the  original  increment  until  convergence,  in  the  sense  describ¬ 
ed,  failed  to  occur..  This  latter  process  was  repeated  in  steps  of  1/100  of  the 
original  increment  until  convergence  failed  to  occur.-  The  immediately  preceding 
value  of  p  was  taken  as  the  axisymmetrical  buckling  load..  This  process  gives 
the  critical  axisymmetrical  buckling  load  to  two  places  after  the  decimal  point.. 

The  linear  eigenvalue  problem,  Eq.  (28)  -  (38),  describing  the  asymmetrical  buck¬ 
ling  of  the  shallow  sandwich  cap  was  replaced  with  a  finite  difference  analogue 
using  central  difference  formulas.  Potters'  algorithm  [8],  with  the  modifica¬ 
tions  suggested  by  Blum  and  Fulton  (9J  which  eliminate  sign  changes  associated 
with  the  singularities  of  the  buckling  determinant,  was  used  in  determining  the 
asymmetrical  buckling  load..  The  vane  of  the  modified  buckling  determinant  was 
plotted  against  the  corresponding  vale-  of  the  load  parameter  p  for  several  val¬ 
ues  of  the  circumferential  wave  number  r...  Whenever  a  change  In  sign  of  the  mod¬ 
ified  buckling  determinant  occurred  the  oreceding  value  of  p  was  incremented  in 
steps  of  1/10  of  the  original  increment  and  the  process  was  repeated  until  the 
sign  change  was  detected  again.  The  asymmetrical  buckling  load  was  taken  as  the 
value  of  p  corresponding  to  a  linear  interpolation  between  the  value  of  p  immed¬ 
iately  preceding  the  sign  change  for  the  refined  calculations  and  the  value  of 
p  associated  with  the  sign  change.- 

The  initial  post-buckling  problem,  Eq.  (45)  -  (51)  and  (52)  -  (62),  was  replaced 
by  a  finite  difference  analogue  using  central  difference  formulas.-  Potters'  al¬ 
gorithm  was  used  to  generate  the  solution.-  The  integrals  appearing  in  the  num¬ 
erator  and  denominator  of  the  initial  post-buckling  coefficient  b  (equation  71) 
and  in  the  formula  for  the  relative  stiffness  parameter  (equation  75)  were  eval¬ 
uated  by  Simpon's  rule. 

The  preceding  calculations  were  carried  out  for  a  mesh  size  of  0.5  on  the  IBM 
360-50  computer  using  double  precision  throughout.  A  mesh  size  of  0.25  was  used 


564 


at  two  points  so  as  to  ascertain  the  accuracy  with  which  the  buckling  toads  and 
associated  mode  forms  were  given  by  the  0.5  mesh.  The  buckling  loads  associa¬ 
ted  with  the  0.5  mesh  were  found  to  be  less  than  1%  large-  than  those  ussocia- 
ted  with  the  0.25  mesh.  Moreover,  the  initial  post-buckling  coefficient  (b) 
and  the  relative  stiffness  parameter  (-9)  differed  by  approximately  21  and  4%, 
respectively..  These  differences  were  not  considered  to  be  significant  since 
the  important  information  extracted  from  the  plots  did  not  change.  Consequent¬ 
ly,  the  0.5  mesh  was  used  throughout  the  study. 

In  the  present  work  attention  was  focused  initially  on  a  clamped  shallow  spheri¬ 
cal  sandwich  shell  with  equal  face  sheets  for  which  the  pertinent  geometrical 
and  material  properties  were  X  *  30,  (Gc/E) (a/H)^  ■  0.8,  c/t  «  10.  A  study  was 
made  of  the  dependence  of  the  buckling  and  initial  post-buckling  behavior  on  the 
size  of  the  area  over  which  a  uniform  pressure  was  distributed.;  The  results 
of  this  study  are  shown  in  Figure  2. 

The  top  curve  in  Figure  2  exhibits  the  critical  load  as  a  function  of  the  non- 
dimensional  parameter  that  measures  the  extent  of  the  loaded  area.;  The  par¬ 
ameter  X2  varies  from  zero  to  X  as  the  loading  changes  from  the  equivalent  of 
a  concentrated  force  applied  at  the  apex  to  a  uniform  pressure  over  the  entire 
surface  of  the  shell.; 

The  middle  portion  of  Figure  2  gives  the  initial  post-buckling  coefficient  b  as¬ 
sociated  with  asymmetrical  buckling,  finally,  the  bottom  portion  of  Figure  2 
shows  the  relative  stiffness  parameter -9v 

The  buckling  and  initial  post-buckling  behavior  shown  in  Figure  2  can  be  describ¬ 
ed  as  follows.  For  x^  >  22  asymmetrical  buckling  precedes  axisymmetrical  snap- 
through  buckling  and  G  is  negative,  signifying  that  the  asymmetrical  buckling 
is  accompanied  by  a  decrease  in  load  carrying  capacity.-  Since  the  relative 
stiffness  parameter  -&■  <  -0.5  in  the  same  interval  it  follows  that  a  decrease 
in  deflection  accompanies  the  decrease  in  load  carrying  capacity;  i.e.,  the  ini¬ 
tial  slope  of  the  bifurcation  branch  of  the  load-deflection  curve  is  backward. 
For  10  ^  X2  22  a  local  maximum  on  the  axisymmetrical  load-deflection  curve  ap¬ 
pears  before  the  lowest  bifurcation  load.  It  was  observed,  for  X2  <  10,  that 
neither  axisymmetrical  nor  asymmetrical  buckling  occurred;  instead,  the  deflec¬ 
tion  of  the  cap  was  characterized  by  a  gradual  transition  from  one  equilibrium 
configuration  to  another. 

Figure  3  shows  the  axisymmetrical  load-deflection  curves  for  several  values  of 
x2.  The  ordinate  of  this  figure  is  the  average  vertical  nondimensional  axisym¬ 
metrical  displacement  defined  by  the  relation 

-  2  rX 

P  ■  -7  /  xwdx  (76) 

\  0 


In  making  a  computer  search  for  possible  asymmetrical  buckling  behavior  for 
Xj  <  10,  the  graphs  of  the  modified  buckling  determinant  vs  loading  parameter  p 
were  considered  for  the  range  of  wave  numbers  n  =  1,  2,  .....  6.-  For  example, 
for  x2  ■  6,  although  the  load  parameter  p  was  increased  to  50  in  Increments  of 
2.5  the  modified  buckling  determinant  did  not  change  sign  for  any  value  of  n  con¬ 
sidered.  Moreover,  there  was  no  evidence  that  a  sign  change  would  likely  occur 
for  higher  values  of  n. 


The  buckling  and  initial  post-buckling  behavior  of  clamped  shallow  spherical 
sandwich  shells  under  a  concentrated  load  applied  at  the  apex  is  studied  as  a 
limiting  case  of  the  centrally  distributed  pressure.-  This  behavior  was  studied 
for  two  different  sets  of  material  and  geometrical  parameters: (a/H)^(Gc/E)=  0.8, 
c/t  «  10;  and  (a/H) 2 (Gc/E)  «  0.05,  c/t  »  5-  Poisson's  ratio  was  taken  as  v=»l/3 
in  each  case.,  A  computer  search  for  p-ssible  asymmetrical  buckling  was  made 
for  several  values  of  X(X  «  30,  35,  A0,  45  for  the  first  set  of  parameters  and 
X  =  10,  12,  15,  25,  30,  40,  50,  60  for  the  second  set).  The  wave  number  n  was 
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given  only  the  values  3.  k,  5  since  it  is  felt  that  the  homogeneous  and  sandwich 
spherical  caps  under  a  concentrated  load  at  the  apex  would  have  the  same  criti¬ 
cal  wave  numbers.  Although  the  load  parameter  p  was  increased  up  to  2000  in 
inc,t.»<fflts'Of't>0, 'neither  axisymmetrical  nor  asymmetrical  buckling  was  detected:, 
instead  the  deflection  of  the  cap  was  characterized  by  a  gradual  transition  from 
one  equilibrium  configuration  to  another.,  SeveraJ_  characteristic  plots  of  the 
pressure  vs.  axisyimietrical  deflection  parameter  p  are  shown  in  Figure  A  for 
both  sets  of  parameters.. 

As  a  result  of  these  studies,  it  can  be  concluded,  at  least  for  the  range  of  A 
and  the  material  properties  considered  in  this  investigation,  that  the  clamped 
shallow  spherical  sandwich  shell  does  not  buckle  under  a  concentrated  load  at 
the  apex.-  This  conclusion  is  in  contrast  to  that  observed  for  the  clamped  shal¬ 
low  spherical  homogeneous  shell  under  a  concentrated  load  at  the  apex  [2]..  It 
is  felt  that  asymmetrical  buckling  could  occur  of  other  sets  of  material  and 
geometrical  parameters.: 

Finally,  the  buckling  mode  shape  associated  with  the  asymmetrical  buckling  be¬ 
havior  is  shown  in  Figure  5  as  a  function  of  the  nondimensional  radial  coordi¬ 
nate  for  A  =  30,  Xj  =  23,  (a/H)2{Gc/E)  =  0.8,  and  c/t  =  10..  In  plotting  the 
buckling  mode  shape,  it  has  been  assumed  that  the  maximum  value  of  Wj(=2H/A2  w| ) 
is  equal  to  the  face  thickness  t.. 

ACKNOWLEDGEMENT 


The  financial  support  for  this  investigation  was  provided  by  the  Department  of 

Engineering  Mechanics  at  Clemson  University.  The  authors  are  indebted  to 

Mrs.  Linda  Lay  for  typing  the  manuscript.. 

BIBLIOGRAPHY 

[1]  Koiter,  W.  T.,  "Elastic  Stability  and  Post-Buckling  Behavior,"  Proc.  Symp. 
Nonlinear  Problems,  Ed.  R..  E.:  Langer,  p.  257,  Univ.  of  Wise.  Press  (1963). 

[2]  Fitch,  J.;  R.,  "The  Buckling  and  Post-Buckling  Behavior  of  Spherical  Caps 
under  Concentrated  Load,  "International  Journal  of  Solids  and  Structures, 
Vol,  k,  1968,  p..  62l.: 

[3]  Huarg,  N.  C.,  "Unsymmetrical  Buckling  of  Thin  Shallow  Spherical  Shells," 
Journal  of  Applied  Mechanics,  Vol.-  31,  No.  3,  196k,  pp..  kk7-k57 . 

[k]  Fitch,  J.  R.  and  Budiansky,  B.,  "Buckling  and  Post-Buckling  Behavior  of 

Spherical  Caps  under  Axisymmetric  Load,"  American  Institute  of  Aeronautics 
and  Astronautics  Journal,  Vol.  8,  No.-  k,  1970,  pp..  686-693- 

[5]  Akkas,  N.  and  Bauld,  N.  R.,  Jr.,  "Buckling  and  Post-Buckling  Behavior  of 
Clamped  Shallow  Spherical  Shells  under  Axisymmetric  Ring  Loads,"  To  be  pub¬ 
lished  in  Journal  of  Applied  Mechanics,.  Paper  No.  7I-APM-9, 

[6]  Akkas,  N.  and  Bauld,  N.  R.,  Jr.,  "Buckling  and  Initial  Post-Buckling  Be¬ 
havior  of  Clamped  Shallow  Spherical  Shells  under  Axisymmetric  Band  Type 
Loads,"  XIV  South  American  Sessions  on  Structural  Engineering  and  IV  Sym¬ 
posium  on  Pan  American  Structures,.  Buenos  Aires,  Argentina,  1970.. 

[7]  Akkas,  N.  and  Bauld,  N.  R.,  Jr..,  "Buckling  and  Initial  Pos  t-Buck  I  i  ng  Be¬ 
havior  of  Clamped  Shallow  Spherical  Sandwich  Shells,"  To  be  published  in 
International  Journal  of  Solids  and  Structures, 

[8]  Potters,;  M.  L.,"A  Matrix  Method  for  the  Solution  of  a  Second  Order  Differ¬ 
ence  Equation  in  Two  Variables,"  Rept.  MRI9,  Math.  Centrum,  Amsterdam,  1955- 

[ 9 J  Blum,  R,  E.  and  Fulton,  R.  E.,  "A  Modification  of  Potters1  Method  for  Solv¬ 
ing  Eigenvalue  Problems  Involving  Tridiagonal  Matrices,"  American  Institute 
of  Aeronautics  and  Astronautics  Journal,  Vol.  k,  No..  12,  1966,  p.-  2231- 


566 


Geometry  of  a  clamped  sandwich  spherical  cap 


Buckling  and  initial  post-buckling  behavior  of  clamped  shallow 
sandwich  spherical  shells  under  centrally  distributed  pressure. 


Dovolopmonts  in  M« honks,  Vol.  6.  Proceedings  of  the  12th  Midwestern  Mechanics  Conference: 


Stability  of  Linear  Dynamic  Systems  under 
Stochastic  Parametric  Excitations 


JOHN  A.  LEPORE  and  ROBERT  A.  STOLTZ 


UNIVERSITY  OF  PENNSYLVANIA 


ABSTRACT 

This  paper  deals  with  a  Lyapunov-type  analysis  of  the  dynamic  stability  of  linear 
systems  subjected  to  stochastic  par;  metric  excitations.  The  concept  of  stochastic 
convergence  and  a  theorem  for  mean- square  global  stability  are  discussed.  The 
class  of  systems  under  consideration  is  that  for  which  Vie  dynamic  system  it  ponse 
may  be  represented  by  a  damped  Hill-type  equation  with  stochastic  coefficients.  A 
general  mean-square  stability  criterion  is  obtained  for  this  class  of  systems,  and 
explicit  results  are  demonstrated  in  the  special  case  of  a  rectangular  flat  plate  with 
simultaneous  stochastic  in-plane  loadings  along  its  length  and  width.  Sufficient 
conditions  are  obtained  to  ensure  mean-square  global  stability  in  terms  of  statisti¬ 
cal  properties  of  the  excitation  and  response  process,  and  the  physical  parameters 
of  the  system.  Ir.  the  case  of  stochastically  uncorrelated  excitation  and  response,, 
these  conditions  indicate  that  excitation  variance  may  increase  unboundedly  as 
system  damping  is  increased.  This  result,,  for  the  mean-square  stability  mode,  is 
unavailable  in  the  literature.: 


I.  INTRODUCTION 

Many  important  problems  in  the  field  of  dynamic  stability  can  be  analyzed  in  terms 
of  a  Hill-type  equation,  which  in  general  can  be  taken  in  the  form 

2-  +j2pl  -2?xW'°  (1) 

dt4 

where  n  ,,  3 ,,  and  x  are  constants ,;  and  cc(t)  is  a  time-varying  coefficient  which  may 
be  either  determimsti  -  stochastic.;  Considerable  research  has  been  done  on  the 
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dynamic  stability  of  systems  for  which  the  parameter  ep(t)  in  Eq.  1  is  deterministic, 
and,  in  particular,  periodic,  Crimi  [1J  has  recently  developed  a  formulation  for 
the  dynamic  stability  of  certain  systems  which  can  be  represented  by  a  set  of 
coupled  Hill-type  equations  with  periodic  coefficients.  An  example  of  such  a 
system  is  the  case  of  a  spinning  satellite  in  elliptic  orbit,  where  the  gravity  forces 
affecting  satellite  attitude  are  periodic  functions  of  time.  A  large  group  of  dynamic 
systems  whose  stability  can  be  determined  from  a  Hill-type  equation  is  the  class  of 
paraiqietrically-excited  structural  systems.  V.V.  Bolotin  [21  provides  a  comprehen¬ 
sive  treatment  of  these  cases  under  the  restriction  of  purely  deterministic  excitations. 

The  Intent  of  this  paper  is  to  obtain  a  stochastic  mean-square  stability  criterion  for 
systems  whose  dynamic  response  can  be  represented  by  a  Hill-type  equation  with 
stochastic  coefficients.,  The  difficulty  in  such  an  investigation  is  that,  notwith¬ 
standing  the  linear  properties  of  the  system,  the  response  displays  a  nonlinear 
dependence  on  the  stochastic  coefficients.  Consequently,  the  direct  method  of 
Lyapunov  is  used  herein  to  obtain  sufficient  conditions  guaranteeing  the  mean- 
square  stability  of  the  system.  This  approach  has  an  advantage  over  more  conven¬ 
tional  techniques  in  that  it  enables  one  to  deal  with  the  question  of  the  stability  of 
the  stochastic  system  utilizing  the  governing  form  of  the  differentia!  equation 
without  explicit  knowledge  of  its  solution.  A  general  mean-square  stability 
criterion  will  first  be  established  for  any  system  governed  by  Eq.  1.  More  detailed 
explicit  results  will  then  be  determined  for  the  particular  case  of  an  elastic  flat 
plate  subjected  to  stochastic  in-plane  loadings. 

II.  STOCHASTIC  STABILITY 


As  with  systems  which  are  governed  by  differential  equations  with  deterministic 
coefficients,  the  concept  of  stability  considered  here  is  still  essentially  a  matter 
of  convergence  of  solutions  of  the  system.  But  now  it  is  necessary  to  deal  with 
convergence  in  a  stochastic  sense  since  one  is  dealing  with  limits  involving  ran¬ 
dom  variables.  The  sequence  of  random  variables  xn  converges  to  x  in  mean-square 
if  E{  |xn  -  xl?  }■*  0  as  n  -»  “  .  Of  primary  concern  is  the  stability  which  corresponds 
to  convergence  in  mean-square  of  the  system  described  by  x  =  f{x,  h(t) ,  t^ ,  where 
x  is  a  vector  describing  the  state  of  the  system;_f  lx,h(t)  ,tj" is  a  continuous  vector 
function  of  the  stochastic  variable  h(t) ,  satisfying  a  Lipschltz  condition,  and  such 
that_f  { 0,h(t),t]  =  0  for  all  t.  The  null  solution  x(t)  =  0  is  the  equilibrium  solution 
to  be  investigated.  Hence,  the  following  definition  can  be  stated: 

Definition:  An  equilibrium  state  x(t)  =  0  is  globally  stable  in  mean- square 
if,  for  every  e  >  0,  there  exists  a  real  number  6(e)  >  0  such  that  for  any  finite 
initial  state,  ||x?(tQ)||  <  6(e)  implies  the  relationship  E{ |l2£^ (t)|| }  <  e,  and  further 
that  Lim  E[||x?(t)|j]  -*  0. 

t  -*  *  , 


Using  this  defi  of  stability,  the  behavior  of  a  stochas'  c  system  can  be 
determined  if  a  _/apunov  function  can  be  found  which  satisfies  the  requirements  of 
the  following  theorem,  proofs  of  which  are  given,  essentially,  by  Bertram  and 
Sarachik  £3)  ,  and  will  not  be  repeated  here;. 

Theorem:  If  there  exists  a  Lyapunov  function  V(x,t)  defined  over  the  entire 
state  space,  with  the  following  properties:  (1)  V(0,t)  =  0?  (2)  V(x,t)  is  continuous 
in  mean-square  in  both  variables  x  and  t,  and  the  iirst  partial  derivatives  of  V(x,t) 
in  these  variables  exist;  (3)  V(x,t)  is  a  positive-definite  function,  i.e. ,  V(x,t)  a 
a  }f(t)  for  some  a  >  0;:  (4)  Lim  V(x,t)  -*  *  for||x(t)||  -•  ® ,  then  the  equilibrium  solution 
x(t)  =  0  is  globally  stable  in  the  mean-square  sense  if  V(x,t)  is  a  decrescent  function 
whose  expected  value  of  its  derivative  dV/dt  is  negative  definite  over  the  entire 
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nonzero  state  space  of  x(t);  i.e. ,  E{V(x,t}}<  0,x(t)  /  0,  for  a',  ||x(to)l| . 


m .  STABILITY  ANALYSES  IN  THE  GENERAL  CASE 
Introducing  a  new  independent  variable,  t=  mt,  Eq.  1  becomes 

g"  +  2  0  g1  +  fl  -  2  2  q;{t)1g  =  0 
where  (  )'  =  —■  (  ) 

n  =  _s_ 

U) 

Reducing  Eq,  (2)  to  a  pair  of  simultaneous  first-order  equations,  one  ob¬ 
tains 

z1  =[a  +  4  (t)  b]  z 

where  r  Q  j  * 

_  -20_ 


*  ( t)  =  2  p  cp  (t) 


(2) 

(3) 

(41 

(5) 

(6) 

(7) 

(8) 
(9) 


It  is  assumed  that  the  stochastic  process  £ cp{t)  :  te  (0,®)} ,  and  consequently 
f(i(t)  :  te(0,®)]  satisfies  the  following  conditions:  (1)  the  process  is  continuous 
in  the  interval  0  <  t  <  ®  with  probability  one;  and  (2)  the  process  is  strictly  sta¬ 
tionary. 

In  developing  the  Lyapunov  function  V(Z,t)  for  the  system  described  by  Eq.  5,  the 
following  quadratic  form,  defined  over  the  entire  state  space,  is  selected  as  a 
possible  V-function: 

V(Z,t)=ZtYZ  (10) 

where  Y  is  a  real,  symmetric,  positive-definite  matrix,  and  Z  and  Zlare  the  state 
vector  and  its  transpose,  respectively 

In  this  form,  the  Lyapunov  function  approaches  zero  as  the  state  vector  approaches 
zero,  for  all  time,  i.e. ,  it  is  decrescent.  Hence,  all  the  conditions  of  the  preced¬ 
ing  theorem  are  satisfied,  save  that  of  the  behavior  of  the  mean  value  of  the  time 
derivative  of  V(Z,t) ,  which  will  now  be  considered. 

The  time  derivative  of  Eq,  10  is  written  as 

V(Z,t)=u>[(Zt)' YZ  + ^YZ')  (11) 
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Evaluating  Eg.  11  along  the  trajectory  of  the  system  given  by  Eg.  5  yields 


V  fe.  0  =  r.  {  z* ;  'S  V  +  y  /  z  +  zl  V  Y  +  Y  £  z  ...  w } 


(12) 


It  is  assumed  that  Eq,  10  represents  the  Lyapunov  function  of  the  constant  coeffi¬ 
cient  portion  of  the  system  described  by  Eq.  5,  i.e. , 


Z*  =  A  Z  (13) 

Since  all  eigenvalues  *a=“  fa*  "  l)1*  of  the  matrixA  have  negative  real  parts, 
this  system  is  asymptotically  stable,  and  consequently 

VD(Z,t)  =:i)Zt(AtY  + YA]  Z  <  0  (14) 

where  the  subscript  D  designates  the  deterministic  partial  system.  The  negative¬ 
definiteness  of  V  will  be  assured  if  the  matrix  sum  in  the  brackets  is  negative- 
definite.  Hence, 

AtY  +  YA=-C  (15) 


where  C  is  a  positive-definite  matrix,  which,  in  this  case,  is  assumed  to  be  the 
unit  matrix^.  It  has  been  shown  by  Alimov  C4 ]  that  the  V-function  obtained  in  the 
foregoing  manner  is  admissable  as  a  Lyapunov  function.  The  three  unknown  ele¬ 
ments  of  the  matrix  Y  can  now  be  determined  by  the  linear  simultaneous  equations 
resulting  from  Eq.  15,  with  C  =J: 


Y  = 


fi  +  -L 
2>‘ 

J_ 

2 


(16) 


Having  the  V-function  completely  defined,  Eqe  12  is  written  as 


V  =  i r- Zl  Z  +  Zl  H  2  (  (t) ) 

where 

H  =  E*  +  Y  B 


and 

1 

2n 
0 

wJ 

Performing  the  indicated  matrix  operations,.  Eq.,  17  becomes 

V  =  {  -Y.i  -  'A'-,  +  ,  (t)  /? 

or 

v  =  •(,{-  zr  d  ;  (t)  zr }  +  j 


*  2>  2r  \ 


[-7,:  +  z,  z/ 


H  = 


(17) 

(18) 

(19) 

(20) 
(21) 


Since  a  sufficient  condition  for  stability  is  being  sought,  Eq.  21  may  be  simplified,, 
eliminating  its  explicit  dependence  on  the  7^  variable,  by  noting  that 


0 


(22) 
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(23) 


After  expansion,  Eq.  22  provides  the  condition  that 


{  -z 


ZjZ  ->} 


.  (t) 

"  40? 


Zi 


Using  Eq.  23  in  Eq.  21  yields 


V  s  *  {  -  Z\  +  i  (t)  Z?  +  Z\  ]  (24) 

4  f? 

V  has,  equivalently,  been  maximized  with  respect  to  the  Zt>  variable,  so  that  the 
ultimate  stability  condition  will  be  sufficient  over  the  entire  domain  of  Z?  . 

The  theorem  for  global  stability  in  mean-square  will  be  completely  satisfied  if  the 
mean  value  of  V  is  negative-definite  for  nonzero  values  of  the  state  vector.  This 
requirement  is  ensured  if 

E{:?  Zi1  +  4f-:’  Ef»Z?l  -  4>'-r  EfZ?1  <  0  (25) 


Hence,  Eq.  25  represents  a  general  sufficient  condition  guaranteeing  the  global 
mean-square  stability  of  any  stochastic  linear  system  whose  dynamic  response  is 
characterized  by  Eq.  1.  However,  in  its  present  form,  Eq.  25  cannot  be  explicitly 
applied  in  a  convenient  manner.  Further  simplification  of  Eq.-  25  can  be  attained 
when  a  particular  dynamic  system  is  specified.  This  will  be  demonstrated  in  the 
following  section.. 


IV.  STABILITY  ANALYSIS  OF  FLAT  PLATE 

Consider  a  simply- supported,  thin,  rectangular  flat  plate  of  length  a  and  width  b, 
subjected  to  simultaneous,  uniformly -distributed,  stochastic  in-plane  loadings,  as 
shown  in  Fig.  1.  The  two  excitations  p(t)  and  q(t)  are  considered  to  be  stochasti¬ 
cally  independent,  and  to  have  positive- sem, definite  mean  values,,  i.e. ,, 

El  p(t) } ,,  E{  q(t)  5-0  (26) 

The  condition  imposed  by  Eq.:  26  is  not  particularly  restrictive,,  since,  in  thr  great 
majority  of  physical  cases,,  this  condition  is  satisfied.  Furthermore,  both  p(t)  and 
q(t)  are  assumed  to  be  strictly  stationary  and  continuous  in  the  interval  0  <  t  ^  * 
with  probability  one. 

Utilizing  those  assumptions  customarily  made  in  the  study  of  the  dynamics  of  linear 
continuous  structures,,  and,  since  the  plate  excitations  are  spatially  uniform,,  the 
governing  partial  differential  equation  is  well  known  to  be 

7?  w  +  -jj  f  p(t)  — ^  +  q(t)  — - 

ax"  Syp 

+  m  -r— ^  +  c  — - —  }  -  0  (2  7) 

at ?  at 

whore 

w  =  transverse  deiloction 
D  =  flexural  rigidity 
m  =  mass  per  unit  area 
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c  =  viscous  damping  coefficient 


The  solution  of  Eq.  27  is  assumed  to  be  of  the  form 


w(x,y,t) 


CO 

2 

4  =  1 


2  3lk  (t)  G  (x.y) 

k=l 


(28) 


where  g..  (t)  are  unknown  time-dependent  functions,  and  G^(x,y)  are  the  spatial- 
dependent  normal  modes,  forming  a  complete  set  and  satisfying  the  simply- 
supported  boundary  conditions.  For  the  flat  plate, 

Gjk  (*,y)  =  sin  -”X  sin  -  (29) 

Substituting  Eq.  28  in  Eq.  27,  and  simplifying,  one  obtains. 


where 


It  should  be  noted  that  the  x  ^  represent  the  free  vibration  frequencies  of  the  un¬ 
loaded  plate;  and  qA  represent  the  static  critical  load  values  of  p(t)  and  q(t), 
respectively,  each  in  the  absence  of  the  other. 

Since  it  is  understood  that  Eq.  30  gcverns  each  mode,  the  subscripts  i,k,  may  be 
d-opped  for  convenience.  Introducing  a  ne  v  independent  variable  t  -  ujt,  Eq.  30 
becomes 


g"  +  2  n  g 1  +[: 

i  -  (p(t)  +  Q(t)  0  g  =  o 

(34) 

where 

n  =  f - 

2  m  x 

(35) 

P(t)  =  p(t)/p* 

(36) 

0(t)  =  q(t)/q* 

(37) 
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Since  the  flat  plate  problem  has  been  reduced  to  a  damped,  stochastic  Hill-type 
equation,  its  mean-square  stability  criterion  is  given  directly  by  Eq.  25,  after 
noting  that 

1  (0  =  P(t)  +  0(t)  (38) 

Hence,  for  mean-square  global  stability: 


Ei(P+QfZi}  +  4ff  Ef  (P+0)Z?}- 4C2  E{z?]<0  (39) 

Since  the  squared  amplitude  response  process  Z?  depends  on  both  excitations  P  and 
Q,  a  multiple  regression  between  Z?  and  P  and  Q  is  introduced.  Consequently,  the 
following  linear  mean- square  regression  plane  is  defined  when  P  and  Q  are  sto¬ 
chastically  independent  excitations: 

‘V  <y 

Z2  =  E[z?]  +  o  „  f  P  -  E  [p]}  +  c  ?  -  { Q-E  [q]}  (40) 

'p  Q 

Equation  40  provides  the  best  linear  estimate  of  Z?  in  terms  of  P  and  Q;  opz:>  and 

o__2  ^present  the  total  correlation  coefficients  between  P  and  Z? ,  and  0  and  Z?  , 

yzj 

respectively. 

Multiplying  Eq.  40  by  (P  +  0)  #  applying  the  expectation  operation  to  both  sides, 
and  simplifying,  one  obtains 

E f  (P+0)  Z?}=  E{P)E[zn+  E{Q)E  {z?} 

+  °P7i  CZT  "P  +  °Q?%  a%  3Q  (41) 

Similarly,  multiplying  Eq.  40  by  (P  +  Q)a,  applying  the  expectation  operator,  and 
simplifying,  yields 

Ef  (P  +  Qf  Zi  )  =  Ef  P’  1  Ef  Z;  1  +  Er  Q7  1  L[  Z,  )  +  2Ef  P1  l'.f  Q1  Ef  £  1 
+  2opz,  rp,  ap  f  E  [p]  +  E  [q]  a  1/2  -pvp1 

+  2oQ7-»  cz?  c0  f  E  fp]  H  E[Q]  4  1/2  (t0yq)  (42) 

where  yp  and  Vg  are  the  coefficients  of  skewness  of  the  P  process  and  Q  process,, 
respectively. 

Substituting  Eq.  41  and  Eq.  42  into  Eq.  39,  and  letting  ’>  =  a~?/E[zf  1,  one  obtains 
after  simplification: 

If  f  pl  +  If  f  Q1  +  2 If  P1  Ef  Ql  -l  4"°  r.f  P) 

+  4^EfQl  l  -7  +  c7 

+  2Ppz,  nOpfEtP]  +  l'[Q]  +  1/2  -yp  +  2°r  1 

+  2dqZJ,  E[p]  +  L  [Q]  +  1/2  -Qvp  4  V"  1 

-  40p  <  0  (43) 
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Before  Eq.  43  can  be  explicitly  applied,  the  parameter  *j,  the  coefficient  of  varia¬ 
tion  of  the  squared  amplitude  response  process,  must  be  investigated.  The  response 
amplitude  process  Zi,  will,  in  general,  be  a  nonstationary,  nonsymmetric  process, 
attaining  both  positive  and  negative  values.  It  is  assumed  that  the  probability 
density  function  of  Zi  is  both  continuous  and  finite  at  all  points  in  the  domain  of 
Zi,  and  that  finite  upper  and  lower  bounds  on  Zi  exist,  i.e. , 

-«<-asZl*b<®  (44) 

Consider  the  associated  process  IZil  .  In  view  of  Eq.  44,  the  IZJ  process  is 
also  bounded,  i.e. , 


0  <  Zj  £  6  <  ® 


(45) 


Fi.rthermore,  the  probability  density  function  of  IZjl  is  continuous  and  finite  at  all 
points  in  the  domain  of  |Zil  . 


The  normalized  beta  density  function  is  introduced,  given  by 
1 


f  (p/r.s)  - 


B(r,s-r) 


r-i.,  .s-i-1 

P  (1-p) 


where 


0  £  p-"  1 

s  >  r  >  0 

and  li(i.s-r)  is  the  complete  beta  function,  ojven  by 
H(r,s-r)  =  f1  pr  1  ( 1  - p) S  r  'dp 

Jo 


(46) 

(47) 

(48) 

(49) 

(50) 


_  Hjr) _ 

'  Ms) 

The  beta  density  function  defines  an  infinite  set  of  probability  distributions  de¬ 
pendent  on  the  selection  of  the  parameters  r  and  s.  It  is  particularly  useful  since 
its  specializations  represent  a  large  number  of  different  distributions  having  prac¬ 
tical  significance.  A  particular  subset  of  the  complete  ensemble  of  possible  beta 
distributions  will  be  utilized  to  represent  the  potential  probability  distributions  of 
the  IZ])  process.-  A  subset,  rather  than  the  entire  family,  is  employed  because  of 
the  requirement  that  the  density  functior  of  IZjl  be  finite  at  all  points  in  its  domain. 
From  Eq.-  46,  it  can  be  seen  that  if 


r  <  1:  f?(p/r,s)  •«  “  as  p  -*0 


(51) 

(52) 


s  <  r  +  1 :  f:(p/r , s)  -♦  ®  as  p  -♦  1 
Consequently,  the  subset  utilized  will  be  the  family  of  beta  distributions  for  which 


s  -  1  >  r  >  1  (53) 

Since, 

|Zj  -  6  (54) 

the  normalized  beta  variable  is  transformed,  such  that 

\Zi\  =  5p  (O  '-  p-  1)  (55) 
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Hence, 


_£Lnll  . 


(56) 


r':  civt  f  in  to c>:  i  jp.(;  5*:, 

_ _ _  .  r 

L'p  '  =  '(s  +  1  -  )')'(.•  -  4-.-.' 

In  view  o?  Lq.  33  un\  l'q,  5/,  it  is  cuFily  rl.own  th.,S 
0  <  ••  )a 


lhe  moment-'.  of  the  lie*  j  c,iJ’’.riH>t;. 

(r  •*  -  1)  (r  i  -  ?).. 


(57) 

(58) 


Since  it  is  not  known  which  explicit  beta  distribution  should  be  used  to  represent 
the  IZil  process,  and,  indeed,  since  the  probability  distribution  of  the  |Z.|  process 
can  be  expected  to  change  as  the  excitation  processes  are  varied,  the  final  stabili¬ 
ty  condition  should  be  a  sufficient  condition  for  all  cases  in  which  the  |Zjl  process 
can  be  represented  by  some  member  of  the  previously  discussed  subset  of  beta 
distributions.  Since  the  system  correlation  coefficients  can  well  be  assumed  to  be 
positive-semidefinite,  and  since  the  excitation  mean  values  are  positive-semi- 
definite,  the  upper-bound  value  of  the  parameter  ••,  i.e,  5,  will  be  used  in  Eq.  43 
giving 

E2  f  P)  +  if  f  Q1  +  2i;fP1Lf  0’  ■>  4*"  r/P1  i  4r'E[Q}  +  -  ’  +  -q 

4  h  r  [q]  + 1/2  Vo +  r'} 

+  2T^:pir-  '•pfEfp]  +  LTQ]  +  1/2  ~pvp  +  2"’  1 

-  4^  <  0  (59) 


Equation  59  provides  a  sufficient  condition  guaranteeing  the  global  mean-square 
stability  of  the  rectangular  flat  plate  excited  by  stochastically  independent,  in- 
p'ane  loadings.  The  criterion  can  be  applied  in  a  straightforward  algebraic  manner, 
defining  regions  of  mean-square  stability  in  terms  of  the  excitation  mean  values, 
variances,  and  coefficients  of  skewness,  the  total  linear  correlations  between  the 
excitation  processes  and  the  response,  as  well  as  the  physical  parameters  of  the 
system.  An  additional  simplification  of  Eq,  59  is  available  when  either  or  both 
excitation  processes  possess  symmetric  or  negatively-skewed  probability  distribu¬ 
tions.  In  these  cases,  vp  and/or  v  can  be  omitted  in  Eq.  59.  This  simplification 
occurs  frequently  since  many  excitation  processes  of  physical  significance  are 
symmetncall,  'istributed.  However,  v  and/or  v  must  be  retained  for  excitations 
having  strongly  asymmetric  probability  distributions  with  positive  skewness;  e.g. , 
the  exponential  distribution. 


V.  DISCUSSION  Of  RESUETS 


Upon  examination  of  Eq,  59,  it  is  easily  seen  that  both  plate  excitations  P(t)  and 
Q(t)  enter  the  stability  criterion  in  a  completely  parallel  manner,  since  each  ha: 
been  normalized  with  respect  to  its  corresponding  static  critical  value,  as  indie '- 
ted  by  Eq.  36  and  Eq.;  37,  Therefore,  identical  stobihty  bounds  arc  obtained  wh  n 
either  process  acts  alone,  for  simplicity,  the  primary  emphasis  of  this  discussion 
will  be  placed  on  the  physically  useful  case  of  symmetric  excitation  processes.  In 
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view  of  this,  and  allowing  Q(t)  -  0  in  Eg.  S9,  the  stability  condition  under  single, 
symmetric  excitation  is  found  to  t  * 

T’  ( P}  +  c'  +  4^  Ef  Pi 

4  2  yTr-pf  t[p]  4  2'*1  -  4'7  <  0  (60) 

where  the  subscripts  on  a  have  been  dropped,  since  only  a  single  correlation  is 
involved. 

The  fundamental  behavior  of  the  mean- square  stability  criterion  is  most  clearly 
demonstrated  in  the  case  of  single  excitation;  hence,  this  situation  will  be  investi¬ 
gated  first,  and  will  be  followed  by  results  obtained  under  combined  excitations. 

Figure  2  indicates  the  regions  of  mean-square  global  stability  in  terms  of  the  mean 
value  and  standard  deviation  of  the  excitation,  for  several  values  of  the  correlation 
coefficient  p .  The  stability  regions  are  those  areas  enclosed  by  a  particular  curve 
and  the  coordinate  axes.  It  is  readily  apparent  that,  for  any  value  of  c,  as  the  ex¬ 
citation  variance  is  reduced,  the  corresponding  allowable  mean  value  may  increase. 
Moreover,  as  the  correlation  between  the  excitation  and  the  response  diminishes, 
the  stability  region  is  enlarged.  This  would  be  expected  since  the  correlation  may 
be  thought  of  as  an  indication  of  the  influence  of  excitation  dispersion  on  the 
response  process.  The  variation  of  the  stability  regions  with  damping  is  shown  in 
Figure  3,  for  a  fixed  value  of  P  .  As  damping  is  increased,  the  overall  size  of  the 
stability  region  is  enlarged,  in  terms  of  both  the  mean  value  and  variance  of  the 
excitation.  However,  the  growth  of  the  mean  value  with  damping  is  bounded.  In¬ 
deed,  in  the  deterministic  case  (up  =  0) ,  P(t)  approaches  one  as  damping  becomes 
infinite.  On  the  other  hand,  the  increase  of  variance  with  damping  is  quite  a 
different  situation,  as  shown  in  Figure  4.  For  any  specified  value  of  damping,  the 
allowable  excitation  variance  increases  with  decreasing  correlation.  The  growth  of 
allowable  variance  with  increasing  damping  is,  however,  bounded,  except  in  the 
case  of  an  uncorrelated  system,  in  which  instance  the  excitation  variance  may 
increase  unboundedly  with  damping.  From  a  physical  point  of  view,  this  result 
would  be  expected,  but  it  has  not  been  obtained  in  previous  analyses  of  mean-square 
stability.  Figure  4  is  based  on  an  excitation  mean  value  of  zero;  however,  similar 
results  are  obtained  when  the  mean  value  is  positive  and  nonzero.  Moreover,  the 
unbounded  increase  of  variance  with  damping  for  the  uncorrelated  system  holds  true 
for  any  general  excitation  process,  regardless  of  symmetry. 

Figures  2,3,  and  4  have  been  based  or.  excitation  processes  whose  probability 
distributions  are  either  symmetric  or  negatively  skewed..  If  the  excitation  process 
has  an  exponential  probability  distribution,  for  example,  the  term  involving  coeffi¬ 
cient  of  skewness  in  the  stability  criterion  must  be  retained.  Consider  a  positive 
excitation  process  whose  lower  bound  is  zero.;  Figure  5  compares  the  stability 
regions  for  such  a  case,  depending  on  whether  the  process  has  a  uniform  or  an 
exponential  probability  distribution.  In  either  case,  the  moments  of  the  distribution 
are  interrelated,  and  cannot  be  varied  independently.-  It  can  be  seen  that  the 
region  of  guaranteed  mean-square  stability  is  larger  when  the  process  has  a  uniform 
distribution.  This  is  essentially  cue  to  the  fact  that  the  exponential  distribution, 
because  of  its  "tail"  extending  to  infinity,  allows  small,  but  finite,  probabilities 
of  large  fluctuations  of  the  excitation  process.  Equivalently,  for  any  given  excita¬ 
tion  mean  value,  the  corresponding  variance  associated  with  the  exponential  dis¬ 
tribution  is  greater  than  that  of  the  uniform  distribution. 

At  this  point,  the  present  results  will  be  compared  with  those  previously  obtained 
for  mean- square  stability  by  Lepore  and  Shah  [5]  ,  [6] .  The  stability  conditio  s 
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formerly  obtained  are  dependent,  for  application,  on  tne  particular  form  of  the  exci¬ 
tation  distribution.  Thus,  in  Figure  6,  the  former  results  are  depicted  for  the  cases 
of  Gaussian  and  uniform  excitation  distributions  having  zero  mean  values.  The 
present  result  is  shown  for  any  symmetric  excitation  with  zero  mean  value.  It  is 
seen  that  the  previous  result  ir  sensitive  to  tm*  nature  of  the  excitation,  as  well 
as  to  its  mean  value  and  variance.  More  significantly,  although  Figure  6  is  based 
on  an  uncorrelated  system  (P  =  0) ,  the  former  conditions  display  a  distinctly 
asymptotic  growth  in  variance  with  increased  damping.  Similar  curves  are  obtained 
in  the  case  of  nonzero  excitation  mean  value. 

Stability  bounds  of  other  authors  are  shown  in  Figure  7.  All  four  authors  treated  the 
concept  of  almost-sure  global  stability.  Both  Kozin  C7]  and  Ariaratnam  C8)  apply 
the  Bellman-Gronwall  Lemma  to  the  integral  solution  of  Eq.  2  in  order  to  obtain 
conditions  for  almost-sure  stability.  The  bounds  of  Kozin  are  considerably  smaller 
than  the  others,  and  he  shows  an  unusual  decrease  near  f  =  1.  These  characteris¬ 
tics  are  a  consequence  of  Kozin's  choice  of  at.  upper  bound  on  the  magnitude  of  the 
impulse  response  function  and  are  not  characteristic  of  the  system  under  considera¬ 
tion.  Ariaratnam  shows  that  the  bounds  can  be  extended,  and  the  sharp  decrease 
eliminated,  by  introducing  three  separate  ranges  of  the  damping  parameter 
Caughey  and  Gray  C91  use  a  Lyapuncv-type  approach  to  obtain  sufficient  conditions 
guaranteeing  the  almost- sure  stability  of  Eq.  2.  Infante  and  Plaut  1 10)  ,  likewise, 
employ  a  Lyapunov  technique  to  investigate  the  stability  of  a  column  subjected  to  a 
stochastic  axial  excitation.  The  excitation  is  restricted  to  be  an  ergodic  process 
with  a  symmetric  probability  distribution.  The  results  obtained  by  Infante  and 
Plaut  are  the  sharpest  of  those  available  for  almost-sure  stability;  and,  indeed,  are 
the  only  almost-sure  criteria  having  the  characteristic  of  unbounded  excitation 
variance  growth  with  increasing  damping.  Since  the  mean- square  stability  mode  is 
a  stronger  type  of  stability  than  the  almost-sure  mode,  the  criteria  obtained  for 
mean-square  stability  are  more  restrictive  than  those  of  the  latter;  and,  indeed, 
mean-square  stability  implies  almost-sure  stability.  In  the  case  of  an  uncorrelated 
system,  the  results  of  this  paper  are  numerically  identical  to  those  of  infante  and 
Plaut,  However,  the  present  result,  for  an  uncorrelated  system,  is  not  limited  to 
ergodic  excitation  orocesses  having  symmetric  probability  distributions,  but  is 
applicable  with  any  stationary,  continuous  excitation  process. 

The  behavior  of  Eq.  59,  in  the  presence  of  both  plate  excitations,  will  now  be  dis¬ 
cussed.  Unlike  the  results  obtained  under  single  excitation,  the  regions  cf  mean- 
square  stability  will  now  depend  simultaneously  on  the  moments  of  hr*h  excitation 
processes.  Again,  for  simplicity,  the  results  considered  will  be  limited  to  cases 
of  symmetric  excitations . 

Figure  8  depicts  the  mean-square  stability  regions  under  combined  excitations, 
where  both  correlation  coefficients  have  identical  values,  and  one  process  has  a 
zero  mean  value.  The  regions  of  mean- square  stability  are  those  volumes  enclosed 
by  the  three  coordinate  axes  and  a  particular  set  of  three  boundary  curves.  Because 
both  correlation  coefficients  are  identical,  the  stability  region  is  symmetric  with 
respect  to  s  and  c  Furthermore,  the  boundary  curves  in  the  E{p}  -  a  plane  and 
the  E{  P}  -  a  plane  are  identical  to  the  boundary  curves  obtained  in  the  case  of 
single  excitation  with  the  same  correlation  coefficient  (Figure  2).;  In  the  case  of 
an  uncorrelated  system,  the  boundary  curve  in  the  ~p  -  -q  plane  is  merely  a  quad¬ 
rant  of  a  circle  with  radius  2"1.  This  is  not  true,  however,  for  a  correlated  system.; 
Figure  9  displays  the  case  of  unequal  correlations.-  In  this  instance,  the  stability 
region  is  not  symmetric  with  respect  to  op  and  ~q.  Figure  9  also  depicts  the  shift 
in  the  stability  region  when  the  correlation  coefficients  are  directly  reve.  sed, 
Allowable  excitation  variances  as  a  function  of  damping  are  shown  in  Figure  10,  for 
excitations  with  zero  mean  values.;  Again,  each  boundary  curve  is  identical  to  that 
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of  the  single  excitation  case  and,  indeed,  the  solid  region  of  mean-square  stability 
grows  unboundedly  with  damping.  Figure  11  is  similar  to  Figure  10,  with  the  ex¬ 
ception  that  the  correlations  are  unequal. 

Thus,  it  is  seen  that  in  the  case  of  combined  excitations  which  are  stochastically 
independent  of  one  another,  the  projections  of  the  stability  re. ions  onto  the  appro¬ 
priate  coordinate  planes  yield  the  same  boundary  curves  as  obtained  under  the 
corresponding  single  excitation. 


VI.  CONCLUSIONS 

In  this  paper,  sufficient  conditions  have  been  developed  to  ensure  the  mean-square 
stability  of  linear  systems  whose  dynamic  response  can  be  described  by  a  Hill-type 
differential  equation.  In  particular,  an  explicit  stability  criterion  has  been  deter¬ 
mined  for  a  thin, flat  plate  subjected  to  simultaneous,  stochastic  in-plane  loadings.. 
The  stability  of  the  flat  plate  Is  expressed  in  terms  of  its  physical  parameters,  the 
excitation  mean  values,  variances,  and  coefficients  of  skewness,  and  the  correla¬ 
tions  between  the  lesponse  process  and  the  excitations.- 

The  result  obtained  for  the  maan-square  stability  of  an  uncorrelated  system  provides 
an  unbounded  increase  in  excitation  variance  as  damping  grows.  A  result  of  this 
type  was  formerly  unavailcfcle  for  the  mean- square  mode  of  stability. 

It  should  be  noted  that  the  approach  utilized  in  this  paper  leads  to  the  determina¬ 
tion  of  sufficient  bounds  on  the  excitation  measures  for  incipient  instability.  That 
is,  an  increase  in  the  statistical  cha-actcristics  of  the  excitations  somewhat  beyond 
the  indicated  critical  values  does  not  necessarily  mean  that  the  plate  is  physically 
unable  to  resist  the  specified  loadings.  At  that  point,  however,  the  assumptions 
ot  small  deflections  and  the  resulting  governino  differential  equation  are  no  longer 
valid.  One  must  then  investigate  the  nonlinear  characteristics  of  the  system,  and 
this  becomes  a  natural  extension  of  the  method  used  herein.. 
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VIII.  NOTATION 


A 

B 

G(x,y) 


H 

P(t) ,  Q(t) 

V 

Y 


Z 

g(t) 

p(t) ,,  q(t) 


P*<  d* 


matrix  of  constant  coefficient  system 
excitation  matrix 
normal  modes  of  flat  plate 
transformed  excitation  matrix 
normalized  plate  excitations 
Lyapunov  function 
1  yapunov  matrix 
state  vector 

time-dependent  normal  coordinates 

plate  excitations 

static  critical  excitation  values 

normalized  damping  parameter 

coefficient  of  skewness 

eigenvalues  of  constant  coefficient  system 

coefficient  of  variation 
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o  correlation  coefficient 

c  standard  deviation 

t  nondimensionalized  time 

cc(t)  excitation  parameter  of  Hill-type  equation 

*(t)  normalized  excitation  parameter 
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Fig.-  10:-  Excitation  Variances 
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Fig.  9:  Regions  of  Mean-Square 
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Micropolar  Medium  as  a  Model 
for  Buckling  of  Grid  Frameworks 


ZDENEK  P.  BAZANT 

NORTHWESTERN  UNIVERSITY 


ABSIRACT 

Attention  is  focused  on  large  rectangular  frameworks  of  constant  mesh  size  and 
constant  properties  of  members  in  each  direction.  The  framework  is  considered 
to  be  under  initial  axial  loads.  A  continuous  approximation  for  the  expression 
of  potential  energy  is  formulated  and,  postulating  an  equivalent  micropolar 
continuum  under  initial  stress,  differential  equations  of  equilibrium  in  terms 
of  displacements  and  rotations  are  derived.  Expressions  for  stresses,  couple 
stresses  and  constitutive  relations  are  also  presented. 


INTRODUCTION 


Although  the  methods  for  the  analysis  of  buckling  of  frames  are  theoretically 
well-known,  buckling  of  truly  large  grid  frameworks,  such  as  high-rise  build¬ 
ings,  is  practically  intractable  with  the  classical  methods  since  the  size  of 
problem  overtaxes  the  capacity  of  computers  presently  available.  In  practice, 
the  assessment  of  stability  is  restricted,  as  a  rule,  to  local  behavior  of 
columns  within  the  frame,  and  very  slender  buildings  are  either  avoided,  in 
order  to  insure  that  investigation  of  the  overall  loss  of  stability  is  not 
important,  or  very  rigid  bracings  (or  stiffening  walls)  are  provided,  which 
secures  stability  even  without  the  framework.  Nevertheless,,  even  in  such 
structuies  the  response  to  horizontal  forces  is  affected  by  the  initial  loads 
in  the  columns.  In  the  future  development  toward  higher,  lighter  and  slenderer 
structures,  it  can  be  expected  that  even  the  overall  stability  modes  with  axial 
extensions  of  columns  will  become  an  important  consideration  in  design.- 

Experience  with  the  exact  solutions  of  the  overall  behavior  of  large  frames 
indicates  thjt  the  displacements  and  rotations  of  joints  usually  vary  relatively 
smoothly  from  floor  to  floor  and  bay  to  bay,.  This  suggests  th.  t  a  certain 
continuum  approximation  can  be  used  as  one  method  of  overcoming  the  difficulties.; 

The  development  of  various  theories  of  structured  continua  has  been  accomplished 
only  recently  [1,  2,  3'.  Their  common  characteristic  feature  is  the  existence 
of  couple  stresses  and  asymnctric  shear  stresses.  As  will  be  shown  later,  an 
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appropriate  approximation  to  a  grid  framework  it  Er ingen's  micro polar  medium 
[31,  characterized  by  the  dependence  of  the  elastic  potential  on  the  gradient 
of  microrotation  and  the  difference  between  micro-  and  macrorotation,  in  addi¬ 
tion  to  the  dependence  on  the  symmetric  part  of  the  displacement  gradient  as  in 
classical  elasticity. 

The  possibility  of  applying  these  theories  as  approximations  to  frameworks  arl 
lattices  has  been  mentioned  in  many  papers.  Some  very  general  discussion'  r 
made,  e.g.,  by  Wozniak  [A'].  First  specific  treatment  was  presented  by  1 
and  Sokolowski  [51.  In  their  paper,  however,  the  special  case  of  a  Cosserac 
continuum,  in  which  the  micro-  and  macrorotations  are  equal  [11,  was  assr <eJ. 
This  model  is,  however,  inadequate  because  the  microrotation,  which  corrt  .ror.ds 
to  the  rotation  of  joints  in  a  framework,  and  the  macrorotation,  which  clu .  -c- 
terizes  the  rotation  of  a  line  connecting  two  adjacent  joints,  are  in  gr.ir  il 
unequal.  A  further  significant  contribution  was  made  by  Ast-ar  and  Cakn;  k  6’’ 
who  considered  a  rectangular  gridwork  with  diagonals  and  correctly  arr  i  1  .it 
a  micropolar  medium.  However,  their  model  is  also  not  fully  consistent  1  ecause 
certain  important  terms  in  the  expression  of  elastic  potential,  namely  t. hjse 
which  contain  second  derivatives  of  microrotation  but  can  be  transforir  .i.'  on 
integration  by  parts  to  terms  with  first  derivatives  only,  have  been  r.'.iected. 
Buckling  and  deformations  of  frameworks  under  initial  stress  probably  ,iave  not 
yet  been  treated  in  this  light.  The  intent  of  the  present  paper  is  ' >  formulate 
a  consistent  continuum  analogy  for  such  problems. 

POTENTIAL  ENERGIES  OF  GRIDWORK  AND  CONTINUUM 


Consider  a  member  of  a  planar  framework  (Figure  1)  which  is  initial  y  .traight 
and  in  equilibrium  under  a  large  axial  force,  pO.  Assume  that  smal  eid  moments 
Ma,  Mb,  shear  force  T  and  axial  force  P  is  superposed  at  the  ends  of  member, 


Fig.  1 

Incremental  forces  and  deformations  of  a 
member  of  the  framework 


which  thus  undergo  small  rotations  tpa,  tPb ,  lateral  displacements  va,  Vb  and 
longitudinal  displacements  ua ,  U[,.  As  is  well-known  [7]  the  following  rela¬ 
tionship  then  applies: 


t  -  v 

*  -  Vb  > 

V 


(i) 
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where  ♦  “(Wa-V|,)/L;  L  «  initial  length  of  ataber;  f  -  tpa  and  i  -  trj,  *  rotation* 
relative  to  ab;  k  >  EI/L;  E'  «  EA/L;  I  and  A  -  inertia  moment  and  area  of  the 
cross-section;  E  «  Young's  modulus.  Coefficients  s  and  c  are  functions  of  P  , 
called  stability  functions.  The  expressions  and  tables  for  these  functions  are 
available  in  the  literature  [7].  For  a  zero  axial  force,  s  *  4,  c  *  1/2. 

The  expression  for  the  increaental  strain  energy  Dj  of  a  single  meaber  is 

V  2  [Ma(V  *  }  +  W  *  >  +  P(  V  ua)  J  ‘  P°(L  ¥  2/2)  <2) 

plus  a  linear  tern  F°(ub-  ua)  which  need  not  be  considered  because  it  governs 
on ly  the  initial  equilibrium.  The  value  (L  ♦  2/2)  represents,  with  an  error 
0(f  4) ,  the  axial  extension  of  the  meaber  due  to  small  incremental  lateral  dis¬ 
placements  va,  vb.  If  the  expressions  for  Ma  and  Hi,,  and  P  according  to  Equation 
(1)  are  substituted.  Equation  (2)  may  be  brought,  after  rearrangements,  to  the 
form: 

°1=  1  E’(V  ua)2+  1  ks(V  ^a5^  ks'(*  *  '  V  ~  p°  {  L  *  2  <3> 

where 

s'  «  s(l  +  c)  (3a) 

Consider  now  a  plane  rectangular  grid  framework  with  members  parallel  to 
Cartesian  axes  x  and  y  (Figure  2).  Assume  that  the  properties  in  each  direction 
are  uniform,  including  the  value  of  the  axial  forces.  Quantities  related  to  the 
directions  x  and  y  will  be  distinguished  by  subscripts  x  and  y.  Subscripts  x 
or  y  preceded  by  a  comma  will  denote  partial  derivatives,  e.g.,  v  =  ov/Sx, 


Fig.  " 

Notation  for  the  members  of  framework 
and  forces  acting  on  a  joint 


2  2 

tp  “3  cp/3x  .  The  individual  joints  will  be  referred  to  by  subscripts  i  and  j 
expressing  the  number  of  the  vertical  or  the  horizontal  row  of  members  (Figure 
2).  The  displacements  of  joint  (i,j)  in  the  x-  and  y-  directions  will  be  de¬ 
noted  as  Ui,j,  v^  j,  and  its  rotation  as  cp^  ,.  Here  a  comma  between  the  sub¬ 
scripts  does  not  refer  to  a  derivative.  ’ 
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The  transition  from  a  discrete  to  a  continuous  system  may  be  achieved  by  defining 
(sufficiently  smooth)  continuous  functions  u,  v,  3  and  fx,  fy,  m  of  the  variables 
x,  y,  such  that  their  values  _in  points  (xj  ,yj)  are  sufficiently  close  to  the 
values  ui,j,  v^  j,  3^  ■ ,  and  =,  ,,  respectively.  The  latter  three 

values  represent  prescribed  incremental  loads  and  momenta  applied  in  the  joint 
and  fx,  fy,  m  are  the  equivalent  incremental  distributed  loads  and  moments  per 
unit  area  ot  the  gridwork. 


The  smoothing  operation,  by  which  the  continuous  approximation  of  gridwork  may 
be  obtained,  consists  in  introducing  the  continuous  functions  u,  v,  3  into  the 
expression  for  potential  energy  and  neglecting  higher  order  derivatives  in  the 
Taylor  series  expansions  of  u,  v,  3.  This  is,  of  course,  justified  only  if  the 
change  of  u,  v,  a  from  joint  to  joint  is  sufficiently  small. 


The  incremental  strain  energy  Ux  contained  in  a  pair  of  horizontal  members  be* 
tween  the  joints  (i  -  j,  j)  and  (i  4-  j,  j)  is  a  sum  of  two  expressions  of  form 
(2).  Expanding  the  values  of  u,  v,  and  3  in  joints  (i  -  1,  j)  and  (i  +  1,  j) 
in  Taylor  series  about  the  point  (i,  j)  yields  the  following  continuum  approxi¬ 
mation: 


2  2  2  2  2 
U  =  L  E'u  +  L  k  £  3  +  L  k  s'j 

X  XX, X  XXX, X  XXX 


2  0  2 
+  2k  s  *  (v  -  a)  -  P  L  v 
x  x  ,x  Y  ..  \  ,y 


(4) 


In  this  expression,  the  terms  with  higher  than  first  derivatives  of  u,  v,  and  3 
have  in  general  been  dropped.  An  exception  must  be  made,  however,  with  the  term 
33  because  integration  by  parts  in  the  expression  for  energy  of  the  whole 
structure  converts  this  term  into  a  term  with  first  order  derivatives.  (Ibis 
point  has  been  overlooked  in  Reference  [6].)  It  deserves  mention  that  without 
the  term  33  xx  an  agreement  with  the  continuum  approximation  derived  from  the 
cquilibrium’equations  of  a  joint  could  not  be  reached.  The  legitimacy  of  drop¬ 
ping  the  terms  with  other  combinations  of  higher  derivatives,  with  regard  to 
integration  by  parts,  can  be  easily  verified. 


The  incremental  strain  energy  U„  stored  in  a  pair  of  vertical  members  meeting 
in  the  joint  (i,  j)  can  be  expressed  in  a  similar  manner.  The  strain  energy 
corresponding  to  the  area  LjjLy  of  the  frame  is  (Ux+  Uy)/2. 


The  incremental  potential  energy  o£  the  whole  structure,  •'{  ,  approximately  equals 


(x)'  (y) 


(U 


+  U  - 

y 


f  u  -  f  v  -  mp) 
x  y  ^ 


(5) 


minus  the  work  oi  the  loads  applied  ot  the  boundary  of  frame.  Integrating  the 
terms  involving  the  products  33>xx  and  33,yy  by  parts  (or  applying  the  Green's 
theorem),  the  integral  (5)  takes  on  the  form: 


00  (y) 


U  dx  dy  - 


(f  u  +  t  v 

00'(y)x  y 


where 


(6) 


r  2  2  22  2  2  2  2 

U  *  i  L  E'u  +  L  E'v  -Lkscc?  -Lksccp  + 
w  x  x  ,x  y  y  ,y  x  x  x  xY,x  y  y  y  y  ,y 

+  2k  s'(v  -  g)^+  2k  s'(u  +  -  P^L  i/(2L  L  ) 

xx  ,x  y  y  ,y  x  x  ,x  yy  ,yj  x  y 


(7) 


plus  a  certain  contour  integral  ot  terms  involving  products  W,x  an<*  W  y*  Ex- 
pression  U  can  be  regarded  as  the  specific  incremental  elastic  potential  of  the 
continuum  approximating  the  framework. 

Inspecting  Equation  (7)  to  determine  the  mutually  mdepegdent^variables  of  which 
U  is  a  function,  the  special  case  of  our  continuum  for  P«  =  Py  *  0  is  found  to 
represent  the  micropolar  medium  as  defined  by  Eringen  [3],  This  also  shows  that 
the  classical  Cosserat's  medium  [1]  is  insufficient,  while  theories  more  general 
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chan  micropolar  medium  are  unnecessarily  coatplex  [2,  3l. 

DIFFERENTIAL  EQUILIBRIUM  EQUATIONS 

The  first  variation  of  the  increnental  potential  l  nay  be  written  in  the  fona: 

=  !  I  i  L2£'u  5u  +  L2E'v  tv  -  L2k  s  c  B  &B 
•  (*)J(y)‘  x  x  *x  *x  vy'y  *y  xxxx’x  ■* 

-  Lykysycy'p,y6tp,y  +  2kxs;(*  -  v,x)(6t?  -  ‘V  +  2kysy{v  *  u,y)(&!p  +  iu.y) 


-  P*\  v  tv  -  P*^L  u  tu  -  f  6u  -  f  6v  -  n&tp  7— 
x  x  ,x  ,x  y  y  ,y  ,y  *  y  j  Lx  Ly 


(8) 


plus  a  certain  contour  integral  expressing  the  work  of  prescribed  boundary  loads. 
If  in  Equation  (8)  the  terns  containing  derivatives  of  the  variations  are  in¬ 
tegrated  by  parts  (or  if  Green's  theorem  is  applied),  the  condition  that 
6-<  -  0  for  any  6u,  tv  and  tip  results  in  the  following  differential  equations: 


L  F’u  +  k  s"u  +  2k  s'm  +  f  L  L  =  0 
X  X  ,xx  y  y  ,yy  y  y  ,y  x  x  y 


L  i'v  +  k  s"v  -  2k  s'm  +  f  L  !  «  0 

y  y  .yy  **  .«*  x  xY,x  y  x  y 


(9a) 

(9b) 


2<s*(cp-v  )  +  2k  s'((p  +  u  )  +  l^k  s  c  uj  +  L^k  scco  -  inL  L  ~  0  (9c) 

xxT  ,x  yy  ,y  xxx  x  ,xx  y  y  y  y  ,yy  x  y 

where  s"  and  s"  are  defined  as  follows  (omitting  subscript  x  or  y): 
x  y 


2,'  -  r2P°'PE  ,  P£  =  cl  n2/L2 


(9d) 


Equations  (9a)-(9c)  represent  the  differential  equations  of  equilibrium  in  terms 
of  displacements  and  rotations  for  the  continuous  medium  approximating  the  frame¬ 
work. 

CONSTITUTIVE  RELATIONS  FOR  MICROPOLAR  CONTINUUM 

The  components  of  stress,  CT  ,  o  ,  o t  ,  a  and  couple  stress,  m  ,  m  for  a 
micropolar  medium  in  plane  s?ressymay Se  d^iined  with  the  he’p  of  ¥fie  s^lcific 
potential  energy  as  is  indicated  in  the  following  relations, 

o°  +  o  =  3U/3u  =  0°  +  E’u  L  /L  > 

xx  xx  ,x  xx  x  ,x  x  y 

+  o  »  3U/Bv  =o^*  +  E'v  L  /L 

yy  yy  ,y  yy  y  ,y  y  x 


a  =  3U/3(v  -  ti)  =  (k  s"v  -  2k  s'b)/(L  1.  ) 

xy  ,x  T  x  x  ,x  x  X'  x  y 


(10) 


0  =  3U/3(u  +  m)  ■  (k  s"u  +  2k  s'tp)/(L  L  ) 

yx  »y  y  y  ,y  yy’  *y 


m  =  3U/3o  =  -  k  s  c  m  L/L 

xz  ,x  x  x  x  ,x  x  y 


m  -  3U/3tp  =  -  k  s  c  m  L/L 

yz  T,y  y  y  y  ,y  y  x 

in  which  also  the  expressions  obtained  after  substitution  of  Equation  (7)  are 
introduced.  The  values  o 2y  represent  initial  stresses  in  the  micropolar 

medium,  a**  =  -  Pj?/Ly,  <jyy  =  -  Py/l (The  reasoi  for  their  appearance  in  the 
stress  definitions  is  that  the  work  of  the  initial  stress  on  the  incremental 
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displacement  u  is  a^u  x.)  Equations  (10)  have  the  significance  of  (tress* 
strain  relationships  of  the  micropolar  medium. 

It  is  of  interest  to  investigate  the  relationship  of  the  above  stresses  to  the 
internal  forces  in  members  of  the  tram.  To  this  end,  let  us  consider  their 


Fig.  3 

Internal  forces  at  the  midspans  and  their  a  lalogy 
with  the  stresses  and  couple  stresses 
acting  on  an  element  of  a  micropolar  ci.rinium 

valuer  at  the  midspan  (Figure  31.  According  to  <\e  equilii,rj.i,<n  conditi  A)s  of 
the  member  shown  in  Figure  1, 


T  =  Olj  +  Mj,) /L  -  PU* 


(10a) 


Then,  usi.ig  Equation  (1)  and  considering  the  equilibrium  o*  >  ne  half-length  of 
che  member  in  Figure  1,  the  internal  forces  in  the  midspan  ian  be  obi. lined  as 
follows: 

■S 


<U> 


N  =  E'^  -  ua)  -  -  P,  T  -  kj>(vb  -  V,)/I.  -  S'(<pa  +  cpb/j/e 

M  =  (Mj,  -  N3)/2  =  i  Us(l  -  e)db  -  Va) 

where  N  is  the  axi.il  force,  T  is  the  shear  f.n*ce  and  M  is  the  bendirg  iiio  ient  ac 
the  midspan  which  is  i  »ken,  by  definition,  about  the  point  located  01  the 
^fcraight  l  me  connect!  3  Lhe  ends*  of  meinbf'r  in  the  deforc’d  position.  Notice 
that  these  values  characterize  chc  -..id  moment*  well;1 


Ma  =»  -  M  -(T  +  P°i(i  )L/2  ,  ^  -  M  -(T  +  P°Ji  )L/2 


(111) 


Expanding  u  ,  u^,  v  ,  v.  and  qj  ,  q>  in  Ta>lor  series  and  dropping  all  ter  i 
containing  higher  than  first  order  derivatives,  the  following  expressions  u 
obtained: 


N  -  L  E'u  , 
x  x  x  ,x' 


T  =  k  s"v  /L  -  2k  aWL  , 

X  X  X  X  X  X  x* '  X  * 


M=^Lks(l-c)«  , 
x  2  x  x  x  x  ,x 


y 


L  Fov  , 

y  y  ,y  ' 


T  x  k  8"u  /L  v  2k  s'tp/L  , 

y  y  y  »y  y  y  y  y 

H  •  r  l  k  8  (1  •  c  )  » 
y  2  y  y  yv  y‘  y,y 


(12) 
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These  expressions  uy  be  regarded  as  the  continuous  counterparts  of  the  internal 
forces  (11)  at  the  aids pan.  Values  of  all  functions  in  L’.-.csa  expressions  ought 
to  be  evaluated  for  the  aidspan. 


Coa paring  expressions  (12)  and  (10),  it  follows  that 


L  a 
y  X* 


N  =  L  a 

y  *yy 


L  a 

y  yy 


L  a  , 
x  yx  1 


(13) 


N  »  -  L«  (l-c  )/(2c  ), 
x  y  xz  x  x  ’ 


M  =  -  L  m  (l-c  )/(2c  ) 
y  x  yz  y  y 


For  a  medium  without  initial  stress,  the  latter  of  these  relationships  reduces 
to 


-  i  la 

2  y  xz 


-  t  L  m 
2  x  yz 


(14) 


It  Is  interesting  to  note  that,  in  Equation  (14),  M  is  not  equal  to  the  re¬ 
sultant  of  the  couple  stresses  m  over  length  element  Ly  in  the  oicropolar 
medium  but  rather  equals  minus  one-half  of  it.  (The  formulation  in  Reference [5] 
implies  incorrectly  that  H  •  La  .)  With  varying  Initial  stress,  the  ratio 
axz/Mx  changes.  The  reason  forvtii  lack  of  ny  simple,  intuitive  correspondence 
between  and  Mg  lies  obviously  in  the  fact  that  varies  along  the  member. 

By  contrast,  T  and  P  are  constant  within  each  member  and  N,,  or  Tx  do  represent 
the  resultants  of  stresses  o„  or  o,„.  over  the  length  element  L„. 

**  yy  y 

Expressions  for  stresses,  Equations  (10),  —id  their  relations  to  internal  forces 
in  framework,  Equation  (13/,  allow  to  formulate  the  boundary  conditions  of  micro- 
pola.  bodies  approximating  grid  grameworks.  The  boundary  conditions  can,  of 
course,  be  also  deduced  from  the  first  variation  of  the  full  expression  for 
potential  energy. 


CONCLUDING  REMARKS 


The  equations  presented  above  fully  define  the  analogy  between  a  grid  framework 
and  a  micropolar  medium  under  initial  stress. 

The  equations  of  equilibrium  could  have  been,  alternatively,  also  derived  by 
determining  the  continuum  approximation  to  the  equations  of  '■jilibrium  of  a 
joint  in  the  framework  (Figure  2).  It  has  been  verified  thau  such  a  procedure 
does  indeed  yield  the  same  results.  For  the  correct  expression  of  couple 
stresses,  however,  the  potential  energy  approach  is  inevitable. 

Application  to  practical  problems  is  left  to  a  subsequent  paper. 
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ABSTRACT 

It  is  shown  in  this  paper  that  the  buckling  loads  and  mode  shapes  for 
pin-connected  beam  gridworks  loaded  by  in  plane  axial  loads  are  characterized 
by  the  eigenvalues  and  eigenmatrices  of  the  Sylvester's  matrix  operator  equation 

aX  +  XB  s  XCyiXSj  +  Y2X«2)‘ 

An  iterative  method  for  finding  the  smallest  eigenvalue  mnd  its  corre¬ 
sponding  eigenmatrix  is  prtsented,  and  used  to  solve  a  sample  problem  of  a 
fairly  general  nature.; 


INTRODUCTION 


Consider  a  pin-connected  beam  gridwork  subjected  to  lateral  loads  at  the 
Joints,  as  shown  in  Fig.'  i.'  All  the  beams  in  each  given  direction  are  alike 
and  parallel  to  each  other,  but  not  necessarily  of  constant  cross-section  or 
uniformly  spaced.  The  boundary  conditions,  although  the  same  for  each  beam 
which  ends  on  a  giv_n  side  of  the  gridwork,  may  be  different  on  different 
sides . 

These  weak  regularity  properties  are  sufficient  to  insure  that  the  force 
deflection  relationships  for  such  gridworks  have  a  simple  and  elegant  form.' 

To  find  this  form,  let  the  relationship  between  forces  and  deformations 
th 

for  the  j  bean  in  the  x  direction  be  civen  by 


<$)  <<U,  -  UK.  (1)’ 

(n*n)(n>'l)J  (n*!.)-1 

where  t!  is  the  stiffness  matrix  ;  id),  the  column  matrix  of  deflections  d  ,  . 

J  jk 

and  if)  the  corresponding  matrix  of  forces  f..  ,  both  measure!  at  stations 

•'th  JK 

on  the  j  beam. 

For  all  of  the  beams  in  the  x  direction  this  relationship  is 

(S)«d’i.--  f<nn)  ■  ((f)!..,  (f }  ),  (2) 


or  %  D  =  F  » 

(n*n)  (n*n)  (nxm, 

where  the  element  of  the  deflection  matrix  D  represents  the  deflection 

at  station  i  on  beam  j  in  the  x  direction,  and  f  the  corresponding  force., 
th 

The  equation  for  the  k  beam  in  the  y  direction  which  corresponds  to 
equation  (1'  is 

(A)  {5}  =  {♦}  .  , 

(mxm)  (m*l)  (m*l) 

and  that  which  corresponds  to  equation  (3), 

A  A  »  *  v 

(mxm)  (mxn)  (mxn) 

In  this  equation  the  element  6  of  A  is  the  deflection  at  station  j  on 


(3) 


.th 


ij 


the  i  beam  in  the  y  direction,  and  the  corresponding  force. 

Now,  if  an  external  force  system  (G)  is  applied  at  the  pin-connected 

mxn 

joints,  statical  equilibrium  requires  that 

*  «  G  -  %  , 

(mxn)  (mxn)  (mxn) 

which  on  substitution  of  equations  (3)  and  (5)  becomes 

AA  +  Bb  =  G. 


(4) 


(5) 


(6) 


(7) 


Because  the  two  systems  of  beams  deflect  together 

A  -  J).  (8) 

Then,  letting  A  *  X,  the  unknown  deflections  caused  by  the  external 
forces  G,  equation  (7)  becomes 

AX  +  XB  «  G,  (9) 

an  equation  which  was  studied  first  by  Sylvester,  according  to  C.  C. 

MacDuffee  [1]. 

This  equation  was  used  to  describe  pin-connected  beam  grldworks  by 
J.  Szabo  [2]  and  E.,  C.  Ma  [3];  and  later  generalized  to  include  polar  and 
rigidly  connected  grldworks  by  K.  K.  Hu  [4].: 

Grldworks  whose  beams  in  a  given  direction  are  not  alike,  but  which  have 
stiffnesses  which  are  single  multiples  of  each  other,  are  described  by 

AXWj  +  W2XB  =  G,  (10) 

where  Wj  and  W2  are  suitable  weighting  nrtrices.; 

Rigidly  connected  grldworks  lead  to  systems  of  such  equations. 

The.  mathematical  nature  of  equation  (9)  has  been  studied  by  J.  J.  Sylvester 
[5],  D.  E.  Rutherford  [6],  W.-  G.  Bickley  and  J.-  McNamee  [7],  E.  C.  Ma  (8],  R.  A. 
Smith  [9],  and  A.,  Jameson  [10];'  and  operators  of  the  form  of  the  left  hand  side 
of  equations  (9)  and  10'*  by  M.  Rosenbloom  [11],  and  M.  Rosenbloom  and  G.;  Lumer 
[12]. 

Sylvester's  equations  are  of  general  interest  btcause  they  are  the  finite 
analogs  of  linear  partial  differential  equations  in  two  dimensions. 


THE  BUCKLING  EQUATIONS 


A  different  form  of  Sylvester's  equation  arises  for  giidwork  buckling 
problems  •• 

Consider  the  pin-connected  beam  gridwork  loaded  by  a  scelar  multiple  of 
in  plane  self-eqi ilibrating  systems  of  loads  P  and  Q  applied  axially  to  the 
beams  as  shown  i  Fig.-  3.- 

The  kth  beam  in  the  x  direction  i>.  shown  in  Fig.;  4., 
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The  forces  f  on  the  beam  ar t  <nternal  forces  of  the  gridwork,  and  are 
kj 

caused  by  the  pin-connections  co  the  beams  in  the  y  direction.  These,  of 
course,  are  unknown. 

The  bending  moment  at  every  section  of  this  beam  column  is 


M(x) 


-IP, 


zk(x)  +  l  fki(x-xi)  H(x-xi) , 


(11) 


where 


H(x-x^)  =  { 


1  x>x1 
0  x<x^ 


i=l 


is  the  Heaviside  function, 


and  z^fx)  the  unknown  deflection  curve.- 

From  this,  the  equivalent  lateral  loading 


n 

w(x)  «  :f'(x)  =  -APkzJ|(x)  +  l  fki6(x-x1),  (12) 

in  which  6(x-x^)  is  the  Dirac  delta  function  and  the  primes  denote  derivatives, 
is  easily  found  by  differentiation. 

The  term  -XP  z"(x)  represents  the  equivalent  lateral  loading  caused  by  the 

axial  load  P,  . 

k 

As  suggested  Dy  S.;  P.  Timoshenko  [13],  this  distributed  equivalent  lateral 
load  can  be  approximated  by  concentrated  loads  placed  at  the  stations  of  the 
beam  which  correspond  to  mesh  points  of  the  grxdwork,  and  the  loads  themselves 
obtained  from  suitable  quadrature  formulas  applied  to  Pky'k(x)'. 

Let  the  unknown  deflection  curve  be  approximated  by 

n 

zk(x)  *  l  zkiVx>,  (13) 

where  the  ¥^(x)  are  functions  which  satisfy  the  boundary  conditions  for  the 
beams  in  the  x  direction,  and  are  the  deflections  at  the  mesh  points.' 

Then  equation  (12)  becomes  approximately 

n  n 

w(x)  =  -XPk  +  l  fkiS(x-xi>  U<0 

A  quadrature  formula  for  this  loading  can  be  found  to  replace  it  by  an 
equivalent  loading  of  forces  and  couples  applied  at  stations  which  correspond 
to  mesh  points  only. 

Consider  Fig.;  5,  which  represents  a  beam  fixed  at  each  mesh  point. 

The  reactions  Fk  ,  are  the  forces  and  moments  required  to  constrain 


the  beam.  The  negative  of  these  are  the  equivalent  loadings  to  be  found. 


Now 

{F}  =  (f)  -  XP  (Tj)  {z}k 

(15) 

and 

(n*l)  (nxl)  (mxn)(nxl) 

{M}  =  XPk(T2)  (z)k  , 

(16) 

(nxl)  (nMi)(n*l) 

where  T,  and  T^  are  matrices  which  transform  deflections  to  forces  and  couples, 
respectively. 

Using  these  in  the  deflection  force  form  of  the  equations  for  all  .  t  the 
beams  in  the  x  direction  yields 


A]  Z 

W  2  +  A  2 

6  Wj  =  f 

* 

Z 

P 

(17) 

(n*n)  (r.xm) 

(mxm)  (nxn) 

(nxm! (mxm)  (n*m) 

(nxn) 

(n<m) 

(mxm) 

a3  z 

V»!  +  A4 

0  W.  « 

XTj 

Z 

P 

(18'' 

(nxn) (nxm) 

(mxm)  (nxn) 

(nxm) (mxm) 

(nxn) 

(nxm) 

(mxm) 
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in  which 

Aj  is  a  stiffness  matrix  which  relates  deflection  to  lateral  force, 

A2  is  a  stiffness  matrix  which  relates  rotation  to  lateral  force, 

Wj  is  a  weighting  matrix  for  the  case  wheie  the  beams  in  the  x  direction 
have  stiffnesses  which  are  •mlliples  of  each  other, 
f  is  the  matrix  of  internal  forces  provided  by  the  reactions  of  the 
beams  in  the  y  direction, 

Tj  is  the  matrix  which  relates  deflections  producec.  by  axial  forces  (P)  to 
those  produced  by  the  equivalent  lateral  forces, 

P  is  the  matrix  of  in  plane  axial  forces  on  the  x  beams, 

A3  is  the  stiffness  matrix  which  relates  deflections  to  moments, 

A;,  is  the  stiffness  matrix  which  relates  rotations  to  moments, 

T2  is  the  matrix  which  relates  deflections  produced  by  axial  forces  (P) 
to  those  produced  by  the  equivalent  lateral  forces, 

Z  is  the  matrix  of  lateral  deflections  of  the  mesh  points, 

6  is  the  matrix  of  rotations  of  the  x  beams  at  the  mesh  points, 

and  A  is  a  scalar  multiplier  which  controls  the  intensity  of  the  appliea 
loads  (P)  and  (Q).; 

Equation  (18)  can  be  solved  for  8,  and  this  solution  substituted  into 
equation  (17)  to  obtain 

(Aj  -  A2A41A3)ZW1  ■  f  -  A(TjZP  -  A2A41T2ZP)..  (19) 

Repeating  this  for  the  beams  in  the  y  direction  leads  to 

W2Z(B]  -  BjB^Bj)  =  -  f  -  A(QZRj  -  QZR2B41B2)  ,  (20) 

where 

Bj  is  the  stiffness  matrix  which  relates  deflection  to  lateral  force, 

B2  is  the  stiffness  matrix  which  relates  rotation  to  lateral  force, 

B3  is  the  stiffness  matrix  which  relates  deflections  to  moments, 

B4  is  the  stiffness  matrix  which  relates  rotations  to  moments, 

W2  is  a  weighting  matrix  for  the  case  where  the  stiffnesses  of  the  y 
beams  are  multiples  of  each  other, 

R!  is  the  matrix  which  relates  deflections  produced  bv  the  axial 
forces  (Q)  to  those  produced  by  equivalent  lateral  forces, 

R2  is  the  matrix  which  relates  deflections  produced  by  the  axial  forces 
(Q)  to  rotations  produced  by  equivalent  moments  applied  to  mesh  points, 

Q  is  the  matrix  of  axial  forces  on  the  y  beams, 
and  Z  and  A  are  the  deflections  and  multiplier  previously  discussed. 

Adding  equations  (19)  and  (20)  yields 

(Aj-A'  *'*  \\3)ZWj  +  W2Z(B1-B2B;1B3)  =  -  a  ((T]-A2aZ1T2)ZP  +  QZ(Ri-R2B;1B2))  .•  (21) 

Equation  (21)  is  a  Sylvester’s  equation  eigenmatnx-eigenvalue  problem. 

The  eigenvalues  give  tb«»  scalar  multiples  of  the  axial  loadings  (P; 

and  (Q)  which  cause  buckling  of  the  beam  gridwork,  and  the  corresponding 
normalized  eigenmatrices  7,^  ,•  the  buckled  mode  shapes. 

As  for  the  case  of  simple  columns,  the  lowest  cigenvauc  is  of  paramount 
importance  for  practical  buck  ing  problems.: 

SOLUTION  FQi<  THL  LOWlbi  MODE 

Equation  (21)  is  easily  transformed  to  the  form 

aX  +  XS  -  A(y  3XfSj  +  Y?XS:),  (22) 

where  u  **  W;»\(Aj-A;Ai/a3) 

i-.  -  (b1-b2b^j3)wI1 
n  *  -W210i-A2A;1T2) 
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4]  -  PWl1 


Y2  -  W?lQ 

and  &2  "  -(K1-R2B4IB2)w71. 

Thin  Is  Che  linear  operator  eigenvalue  problem 

rj(X)  -  At2(X),  (23) 

where  t|(X)  ■  uX  +X|<  , 

and  1 2 ( X)  •  Y)X4|  +  YifXA;;. 

Although  linear  operator  eigenvalue  problems  have  been  studied  extensively, 
explicit  solutions  of  the  generalized  elgenmatrlx-elgenvalue  problem  of  Syl¬ 
vester's  type  are  unknown.  They  are  probably  not  obtainable  In  closed  form. 

However,  the  smallest  eigenvalue,  which  Is  the  Important  one  lor  grldwork 
buckling  problems,  can  be  found  by  Iteration  using  known  methods  (8],  [9],  [10] 
for  solving  the  matrix  operator  equation 

t,(X)  -  Y.  (24) 

The  procedure  is  simple,  and  follows. 

Guess  and  compute  i,(Xn).  Then  solve 

r>(5W  •  '2(V*  (-5) 

to  get  Xn+1  *  (2f,) 

Normalize  X  j  by  multiplying  by  the  constant  'l)+j  which  is  required  to 
make  Its  largest  component  1  (l.e.  let 


\i+lXn+l  "  Xn+i 


and  repeat  the  process  using  X))+1  as  a  now  guess. 

If  the  process  converges,  It  converges  to  a  solution,  for  In  the  limit 


which  yields 


{x  -  tlV'tX), 

l  1  (X)  •  \l;.(X>. 


the  operator  equation  which  was  to  be  solved. 

it  can  he  shown  that  If  the  eigenvalues  are  distinct,  the  process  converges 
to  vield  the  smallest  eigenvalue  and  Its  corresponding  elgenmatrlx. 


AN  LXAHPU: 

As  an  example,  the  critical  value  of  \  for  buckling  was  found  for  the 
pin-connected  grldwork  shown  In  Fig.  b. 

The  various  coefficient  matrices  which  occur  In  equation  (22)  have  the  values 


3729. 50731 
-3590.14423 
I 5b8, 50962 
-418.21)923 
104.51)731 


-3590.14423 

5298.071)92 

-4008.41341) 

11)73.071)92 

-418.21)923 


1942D. 79558  -  22030.38074 


-4401)0.77348 

31242.09392 

8411.00220 

2403.31492 


59082.32044 

-57479.28177 

25234.801)03 

-7209.94475 


1568.50962 

-4008.41346 

5402.64423 

-4008.41346 

1568.50962 

15621.54696 
-57479.28177 
84917.  12707 
-646  89.22652 
28839.77901 


-418.26923 
16/3.07692 
-4008.41346 
5298,07692 
-3590.  14423 

-4205.801 10 
25234.806U3 
-64689.22652 
88522.09945 
-71899.17127 


104.56731 
-418.26923 
1568.5091)2 
-3590. 1442 J 
3729.56731  , 

1201.65746’ 
-7209.94475 
28839, 77901 
-71899.  17127 
113756,90608  , 


Best  Avsi»s^‘ 


bis  copy 
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0.12346509 

-0.06762959 

0.00213018 

0.00257041 

-0.00133491 


-0.06762958 

0.12559526 

-0.06505917 

0.00079527 

0.00257041 


0.00213018 

-0.06505917 

0.12426035 

-0.06505917 

0.00213018 


0.00257041 

0.00079527 

-0.06505917 

0.12559526 

-0.06762958 


-0.00133491 

0.00257041 

0.00213013 

-0.06762959 

0.12346509J, 


a rd 


4.5 

0.0 

0.0 

0.0 

0.0 

0.0 

3.0 

0.0 

0.0 

0.0 

«1  *■ 

0.0 

0.0 

1.0 

0.0 

0.0 

0.0 

0.0 

0.0  -1.0 

0.0 

0.0 

0.0 

0.0 

0.0 

-3.0 

The  weighting  matrices  used 

n  the 

calculation 

of  a 

0.5 

0.0 

0.0 

0.0 

O.O' 

0.0 

1.0 

0.0 

0.0 

0.0 

* 

0.0 

0.0 

1.0 

0.0 

0.0 

c.o 

0.0 

0.0 

1.0 

0.0 

0.0 

0.0 

0.0 

0.0 

1.0 

and  W2  *  UJ.  Wj  is  not  an  identity  because  the  first  x  bean'  -  »ridwork 

has  only  half  the  stiffness  of  the  others. 

The  loading  matrices  are 


2  25 

0.0 

0.0 

3.0 

0.0 

0.0 

0.0 

0.0 

10.0 

0.0 

and  Q  -  [0]  (there  are  no  axial  forces 
It  is  not  necessary  to  calculate  ' 


0.0  0.0  0.0 

0.0  0.0  0.0 

1.0  0.0  0.0 

0.0  -1.0  0.0 

0.0  0.0  -3.0 

in  thi  y  direction). 

2  and  J2  because  Q  is  zero  in  this 


example. 

The  IBM  3b0/50  program  used  to  find  the  smallest  eigenvalue  and  the 
corresponding  eigenmatrix  of  equation  (22)  using  the  algorithm  of  equations 
(25)— (27)  used  9  iterations  to  converge  to  6  decimal  places.  The  execution 
time  for  the  program  was  about  15  seconds. 

The  smallest  eigenvalue  was  found  to  be 


*1  -  3379.20  lbs., 

and  the  eigenmatrix  Xj,  which  is  the  lowest  buckling  mode  shape  matrix  of  the 
loaded  gridwork. 


0.50027324 

0.86618316 

1.00000000 

0.86618316 

0.50027324' 

0.35626692 

0.61688112 

0.71220253 

0.61688112 

0.35626692 

0.22081071 

0.38236517 

0.44146520 

0.38236517 

0.22081071 

0.10690479 

0.18513603 

0.21376022 

0.18513603 

0.10690479 

0.02884139 

0.04995096 

0.05767621 

0.04995096 

0.02884139 

The  form  of  the  buckled  gridwork  is  siown  in  Fig.  7. 

CONCLUDING  REMARKS 

The  Sylvester's  equation  form  for  beam  gridwork  problems  as  discussed  in 
this  paper  is  of  a  general  and  convenient  form. 

The  stiffness  properties  and  loadings  of  the  beams  of  the  gridwork  are  con¬ 
tained  in  separate  matrices  instead  of  being  distributed  among  the  elements  of 
large,  sparse  matrices,  as  occurs  in  the  usual  formulation  of  such  problems.- 
The  matrices  used  here  are  of  the  smallest  size  possible  for  the  given  problem. 

The  methods  presented  are  capable  of,  and  are  being  generalized  to  include 
gridworks  with  fixed  connections  between  the  beams. 

They  apply  to  other  eigenvalue  problems  as  well,  for  Sylvester's  eigenvalue 
eigenmatrix  equation  is  the  finite  analog  of  similar  partial  differential 
equations . 
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i*Z-y  direction 


V  77 


x  direction 


Fig.  1  A  laterally  loaded  pin-connected  gridwork 


Fig.  3  The  loaded  gridwork 
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ABSTRACT 

The  effect  of  deformations  of  a  slender  beam-like  element  on  the 
stability  of  small  motions  of  a  constrained  motion  system  are 
derived  using  Eringen's  form  of  the  nonlinear  bending- 
extensibility  equations.  As  the  system  under  consideration 
contains  a  small  mass  ratio  between  the  beam  (coupler  link) 
and  the  output  rigid  crank,  this  ratio  is  used  as  a  perturbation 
parameter  to  establish  the  sensitivity  oi'  extensional  instability 
to  beam  mass.  Another  perturbation  is  used  to  study  the  coupling 
between  axial  extensibility  and  bending  motions  which  introduce 
other  instabilities  into  the  system.  The  solution  demonstrates 
that  axial  vibrational  instability  *  velops  for  certain  ranger' 
of  the  input  frequency,  and  bending  instability  occurs  either 
when  the  axial  load  becomes  sufficiently  large  to  cause  column- 
type  buckling,  or  due  to  parametric  resonance. 

INTRODUCTION 


The  effects  of  distributed  elasticity  and  inertia  on  the  dynamical 
response  of  systems  with  geometric  constraint,  such  as  mechanisms, 
are  poorly  understood,  whereas  the  literature  on  rigid  element 
systems  is  extensive.  Typically,  the  coupling  between  axial  and 
bending  deflections  of  beam-like  mechanism  elements  is  neglected. 
Meyer  zur  Capellen  (1)*  and  Neubauer,  et  al  (2)  have  considered 
a  flexible  coupler  between  rigid  rotary  elements.-  In  (1),  the 
terms  in  the  equations  of  motion  which  include  the  dynamic  bend¬ 
ing  stability  were  neglected.  These  terns  are  retained  in  (2), 
but  parametric  resonance  is  disregarded  and  bending  instability 
is  regarded  as  Euler  column  buckling. 

^Numbers  in  brackets  refer  to  Bibliography  at  end  of  paper. 
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The  objective  of  this-  paper  is  to  describe  all  of  the  first  order 
small  amplitude  deflections  of  a  system  with  a  flexible  coupler 
link  when  driven  by  »  rigid  rotary  member.  The  general  nonlinear 
bending  equations  derived  by  Eringen  (3)  are  used  to  describe 
the  motion  of  a  slender  coupler  link  in  a  planar  four  bar 
mechanism.  The  source  of  excitation  is  small  oscillation  of  the 
input  crank  which  excites  pla*  motion  of  an  elastic  coupler 
and  a  rigid  output  link.  The  -.xution  of  the  equations  of  motion 
shows  that  axial  motions  do  develop  which  have  an  important 
effect  on  the  bending  oscillations  of  the  coupler. 

EQUATIONS  OF  MOTION 

The  four  bar  linkage  with  a  flexible  homogeneous  beam-like 
coupler  (Figure  1)  will  be  analyzed  in  this  paper. 


Fig.  1  Planar  four  bar  linkage  with  an 
undistorted  coupler 

The  system  is  controlled  in  the  following  way: 

1)  All  motion  and  deflections  are  planar 

2)  The  input  and  output  cranks  are  rigid 

3)  All  revolute  (pinned)  joints  are  smooth 

4)  Gravitational  forces  are  neglected 

The  couoler  is  assumed  to  be  a  slender  beam  with  isotropic 
linearly  elastic  bending  stiffness  and  with  distributed  inertia 
small  compared  to  the  output  link.  Rotary  inertia  is  neglected, 
as  the  study  regards  only  low  mode  oscillations. 

As  the  characteristics  of  motion  aoout  a  static  configuration 
are  sought,  the  equations  are  studied  as  a  set  of  linearized 
perturbations  about  a  general  stationajy  position.  A  coordinate 
system  is  selected  based  on  r'.e  time-varying  positions  of  the 
system  links  acting  as  ric-d  elempiit.g.  Writing  the  angular 
position  of  the  links  as :  ©j  s  0,'#+  ©^  (t)  ,  i  =  1,2,3, 
perturbation  of  the  rigi'l  body  constrain  equations  relates  the 
0.  ’  S  : 

i 
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e  ({;) 

Si* 1  (&,m  -  Q*.') 

sfn  C&3 «- 

§,(*) 

(la) 

ft) 

Siii  C 0|*  “■ 

©,<0 

(b) 

s!"  ©t.) 

The  notion  coordinates  and  forces  on  an  element  of  the  coupler 
distorted  from  the  rigid  body  position  are  described  in  Figure  2. 


Fig.  2  Free  body  diagram  of  small  beam  element 
By  (3)  the  strain-displacement  equations  are: 


_  _  AS  -  A*  1 

A  *  .  _ 

^  l  h  *  O 

(2) 

=  Cl  e  S»n 

(3a) 

=  [l  +  £  (.*;*)]  COS  *1  (*,0 

(b) 

load-deflection  equations  are 

N  (»,*)  =  E.  A  £  ( *, 

(4a) 

M  (?,+)  =  E.  I  17, ^  t) 

(b), 
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Using  the  motion  coordinates  of  Figure  2,  the  equations  of 
dynamics  can  be  written  as: 

C  N  f)  cos  ijf*,  t)  +•  Q  («,  t)  Si> 

/  A  [  a,  (*,  O  ♦  U**  C*,  O]  4%  (5a) 

£  N  (Vj  O  s<  *«  ^  (x,  t)  -  (J  O  c  oj  1  «]. 

=  J"  J  A  »  Vtt  t)J  l  *  (b) 

£  M  fx, O  *■  [  N  (xJ  O  Si'h  ^  (x;0  “  V)  cos  ^  (x,  fr)|» 

{*  *  W-  (x,  <r)J  -  £  N  (*}t)  c«5  ^6ritV9t4>*^s'1 
{vc^OjJ  l=  | /  a£o.  Gr,0  4-  (c) 

*  0  i  a 

[>'  +•  U_  fyOj  olx  -  [  X  A[£„  <*,  0  *  UJ  [y  (*,  O]  d* 

where  the  rigid  body  accelerations  are: 

2L  t  ^ 

<\,y  (*j  t)  -  0,  3 1  n  (&t-  ©,  Cos  C®*-©,)-*  ©t 

t  {6a.) 

a^t)  -A(  e,  cos  (©,.-©,>*,  e,  s;„  C©X'®,V* 

(b) 

and  tne  additional  accelerations  due  to  beam  distortion  are: 

A 

trttu,0  =  -  2  V,.(x,0  (7a) 

“  V(x^t)  0t  CO  -  U.  (x,  O  (O 
s  *•  2  w-,frCx,0  ©JO  (b) 

+  d(x,  0  ©JO  -  v  oc,  0  Ct) 
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Further,  the  differential  equations  for  the  beam  internal  forces 
are  found  by  performing  a  limit  analysis  as  Ax-*0  on  the  element: 


[  N  (x,  t)  ecs  i j  C*,  O  +•  ty  Cl,  t)  sin  7  C*,  tOj^  - 

/  A  E  <*,  +>  +  C*,  *■)]  (8a) 

[N^OjIh  “  QCx,  O  CoS  ^C»,  t)j  = 

J»  A[a^  ( *,  t)  +  Vtt  (*,  t)J  (b) 

M»*  (*>  t)  -  q  c*,o  [i  +-  e  c*,  t-)J  -  o  (c) 

BOUNDARY  OONPITIONS 

As  the  left  end  of  the  coupler  is  pinned  to  the  crank  (Figures  1 
and  2)  the  displacement  and  moment  boundary  conditions  are  zero: 

V  (  O,  O  =  0  (9a) 

u.(o,  t)  =  0  (b) 

M  C  0,-0  -  O  <c) 

and  by  action-reaction  at  the  flexible  link  end  x  =  0: 

N  Co, O  cos  [&ac*>  -t-  ^0,0]  +■  (%  Co,0  Sin  [e^COt-y  Co,t)J= 
-  N,  Cir)  cos  ©,CO  —  Q,  Ct-)  si  n  9,  CO  ( 10a) 

N  Co,  t)  - :  •i  £64CO  ij  Co, Oj  “  Q  Co,  t;)cos£&^CO♦-■^Co,t)J— 
-N|(t•)  si  n  ©,CO  +  Q  CO  cos  0/0  (b) 

At  x  =  12 ,  the  revolute  joint  requires: 

Displacement  matching: 

ilCj?,,t)cos  ©aCO  -  v(je^O  sin  e4CO  = 

Ay  l  Cos[e3(')  -  Cos  &3  C*)|  (11a) 

U.C^^Osim  ©tcO  +•  v(jjxt)  cos  ©£CO  = 

J?3  [  S*'w  f  ©jCt-W  H^COj  -  Si'm  ©3Ct)l  (b) 

Moment : 

M  (  AX)  t)  =  0  (c) 
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Act ion-r e  act ion : 

N(lz,t)  costa<«)  +7*  (JtXi  *)]  +  <5  Ux,*)  3."  ft)  +  f(/t/)] - 

~  N} ( t )  cos  [0  ,ft)  «-  '  jJ  •  Cj>3  ft)  5 ; h Jje3  ft)  *■  *ts  ft)J 

(13a) 

N  ft,,  t)  s,\  [©.  ftU^ f  V)0  •  9  ^  t)ceslej*r)r 
-  ft)  Sim  (*)  +  ijjftjJ  +■  (ps  ^  coi|^©3  ft)  4-  ft)J 

(b) 

A  torque  equation  relating  external  torque  to  the  notion  of 
the  rjnid  output  link  s  .pplies: 

^  9,  '*>  1  I,  [  63{V+v3M]  <»> 


SOLUTION 

The  governing  equations  were  nondimensionalized  in  the  following 
manner: 

z=  ,/ji  (  u.0,  t)  =  ,  vtijt)- 

°l-  -H  v  --  '4. ,  ;  *  A*.,  t  *  "/A , 


/*■  “  I. 


= 


a 


Vi 

> 

A  j 

=  .filL 

e  r  > 

9,  *  Tt 


F  Ai, 

-fs  A 

A,  /  N 

au  *  /*%  )  N  =Ta" 


JX  -- 
\ 


<? 


■» 

*  * 

v7  = 


A 

Exl. 

*1 


V  = 


N,  = 


A 

N- 


IT  A 


Since  the  irertia  of  the  driven  link  is  large  compared  to  the 
total  mass  of  the  coupler,  the  parameter 

P  A  ij*- 

*  =  /  rr 

is  small.  Expanding  the  unknown  quantities  in  the  governing 
equations  in  a  power  series  in  Z4  : 

V(z,  t)  =■  Z.  jul'  V„  C  2,  <  ) 

h  *  0 
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m. 


grouping  terns  of  like  coefficients  of/4.n,  n  =  1,  2,  3,  ....  , 

an  expanded  5et  of  equations  of  the  system  was  generated.  The 
zeroth  equations  describe  the  system  response  with  an  inertialess, 
flexible  coupler.  The  mechanism  then  contains  a  single  mass 
and  a  time-varying  spring  constant.  The  elastic  constant  changes 
because  of  the  changing  position  of  the  links  a«  ^rank 
executes  small  angular  motion. 

To  solve  the  zeroth  equations,  a  coordinate  transformation  is 
used  to  rewrite  the  eour.t''  ->ns  of  motion  in  terms  of  a  coordinate 
set  identified  by  the  ->nd  points  of  the  coupler  link  shown  in 
Figure  3. 


Fig.  3  Coordinate  transformation  used  in  zeroth 
approximation 


The  new  nondimensionalized  equations  nd  boundary 

conditions  ares 

*  »  L  CO  = 

*  v„#l  * 

°  (15a) 

v  c°,o  =  o 

(b) 

^(•,0  -  0 

(c) 

-  ° 

(o) 

Vo^',-0  ^  c 

(*) 

Equation  15a  indicates  that  bending  rill  occur  if 

-  e.  ,  i  i 

.*  s.  * 

(16) 

which  is  equivalent  to  the  Euler  axial  compressive 

force 

P  -  EX 

(IV) 

if  is  neglected  as  small  with  respect  to  unity,. 
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is  bending  will  not  occur  below  this  critical  load,  the 
extensional  vibration  equations  can  be  written  in  terms  of  the 
angle  of  the  driven  link  by  setting  lj^o  =  0: 

7*jo  «• -aS =  -  es  (is) 

The  forcing  term  of  Equation  18  is  related  to  the  input  crank 
angle  —  ,  .  _ 

©,  (+)  =  0,  CoS  Cat 

where  0,  is  small.  Neglecting  nonlinear  terras.  Equation  18 
becomes  the  forced  Mathieu  equation 


a(|-  2 


where : 


-  CO  f  COS  l of  (19) 


Sin  C  0, 


Si*  (63o- 


vtos  (o3.‘  StO  r  ,  .  \  , 

S>n4C0Jo-  0*^  Ls,'»^,o"  03«^"  5CS'"^e,o" 


'V  *>\  (  0„  -  OtJ)  - 

*  *•’*  (e,o  -  et.) 


The  stability  regions  of  the  homogenous  form  of  Equation  19 
have  been  given  b’  Bolotin  (4).  The  frequencies  at  which 
instabilities  occur  are  _ 

CO  =  ,  K  -  I,  2 

and  are  shown  in  Figure  4. 


is  the  natural  frequency  of 
a  system  consisting  of  an 
extensional  member  with  spring 
constant  EA/12  and  a  flywheel 
with  polar  moment  of  inertia  I_. 
Furthermore,  there  is  no 
transverse  vibration,  but  buckling 
can  occur  if  the  axial  compressive 
load  is  large.  This  solution 
indicates  that  axial  vibration  of 
the  coupler  dominates  the 
stability  problem. 

The  motion  of  the  first  order 
approximation  is  similar  to  that 
of  the  zeroth.  Bending 
instability  occurs  only  when  the 
axial  load  is  greater  than  the 
Euler  critical  load.  Axial 
instabilities  occur  near  the  same 
excitation  frequencies.  The 
difference  is  that  bending  does 
Fig.  4  Regions  of  axial  occur,  and  that  the  axial 

stability 


614 


stability  boundaries  are  changed  slightly,  due  to  the  inertia 
lording  of  the  coupler. 

'.o  investigate  bending  instabilities,  other  than  the  column 
effect,  it  is  necessary  to  perturb  the  base  solution.  This  will 
yield  a  bending  equation  that  can  be  studied  for  dynamic 
stability. 

Bolton  (4)  and  Kobrinskiy  (5)  have  shown  that  the  principal 
region  of  instability  (k  =  1)  does  not  change  significantly 
as  a  small  amount  of  damping  is  introduced,  although  the  other 
regions  become  sma  .ler  with  damping. 


The  base  solutions 


V  =  £ 


A 


U.-  =  ^  A 

A  n* o  / 


U._ 


have  not  introduced  the  effect  of  bending  due  to  the  distributed 
inertia  of  the  beam-like  coupler.  To  study  this  effect,  a 
perturbation  about  the  base  solution  will  be  made  by  expressing 
the  deflections  U.  and  V  as  it  -  CL  and  V*  N/  tv  and 
substituting  them  into  the  equations  of  motion.  ^ 


Another  coordinate  transformation  is  used  as  illustrated  in 
Figure  5  which  references  the  additional  perturbation  deflections 
to  the  distortions  introduced  earlier  from  axial  extensibility: 

SS  0,  fsj 

U,(z,  t)  S  U,fe,«)co£^  (2,t)+  V  Cz,  z,t )  (20a) 

V  (7,+)  +  V(7,t)  <o **1^  (2 j  t)  (b) 


perturbed  center  line 


Fig.  5  Perturbed  equation  coordinates 
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Neglecting  additional  axial  extension  in  this  new 
bending  problem,  the  deflection  equation  becomes 

small  amplitude 

i  a  a 

Y  V  -  e  v  -  £ 

V  4. 

(21) 

m  Jtttx  >»■  >XZ  *>,, 

»* 

i.  r  *5  a  .  • 

*W>M  = 

0 

with  the  boundary  conditions 

VC,*)  =  0 

(22a) 

V  (  1,  t-)  =•  0 

(b) 

-  o 

(c) 

- 0 

(d) 

This  kind  of  problem  has  been  studied  in  detail  Bolotin  (4)^ 
Stoker  (6),  et  al .  Using  Galerkin's  Method,  the  variable  v 
is  represented  by  the  series 


V  =1  k-  d>.  Cz'i  p.  Lt) 

j'.i  M  J 

where  the  <^(1)  are  the  eigenfunctions  satisfying  appropriate 
boundary  conditions.  As  the  eigenfunctions  are  ^  *  s<h  lirz 
in  this  case,  the  equation  governing  the  pj's  becomes  4 


».  «.  4 


where 


6 


_  j_  ve, 
'  2  rxnx 


'J1  ’  ■)c-utjr 


Sin 


O 

(23) 


'lo 


Bolotin's  first  approximation  for  the  boundaries  of  the 
principal  region  of , instability  yields  equation 


Defining 


it  _ )-^ — r  ifr 

v  I  -  w  I  *ir  r 


-  O  (24) 


/SLA  ^  * 

-ft-  - - jf + j  a  and  /  -  rj£ — i  where  -a 

is  the  natural  frequency  of  the  first  bending  mode,  Equation  2 
becomes  ,  .  .  .  s  .  ,  .  ? 

1/  Ok)  ]  1  I  -  (zX)  i  s  1  fi  B  (t3t) 

Roots  of  this  equation  are:  ,  „  . 

/  w  1 1  a)  »  i  *  b)  » >3*-  tv 

ITXj  =  2.  /s*~ 


(25) 


(26) 
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For  small  excitation  amplitude  (B<<-1)  aind  for  P  r  I  the 
instability  regions  are: 


(ix)  *  I  -  6  *  I  £  — -gr  ^  (2Va 

f  u>  — L.  - L  q  /_-*  ')l-  £nfe")  B 

lor;  -  r  +J^r-  6  -far;  ♦  ,-t^ ■  ■  (b 

Hence,  there  are  two  principal  regions  of  stability.  For  6  =  1 

the  principal  regions  of  instability  merge  to 

(or)1  -  1  *  jr  £  z  Vb^ttiT  (28 

Likewise,  the  regions  merge  for  large  excitation.  The  value  of 
B  for  which  this  <  ccurs  is  r 

e*  -  w  -  -  r*) 

Figure  6  shows  the  two  regions  of  instability  for  small  positive 
B. 


Fig.  6  Principal  region  of  Fig.  7  Principal  region  ot 

bending  instability  bending  instability 

for  (2 jA.  =  .5  for  ^  a. Jl  y~  =  1 

As  the  excitation  grows  to  B*,  the  regions  merge.  If  fi  =  1, 
then  B*  =  0  and  there  is  only  one  instability  region  for  all  B 
as  shown  by  Figure  7. 

CONCLUSIONS 

Based  on  Eringen's  nonlinear  bending  equations  (S),  this  analysis 
shows  that  both  axial  and  bending  vibrations  are  important  in 
regarding  the  stability  of  a  constrained  beam-like  coupler. 

Axial  instability  can  occur,  and  bending  instability  also  develops 
when  the  axial  load  becomes  sufficiently  large  to  cause  column- 
type  buckling,  or  due  to  parametric  resonance. 

Axial  instabilities  occur  near  excitation  frequencies  of 

_  2 

’  where  A  *  j AjT* ~  &iQ) 
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is  the  natural  frequency  of  an  inertialess  extensible  bar  pinned 
with  lever  arm  length  1,  sin  (8,.,  -  9,n)  to  a  rotary  output  with 
polar  moment  of  inertiaJI3. 


Column  buckling  occurs  when  the  axial  load  exceeds  the  Euler 
critical  load: 

&  «• 


Furthermore,  large  bending  amplitudes  can  occur  due  to 
parametric  resonance  as  well  as  large  axial  loads.  The 
principal  region  for  the  parametric  type  of  instability  occurs 
near  two  distinct  excitation  frequencies  (Figures  6  and  7). 


One  frequency  is  twice  the  bending  natural  frequency  while  the 
other  is  the  axial  resonant  frequency  A  .  As  bending  stability 
is  substantially  influenced  by  axial  vibration,  caution  must  be 
exercised  in  using  the  classical  bending  equation  which  assumes 
axial  inextensibility. 
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NOMENCLATURE 


A 

- 

cross-sectional  area  of 

flexible  link 

A. 

a 

X 

a 

= 

axial  acceleration  of  the  undeformed  center  line 

_ 

a  /!„ 

4* 

ay 

= 

x  2 

transverse  acceleration 

of  the  undeformed  center  line 

a 

- 

a  /1_ 

y 

B 

= 

y  2 

excitation  parameter  in 

the  Mathieu  Equation 

E 

= 

Young's  modulus 
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z  <z  <z"1  a<a  a<aH  a"1  a-  n  »  e  cd  <d  sisfiso’o  >i>u>  :>*  n  -rf  ®%5* 


forcing  term  in  axial  vibration  equation 
cross-sectional  moment  of  inertia 
length  of  links 
bending  moment 

A 

Ml ^ /El ,  nondimensional  bending  moment 

resultant  axial  force  on  a  cross  section  of  the  coupler 
axial  force  on  ith  rigid  link 

A 

N^/EA  nondimensional  axial  force 
time  dependent  coefficient 

resultant  shear  force  on  cross  section  of  the  flexible 
link 
2 

Ql2  /El,  nondimensional  shear  force 
shear  load  at  end  of  ith  rigid  link 

A 

Qj/EA  nondimensional  shear  force 

excitation  parameter  in  Mathieu  Equation  for  axial 
radius  of  gyration  of  cross-sectional  area 
arc  length  of  distorted  link 
time 

relative  axial  acceleration  of  distorted  link 

relative  axial  coordinate 

u/l2,  nondimensional  axial  coordinate 

axial  perturbvtion  displacement 

tangential  perturbation  displacement 

relative  transverse  acceleration  of  distorted  link 

relative  transverse  coordinate 

v/l2,  nondimensional  transverse  coordinate 

transverse  perturbation  displacement 

normal  perturbation  displacement 

relative  transverse  zeroth  solution  displacement 

x/l2 ,  nondimensional  axial  coordinate 

13/12,  length  ratio 

2  -/V/v  ,  frequency  ratio 

r/l2,  slenderness  ratio 

axial  strain 

axial  strain  of  zeroth  solution 
14/12,  length  ratio 

relative  rotation  of  distorted  coupler 
rotation  of  distorted  coupler  in  zeroth  solution 
relative  rotation  of  driven  link  zeroth  solution 
amplitude  of  small  motion  of  input  crank 
angle  of  ith  rigid  link 
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0^o  =  initial  angle  of  ith  rigid  link 

/**  =  /  A12132/I3,  mass  ratio 

'V  =  lj/l2,  length  ratio 

.T  =  density  of  coupler  per  unit  length 
^  =  eigenfunction  of  bend  ng  beam 

_fL  =  -Asin  (e30  -  0-o),  the  axial  natural  vibrational 
A  frequency0  ^ 

=  /1~  L  EI/P  4  first  natural  frequency  of  a  pinned- 

pinned^beam 

CJ  -  frequency  of  forcing  function 
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Pavalopmmm  in  Mtdmia,  V«l.  i.  Proceedings  of  the  1}th  Midwestern  Mechanics  Conference: 


The  Generation  of  Electromagnetic  Radiation 

by  Elastic  Waves 


F.  C.  MOON 

PRINCETON  UNIVERSITY 


ABSTRACT 

Tie  generation  of  electromagnetic  fieldsby  both  torsion  and  compressional  stress 
wave  pulses  in  an  elastic  conducting  rod  is  examined.  The  analysis  is  based  on  a 
the. .7  for  an  elastic  plasma.  For  low  frequencies,  the  local  electric  field  out¬ 
side  the  rod  is  found  to  be  proportional  to  the  local  acceleration  in  the  rod.: 
Results  agree  with  known  experimental  observations.,  A  non- contacting  strain  sen¬ 
sor  is  proposed.- 


INTRODUCTION 


In  this  paper  the  generation  of  electromagnetic  fields  by  a  stress  wave  pulse  in 
an  elastic  conductor  is  examined.-  This  phenomenon  raises  the  possibility  of 
detecting  stress  waves  by  a  non  contacting  electronic  sensor.  The  analysis  is 
based  on  a  theory  for  an  elastic  plasma  posited  by  the  author  [1].  This  theory, 
which  is  similar  to  that  for  gaseous  plasmas,  treats  the  free  electrons  in  the 
metal  as  a  compressible  gas  in  a  porous,  elastic,  ion  lattice  continuum. 

The  traditional  view  of  metals  in  continuum  mechanics  is  that  of  a  neutral  elastic 

solid  in  which  currents  flow  only  when  the  solid  is  placed  in  an  external  field. 

However,  in  solid  state  theory  a  metal  is  viewed  as  an  elastic  plasma  [2]  in  which 

free  electron-lattice  interactions  can  generate  internal  fields,  currents,  and 
space  charge  distributions.  While  many  of  these  phenomena  occur  at  very  high 
frequencies,  some  effects  have  been  observed  at  frequencies  low  enough  to  be  of 
inteiest  to  continuum  mechanicians.'  One  of  th-se  is  the  electron  inertia  effect.- 
In  an  experiment  reported  by  J.  D.  Kennedy  am.  C.  W.  Curtis  [3],  the  angular 
acceleration  of  a  copper  ring  by  a  torsional  1  tress  pulse  was  shewn  to  produce 
measurable  electromagnetic  fields. 

In  this  paper  the  generation  of  electromagnetic  fields  by  both  torsion  and  com¬ 
pressional  stress  waves  in  a  rod  is  shown  to  be  possible.  The  associated  electric 
field  outside  the  rod  is  calculated.  For  low  frequencies  the  local  electric  field 
is  shewn  to  be  proportional  to  the  local  acceleration  in  the  rod. 


PRECEDING  PAGE  BLANK 


623 


EQO AXIOMS  FOR  AM  ELASTIC  PLASMA 


The  linearized  equations  of  notion  governing  the  elastic  displacement,  electron 
density,  and  electromagnetic  fields  are  listed  below,  [1],  Thermoelectric  and 
thermoelastic  effects  have  been  neglected.  The  following  notation  is  used: 


e  s 
P  ,P 

v 

w 

u 

E,B 

<J0 

o 

,s,,s.,s.  ,p 


electron  and  Ion  mass  densities  respectively 

free  electron  gas  dilatation 

electron  v  locity  vector 

lattice  dis  lacement  field 

electric  and  magnetic  fields  respectively 

free  electron  density 

electric  conductivity 

elastic  constitutive  constants 


'1*“2’°3,"4 
In  this  theory  the  net  current  is  given  by 

J  ”  -qo(w  "  u) 

(dots  Indicate  time  differentiation).  The  net  charge  density  becomes 


Q  “  -qo(v  +  9  ‘  u).- 


In  a  linearized  theory,  with  no  external  fields,  nonlinear  terms  in  the  body 
force  such  as  QE  +  J  *  B  are  dropped.  The  linearized  equations  then  take  the 
form: 

Continuity 

§7  +  v  •  W  -  o  (i) 

Momenturj 


E-M  Field  Equations 


2 

(s^  +  u)7(9  •  u)  •  |i!  u  -  s^Vv 

2 

90 

(2) 

■  40?  +  —  -  y) 

% 

s2Vv  +  8jV(y  •  u)  — q06  -  —  (w  -  u) 

(3) 

V*E  +  B*0  ,  V  •  B  «  0 

(4),(5) 

V  x  B  -  p„c  E  “-u,q„(w  -  u) 

oo'  00' 

(6) 

V  •  B  »  -qQ(v  +  V  •  u)/t0 

(7) 

(vo  is  the  magnetic  permeability  in  a  vacuum  and  to  is  the  electric  permittivity 
of  a  vacuum.) 

To  recover  the  classical  theory  of  elasticity  one  sets  J  -  0,  Q  «  0  or 


y  -  w  (8 

v  +  V  •  u  *  0 

The  latter  condition  can  be  called  the  condition  of  electronic  equilibrium. 

These  conditions  satisfy  continuity  (1),  while  the  sum  of  the  momentum  equations 
yields 

(ps  +  pe)u  -  (Sj  ■  +  a4  "  s3  +  u)9(9  *  _  U7  u  »  0 

This  equation  is  • dentical  to  the  governing  equations  of  elastodynamics  provided 
that  we  identify  u  as  the  elastic  shear  modulus  and  the  Lame  constant  X  with 


X  •  s,  -  s.  +  s,  -  s,  (9) 

2  14  3 

Thus  except  for  three  of  the  constants  s^,  which  can  be  determined  from  solid 
state  theory,  all  the  remaining  constants  are  known  and  familiar  to  mechanicians. 
The  classical  wave  speeds  for  shear  and  dilatational  waves  are  given  by 


P6)]^ 


Iu/(os  + 


[(X  +  2u)/(o  +  pe)]s 


(10) 
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Note  that  the  conditions  'd)  for  electronic  equilibrium  will  not,  in  general,  be 
sufficient  for  a  solution  to  the  set  of  equations  (1)  -  (7).  However  one  can 
show  that  for  harmonic  waves  in  an  elastic  plasaa,  as  the  frequency  approaches 
zero,  the  wave  speeds  approach  those  of  (10).  Thus  electronic  equilibrium  is 
achieved  asymptotically  as  frequency  goes  to  zero.  Further  it  should  be  noted 
that  the  absence  of  motion  alone  will  not  guarantee  electronic  equilibrium.  In 
fact,  there  exist  static  solutions  to  the  equations  (1)  -  (7)  where  Q  +  0.  Never¬ 
theless,  in  this  paper  only  wave  solutions  will  be  sought  and  at  low  frequencies 
such  that  the  expressions  (10)  for  the  elastic  waves  are  valid. 


ONE  DIMENSIONAL  WAVE  PROPAGATION 


In  this  section  one  dimensional  wave  solutions  in  an  infinite  medium  are  sought. 
In  light  of  the  remarks  made  in  the  preceding  paragraph,  we  will  assume  that  the 
frequencies  are  low  enough  such  that  the  lattice  waves  are  non-disperslve  and 
are  given  by  the  classical  solutions 

u  »  f(xx  -  ct)  (11) 

where  c  is  given  by  one  of  the  expressions  (10).  The  damping  due  to  Induced  eddy 
currents  is  neglected  in  (11),  and  we  seek  the  quantities  v,  w,  E,  B  where  u  is 
assumed  to  be  given  by  (11). 

SHEAR  WAVES 


Suppose  then  that  u^  ■  u^  ■  0  and 


4  * 0  ’  4  ■ 0 


The  plasma  equations  become 


v  »  0 

q2 

pe”2  "  -<*0E2  '  (w2  "  V 


32E„ 


'  M0£0E2  "  'M0q0(w2  “  u2) 


(12) 


3E-  3B- 

V0’  «2+^-°>iq-  V0E3-° 


3x, 


-q  v 


(13) 


The  equations  (13)  do  not  involve  any  inhomogeneous  terms  in  u-,  thus  we  may  set 
the  fields 

B1  "  B2  "  E3  “  °’  E1  *  V  ’  0 

Suppose  then  that  u^  is  a  harmonic  wave  i(l)/t_x  /c  ) 

1/  s7 


u2  *  V 


Then  writing 


E2  -  E0e 


w,  ■  w  e 
2  0 


im(t-x./c  ) 
1  s 

iw(t-x./c  ) 
I  8 
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the  equations  (12)  require 

i2 


2,  1\ 

“  (Vo“  ~Z> 

C 

5 


(-£■  +  imp6) 


luVo 


J—  — 1 

“2  -i 

Eo 

15  uo 

0 

W 

0 

"Vo"2 

_  _ 

_  _ 

e  2 


e  -i 


—  u  U^rtVl)^^)) 

’0  c  0  p  q 

S  0  0 


For  normal  elastic  conductors 


U  £  «  1/C 

0  0  8 

1/a  »  upe/q^ 


(14) 


„  _  6  t»  2.2  ,  , — 1  /.  .i 

E  =  p  —  u.  cc  p  [cc  u  “  xlj J  (15) 

0  q  0  sq  SO 
0 

2  6 

For  normal  conductors  oc  Mo  W"  1/sec.  Thus  at  ultrasonic  frequencies  the 
damping  term  a/ac^o  becomes  important.  If  one  considers  this  expression  as  the 
Fourier  transform  of  the  response,  then  using  a  convolution  integral  one  obtains 
the  response  for  a  stress  pulse;  2 

e  „  t+x/c„  -oc  u  (t-t.) 


E2(x.t) 


-  2—  oc^u  / 
q0  8  0  x/c 


U,(t-x/c  )e 
2  s 


s  0 


dt. 


(16) 


where  we  assume 


u(t  -  x/cs)  »  0  ,  t  <  x/cg 


For  vory  low  frequencies  we  may  write 


E2(x,t) 


*-  U* ( t  -  x/c  ).; 

10  2  s 

This  expression  is  similar  to  that  assumed  in  [3]  for  which  experiments  checked 
very  closely  the  theory  The  integral  (16)  accounts  for  the  damping  effect  which 
was  omitted  in  the  analysis  in  [3).  The  factor  pe/qj  is  the  universal  constant 
of  electron  mass  to  charge  ratio.  It  should  be  noted  that  this  approximation  is 
tantamount  to  assuming  that  the  net  current  is  zero  or  u2  ■= 


DILATATION AL  WAVES 
Consider  next  the  case  where 


u2  “  °>  w2  '  °>  u3  '  °>  u3 


2  3x3 


0. 


These  conditions  along  with  the  equations  (4)  -  (6)  imply  that  **  0,  =  0. 

The  plasma  equations  become  2  2 

a  u. 


-iii 
J2  3x. 


3  =  "qoEl  *  ^  (W1  '  il) 

3w, 

+  —  =  0  (18) 
3X1 


3El  qo  ,  .  \  ',El  ^  ,  • 

~  ‘  77  (V  +  =  f0  (W1  -  UI 
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The  number  of  unknowns  may  be  reduced  if  the  plasma  displacement  is  used. 


from  which  continuity  implies 


The  last  two  equations  (16)  are  thus  equivalent  and  are  satisfied  by  the  expres¬ 
sion 

-  qo  ,  , 

Ei  =  T0  (ni  -  ui} 

The  electric  field  is  then  found  to  be  governed  by  the  equation 


3  El  ••  q0  •  q0  qo 

s2  +  Ei +  ~  Ei +  —  Ei  =  -  r  [ui 

3x.  ap  e  p  0 

1  0 


(s24s3)  5  ul, 


When  the  electron  gas  compressibility  Sj  is  neglected,  the  homogeneous  solutions 
for  E  exhibit  the  familiar  damped  plasma  oscillations.  The  term  SI  defined  by 

2  2  e  p 

n  *  qo/c0p 

0  15 

is  called  the  plasma  frequency  at  infinite  conductivity;  for  metals  10  l^ec. 

Thus  at  low  frequencies  H^Ey  dominates  Ej.-  Similarly  the  order  of  the  damping 
coefficient  of  Ey  is  q^/ape  -  lO1^  1/sec  for  normal  conductors  and  Is  well  beltw 
the  order  of  the  term  fl2E  for  suboptical  frequencies.-  Thus  we  may  use  the 


approximation 


e  (s,+s,) 

E1  ■  -  q“  1*1  *  ~^~T~ 

0  P 


STRESS  PULSE  INDUCED  FIELDS  IN  A  ROD 

In  this  section  we  apply  the  results  of  the  analysis  for  plane  waves  in  an  infinite 
space  to  waves  in  a  cyllndrival  rod.  Our  object  is  to  determine  the  magnitude  of 
the  induced  fields  outside  the  cH  md  determine  their  configuration  in  order  to 
explore  the  feasibility  of  measuring  them.  Hence  we  are  not  very  concerned  about 
the  stress  wave  itself  and  will  assume  that  it  is  non  dispersive  and  given  by 
elementary  rod  theory.  The  induced  fields  inside  the  rod  will  be  assumed  to  obey 
the  most  elementary  approximation  neglecting  the  electron  gas  compressibility 
effects  as  in  (20), 

e  _  e 

E  =  -  Ufa  -  ct)  -  -c  u"(z  -  ct) 

qo  '  qo' 


where  c  is  either  the  shear  or  torsional  wave  speed  or  the  compresslonal  wave 
speed  in  a  rod  (c  «  FV/p ,  Y  is  Young's  modulus)..  For  compresslonal  waves  we 
have  0 


and  for  torsional  waves 


u  *  u0(z  -  cdt)cz 


u  -  ru0(z  -  cst)c0 


(er,e0  >  S,  are  orthogonal  unit  vectors  with  e  along  the  rod  axis.)  In  both 
cases  the  Fourier  spectrum  of  the  pulse  allows  one  to  write 


u"  =■  /  A(k)elk(z'ct)dk 

0 


Outside  the  rod  the  electromagnetic  properties  are  assumed  to  be  those  of  a 
vacuum,  and  the  fields  E,  B  satisfy  Maxwell's  eauations 


I 


f  «  E  t  B  *  0  V-B-O,  V-E-0 

VxB  +  ueE-0 
0  O' 

At  frequencies  of  interest  in  solid  mechanics  one  can  drop  the  displacement  cur¬ 
rent  term  E  in  the  last  equation.  The  electric  field  then  satisfies  the  equation 

V2E  -  0  ,  ?  •  E  »  0 

There  are  then  two  classes  of  publems  for  the  case  3/32  »  0. 


Torsional  waves :  E  *  E  »  ; ,  B.  «  0 
z  r  e 


V2E9  -  E0/r2  -  0 
e 

E.  "-£_ u  on  r  ■=  a 

6  q  o 


Compress/ ,nal  waves:  Eg  -  0,  -  0 

’2Er  -  Er/r2  -  0 
72E  «  0 

Z 


(21) 


(22) 


E 

z 


on  r  *  a 


l  3  L 

7  Tr  <rEr> - on  r  ■  3 

IKz 

For  axial  variation  proportional  to  e  one  can  show  [ 4 j  that  electric  field 
solutions  have  the  forms 

E  -  A.K  (kr)eikz 
2  1  0 

Er  ’  A2Kl(1<r>elki! 

E0  -  AjK^krie11^ 


where  k  >  0< 

K  ,  K..  are  hyperbolic  Bessel  functions  which  both  have  the  asymptotic  behavior. 
0  A 


K  •  K. 


UJ1'2  -kr 
’kr-  e 


1  kr>^ 

For  the  non  dispersive  approximation  used  here  ka  << 

K  -  -fn(kr) 


0 

Kj  --  1/kr.. 


At  distances  r~-  a 
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For  a  dilatational  wave  of  wavelength  X  *  10a 

Ez(r-3»)/Ez(r-a)  «0. 19.- 

For  a  torsional  wave  of  wavelength  a  =  10a 

Ee(r-3a)/E9(r-a)  =  0.14 

This  rapid  fall  off  with  radial  distance  from  the  rod  means  that  sensors  must  be 
close  to  the  surface  to  detect  these  signals. 

An  actual  stress  pulse  contains  many  frequencies,  and  the  shape  of  the  induced 
electric  field  signal  will  vary  with  radial  distance  r.  For  example,  imagine  a 
symmetric  stress  pulse  for  which  we  can  write 


u '  =  /  S(k)  cos  k(z-ct)dk 
0  0 

Thus 


u"  =  -/  S(k)  k  sin  k(z-ct)dk 
0 


Tor  a  torsional  pulse  the  induced  field  becomes 


„e  2  f  Kj(kr) 

Ee  =  ^  cs  l  KfiZ)  kaS(k)sin  k(*-cst)dk 


or  for  a  dilatational  pulse 


e  00  *  vkx; 

"  ~  c  /  kS(k)sin  k(z-cdt)dk 

H0  0  0  o' 

non-contacting  strain  sensors 

As  has  been  shown,  a  dilatational,  (compressional)  wave  will  induce  an  axial 
electric  field  and  a  torsional  wave  will  induce  a  circumferential  electric  field 
vector.  If  we  denote  the  strain  by  S,  the  electric  field  is  proportional  in  both 
cases  to  the  strain  gradient 

F  _  cec2SS(z-ct) 
q  9z 

0 

For  dilatational  waves,  the  voltage  along  the  rod  is  given  by 

V  -  -J  2 E  dz 
1  z 


e  2. 
p  c  S 


The  mass  to  charge  patio  for  an  electron  is  (5.67)10 
aluminum  , 

C .  -  6  10J  meters/sec.: 


-12 


(mks  units).  For 


Thus,  the  voltage  difference  along  the  rod  for  dilatational  waves  is 
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V  -  2  10"4s  volts 
-4 

For  a  maximal  strain  of  S  -  10  ,  the  voltage  is  of  the  order  of  20  nanovolts. 

To  measure  the  field,  a  dipole  sensor  will  detect  an  axial  electric  field,  as 
shown  in  the  Figure  1. 

For  the  torsional  case,  a  multiturn  coil  around  the  rod  will  produce  a  voltage 

V  -  E  Nxd 

O 

where  N  is  the  number  of  turns  and  d  the  coll  diameter.  This  is  the  method  used 
by  Kennedy  and  Curtis  [3]  in  their  experiment.  By  increasing  N,  they  were  able 
to  obtain  a  voltage  of  .22  10~3  volts  with  a  3000  turn  coll., 

A  word  of  caution  should  be  noted  in  attempting  these  measurements:  the  presence 
of  the  earth's  magnetic  field  should  be  accounted  for  or  else  nulled  out  with, 
for  example,  a  pair  of  Helmholtz  coils,  [3].. 
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ABSTRACT 

The  possibility  that  the  Earth's  mantle  is  moving  under  the  action  of 
stresses  applied  at  the  core-mantle  boundary  by  the  motion  of  the  fluid  outer-core 
is  studied  analytically.  First,  Maxwell's  equations  are  used  to  determine  as  a 
function  of  the  secular  variations  of  the  geomagnetic  field,  a  velocity  distribu¬ 
tion  of  the  fluid  of  the  outer-core  near  the  core-mantle  interface.-  The  stresses 
associated  with  the  fluid  motion  in  the  outer-core  are  transmitted  to  the  mantle, 
and  the  propagation  of  these  stresses  through  the  mantle,  taken  as  a  highly  vis¬ 
cous  fluid,  is  determined  by  the  solution  of  the  Navier-Stokes  equations,  using 
the  linear  transform  method.  The  displacement  velocities  and  stresses,  calculated 
near  the  Earth's  surface,  are  in  good  agreement  with  observational  data  on  conti¬ 
nental  drift  and  the  location  of  the  main  earthquake  zones. 

A  new  point  of  view  for  the  cause  of  the  motion  of  the  Earth's  mantle  is  thus 
introduced,  which  does  not  involve  convective  heat  transfer.  Analytical  support 
is  given  to  the  theory  which  closely  relates  continental  drift  and  seismic  shocks 
to  the  secular  variations  of  the  geomagnetic  field. 


INTRODUCTION 


It  is  generally  admitted  that  motions  occur  on  a  large  scale  in  the  Earth's 
mantle,  which  deforms  itself  and,  therefore,  the  Earth's  crust  at  the  rate  of  a 
few  centimeters  per  year  [1].-  Deep  seismic  shocks  occurring  in  the  mantle  are 
attributed  to  violent  readjustments  to  compressions  and  dilatations  created  by 
these  motions.  The  deformations  of  the  crust  explain  the  continental  drift,  and, 
on  a  lesser  scale,  the  formation  of  the  main  features  of  the  Earth's  surface. 

Thus  far,  the  sole  plausible  mechanism  proposed  to  explain  these  motions  has  been 
convective  currents  in  the  mantle  [2,3].  However,  some  doubt  is  cast  upon  this 
hypothesis  by  observations  that  the  heat  flow  from  beneath  the  oceans  and  from 
beneath  the  continents  is  essentially  the  same  [4].:  This  perhaps  indicates  that 
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another  aechanisa  nay  coexist  with  or  even  dominate  the  heat  transfer  mechanists. 

We  investigate  here  the  possibility  that  the  Earth's  mantle  is  moving  under  the 
action  of  stresses  applied  at  the  core-mantle  boundary  by  the  motion  of  the  fluid 
of  the  outer-core.  The  velocity  of  this  fluid  must  be  of  the  order  of  several 
kilometers  per  year  if  the  geomagnetic  field  is  to  be  produced  in  the  outer-core, 
as  proposed  by  the  Dynamo  theory  [5,6].  It  would  seem  that,  at  the  core-mantle 
boundary,  such  velocities  should  be  able  to  create  targe  stresses  which  will 
propagate  through  the  mantle  and  set  it  in  motion.. 

Initially,  the  fluid  velocity  of  the  outer-core  near  the  core-mantle  inter¬ 
face  is  deduced  from  Haxwell's  equations  as  a  function  of  the  secular  variations 
of  the  geomagnetic  field.  The  mantle  is  then  assumed  to  be  a  highly  viscous  fluid 
for  which  the  Navier-Stokes  equations  are  valid.  Adequate  boundary  conditions  are 
deduced  irom  the  equality  of  stresses  in  the  radial  direction  at  the  core-mantle 
interface.-  Velocity  and  stress  distributions  are  then  obtained  throughout  the 
mantle  by  solving  the  Navier-Stokes  equations  using  the  method  of  linear  opera¬ 
tors.-  Finally,  the  velocities  and  stresses  in  the  mantle  near  the  crust,  calcu¬ 
lated  by  this  method,  are  compared  to  observational  data  on  continental  drift  and 
the  location  of  the  major  seismic  shocks. 


DETERMINATION  OF  THE  FLUID  VELOCITY  .  IN  THE  OUTER-CORE..  NEAR.  THE.  CORErMANTLE 

■BOUHPABY 

The  magnetohydrodynamic  phenomena  in  the  outer-core,  taken  as  an  incompres¬ 
sible  fluid,  can  be  described  by  the  following  equations: 


V-H,  -  0, 

(1) 

9Hi 

V2Hi  *  OU[^ - Vx(VxHi)], 

(2) 

V-V  «  0, 

(3) 

Equation  of  Motion.- 

(4) 

The  equation  of  motion,  under  the  assumptions  we  will  make,  is  not  explicitly 
needed . 

Since  we  are  interested  in  the  part  of  the  outer-core  near  the  core-mantle 
interface,  the  following  assumption  can  be  made.  The  magnetic  field  H  throughout 
the  mantle,  taken  as  an  insulator,  is  given  by 


H  -  -VA 


with 


<7> 


n+l 


[g  (t)  cos  mli  +  h 


(t)  sin  ml]  P  (0) 


(5) 

(6) 


and 


P 

nm 


(0) 


■2(n  -  m)l,l/2  p  m 
(n  +  m)  n 


(0) 


(7) 


In  the  transition  layer  which  corresponds  to  the  core-mantle  interface,  we 
assume  that  Hi  can  be  approximated  by  H.-  Then,  from  (5)  and  (6), 


V2Hi  -  V2H  =  0 


(8) 
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VrHe-Vr-  l 


a1*2 

n+1 

r 

1 

dg  0  dP  (0) 
no v 

n 

dt  d0 

dh  “ 

.  n 

.i. 

H"(0) 

-  —M 1  11 

dt 


dh  ”/dt 
n 


+  [  I-JJ-  COS  nut 

0*1 


(17) 


where  Hf,  Hg,  and  are  known  and  given  by  (5)  and  (6),  Hnn(0)  are  arbitrary, 

and  dg  m/dt  and  dh  m/dt  are  derivatives  of  the  Gauss  coefficients  which  represent 
n  n 

the  secular  variations  of  the  geomagnetic  field  and  are  tabulated  in  References 
[10]  and  [11]. 

Equations  (15),  (16),  and  (17),  in  which  V^.,  Vg,  and  V  are  the  unknowns, 
are  not  independent  since  "  ’ 


(V  x  H)  H  -  0.. 


(18) 


An  additional  equation  is  needed,  which  is  the  continuity  equation,  (3).. 
Theoretically,  we  can  now  determine  Vf,  Vg,  and  V.  from  (3),  (15),  (16),  and  (17). ; 
Practically,  since  it  is  impossible  to  know  if  the  ratios 


dg, 


n 

dt 


are  bounded  as  n  and  m  increase,  the  arbitrary  functions  Hnm(0)  are  taken  iden¬ 
tical  to  zero  such  that  the  aeries  (15),  (16),  and  (17)  surely  converge: 


Hn“(0)  -  0  for  all  (n,m).. 


(19) 


If  the  components  of  the  geomagnetic  field  appearing  on  the  left-hand  side 
of  (15),  (16),  and  (17)  are  approximated  by  the  components  of  a  centered  dipole, 
aligned  with  the  Earth's  axis,  i.e. 


2 (~)  g]  COS  0, 

(20) 

a  3  o 

(-)  gj  sin  0, 

(21) 

\  "  °’ 

(22) 

then  we  can  solve  for  the  velocity  components.; 
is 


The  expression  obtained  for 


tan  0P  (0). 
nm 


(23) 
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The  components  Vg  and  V  can  also  be  obtained,  but  we  assume  them  to  be  much 
smaller  than  V..  Thus,1* he  approximate  velocity  in  the  outer-core  near  the  core- 
mantle  boundary  is: 


V  -  V  It 
-  0~ 


(24) 


with  V  given  by  (23)  as  a  function  of  the  secular  variations  of  the  geomagnetic 
field.9 


DERIVATION  OF  THE  NAVTER-STOKES  EQUATIONS  IN  THE  MANTLE 

The  equations  which  describe  the  motions  in  the  mantle,  taken  as  a  highly 
viscous,  incompressible,  and  insulating  fluid,  are 

V-W  -  0  (25) 

3W  -  Uf 

+  (W-7)  •  W  +  2u)  x  W  -  0  -  it  +  —  V2  W.,  (26) 

dt  -  -  P  P 

Because  the  mantle  is  set  in  motion  by  the  stresses  created  by  the  motion  of 
the  outer-core,  which  we  assumed  has  a  dominate  motion  in  the  longitudinal  direc¬ 
tion,  we  assume  that  the  velocity  in  the  mantle  can  be  approximated  by 

W  «  W  k  (27) 

0- 

where  V»  and  Wq  will  be  neglected  compared  to  Ify,  with,  however,  (25)  satisfied. 
The  components  of  ft,  the  summation  of  the  gravitational  and  centrifugal  forces, 
are 


R  *>  -g  +  uj2 r  sin20 , 
0  «  w2 r  sin  0  cos  0 , 


and  <J>  *  0. 

The  piessure  gradient  is  approximated  by  the  hydroststlc  equation: 

I  iP.  =  —n 


0  dr 


*6- 


(28) 


(29) 


Now,  the  Navier-Stokes  equations  become,  in  component  form, 
2 


w 

— ^ - 2uj  W  sin  9  -  u2r  sin20 - -  l  ,  - —  -^r- 

r  <6  p  r2sin  6  3$ 


2  ^ 


]. 


(30) 


W  ii  3U 

0  COS  9  „  ,  .  2  in  „  1  r!  cos  0  0, 

-  — * - : - T  -  2u)  W,  cos  0  3  It)  r  sin  0  COS  0  -  —  [— y  — r—r  — , 

r  sin  0  <f>  o  r2  sin2  o  30 


(31) 


3W,  W  3W  u  W 

— £  + - $ - £  .  _L  [V2  W - 2-5- 

3t  r  sin  63$  p  0  r2sin2 


rl- 


(32) 
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Equations  (30)  and  (31)  are  identical.  If  we  take  the  derivative  of  (30)  with 
respect  to  then  we  get 


r  sin  9  3$ 


3W. 


9  3*2 


(33) 


and  thus,  after  expanding  V2WA,  (32)  becomes 
3W,  3W.  .  3W. 


3W,  3W.  h,  ,  ,  3W  .  3W  W 

3^  '  “  “Sf  *  V  3?  (r  jh*  PliPe  (si"  6  lb  '  rA1,  <3A) 


But,  the  minimum  value  of  the  kineaatic  viscosity  lif/p  is  1020  cmJ/sec.  Since 
the  maximum  value  of  r  will  be  r  *  a  *  6370  km.,  the  right-hand  side  of  (34)  will 
be  at  least  of  the  order  of  250  see.-1  Meanwhile,  the  Earth's  angular  velocity  is 


u  »  7  x  10  5  sec. 


(35) 


and  it  is  therefore  possible  to  neglect  the  term  u  3W./3if>  in  (34)  compared  to  the 
rest  of  the  terms  of  the  equation..  The  velocity  in  the  mantle  is  then  the  solu¬ 
tion  of 


3W.  vf  i  a 

<  =  i  ri  L  (r: 

p  r2  3r  u 


3t 


3W, 

3r 


3W 


-)  + 


r2sin  8  30 


(sin  9  3/) 


<b 


r2sin2  9 


(36) 


suutect  to  two  boundary  conditions 
First,  at  thr  inner  boundary, 
the  SLress  tensors  in  the  core  and 
tion.:  From  (24)  and  (27),  we  find 
and  thus  we  get  only  one  condition 


in  r,  two  in  9,  and  an  initial  condition.; 
for  r  “  b  (see  Figure  2),  the  components  of 
in  the  mantle  must  be  the  same  in  the  r-direc- 
that  the  only  non-zero  components  are  in  (<pr ) , 


i.  {% 

3r  'r  'r=b 


a  v* 
pc  3_ 

V{  3r  'r  ''r-b 


B(9,<b,t) 


(37) 


where  pc  is  the  viscosity  of  the  outer-core  and  B(9,if,t),  derived  from  (23),  is 


1  UC  /3vn-l  r  (n  -  1)  _ n 


d8n 

- - —  sin  md>J  tan  9P  (9). 

d  t  run 


„  -  t-jT—  cos  md> 

m  dt 


(38) 


At  the  Mohorovicic  discontinuity,  for  r  a  a,  the  components  of  the  stress 
tensor  are  assumed  to  be  zero  in  the  r-direction,  and,  here  again,  we  obtain  only 
one  condition. 


_3 

3r 


W. 

(~) 
r  r=a 


0. 


(39) 


Since  the  motion  is  in  the  ((.-direction  only,  by  symmetry  we  take 
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(r,0,$,t>  *  0,  (40) 

and  (r,*,<>,t)  -  0..  (41) 

Further,  we  assuae  that  there  was  no  initial  v«locity,  i.e. 

(r,9,#,0)  -  0,  (42) 

although,  if  one  could  be  defined,  it  would  add  no  complication  to  the  solution 
of  (36). 


The  integer  k  ranges  from  zero  to  infinity  for  i  -  1,  but  is  strictly  positive 
for  i  >  1« 

The  general  solution  of  (36)  is  thus. 
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W.(r,e,<M) 


—  {(r  -  £)  B(8,«,o 


2  (a  -  b)  "a  r' 


-  r  (A?)  **<®>inr  a  -  !>  j  C«.*.T) dT  +  r  +  2  -  ?> 


I) 


£  ’l  b 


(YjS2)  C(M,t)*e'  ^  (YjS't  +  C(£,M>1  utk(r)  dr)  (46) 


in  which  (*)  denotes  the  convolution,  B(0,$,t)  is  given  by  (38),  for  any  value 
of  £ 


7T 

C(£,M>  -  |  B(9,$,t)  sin  eP^'CB)  dO,  (47) 

0 

and  the  inner  product  is 

a 

<u£k’  u£k>  *  {  rZf“nk(r)l2  dr-  (48) 

b 

We  have  already  pointed  out  that  y,/(prJ)  was  at  least  of  the  order  of  250 
sec..-1,  which  will  also  be  the  minimum  value  for  Uf  (Yf.lt)z/P,  since  Y^k  is  of  the 
order  of  a/r,  where  a  is  some  constant  greater  than  one,  for  any  set  (£,k).  This 
fact  allows  (46)  to  be  greatly  simplified..  First,  since  C(£,0,t)  is  related  to 
the  secular  variations,  over  years,  it  can  be  considered  constant  for  time  of  the 
order  of  a  second,  for  which  only,  the  exponential  term  is  not  negligible.  The 
convolution  term  of  (46)  thus  becomes 


-  -  (Y  Vt 

C(M.t)*e  p  1  =  CiMi.t)-  (i 

— (y  y 

p  ”2  ’ 


>2t 


), 


(49) 


and  so,  as  t  becomes  much  larger  than  a  second,  the  final  integral  on  the  right- 
hand  side  of  (46)  becomes 


d 

1<¥ 


r)  l)  C(M,t)  u  k(r)  dr.. 

(Yfk>V  4 


(50) 


The  remaining  term  in  (46)  with  u^/o  as  a  coefficient  is  of  the  order  of 


p  b  ~  10*°  CI°2/seC •'  (4  x  10e) 3cm5  "  64 


10  -i  -i 
cm  sec 
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Every  other  tera  in  (46)  is  of  the  order  of 


1. 

b 


-l 

year 


10« 


year 


Hence,  only  the  tera  with  Uf/p  as  a  coefficient  will  be  retained  in  (46).  Upon 
integrating  and  replacing  B(8,$,t)  by  its  value  froa  (38),  the  final  expression 
for  the  velocity  in  the  aantle  is 


u  ir  n  r-i  -  1S  uc  sln  6  T/b  T  /„2  lwa,n-l 

W,(r.ea+,t)  r  Pb  (a7b)T  _  i  ^ 


l  m  12  (Ha) I1 1/2  {[hn"(t)  ~  hn"(0)1  cos  “*  '  [*n"(t)  '  8n"(0)1  sln  ">) 
n 


J 


sin30 

COS0 


Pn”(6)  d9. 


(51) 


The  stress  tensor  is  reduced  to  one  component 


t  2Mf  % 

4><t>  r  sin0  3(f) 

and  is  a  function  of  only  <t  and  t..  If  3W./3(>  is  determined  from  (51),  then  the 
stress  can  be  expressed  as  ” 


t<t»P ”  4^  b2  p  (a/b)5  -  1  Jjj  ("2  ‘  1)(b) 


a.n-1 


m*l 


+  [hnm(t)  -  hn"(0)]  sin  m4>  1  j  P^CO)  d0.;  (52) 

0 


■&ESVU5  AWP  PISCVSStQK 

The  numerical  results  to  be  discussed  here  were  obtained  from  the  derived 
equations  for  the  velocities  and  the  stress  assuming  that  the  mean  kinematic  vis¬ 
cosity  and  density  of  the  mantle  were 

»  1021*  cm2  sec 1 , 

and  p  «  5.0  g.cm.  3, 
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and  that  the  mean  kinematic  viscosity  and  density  of  the  outer-core  were 


JJ£ 

pc 


x  10s 


and 


pc  =  10.0  g.cm.  3 


As  a  starting  pcint  of  the  theory,  we  derived  a  velocity  distribution  V* 
given  by  (23)  for  the  outer-core,  near  the  core-mantle  interface..  The  calculated 
magnitude  of  as  a  function  of  the  longitude  0  and  thf  cnlatitude  6  is  pre¬ 
sented  in  Figure  3.  Note  that  the  velocity  attains  a  value  of  several  kilometers 
per  year  and  experiences  two  sign  reversals,  indicating  that  at  least  two  cells 
exist  in  the  flow  pattern.  These  facts  agree  with  the  hypotheses  of  the  dynamo 
theory. 


The  Calculated  Velocity  in  the  Mantle  and  the  Continental  Drift 

Equation  (51)  shows  that  the  mantle  rotates  about  the  Earth's  axis  with  an 
angular  velocity  which  is  a  function  of  the  longitude  and  time  only.  Figure  4 
gives  tyj,  at  the  crust-mantle  boundary  for  different  years  and  as  a  function  of  ^ ., 
The  initial  year,  corresponding  to  time  t  *  0  in  (51),  was  taken  as  far  back  as 
possible,  i.e.'  1885,  so  that  the  effect  of  the  unknown  initial  velocity  in  the 
mantle  would  not  be  too  important  to  the  final  results  for  the  years  1945,  1955, 
and  1958.,  The  magnitude  of  Vfy  is  of  the  order  of  a  few  centimeters  per  year, 
which  agrees  with  results  obtained  by  other  investigators  [7].,  The  fact  that  the 
velocity  goes  to  zero  at  0  =  95°W  and  -  115°E  requires,  by  continuity  considera¬ 
tions,  that  the  flow  turn  either  radially  inward  (outward),  or  north  (south)  at 
these  longitudes.  The  numerous  fracture  zones,  located  along  the  western  coast 
of  the  American  continent,  which  are  oriented  in  an  east-west  direction,  lead  us 
to  believe  that  the  flow  m  the  mantle  at  longitude  95°W  must  turn  north  in  the 
northern  hemisphere.,  A  possible  flow  pattern  for  the  cells  in  the  mantle  is 
shown  in  Figure  5.;  Note  that  four  cells  are  pictured  and  symmetry  with  respect 
to  the  equator  is  assumed,  although  this  need  not  be  the  case.  These  cells  need 
have  no  radial  component. 

If  we  now  assume  that  the  mantle,  by  friction,  slowly  deforms  the  hetero¬ 
geneous  crust,  it  is  possible  to  compare  the  above  results  with  the  continental 
drift  and  some  of  the  seismic  features  of  the  Earth's  surface.;  The  results  of 
Figure  4,  valid  for  the  last  25  years,  and  drawn  on  a  world  map  in  Figure  6,;  * 

that  the  actual  motion  of  the  continents  agrees  with  the  pattern  often  given  for 
the  continental  drift  [1].  It  appears  clearly  that  the  continents  are  movin^ 
from  longitude  li5°E  towards  longitude  95°W  with  velocities  that  are  small  near 
115°E,  become  large  in  the  vicinity  of  0°  and  180°,  and  finally  diminishes  once 
more  near  90°W.-  This  would  explain  why  there  is  a  relative  motion  between  the 
American  continents  and  Europe  and  Africa,  and  why  such  features,  with  north- 
soutn  orientation,  as  the  Red  Sea,  the  North  Sea,  and  the  Atlantic  Ocean  have 
formed.-  The  seemingly  independent  nature  of  the  Pacific  Ocean  is  also  explained, 
since  it  is  bracketed  by  two  longitudes  of  zero  velocity.; 

Near  the  meridians  115°E  and  95°W,  where  the  velocity  must  begin  to  turn  90° 
north  or  south,  the  heterogeneous  crust  is  subject  to  huge  strains  and  stresses.. 

At  these  meridians  is  where  we  find  the  main  shallow  earthquakes  as  shown  in 
V  igure  7.,  Also,  at  these  meridians  are  located  the  major  seismic  faults,-  all 
directed  north-south,  perpendicular  to  the  drift.  For  example,  the  San  Andreas,, 
the  Atacama,  the  Philippine,  and  the  Alpine  faults  are  shown  in  Figure  8  (8). 


The  Calculated  Stresses  in  the  Mantle  and  Major  Seismic  Shocks 


Equation 
tude  and  time 


(52)  shows  that  stresses  i  *  the  mantle  are  functions  of 
only..  The  magnitude  of  these  stresses,  shown  m  Figure 


the  longi- 
9  near  the 
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crust-mantle  boundary,  are  of  the  order  of  10s  g. /cm. /sec. 2 ,  large  enough  to 
create  earthquakes  by  compression  or  dilatation  of  the  mantle.  In  Figure  7,  on  a 
world  map  showing  the  position  of  the  main  shallow  and  deep  focus  earthquakes, 
which  have  occurred  during  the  last  SO  years  [9],  two  zones  are  drawn.  Within 
these  two  zones,  the  stresses  are  greater  than  60Z  of  the  maximum  stress.  These 
zones  are  centered  on  the  meridians  115*E  and  95*W;  and,  as  can  be  seen  In  Figure 
7,  these  zones  appear  to  coincide  with  the  locations  of  a  great  majority  of  both 
shallow  earthquakes  and  deep  seismic  shocks. 


CONCLUSION 

The  theory  advanced  here,  that  the  mantle'  is  set  In  motion  by  stresses 
applied  at  the  core-mantle  Interface,  does  not  explain  all  the  main  features  of 
the  mantle  or  the  Earth's  crust.  This  is  probably  a  consequence  of  the  many 
restrictive  assumptions,  such  as  considering  the  motion  to  be  longitudinal  only, 
taking  the  material  properties  to  be  constant,  neglecting  heat  transfer,  etc.; 
which  were  necessary  to  achieve  a  solution  to  the  equations  of  motion.  However, 
because  of  the  close  agreement  between  the  theoretically  predicted  continental 
drift  and  the  measured  drift,  and  the  coincidence  of  the  theoretical  zones  of 
maximum  stress  with  the  location  of  the  major  earthquake  zones,  we  feel  that  this 
theory  offers  a  reasonable  first  approximation  to  the  pattern  of  motion  within 
the  mantle. 

Furthermore,  an  analytical  expression  is  given  by  this  theory  which  directly 
relates  the  continental  drift  and  seismic  shocks  to  the  secular  variation  of  the 
geomagnetic  field. 


NOMENCLATURE 


A(r,9,<t>,t) 

An»(t) 


B(e,4>,t) 

b 

cu,$,t) 

Cn“(t) 

v<t> 

F  "(t) 

<S“<0 

gn"(t) 

H 

hr » hg , 

H“<0> 

hn"(t) 

i.  1.  b 

k,  1,  m,  n 
P(r) 

pn”(e) 

Pnm(®) 

r,0,4> 

t 


Geomagnetic  potential  of  Internal  origin. 

Dimensionless  coefficient. 

Radius  of  the  Earth.  ,  W 
Velocity  gradient,  3-  <-~) 

Inner  radius  of  the  mantle. 

Transform  of  B(0,$,t) 

Dimensionless  coefficient. 

Dimensionless  coefficient. 

Dimensionless  coefficient. 

Dimensionless  coelflcient. 

Acceleration  of  gravity. 

Gauss  coefficient  (tabulated  in  references  [10]  and  [11]). 
Magnetic  field. 

The  r, 0,i)i  components  of  H,  respectively. 

Arbitrary  function  of  0.' 

Gauss  coefficient  (tabulated  in  references  [10]  and  [11]). 

The  unit  vectors  in  the  r ,6 ,<t>  directions,  respectively. 

Bessel  function  of  fractional  order  V. 

Integers 

Pressure  distribution  in  the  Earth. 

Legendre  polynomial  of  order  n,m. 

Schmidt  polynomial  of  order  n,m. 

Geographical  coordinates. 

Time 

Stress  component  <)>$  in  the  mantle. 

Eigenfunction. 

Velocity  vector  of  the  fluid  in  the  core. 

Components  of  V  in  the  r ,0 ,<f>  directions,  respectively. 

Velocity  vector  of  the  fluid  in  the  mantle. 

Components  of  W  in  the  r,0,$  directions,  respectively. 

Variable  of  substitution  used  to  render  boundary  conditions  of 
homogeneous.  ' 


U  Permeability  of  the  outer  core. 

lic  Dynamic  viscosity  of  the  outer  core. 

U[  Dynamic  viscosity  of  the  mantle, 

p  Density  of  the  mantle, 

p  Density  of  the  outer  core, 

o  Conductivity  of  the  outer  core. 

(2  Body  forces,  including  centrifugal  force., 

R,0,4>  Components  of  0  in  the  r,0,4>  directions,  respectively., 
u  Angular  velocity  of  the  Earth. 
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ABSTRACT 

The  indentation  of  a  smooth  elastic  sphere  upon  the  infinite  medium  exterior 
to  the  sphere  is  considered.  In  the  absence  of  a  bond  between  the  spherical  m- 
dentor  and  the  spherical  cavity  there  appear  a  region  of  separation  and  a  region 
of  contact.  The  region  where  the  sphere  remains  in  contact  with  the  external  body 
is  a  spherical  cap.-  Our  primary  objective  is  to  determine  the  colatitude  T;  of  the 
boundary  circle  of  this  spherical  cap  in  contact. 

By  means  of  Boussinesq  potentials  of  the  linear  three-dimensional  theory  of 
elasticity  the  mixed  boundary  value  problem  is  reduced  to  dual  series  involving 
spherical  harmonics.  The  dual  series  are  replaced  by  an  equivalent  Fredholm  in¬ 
tegral  equation  with  unknown  Tj  at  the  upper  limit  of  integration..  This  integral 
equation  is  solved  by  a  variational  technique  which  leads  to  a  transcendental 
equation  for  the  approximate  determination  of  Tj. 


INTRODUCTION 


In  this  paper  we  consider  the  problem  of  an  infinite  medium  indented  by  a 
smooth  spherical  inclusion  to  which  a  concentrated  force  has  been  applied.  In 
the  absence  of  a  bond  at  the  interface  the  region  of  contact  between  the  sphere 
and  the  outer  body  appears  to  be  a  spherical  cap,  Fig.l.-  The  primary  objective  of 
this  paper  is  to  determine  the  region  of  contact. 

The  problem  is  essentially  non-Hertzian  in  the  sense  that  the  area  of  contact 
cannot  be  considered  small.  In  the  classical  Hertz  problem  of  two  spherical 
bodies  in  contact  there  are  two  basic  results.  Firstly,  the  radius  ol  the  circu¬ 
lar  region  of  contact  is  proportional  to  pV3  [i]  where  P  is  the  load  applied  be¬ 
tween  two  bodies  in  contact.  Secondly,  the  relative  approach  due  Lo  tie  applica¬ 
tion  of  P,  i.o.,  the  relative  normal  displacement  of  any  two  points,  one  in  each 
of  the  two  bodies,,  which  are  far  away  from  the  contact  surface,,  is  proportional 
to  p2/3 .  We  propose  to  Investigate  these  two  statements  for  the  present  non- 
Hertzian  problem  and  to  compare  the  results.. 

The  spherical  indentation  problem  is  a  mixed  boundary  value  problem  in  which 
the  region  of  contact  is  not  known  a  priori.  The  displacements  over  the  contact 
region,  which  is  not  small  as  mentioned  before,,  cannot  be  determined  solely  from 
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the  geometric  considerations  as  done  in  the  Hertz  problea  or  in  Reference  (2). 

We  use  Boussinesq  potentials  in  spherical  coordinates.  The  nixed  conditions 
lead  to  dual  series  involving  Legendre  functions  which  are  further  reduced  to  a 
Fredholm  integral  equation  of  the  first  kind  for  the  contact  stress.  In  the  inte¬ 
gral  equation  not  only  the  contact  stress  but  also  the  range  of  integration  (cor¬ 
responding  to  the  region  of  contact)  is  unknown.  An  approximate  solution  is  ob¬ 
tained  by  applying  a  variational  method..  The  reader  is  referred  to  [3]  for  de¬ 
tails  of  the  method  and  its  applications. 

An  approximate  solution  of  the  problem  for  an  elastic  sphere  indenting  an 
elastic  cavity  is  given  in  [2].  However,  the  solution  is  not  applicable  to  the 
case  in  which  the  radii  of  the  sphere  and  the  cavity  are  equal  or  nearly  equal  by 
virtue  of  the  geometric  considerations  used  in  obtaining  the  displacements. 
Equation  (4)  of  [2]. 

For  the  analogous  two-dimensional  indentation  problem,  an  approximate  solu¬ 
tion  is  given  by  Sheremetev  [4]  while  the  exact  solution  is  obtained  in  [5]. 

STATEMENT  OF  THE  PROBLEM 


Consider  a  smooth  sphere  inside  an  infinite,  homogeneous  and  isotropic  body. 
The  elastic  constants  of  the  sphere  are  G'  and  v',  those  of  the  external  medium 
are  G  and  v.  He  assume  that  there  no  bonds  and  no  friction  exist  between  the 
sphere  and  the  outer  body.  The  sphere  is  perfectly  fitted  in  the  spherical  cavity 
in  a  state  free  from  stresses  and  strains.  The  region  of  contact  becomes  a 
spherical  cap  as  soon  as  a  concentrated  force  F^  is  applied  at  the  center  of  the 

sphere  in  the  direction  of  the  positive  z-axis,  Fig.l.  With  reference  to  the 
spherical  coordinates  (r,  6,  y) ,  the  problem  is  independent  of  y  and  the  boundary 
surface  of  the  sphere  is  r  =  a..  Our  objective  is  to  determine  the  value  of  8, 
say  T),  for  the  point  A  and  the  relation  between  the  coefficient  ( 6/2G # ) ,  defined 
later,  and  the  force  F  .  The  approximate  normal  stress  distribution  in  the  con¬ 
tact  surface  will  alsozbe  obtained. 

Using  the  usual  notation,  the  boundary  conditions  at  the  interface  r  =  a  are 
as  follows: 


Tr0(a,6)  =  T'0(a.e)  *  0,  OsSsit 

(1) 

o.(a,e)  =  °r(a’8)  =  0,  T]  s  9  S  tt 

(2) 
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(3) 


ur<a,8)  “  “'(a, 6),  0  S  8  S  T1 

ar(a,6)  =  o' (a,  8)  s  0,  0  s  8  s  T|  (4) 

Unpriced  and  primed  quantities  refer  to  r  2  a  and  r  £  a,  respectively. 

REDUCTION  TO  DUAL  SERIES 

The  general  axisynaetric  solutions  of  the  equations  of  elasticity  in  spheri¬ 
cal  coordinates  are  given  in  terns  of  Boussinesq  potentials  in  ( 6] .  Using  matrix 
notation,  we  define 


Here  P  denotes  the  Legendre  polynomial  of  degree  n  and  P'(z)  =  dP  (z)/dz.  Solu- 
n  n  n 

tlons  IB']  are  obtained  from  (B  ]  by  substituting  v'  for  v.  We  note  that  solution 
n  n 

[A  corresponds  to  the  rigid  body  displacements  and  (6/2C.')  is  the  relative 

rigid  displacement  ot  the  center  of  the  sphere  with  respect  to  the  center  of  the 
cavity  in  the  positive  z-axis.-  Solution  [ ]  represents  a  concentrated  force  of 

magnitude  8n(l-v)  acting  at  r  =  o  in  an  infinite  body  in  the  direction  of  the  nega¬ 
tive  z-axis.  Similarly,  (B^l  is  the  solution  for  an  infinite  body  of  Poisson's 

ratio  v'.-  Superposition  coefficients  e  ,  f  ,  g  ,  h  ,  and  6  are  to  be  determined 
r  r  n’  n  n  n’ 

from  (1)  through  (4). 

Substituting  (6)  into  (5),  the  boundary  conditions  (1)  yield 
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(14) 


2GV(a,e)  _  (1  .  2v') 

- - COS  J  +  — — ; - rr —  F 

a  a  (1  +  v  )  o 

3(1  +  2v'  -  Av'2)  „  „  .  r 

'  2(1  ~ v^)  F!  cos  6  +  l 

2,3,... 


V  F  P 
n  n  n 


2Gu  (a,0)  F  , 
r  *  o  7  - 


8v 


2  3(1  -  v)  F1  cos  6  +  Y. 

2,3,... 


0  F  P 
n  r.  n 


where  y  and  0  are  abbreviations  denoting 


V  _  (2n  +  l)(2n2  -  2n2v'  +  nv'  -  1  +  2v') 
n  2 

(n  -  l)(n  +  n  +  1  +  2nv/  +  v/) 

g  (2n  +  l)(2n^  -  2n^v  +  4n  -  5nv  i  1  -  y) 

"  (n  +  2)(n2  +  n  +  1  -  2nv  -  v) 


Applying  boundary  conditions  (2)  and  (3),  we  obtain  the  dual  series 

T|  i  8  £  n 


Z(2n  +  1)F  P  (cos  6)  =  0, 
n  n 

0,1,2,... 


09 

1 


,  „  „  .  a.  06  cos  0 

(i  F  P  (cos  6)  =  - - 

n  n  n  a 


0,1,2,. 


0S8SI] 


where 


*  =  1  +  go  -2/) 

Wo  2  1  +  v' 

7  -  8v  3o(l  +  2v'  -  Av'2) 


♦_  ~  +  a\ 
n  n  n 


n  =  2.  3,  ... 


INTEGRAL  EQUATION  AND  AN  APPROXIMATE  SOLUTION 

Let  a(0)  be  the  unknown  radial  stress  a  (a, 8)  at  the  interface  r  »  a. 
obvious  that  0(0)  is  a  continuous  function  over  the  entire  region  0  £  9  s 
even  in  9.-  Using  Fourier-Legendre  analysis,  0(9)  is  represented  by 


o(9)  =  V 
0,1,2, 


(2n  +  1)F  P  (cos  0),.  0  s  9  s  n 

n  n 


with  0(9)  vanishing  over  the  region  1)  £  9  tt.  The  coefficients  F^  are  then 


(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

i  21) 

It  is 
i  and  is 

(22) 

given  by 
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T| 

f  *;  |  o(t)P  (cos  t)  sin  t  dt  (23) 

n  2  J  n 

o 

Putting  (23)  into  (19)  and  interchanging  the  order  of  integration  and  sumatlon, 
the  set  of  two  infinite  series  (18)  and  (19)  is  reduced  to  a  single  integral  equa¬ 
tion  for  a  ^ 

j  o(t)K(0,t)  sin  t  dt  -  R(8),  0  £  0  s  1)  (24) 

o 


where  T|  is  unknown, 
functions  given  by 


the  kernel  K(6,t)  and  the  right-hand  member  R(0)  are  known 
00 

K(e,t)  =  V  *P  (cos  0)P  (cos  t) 
n  n  n 

0,1,2,... 

R(0)  =  -  —  cos  0 


(25) 


(26) 


Since  no  closed  form  solution  could  be  obtained  for  the  Fredholm  integral 
equation  (24),  we  followed  an  approximate  method  [3]  which  has  been  established  in 
particular  for  such  types  of  integral  equations.  To  apply  the  variational  method, 
the  kernel  has  to  be  symmetric,  i.e.,  K(t,0)  =  K(0,t)  and  the  kernel  may  have  at 
most  a  logarithmic  singularity  at  0  *  t.  Equation  (25)  shows  that  the  kernel  is 
symmetric.  The  principal  part  of  the  kernel  can  be  shown  to  have  a  logarithmic 
singularity  at  0  =  t  by  employing  the  technique  introduced  in  [7]  in  which  a  per¬ 
turbation  scheme  was  established.  Hence  the  variational  method  is  applicable  to 
our  problem. 

According  to  the  method  we  must  choose  a  trial  function  for  cr(0)  and  con¬ 
struct  the  functional 

X]  Tj 

1(0)  =  j  C(t)  sin  t-|^CT(0)  sin  0K(0,t)  d0  -  2R(t)^  dt  (27) 

o  o 

If  the  function  0(0)  is  chosen  in  the  form 

o(0)  =  B(cos  0  -  cos  T|)"^  +  A(cos  0  -  cos  1))®,  0  £  6  £  I)  (28) 


where  A  and  B  are  unknown  coefficients  their  values  depend  upon  the  value  of  1].; 
Substituting  (28)  into  (27)  we  obtain 


I  =  AZI,  +  2ABI_  +  BZI,  -  2AI,  -  2BI 
1  2  3  4  5 


where 


X, 


j  j  K(9,t)  sin  0  sin  t(cos  0  -  cos  Tl)5(cos  t  -  cos  11)  '*  d6dt 


*4  •  +S 

=  j  R(t)  sin  t(cos  t  -  cos  T,  )  dt 

*5  o 


(29) 

(30) 

(31) 


the  positive  signs  go  with  1^,  1^  while  the  negative  signs  go  with  I^  and  1^. 

Based  on  the  variational  principle  the  functional  is  stationary  when  the  trial 
function  varies  around  the  exact  o  and  the  approximate  value  of  1)  varies  around 
the  exact  T),  provided  B(T|)  *  0.,  Hence  the  values  of  A  and  B  are  formally 
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determined  by 
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(39) 


0, 1, - 


(2n  +  1)‘ 


sin.n  -  —  1) 

,  2, 

2n  -  1 


sin^n  +  ^  T) 
2n  +  3 


^  1  _  .  1)  1  .  511 

sin^n  +  ^  Tl^sin  -  -  -  sin  -j*  ■ 


sin  -  T] 


3  ,sinvn  -  1)  sin.^n  +  -|  t1 


2n  -  1 


2n  +  3 


=  0 


This  equation  is  of  course  independent  of  6. 


RELATION  BETWEEN  THE  CONCENTRATED  FORCE  Fz  AND  THE  COEFFICIENT  5/(2G') 

The  ratio  6/(2G')  is  the  coefficient  of  rigid  body  motion  or  "relative 
approach"  of  the  inclusion.  In  the  limit,  when  the  inclusion  becomes  rigid,  the 
force  applied  to  the  outer  body  is  due  to  a  rigid  body  motion  of  the  inclusion 
only,  i.e.,  lim  6/(2G*)  is  finite.  In  general  there  is  a  definite  relation 
G'-“ 

between  the  force  Fz  and  this  rigid  body  motion  of  the  inclusion.  This  relation 
can  be  obtained  as  follows. 

From  the  fact  that  the  applied  force  Fz  must  be  balanced  by  the  net  trac¬ 
tion  on  any  spherical  surface  of  arbitrary  radius  centered  at  the  point  of  appli¬ 
cation  of  F  ,  we  have 
z’ 

TT 

*  2 

F  =  -2n  (a  cos  9  -  t  sin  9)r  sin  0  d9,  r  2  a  (40) 

z  .  r  rB  ’ 

0 

and  a  similar  relation  for  r  s  a.  At  the  interface  r  =  a,  the  shearing  stress 
vanishes  and  the  above  equation  is  reduced  to 

T| 

F  ■  -2na2  0(6)  cos  9  sin  9  d9  (41) 

z  J 

o 


From  equation  (28)  with  B  *  0,  the  approximate  contact  stress  is  expressed  by 

i 


0(9)  =  A(cos  9  -  cos  T|)  , 
where  A  is,  from  (35)  and  (38) 


o  s  e  s  ti 


A  - 


3a 


.  T)  1  .  5  _ 

sin  ^  -  5  sm  2  1 


[ 

0,1,... 


n 


-2" 


in[n  '  2/^  sil\n  +  ^jT\ 


3  V,  2 


(2n  +  ;  2n  I'i'"'  '  2n  T  3*'  ) 


(42) 


(43) 


Substituting  (43)  and  (42)  into  (41)  and  carrying  out  the  integrals  with  the 
help  of  the  formulae  derived  in  the  appendix,;  we  obtain  the  following  relation 


,2 


Ga(S/G') 


4tt 

9 


.11  1.5. 

^sin  2  -  5  sin  I  y 


(44) 


I 


(i  (2n  +  1) 
n 


-2' 


Ml 


2n 


2n  +  3  J 


0,1,.... 
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NUMERICAL  RESULTS  AMD  COHCUISIOHS 


The  quantities  of  interest  in  this  problem  are  the  angle  1  of  the  contact 
cap,  the  contact  stress  a at  the  interface  r  =  a  and  the  relation  between  the 

force  F  and  the  coefficient  (6/2G').  Among  them  Tj  is  the  most  fundamental.  It 
z 

depends  only  upon  the  material  constants  but  not  upon  the  size  of  the  sphere  nor 
upon  the  magnitude  of  the  force  or  the  relative  approach  (5/2C1).  Hence  we  con¬ 
centrated  our  efforts  in  the  computation  of  T)  fur  various  values  of  a,  v.  and  v'. 
To  limit  the  use  of  computer  time  it  is  further  assumed  that  v  -  v'.  The  single 
real  nontrivial  root  of  equation  (39)  has  been  obtained  for  v  =  v'  =  0, 

0.1 . ,  0.5  and  for  a  from  0  to  10.  The  results  are  sh<vn  in  (a)  and  (b) 

of  Figure  2.  In  Figure  2(a)  the  angle  1]  is  plotted  versus  the  ratio  or  for 
v  =  v#  =  0,  0.1,  0.2,  and  0.3  while  Figure  2(b)  gives  the  similar  graph  for 

v  “  v*  ■  0.3  and  0.5  in  different  scales.  For  large  values  of  a.  i.e.,  the  in¬ 

denting  sphere  is  rather  soft  in  comparison  with  the  material  being  indented,  the 
variation  in  T|  depends  greatly  upon  the  Poisson  ratios.  The  angle  ~  increases 
from  tj  »  8(f  for  v  =  vf  =  0  to  1)  «  104°  for  v  =  v*  =  0.5  for  a  =  10.  The  depend¬ 
ence  on  v  become-  weak  for  small  values  of  O'.:  In  the  case  of  a  rigid  sphere.. 
i.e.,  a=0,  the  graph  of  T]  versus  v(=  v')  is  shown  in  Figure  3.  The  angle  de¬ 
creases  from  T|  *>  82.2°  for  v  =  v'  =  0  to  Tj  “  77.5°  for  v  =  v*  =  0.5.  Note  that 

T)  is  in  general  less  than  90° .  It  becomes  greater  than  90l  only  then  the  sphere 
is  softer  (o  >  1)  and  the  materials  are  nearly  incompressible. 

Contrary  to  the  classical  Hertz  results,  it  may  be  concluded:  i)  that  the 
region  of  contact  is  independent  of  the  force  Fz  applied  and  ii)  that  the  rela¬ 
tion  between  the  relative  approach  and  F is  linear.  This  is  in  agreement  with 
the  results  of  the  analogous  two-dimensional  problem  given  in  [5], 
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APPENDIX 


Substituting  (46)  with  v  =  n  and  w  =  0  into  (45)  and  interchanging  the  order  of 
integration,  we  have 


Tm.  \I2  f  / ''  1\  r  T  (cos  6  - 

1n(c0S  1»  “  ~  J  C0V  +  2>l  J 


sin  0  d0 \ 


cp  (cos  cp  -  cos  0)* 


dcp  (47) 


Introducing  a  new  variable  t  *  (cos  cp  -  cos  0)/(cos  cp  -  cos  T|),  we  obtain 


j'  sin  ^  d6  . 

cp  (cos  cp  -  cos  0)*  4-  3j 


(cos  cp  -  cos  T])  (48) 


in  which  T(x)  is  the  Gamma  function.  Substituting  (48)  into  (47)  gives 


In(cos  1>  * 


mr(f)  }  S&, 

-  J  (cos  cp  -  cos  T])  cos^n  +  cp  dtp  (49) 

2r'rri)  ° 


Using  the  expression  (46),  equation  (49)  becomes 

ttH-2  _  m+2 

X™(cc"  11)  -  2  r(|)  (sin  H)  2  Pn  2  (cos  11)  (50) 

For  m  =  +  1  we  immediately  obtain  equations  (36)  and  (37)  which  were  given  previ¬ 
ously  in  the  text. 


656 


Developments  n  Mechanics,  Vol.  t.  Proceedings  of  the  12th  Midwestern  Mechanics  Conference: 


Analysis  of  Unbonded  Contact  Problems 
Through  Application  of  an  Optimization  Technique 


K.  E.  YOON 

BABCOCK  AND  WILCOX  COMPANY 


KWAN  RIM 

UNIVERSITY  OF  IOWA 


ABSTRACT 

In  this  paper  a  new  approach  to  the  solution  of  certain  contact  stress  problems 
is  developed  by  utilizing  optimization  technique  as  an  analytical  tool.  It  is 
shown  that  an  unbonded  contact  problem  may  be  posed  as  an  optimization  problem, 
and  that  the  contact  stress  distribution  as  well  as  the  area  of  contact  can  be 
determined  through  a  simple  application  of  the  linear  programming  technique.  Of 
a  half  dozen  contact  problems  solved  by  the  proposed  method,  two  illustrative 
examples  with  known  approximate  solutions  are  presented  herein  for  the  purpose  of 
making  a  comparison.  By  means  of  this  approach  it  will  be  possible  to  conduct  an 
analytical  investigation  of  a  large  class  of  unbonded  contact  oroblems  arising 
from  various  structural  systems. 


IHTRODUCTIOH 

This  paper  is  concerned  with  the  symmetrical  unbonded  contact  problems  between 
two  elastic  bodies.  In  literature,  most  of  the  investigations  on  contact  prob¬ 
lems  have  been  carried  out  on  rigid-elastic  contact  problems,  which  are  called 
rigid  punch  problems.  In  a  few  elastic-elastic  contact  problems  for  which 
approximate  solutions  have  been  obtained,  it  has  been  a  standard  approach  to  for¬ 
mulate  them  into  integral  equation  problems.  Recently  Noble  and  Hussain  [1]* 
employed  a  variational  method  to  solve  such  integral  equation  problems  approxi¬ 
mately,  followed  by  Weitsman  [2]  who  solved  an  unbonded  contact  problem  of  an 
infinite  elastic  plate  pressed  against  an  infinite  elastic  half  space  by  a  con¬ 
centrated  force.;  Also  Pu,  Hussain  and  Anderson  [3]  solved  by  using  the  same 
technique  the  problem  of  lifting  of  a  plate  from  a  foundation  due  to  an  axi- 
symmetric  pressure. 


*Numbers  in  brackets  designate  References  at  the  end  of  this  paper. 
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Another  interesting  type  of  elastic-elastic  contact  problems  are  the  elastic 
inclusion  problems ,  which  are  becoming  increasingly  important  in  the  study  of 
composite  materials.  Stippes  et  al  [**]  solved  a  two-dimensional  smooth  circular 
inclusion  problem  exactly,  and  later  Noble  and  Hussain  [5]  solved  the  same  prob¬ 
lem  approximately  by  using  dual  series  relations.  An  elliptic  inclusion  problem 
was  investigated  by  Hussain,  Pu  and  Sadowsky  [6],  again  by  using  dual  series 
approach  and  the  variational  method  employed  by  Noble  and  Hussain  Cl]. 

However,  in  more  general  problems,  this  classical  approach  quickly  becomes  mathe¬ 
matically  intractable.  Therefore,  an  attempt  is  made  in  this  paper  to  develop  an 
approximate  but  general  method  of  solving  a  large  class  of  elastic-elastic  con¬ 
tact  problems  by  utilizing  an  optimization  technique. 


FORMULATION  OF  PROBLEM 

CHARACTERISTICS  OF  SYMMETRIC  UNBONDED  CONTACT  PROBLEMS 

Consider  a  typical  elastic-elastic  contact  problem;  i.e.,  a  problem  of  contact 
between  an  infinite  plate  and  an  elastic  half  space  shown  in  Fig.  1.  When  two 
elastic  bodies  are  in  contact  with  each  other,  the  common  interface  of  contact  is 
called  the  contact  area,  and  the  stress  acting  on  the  contact  area  the  contact 
stress.  If  one  assumes  that  the  contact  is  smooth,  then  there  is  no  shear  stress 
and  only  the  normal  stress  acts  on  the  contact  area.  Furthermore,  the  unbonded¬ 
ness  condition  requires  that  this  normal  contact  stress  must  be  compressive. 

Thus  the  fundamental  characteristics  of  an  unbonded  contact  problem  are  that  the 
contact  stress  is  always  compressive  and  that  it  acts  noraal  to  the  contact  area. 

In  general,  an  unbonded  contact  problem  may  be  regarded  as  a  set  of  two  boundary 
value  problems,  associated  with  the  two  bodies  in  contact  with  each  other,  sub¬ 
ject  to  certain  conditions  of  contact.  On  the  comnon  boundary  of  contact,  each 
bounuary  value  problem  must  satisfy  two  boundary  conditions  simultaneously: 
namely,  the  boundary  displacement  of  one  body  Wj(r)  must  match  that  of  the  other 

body  w2<r),  and  the  boundary  stress  must  also  be  the  same.  (See  Tig.  1.)  More¬ 
over,  the  size  of  the  contact  area  is  not  known  a  priori. 

In  terms  of  the  symbols  illustrated  in  Tig.  1,  the  contact  stress  q(r)  should 
satisfy  the  following  condition 

q(r)  <_  0,  0  1  r  <_  a  (1) 

where  ^designates  the  radius  of  the  contact  area.  Other  conditions  of  contact 
may  now  be  written  as 

w^r)  -  w2(r)  =  0,  0  r  <.  a  (2) 

and  q^r)  =  q2(r)  =  q(r),  0  r  a 

The  static  equilibrium  condition  also  requires 

JAq(r)  dA  =  -  P  (3) 

For  the  simple  cases,  the  boundary  displacements  w^(r)  are  available  in  an  ex¬ 
plicit  form;  however,  for  the  complicated  cases,  they  are  given  in  an  operator 
form  as 

Ki  twi*r^  =  Qi<r,q(r),a),  O^rw.i:  1,2  (4) 

where  are  linear  differential  operators ,  and  are  some  functionals  of  posi¬ 
tion  ,  the  contact  stress  and  the  size  of  the  contact  area. 
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POSING  THE  CONTACT  PROBLEM  AS  AN  OPTIMIZATION  PROBLEM 


The  solution  of  any  unbonded  contact  problem  consists  of  both  the  contact  stress 
and  the  size  of  contact  area.  If  this  problem  were  to  be  treated  as  a  set  of 
simultaneous  boundary  value  problems  of  elasticity,  one  would  find  that  the  meth¬ 
ods  of  analysis  well  established  in  classical  elasticity  would  not  be  of  much  use, 
because  1)  the  radius  of  contact  area  is  not  known  a  priori  and  2)  the  contact 
stress  is  subjected  to  an  inequality  constraint. 

However,  such  a  problem  nay  be  readily  posed  as  an  optimization  problem  as  de¬ 
scribed  below. 


Find  q(r),  0  <  r  <  a ,  c  and  a  which 
minimize  c 

subject  to  the  conditions 

e  =  max[|w^(r)  -  w2(r)|] 
q(r)  ^  0,  0  <_  r  ^  a 

e  »_  0 

JAq(r)  dA  s  -  P 

K.twjir)]  s  Qi(r,q(r),a),  i  =  1,2 


>  (5) 


In  terms  of  the  terminology  used  in  the  optimal  design  theory  [7],  one  may  call 
the  contact  stress  q(r)  a  design  variable,  r  the  independent  variable,  and  w.(r), 

i  =  1,2,  the  state  variables.  In  this  case  c  is  the  objective  or  the  cost  func¬ 
tion  which  is  to  be  minimized  and  a  may  be  considered  as  one  cf  the  design  vari¬ 
ables. 


DISCRETE  OPTIMIZATION  PROBLEM 

In  order  to  obtain  an  approximate  solution  to  that  type  of  problem  defined  by  Eq. 
S,  one  may  discretize  the  problem  by  dividing  the  contact  area  into  n  equal  in¬ 
tervals  and  by  assuming  that  the  contact  stress  is  piece-wise  constant  over  each 
interval.  If  one  assumes  that  the  contact  stress  is  symmetric  with  respect  to 
the  center  line  as  it  is  often  the  case,  then  it  is  necessary  to  consider  only 
one  half  of  the  contact  region.  And  the  boundary  points  along  a  radius  of  con¬ 
tact  region  may  be  numbered  as  shown  in  Fig.  2.  The  displacement  of  the  point  j 
in  the  z-direction  is  denoted  by  w,  ,  where  the  first  subscript  k  (k  s  1,2)  des- 

j 

ignates  the  upper  or  the  lower  body  respectively.  The  discretized  contact  stress 
on  the  j-th  interval  -  between  the  point  (j-1)  and  the  point  j  -  is  denoted  by  q^. 

Also  the  matching  of  the  two  boundary  displacements  along  the  contact  region  may 
be  carried  out  at  those  n  points  by  initially  letting  two  center  points  be 
matched,  i.e.. 


T 

Defining  a  new  design  vari;  ole  [u]  =  [u^.Uj,  .  .  .  ,un)  such  that 
Cu]  =  -  [q] 

the  discrete  optimizatioi.  problem  may  now  be  phrased  as: 
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rind  Uj,  js  1,2,  .  .  .  ,n,  t  and  a  which 
minimize  c 


is  the  relative  displace¬ 


ment  of  the  point  i  in  the  z-direction  of  the  upper  (if  k  =  1)  or  the  lower 
(if  k  ■  2)  body  and  R  are  some  functions  of  design  variables  and  the  contact 


radius.  A^  designate  area  between  r^  and  This  optimization  problem  is  al¬ 
most  a  linear  programming  problem,  provided  that  the  contact  radius  £  is  assumed 
on  the  outset  of  each  iteration  and  that  [w^]  are  linear  functions  of  [u]. 


ANALYSIS 

Once  the  problem  of  contact  stress  had  been  reduced  to  a  discrete  optimization 
problem  of  nonlinear  programming,  it  was  natural  to  seek  the  possibility  of 
solving  it  through  a  successive  application  of  the  linear  programming  technique, 
especially  in  view  of  its  known  effectiveness  [8].  Indeed,  as  it  turned  out,  the 
discrete  optimization  problem  as  defined  by  Eq.  6  could  be  solved  rather  directly 
as  a  sequence  of  linear  programming  problem.  Furthermore,  the  technique  having 
been  ideally  suited  for  computer  programming,  it  was  not  surprising  to  find  that 
reasonably  accurate  solutions  were  obtainable  without  undue  expenditure  of  labor 
for  a  number  of  contact  problems  investigated. 

It  may  be  pointed  out  here  that  crucial  to  the  application  of  an  optimization 
technique  is  the  availability  of  sufficiently  accurate  elasticity  solutions  (ana¬ 
lytical  or  otherwise)  for  both  of  the  contacting  bodies.  More  specifically,  in 
the  application  of  the  linear  programming  technique,  one  should  be  able  to  ex¬ 
press  accurately  the  boundary  displacement  of  each  contacting  body  as  a  linear 
combination  of  discrete  contact  stresses. 

Six  contact  problems  have  been  solved  by  the  authors  through  an  application  of 
the  proposed  method.  The  first  one  is  the  unbonded  contact  problem  of  an  infi¬ 
nite  elastic  beam  pressed  against  the  edge  of  an  infinite  elastic  half  plate  bv  a 
concentrated  force.  The  second  problem  is  that  of  an  infinite  elastic  plate 
pressed  against  an  infinite  elastic  half  space  by  a  concentrated  force.  The 
third  problem  is  the  same  as  the  second  except  that  the  plate  is  finite.  The 
fourth  problem  is  the  two-dimensional  smooth  circular  inclusion  problem.  The 
fifth  is  the  problem  of  "loose"  inclusion  in  which  there  is  play  between  a  cyl¬ 
inder  and  a  cylindrical  hole  in  a  thick  plate.  The  last  one  is  the  contact  prob¬ 
lem  between  a  circular  disk  and  a  ring  surrounding  it.  because  of  the  space 
limitation,  only  two  examples  are  presented  in  this  paper.  For  the  second  and 
the  fourth  problem  there  are  known  analytical  solutions;  an  approximate  solution 
for  the  second  by  Weitsman,  and  an  exact  solution  for  the  fourth  by  Stippes,  et 
al<  Therefore,  these  two  problems  are  chosen  to  serve  the  purpose  of  illus- 


crating  the  effectiveness  of  the  proposed  method  through  comparison  of  results. 
Due  to  close  similarity,  the  third  problem  is  also  incorporated  into  the  presen¬ 
tation  of  the  first  example. 


EXAMPLE  1-A 

CONTACT  BETWEEN  AN  INFINITE  PLATE  AND  AN  INFINITE  HALF  SPACE  -  Consider  an  infi¬ 
nite  plate  pressed  against  an  elastic  half  space  by  a  concentrated  load  P,  as 
shown  in  Fig.  1.  Assure  that: 

a)  The  weight  of  the  plate  is  negligible. 

b)  The  transverse  deformation  of  the  infinite  plate  is  also  negligible  so  that 
the  deflection  of  the  middle  surface  in  the  z-direction  is  equivalent  to  that  of 
the  contacting  boundary  of  the  infinite  plate. 

c)  There  is  no  friction  between  the  two  contacting  bodies. 

d)  Materials  for  both  the  plate  and  the  infinite  half  space  are  homogeneous  and 
isotropic,  and  obey  Hooke's  law. 

This  is  an  axisymmetric  problem  both  in  geometry  and  in  loading,  hence  the  con¬ 
tact  stress  distribution  should  also  be  axisymmetric.  Discretization  of  this 
problem  may  be  carried  out  by  dividing  a  contact  radius  into  n  equal  intervals, 
and  by  assuming  that  the  contact  stress  is  piece-wise  constant  over  each  annular 
region.  Therefore,  the  discretized  contact  stresses  act  on  n  concentric  annular 
regions.  Starting  from  the  center  point,  all  boundary  points  are  numbered  along 
a  radius,  as  shown  in  Fig.  2. 


An  influence  coefficients  t is  defined  as  the  relative  deflection  at  point  i  in 

the  z-direction  with  respect  to  the  origin,  due  to  the  j-th  annular  load  of  a 
unit  intensity.  Then  the  boundary  displacement  vector  of  the  plate,  w^,  and  that 

of  the  half  space,  w^,  are  given  in  matrix  equation  as 

tv,  3  =  CT  ]  tu] 

1  P  (7) 

[w2]  =  [Tg]  [u] 

whe;-a 


[T] 


Pll 


and  the  subscripts  p  and  s  designate  the  plate  and  the  half  space  respectively 
[9  and  10],  Thus,  following  Eq.  6,  this  problem  may  be  posed  as:. 


Determine  u.. ,  j  =  1,2,  . 
minimize  e 

subject  to  the  following 

w  -  w2  +  c  £  0, 
i  i 

-w  +  w2  +  c  >_  0, 

1  l 

U.  1  o,  j  =  1,2,  . 
e  >  0 


.  .  ,n,  c  and  £  which 

conditions, 
i  =  1,2,  .  .  .  ,n 
i  =  1)2,  .  *  •  ,n 
.  .  ,n 


f  (8) 
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NUMERICAL  RESULT^  -  In  actual  calculation,  the  magnitude  of  the  contact  radius  a 
is  gradually  increased  by  augmenting  the  number  of  divisions,  n,  in  each  itera-~ 
tion,  while  keeping  the  inverval  size  A  fixed,  until  the  end  moment  becomes 
negligibly  small. 


The  following  input  data  are  used  in  the  computation: 


Young's  Modulus  of  Elasticity  for  both  -  E  =  106  psi. 
Poisson's  ratio  for  both  - - — - v=0.3 

4 

Flexual  rigidity  of  the  plate  -  -  D=10  in. -lb. 

Total  load  applied  to  the  plate  -  -  P  =  500  lbs. 

Interval  size - -  — - A  =  0.025  in. 


When  n  is  30,  the  end  moment  is  0.4082  in-lbs/in;  and  the  minimum  value  of  e  is 
negligible,  in  the  order  of  10"6,  compared  with  the  magnitude  of  deflection  of 
the  plate,  as  shown  in  Table  I.  The  corresponding  contact  stress  distribution  is 
plotted  in  Fig.  3  by  a  solid  line.  When  n  is  increased  to  31,  the  end  moment 
vanishes;  but  the  minimum  valce  of  c  increases  by  approximately  100  times.  Thus 
the  correct  value  for  a  =  nA  apparently  lies  in  between  30A  and  31A,  Contact 
stress  distributions  for  these  two  cases  are  very  close  to  each  other. 

Recently  Weitsman  [2]  solved  the  same  problem,  by  formulating  it  as  an  integral 
equation  pri^iem  and  solving  the  equation  approximately  by  means  of  a  variational 
method.  He  gave  the  following  formula 

as  a  good  approximation  for  the  radius  of  the  contact  region.  According  to  the 
formula,  the  radius  of  contact  for  this  particular  example  is  given  by 

a  =  30. 8A 

This  is  an  excellent  agreement  with  the  result  of  the  present  analysis,  particu¬ 
larly  in  view  of  the  fact  that  both  methods  are  approx. mate  and  that  the  influ¬ 
ence  coefficients  used  for  the  plate  is  not  exact.  It  can  be  also  observed  that 
the  magnitude  of  the  total  load  contributes  linearly  to  both  boundary  displace¬ 
ments  and  hence  to  the  error  tents;  therefore,  the  contact  radius  is  independent 
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of  the  magnitude  of  the  total  load,  which  was  also  pointed  out  by  Weitsnan  [2]. 

Instead  of  an  infinite  plate,  the  problea  of  a  circular  plate  with  a  finite  ra¬ 
dius  may  also  be  handled  by  the  nethod  without  any  difficulty.  Such  a  problea 
should  have  acre  practical  significance.  Also  certain  types  of  variable  thick¬ 
ness  plates  aay  be  treated  by  this  nethod  as  long  as  accurate  elasticity  solu¬ 
tions  are  available  for  such  plates. 

EXAMPLE  1-B 

CONTACT  BETWEEN  A  FINITE  CIRCULAR  PLATE. AND_AiLJJi£I8ITE  HALF  SPACE  -  This  problem 
is  identical  with  the  preceding  one  except  that  the  radius  of  the  plate  is  finite 
(taken  as  one  inch).  Influence  coefficients  for  the  plate  are  newly  calculated, 
but  all  other  formulations  are  exactly  the  same  as  the  preceding  problem.  There¬ 
fore,  only  the  final  results  are  presented;  the  contact  stress  is  plotted  in  Fig. 
3  by  a  dotted  line.  The  magnitude  of  the  maximum  eiror,  e,  is  again  shown  to  be 
extremely  small  as  in  the  preceding  example.  The  end  moment  m  is  reduced  to 
about  0.01  in-lbs/in.  There  wasn't  any  difficulty  in  solving  this  problem  by 
using  the  optimization  technique.  However,  it  would  have  been  very  difficult  to 
handle  it  by  other  conventional  methods  of  analysis,  such  as,  the  integral  equa¬ 
tion  method. 


EXAMPLE  2 


SH00TH  INCLUSION  PRnm.ij)  .  An  infinite  homogeneous  isotropic  elastic  thick  plate 
with  a  circular  cylindrical  cavity  is  subject  to  a  uniform  tension,  with  a  cir¬ 
cular  cylinder  of  the  same  size  inserted  into  the  cavity.  Assume  that  the  thick 
plate  and  the  cylinder  are  of  the  same  material.  The  present  method  of  analysis 
does  not  require  this  assumption;  however,  it  is  introduced  for  the  purpose  of 
comparing  the  result  with  an  existing  solution  [4].  See  Fig.  4.  Since  smooth¬ 
ness  implies  the  absence  of  friction  on  the  contacting  surfaces,  the  contact 
stress  will  have  a  compressive  radial  component  only.  Furthermore,  at  the  con¬ 
tacting  boundary,  the  radial  displacement  of  the  infinite  thick  plate  must  match 
with  that  of  the  circular  cylinder,  and  the  contact  stress  distributions  for  both 
bodies  should  be  the  same.  Again  the  angle  of  contact  is  not  known  a  priori. 

This  problem  is  slightly  different  from  the  one  defined  by  Eq.  6;  in  this  problem 
the  contact  takes  place  on  two  opposite  arcs  simultaneously  and  there  is  no  addi¬ 
tional  constraint  on  the  design  variables  u..  Due  to  the  symmetry  of  the  prob¬ 
lem,  only  the  first  quadrant  will  be  considered  hereafter. 

Let  ur<0)  be  the  radial  displacement  positive  outward  from  the  origin  and  o  be 
the  angle  of  contact.  Then  the  following  condition  must  hold: 


u  (0)  ,  „  -  u  (0)  =0,  0  <  0  <  a 

r  plats  r  cyl.  ’  -  - 

and  the  unbondedness  condition  is  given  by 


q  (0)  <.  0,  0  <  6  <  a 

where  q  (0)  is  the  contact  stress. 


This  problem  may  also  be  discretized  by  dividing  the  contact  angle  n  into  n  equal 
angles  and  by  assuming  that  the  contact  stress  is  piece-wise  constant  over  each 
interval.  For  the  convenience  of  computation,  the  boundary  points  are  numbered 
as  shown  in  Fig.  5,  starting  with  1  at  the  center  point  of  the  contact  region. 

Let 


1. 

i 


ur  [(i 


1)  «]. 


plate 
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where  6  -  o/r.;  and,  let  Uj  be  the  negative  value  of  the  contact  stress  on  the 

j-th  interval  (that  is  the  interval  between  the  point  j  and  the  point  j  1). 

Then,  due  to  the  linear  property  of  this  problem,  the  radial  displacement  of  the 
thick  plate  can  be  divided  into  two  parts  as 

Ur Opiate  ”  ur^due  to  contact  +  ur^due  to  a  uniform 
stress  tension  (S) 


Accordingly,  define  an  influence  coefficient  t...  as  the  radial  displacement  of 

the  point  i  due  to  a  uniform  edge  load  of  a  unit  intensity  on  the  j-th  interval, 
and  v.  as  the  radial  displacement  of  the  point  i  due  to  a  unit  tension  in  the  x- 

direction  at  infinity.  Then  and  have  the  following  relations  in  matrix 
form  [11], 


=  V.  •  uj +  Svi 

1  ►  (13) 

w-  =  t  .  u. 

2.  c..  n 

li]  y 

where  i  =  1,2,  .  .  .  ,n  +  1  and  j  =  1,2,  .  .  ,  ,n. 

This  problem  is  slightly  different  from  the  preceding  examples  in  that  it  does 
not  have  an  additional  constraint  on  the  design  variable  [u],  but  it  has  one  more 
point  to  be  matched  on  the  contact  region.  Now  the  problem  may  be  posed  as  the 
following  linear  programming  problem: 


for  an  assumed  value  of  a, 

determine  u. ,  j  =  1,2,  .  .  .  ,n  and  c  which 

Minimize  c 

subject  to  the  following  conditions, 

w.  -  w  +  e  >  0,  i  =  1,2,  .  .  .  ,n  +  1 
Ai  i 

-w1  +w2  +  c^0,  i  =  1,2,  .  .  .  ,n  +  1 

l  ‘i 

Uj  ^  0,  j  -  1,2,  .  .  .  ,n 
c  >  0. 


This  particular  example  did  not  make  use  of  such  extra  design  variable  as  the  end 
moment,  which  was  used  in  the  previous  example  problems  for  th,  purpose  of  alle¬ 
viating  the  difficulty  in  correctly  assessing  the  right  dimension  of  the  contact 
area.  Here,  in  searching  for  the  correct  value  of  the  contact  angle,  a  =  n6,  the 
angular  interval  size  4  was  kept  constant,  while  the  number  of  intervals  n  was 
varied.  The  angle  a  is  determined  by  varying  n  in  such  a  way  that  c  becomes 
negligibly  small.  As  it  turns  out,  whenever  n  comes  very  close  to  the  correct 
value,  the  minimum  value  of  e  becomes  very  small;  however,  if  it  deviates  from 
the  correct  value,  the  minimum  value  of  c  rapidly  increases. 


The  following  input  data  are  used  in  the  calculation: 
Young's  Modulus  of  Elasticity  for  the  thick 
plate  and  the  cylinder  -  - - -  E  =  106  psi. 


Poisson's  ratio  for  the  thick  plate  and 


the  cylinder - - v  -  0.3 

Uniform  tension  for  the  thick  plate  S  =  100  p~: . 
Radius  of  the  cylinder - -  —  R  =  1.0  in. 


Angular  interval  size 


6  =  0.5  degrees. 


The  nuaerical  results  based  on  the  preceding  input  data  are  obtained,  and  the  con¬ 
tact  stress  distribution  is  plotted  in  Pig.  6.  Also  the  analytical  solution  by 
Stippes  et  al  [4]  is  plotted  on  the  sane  figure,  which  shows  a  very  close  agree¬ 
ment  between  the  two  results.  The  maximum  contact  stress  obtained  by  the  present 
method  is  0.6091  times  the  uniform  tension  applied  at  infinity  and  the  contact 
angle  is  19. 5  degrees,  compared  with  Stippes'  results  of  0.609  and  19.62  degrees 
respectively.  When  the  angular  interval  size  is  increased  front  0.S  degrees  to 
1.0  degree,  the  resulting  contact  stress  oscillates  about  the  curve  for  the  exact 
solution,  indicating  that  the  interval  size  is  too  crude.  Also  the  value  of  t 
becomes  too  large  to  be  acceptable.  The  method  presented  herein  is  readily  appli¬ 
cable  not  only  to  the  problems  with  different  materials  for  the  plate  and  the 
cylinder,  but  also  to  the  problems  of  'loose'  or  'tight'  inclusions,  where  the 
size  of  the  cylinder  is  either  slightly  smaller  or  larger  than  that  of  the  hole 
in  the  thick  plate. 


CONCLUDING  REMARKS 

The  numerical  results  obtained  in  the  two  example  problems  indicate  that  the 
method  presented  herein  is  quite  simple  and  straightforward,  yet  yields  reason¬ 
ably  accurate  solutions  to  the  unbonded  contact  problems.  The  magnitude  of  the 
maximum  error  for  every  example  problem  is  indeed  negligible,  in  the  order  of 

10  6,  compared  to  the  actual  boundary  deflections  of  the  contacting  bodies.  Con¬ 
sidering  that  only  a  seven  digit  accuracy  was  maintained  in  the  numerical  calcu¬ 
lations,  the  condition  of  matching  for  the  boundary  displacements  was  very 
closely  satisfied,  as  reflected  by  the  smallness  of  e. 

The  results  also  indicate  that,  for  the  two  examples  of  smooth  contact  considered 
in  this  paper,  the  size  of  the  contact  radius  or  angle  is  independent  of  the  mag¬ 
nitude  of  the  applied  load.  The  same  conclusion  was  drawn  by  Keitsman  as  a  re¬ 
sult  of  his  investigation  of  the  first  example  problem.  This  conclusion  implies 
that  such  structural  elements  as  stress  pads,  bearing  plates,  etc.  may  possess 
unique  dimensions  for  their  optimal  designs,  independent  of  the  magnitude  of  the 
applied  load.  And  these  optimal  dimensions  can  be  readily  found  through  an 
application  of  the  method  presented  in  this  paper. 

Recent  investigators  have  succeeded  in  reducing  a  few  elastic-elastic  contact 
problems  into  integral  equation  problems.  This  approach  is  conceptually  elegant, 
but  its  applicability  is  severely  limited  to  a  very  few  problems  with  simple 
geometry  and  loading.  Furthermore,  even  for  simple  problems,  only  approximate 
solutions  have  been  obtained.  In  more  general  problems,  this  classical  approach 
quickly  becomes  mathematically  intractable. 

Evidently,  there  is  a  strong  need  in  engineering  for  the  development  of  a  general 
but  straightforward  method  of  attacking  these  ilastic-elastic  contact  problems. 
This  paper  is  directed  toward  fulfilling  some  of  this  need. 

Among  several  alternatives  studied  by  the  authors,  the  use  of  optimization  tech¬ 
nique  as  an  analytical  tool  seems  to  be  most  promising,  even  though  such  an 
approach  has  not  been  commonly  proposed  in  the  analysis  of  elasticity  problems.- 
Especially,  in  view  of  the  known  effectiveness  of  linear  programming  techniques, 
the  possibility  of  reducing  a  contact  problem  into  a  linear  programming  problem 
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should  be  sought.  Indeed,  the  authors  have  shown  that  many  of  the  unbonded  con¬ 
tact  problems  can  be  reduced  to  p  rob  lees  of  sinple  linear  programing  and  hence 
reasonably  accurate  solutions  con  be  obtained  without  undue  expenditure  of  labor. 
A  similar  approach  -  the  use  cf  optimization  technique  as  an  analytical  tool  -  is 
likely  to  provide  a  new  avenue  of  solution  for  many  of  the  more  complicated  con¬ 
tact  problems  [12]. 
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NOMENCLATURE 


contact  stress,  discretized  contact  stress,  psi. 
radius  of  contact  area,  in. 


q(r).  q. 
a 

wk(r),  w^ 


*k 


e 

A 


n 


v. 

l 


E 

G 

v 

m 


. 

n 


a 

6 

R 

D 


boundary  displacement  in  2-direction,  boundary  displacement  of 
point  i,  in. 

differential  operator  on  «k 

functional  of  position,  contact  stress  and  radius  of  contc  3rea 

total  load  applied  to  the  upper  body  or  uniform  tension  in  case  of 
inclusion  problem,  lb. 

maximum  of  absolute  value  of  the  difference  of  boundary  displace¬ 
ments,  in. 

interval  size,  radius  of  contact  area  divided  by  number  of  divi¬ 
sion,  ir. 

number  of  division 
negative  value  of 

2 

area  between  r^  and  r.  ^ ,  in  . 

Influence  coefficients,  its  m  crix 

influence  coefficients  due  to  a  unit  i  ">d  ■  .,r,ient  unless  otherwise 
specified 

Young's  Modulus  of  Elasticity,  psi. 

Modulus  of  rigidity,  psi. 

Poisson's  ratio 
end  moment,  in- lb. 

difference  between  two  influence  coefficients 
angle  of  contact,  degree 
angular  interval  size,  degree 

radius  of  a  circular  boundary  in  inclusion  problems,  in. 
flexural  rigidity  of  a  plate,  in- lb. 
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ABSTRACT 

A  unified  formulation  of  hybrid  elastodynamic  equations  is  developed  and  used 
to  describe  the  deterministic  and  nondetermmistic  response  characteristics  of 
coupled  spatial  vibratory  systems,  consisting  of  continuous  elements,  point  masses 
and  rigid  bodies.'  Dynamic  influence  coefficients  and  the  Lagrangian-mul tiplier 
method  have  been  used  in  obtaining  the  energy  expressions.'  The  Lagrangian  L 
formed  by  potential,  kinetic  and  constraint  energies  provides  the  basis  for  the 
derivation  of  the  equilibrium  and  compatibility  equations  of  the  system.. 

Exclusion  of  the  explicit  time  dependence  of  the  elastodynamic  equations  and 
operating  in  the  frequency  domain,  results  in  a  set  of  transfer  functions  appli¬ 
cable  to  both  the  deterministic  and  non-determinisf  areas..  In  both  coses  the 
results  are  obtained  by  using  transform  techniques  As  an  exampie  the  response 
of  a  system  due  to  steady  state,  transient  and  rario.a  excitations  is  given. 


INTRODUCTION 

A  vibration  analysis  technique  has  been  developed  recently  for  spatial  vibra¬ 
tory  frameworks  [1]*  based  on  the  continuous  element  method  with  the  use  of'  dynam¬ 
ic  influence  coefficients.;  It  is  desirable  to  extend  this  approach  dealing  ’  ith 
the  deterministic  and  non-deterministic  response  characteristics  of  the  mor'  com¬ 
plex  stiucture  systems.; 

The  two  basic  methods  used  to  generate  the  governing  differential  equations 
are  referred  to  as  the  matrix  "force"  (flexibility)  metnod  and  the  matrix  "dis¬ 
placement"  (stiffness)  method  [2,  3].,  The  force  method  vields  a  set  of  compati¬ 
bility  equations.'  The  displacement  method  yields  a  set  of  equilibrium  equations. 


*  Numbers  in  brackets  designate  references  at  the  end  of  paper. 
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Equilibrium  equations  arc  used  in  this  paper,  to  denote  equations  of  dynamic  equi¬ 
librium  or  equations  of  motion.  Each  method  has  distinct  advantages  and  it  seems 
reasonable  to  assume  that  it  would  be  convenient  to  combine  the  salient  features 
of  both  methods. 

In  this  paper  a  novel  hybrid  technique  has  been  developed  for  determining 
the  response  characteristics  of  complex  systems  excited  by  steady  state  sinus¬ 
oidal,  transient  and  random  loadings.  The  loadings  may  be  in  terms  of  forces  or 
displacements.  The  resulting  set  of  equilibrium  and  compatibility  equations  are 
designated  as  the  hybrid  elastodynamic  equations  of  the  complex  configuration. 

The  potential,  kinetic  and  constraint  energies  of  the  structural  elements, 
in  the  form  of  the  Lagrangian  L,  is  the  basis  for  developing  the  hybrid  elasto¬ 
dynamic  equations  of  equilibrium  and  compatibility  (4).  The  auxiliary  conditions 
which  imply  restrictions  on  the  free  variations  of  the  time  dependent  generalized 
coordinates  q(£j,t),  are  accounted  for  by  including  the  unknown  constraint  loads 
A^Cjit),  commonly  referred  to  as  Lagrangian  multipliers,  in  the  elastodynamic 
equations.  The  constraint  loads  are  required  for  nodes  constrained  to  the  ground, 
the  plates  and  shells,  and  the  rigid  bodies.; 


SYSTEM  DEFINITION 


A  given  spatial  vibratory  system  is  idealized  into  a  number  of  connected, 
structural  elements  of  continuous  mass  distribution,  point  masses  and  rigid 
bodies.  For  example,  straight  prismatic  elastic  members,  rings  and  shear  panel 
elemencs  as  well  as  springs  and  viscous  dampers  are  considered  as  structural 
elements..  Associated  with  each  element  is  a  set  of  geometrical  and  physical 
properties..  In  this  paper  member  elements  are  considered  as  prismatic  and  shear 
panel  elements  are  considered  triangular.  Rigid  bodies  are  characterized  by 
their  mass  and  inertia  tensors.;  Several  elements  may  be  connected  at  an  inter¬ 
section,  or  at  one  or  more  locations  to  any  one  rigid  body,  or  to  the  ground.' 

The  intersections  of  the  elements  are  defined  as  nodal  points  or  nodal  lines.; 
Each  nodal  point,  or  any  position  along  a  nodal  line,  has  six  possible  degrees  of 
freedom  (three  displacements  and  th.ee  rotations).  The  location  of  a  nodal  posi¬ 
tion  j,  is  specified  by  spatial  coordinates  5,,  which  are  expressed  In  an  orthog¬ 
onal,  right-handed,  inertial  (fixed)  coordinate  system.. 


In  addition  to  the  inertial  system,  there  is  also  a  local  coordinate  system 
attached  to  each  element,  in  the  undeformed  state.  Transformation  of  forces  and 
displacements,  from  the  inertial  coordinates  to  the  local  coordinates  Is  accom¬ 
plished  by  using  matrices  of  direction  cosines  between  the  two  systems.;  Allowing 
e^,  ®2*  an<^  *3  t0  rePresent  unit  vectors  of  the  local  coordinate  system,  and  T, 
J,k  tne  unit  vectors  of  the  inertial  coordinates,  yields  the  transformation 
matrix  [e]  as 


V1 

erj 

[e 

- 

e2.i 

e2-I 

V 

I 

rt>| 

u> 

►H 

e3-T 

e3.ir 

Tor  small 

deflections  the 

unknown 

represented  in  inertial  coordinates  by 
<f^(6)  and  a  three  dimensional  rotational  vector  7)^(0)., 
rotations  may  be  expressed  in  terms  of  the  local  coordinates  by 
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a  three  dimensional  displacement  vector 
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where  0  and  represent  the  unknown  displaceoent  and  rotation  vectors,  respec¬ 
tively,  in  the  local  system.  Likewise  forces  V  and  moaents  M  in  the  inertial 
coordinates  aay  be  expressed  in  terns  of  local  coordinates  by 


(3) 


POTENTIAL  ENERGY  OF  DISTRIBUTED  MASS  ELEMENTS 

For  a  straight,  prismatic  member  element  as  shown  in  Fig.  1,  having  a  con¬ 
tinuous  mass  distribution  along  its  length,  it  is  convenient  to  describe  the 
physical  contributions  to  the  elastodynamlc  equations,  by  taking  the  scalar 
product  of  the  average  nodal  loads  X(£)  at  each  end,  times  their  respective 
local  response  vectors  n,  ip.  The  scalar  product  yields  the  potential  energy  of 
the  continuous  mass  element,  as 

U  -  v  (4) 

C  L 


The  four  differential  equations,  from  modified  theory,  which  describe  the 
longitudinal,  torsional,  an!  flexural  motion  of  the  element  [1]  are 
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The  time  dependent  solutions  to  Eqs.  (5)  through  (8)  may  be  expressed  in 
the  normal  mode  form  by 


12  * 

ni(t)  =  l  nin 

rnVt): 

=  1,2,3 

n=l 

* 

Mt)  *  z  i(> 

i  -  Ill 

CO  '■t): 
i.  n 

i  =  1,2,3 

n=l 


(9) 


where  the  C  are  the  unknown  nodal  amplitudes  of  &  (t)  and  0  (t),  and  n .  ,  if. 
are  the  shape  functions  of  the  normal  modes.  There  are  twelve  C  coefficients 
corresponding  to  the  total  number  of  degrees  of  freedom  for  both  ends  of  the 
element.  The  solution  to  Eqs.  (5)  through  (8)  in  the  form  of  Eqs.  (9)  are  well 
known  and  may  be  expressed  by  twelve  scalar  equations  representing  the  local 
coordinate  response,  at  nodes  A  and  B  [1],  These  equations  may  be  expressed  in 
matrix  form  by  the  relationship:! 


{VWV  "  [Gij]  fC1,C2’,,-,C12} 


(10) 
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where  Che  matrix  [C,.]  is  a  twelve  by  twelve  non-syametric  matrix,  containing 
terms  represented  by^hyperbolic  and  trigonometric  type  functions. 


The  scalar  components  of  the  nodal  load  vector,  in  local  coordinates,  are 
given  by 


3nl 

Ax(6)  =  AE  3^ 

an' 

y°>  -  ^ 

an’ 

V5>  =  ““  Js~ 


(11) 

(12) 

(13) 


3v. 

Xx(9)  =  GJ 

a2n’’ 

V6>  =  -  hi 2  -r 

a2n" 

X  (8)  =  ei  — ^ 
z  3  as2 


(14) 

(15) 

(16) 


where  n'  and  n"  denotes  shearing  components  and  bending  components,  respectively, 
of  n.  Taking  the  necessary  derivatives  of  the  vectors  in  Eqs.  (9)  and  sub¬ 
stituting  into  Eqs.  (11)  through  (16)  yields  a  column  of  twelve  loads  which  are 
expressed  in  matrix  form  by 


(XA(6)’XA{6),XB(6)’V0)}  =  iBij5  {C1’C2 . C12}  (17) 

The  IB..)  matrix  is  a  twelve  by  twelve  non-syraraetric  matrix,  similar  to  [G..] 
matrix1ind  also  containing  terms  represented  by  hyperbolic  and  trigonometric 
type  functions. 


Solving  for  the  C  vector  from  £q..  (10),  and  substituting  into  Eq.  (17), 
provides  the  loads  as  functions  of  the  displacements  and  rotations  in  local 
coordinates 

{Xa(5),Xa(0),Xb(5),Xb(0)}  *  lBij]  [G.^-1  {nA,?A,VV 

The  matrix  formed  by  [B^]  [G^.J  1  is  defined  as  the  symmetric,  twelve  by  twelve, 
matrix  of.  dynamic  stiffness  coefficients  for  the  continuous  mass  element.  Trans¬ 
forming  n,  v  from  the  local  coordinates  to  q(6),  q(6)  in  the  inertial  coordinates, 
and  then  substituting  Eq.  (18)  into  Eq.;  (4),  provides  the  desired  energy  expres¬ 
sion. 


The  energy  of  a  curved,  prismatic,  member  element,  shown  in  Fig.,  2,  with  a 
continuous  mass  distribution  along  the  length  [5],  is  obtained  by  a  procedure 
similar  to  the  one  used  for  the  straight  member  element  oi  a  continuous  mass 
distribution  described  in  the  preceding  section. 


Assuming  a  harmonic  solution,  so  as  to  remove  the  time  dependence,,  the 
curvilinear  equations  of  motion  for  local  in-plane  deformation  in  terms  of  the 
shape  functions  [5],  are 
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d^ 
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(19) 


For  deformations  normal  to  the  plane  of  the  element,  the  equations  of  motion  are 


EI,  d40*  d2l>*  G! 
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Ei?  d2n*  ck  d2n*  d2** 

q  (R«* - jr)  -  -T  l—r  +  R  ~ T5-)  -  PW  J«  -  o 

R  *  d*  R  d^>  d* 

The  renova 1  of  cine  dependence  for  n  and  if  is  Indicated  by  the  star  super¬ 
scripts.,  Since  the  tine  dependence  has  been  removed,  the  normal  mode  shape  func¬ 
tion  for  each  mode  n,  of  the  twelve  modes,  nay  be  expressed  as 

*  1  ‘  1'2-3  :  *?n  =  K*"  *  1  =  1*2*3  (21> 

Substituting  n?  ,  n£  and  their  derivatives  into  Eqs.  (19),  yields  six  roots  for 
v  (n=l,2,. . . ,e5  ani  six  node  shapes  which  relate  nj  to  n|  for  each  mode. 
Likewise  substitution  of  n*  and  i|/*  into  Eqs.-  (20),  yields  six  additional  roots 


of  v  (n=7,8,...,l 
nay  be  expressed 


UblVIl  w  1  «iiw  Mill/  uvjj.  \«.w/  f  J  *> 

12)  which  relate  qljj  to  if*  .  The  shape 
in  terms  of  r)*n,  n*^,  and  for  sach 


functions  for  tfi  and  i|>t 
of  the  n  modes  By  Jn 


1  dn3 
lb*  =  —  i  - - 

2  Rd* 


1  dn2 


Having  determined  the  shape  functions  n*  and  if*  for  each  mode,  the  time 
dependent  solutions  for  the  differential  equations  of  motion  may  now  be  expressed 
in  the  same  form  as  Eq.  (9),  where  the  C  are  the  unknown  modal  amplitudes  and 
6  (t),  and  9  (t),  are  assumed  harmonic.  The  twelve  scalar  quantities  of  responses 
a?  nodes  A  and  B,  in  the  local  coordinates  may  be  expressed  in  a  matrix  relation¬ 
ship  similar  to  Eq.;  (10)  by 

*V^A’VV  =  tGijl  {CltC2,...,C12}  (23) 

where  [G.,]  matrix  is  a  twelve  by  twelve,  non-symmetric,  matrix  which  contains 
terms  represented  by  exponential  type  functions  of  Eqs.  (21). 

The  scalar  components  of  the  load  vector,  in  terms  of  local  curvilinear 
coordinates  response,  are  given  by 


x  (6)  s  .  _  (-J.  .  n  ) 

R  d<f 

El  33n,  32n, 

Gk  3if,  3nq  El  3i|> 
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r  3$  a<f 

ei  a3n 

x  (9)  -  -f  (—?*  *2) 

Eiq  a2ri,  an, 

X  (6)  =  -  -f  (~  +  — ) 

R-  3$  3(f> 


+  f2 


where  f  and  are  distributed  loads  through  which  rotatory  inertias  are  included. 
Taking  the  necessary  derivatives  of  the  n,  ^  vectors  and  substituting  into  Eqs.; 

(24)  through  (29)  yields  a  column  of  twelve  loads,  six  for  each  end,  which  are 
expressed  in  matrix  form  by 

{xA(6),XA(e),y6),XB(0))  =  IB  1  fcrc2 . c12)  (30) 
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Fro*  this  point  on,  the  procedure  is  identical  to  that  of  the  previous  section 
except  that  in  this  case  IB. . J  [G,.]"*  represents  the  matrix  of  dynamic  stiffness 
coefficients  for  the  curvedeleaent  and  the  transformation  aatrix  differs  for  each 
end  node  of  the  curved  eleaents . 


POTENTIAL  ENERGY  OF  SHEAR  PANEL  ELEMENTS 

Solving  for  the  in-plane  strains  e^,  e.,,  and  of  the  panel  and  then 
transforming  to  the  inertial  coordinates  of  rne  systea  is  the  basis  for  deriving 
the  potential  energy  U  of  a  triangular  shear  panel.  A  similar  approach  is  used 
if  the  strain  field  of^a  quadrilateral  shear  panel  is  desired;  however,  since  the 
qradrilateral  panel  may  be  idealized  by  two  triangular  panels,  it  has  been  ex¬ 
cluded  from  this  work.  Let  the  geometry  of  the  triangular  surface  be  defined  by 
the  positions  of  the  vertices  at  P^,  Pfl,  and  Pc  in  local  coordinates  as  shown  in 
Fig.  3.  The  plane  strain  is  expressed  [6]  as 


ell  - 

(^Bl-Vl  /2P- 

(31) 

e22  “ 

IPCl(nA2-nB2)  +  PBl(nC2_nA2)1  ,2{l 

(32) 

e12  = 

lPCl(nAl"nBl)  +  PBl(nCl_nAl)  +  PC2(r,B2_nA2 

>)  m 

(33) 

where  0  is  the  area  of  the  panel.  Substituting  Eqs. 
following  expression. 

(31),  (32), 

and  (33)  into  the 

u  =  1 

p 

a 

2 

(34) 

and  employing  the  transformation  of  Eq.-  (3),  provides  the  desired  form  of  poten¬ 
tial  energy  for  triangular  shear  panels.. 


KINETIC  ENERGY  OF  RIGID  BODIES 


A  rigid  body  is  defined  by  the  inertial  coordinates  of  its  center  of  mass  (m), 
its  mass  and  inertial  tensor,  and  the  node  coordinates  of  structural  elements 
connected  to  it.;  The  spacing  of  all  nodes,  and  positions,  on  a  rigid  body  will 
remain  invarient  with  respect  to  each  other. 


Assuming  the  system  behaves  in  a  linear  manner  for  small  oscillations,  the 
kinetic  energy  T  for  a  rigid  body  of  arbitrary  shape  as  shown  in  Fig.  4  may  be 
expressed  in  matrix  form  [7,  8]  as 


Tm  "  2>  q<6)  ’  q<6) 


^m1  •<  q(6)>  q (8) 


where 
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(36) 
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change  of  q.  If  a  rigid  body  is  idealized  as 
tensor,  then  the  kinetic  energy  aay  simply  be 
tional  velocity  of  the  node  to  which  the  Bass 


a  point  mass,  with  zero  inertia 
expressed,  in  tens  of  the  transla- 
is  attached,  by 


(37) 


CONSTRAINT  ENERGY 

In  addition  to  the  potential  and  kinetic  energy  of  the  structural  eleaents, 
there  also  exists  a  Lagrangian  fora  of  constraint  energy  [9]  due  to  the  internal 
loads  acting  at  each  node. 

Elastic  conpliance  at  an  unconstrained  node  in  space  (i.e.  a  node  free  to 
displace  and  rotate  within  the  bounds  of  the  elastic  properties  of  the  structural 
eleaents  connected  to  it),  requires  that  the  internal  loads  at  the  node  be  in 
equilibriua.  Therefore,  constraint  energy  is  not  required  for  the  unconstrained 
node,  and  the  noraal  six  equations  of  equilibriua  associated  with  displaceaent 
and  rotation,  are  sufficient  to  characterize  the  node  properties.;  On  the  other 
hand,  when  a  node  is  constrained  to  the  ground,  or  to  rigid  bodies,  it  is  essen¬ 
tial  to  include  the  constraint  energy  which  will  yield  unknown  constraint  load 
terns  in  the  equilibriua  equations,  as  well  as  in  the  associated  compatibility 
equations  for  the  node. 


The  fora  of  constraint  energy  due  to  the  load  at  node  r  on  a  rigid  body  as 
shown  in  Fig.  4,  is  given  in  terms  of  the  local  coordinates  by 


A<6) 

’r  }X(6) 


1C]  [ T] 
r  nr 


(38) 


where  the  transfer  matrix  T  between  the  center  of  mass  and  node  is  given  as 
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and  the  C  constraint 
matrix  from  Eq.  (1), 

matrix  is 
such  that 
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e(8) 

Each  row  of  the  two  3x3  sub¬ 
components  of  the  local  unit  c 

-1 


-1 


(39) 


(40) 


Lees  e(6)  and  e(0)  of  Eq.  (40;,  contains  the 
Lnate  vector  which  is,  preferably,  in  the  direc 
tion  of  constraint..  If  a  node  is  fully  constrained,  in  the  direction  of  the 
inertial  coordinates,  then  the  constraint  matrix  C  reduces  to  an  identity  matrix 
I.  If  a  node  is  only  partially  constrained,  the  rows  of  the  3x3  sub-matrices 
corresponding  to  the  unconstrained  local  directions  become  null  or  zero  rows. 


The  form  of  constraint  energy  when  a  node  A  is  constrained  to  the  ground  is 


given  by  r  _  ■, 

X<6) 


U_  ■<  T 


1(0) 


q(6)( 

IC8]  U(0) 


v(6)  | 

+  ,I]  w(6) 


(41) 
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where  w 
nates.  8 


represents  displacements  and  rotations  of  the  ground  in  local  coordi- 


FORMULATION  OF  THE  HYBRID  ELASTODYNYHIf  EOLATIONS 

Assembling  the  to _ 1  kinetic,  potential  and  constraint  energies  of  the 

system  into  the  Ligrangian  L  and  then  separating  Lagrange's  equation  into  two 
forms,  for  the  q^  and  1^  variables,  gives 

<L  (ii_)  _  it_  =  c  (42) 

7-  (^")  -  —  =  0  (43) 

dt  3A.  a". 

1  A. 

Eq.  (42)  yield  equilibrium  equations,  some  of  which  contain  1  terms,  and  Eq.  (43) 
yields  the  compatibility  equations  for  node  connections  on  the  ground,  and  the 
rigid  bodies. 


For  an  assumed  harmonic  solution,  the  coupled  system  of  equations,  derived 
from  Eqs.  f42)  and  (43)  may  be  assembled  in  the  following  form 
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(46) 


C  q  +  C  Tr  q 
r  r  r  mr  m 


(47) 


C  q  *  w 
g  8  8 

T  CTX  -  io2Mq  =  f 

mr  r  r  m  m 


(48) 

(49) 


whore  subscripts  u,  r,  g,  m  represent  unconstrained  nodes,  nodes  constrained  to 
the  rigid  bodies,  nodes  constrained  to  the  ground,  and  nodes  located  at  the 
center  of  mass,  respectively. 


The  symmetric  M  matrix  is  an  uncoupled  diagonal  mass-ir Ttia  matrix,  made  up 
of  smaller  6x6  sub-matrices  for  each  rigid  body.  Each  sub-...atrix  is  of  the 
general  form  given  by  Eq.  (36).  The  symmetric  mati  ix  D,  consisting  of  dynamic 
stiffness  coefficients,  is  obtained  by  differentiating  the  potential  energy 
functions  for  prismatic  members  and  shear  panels,  and  is  composed  of  D  ,  D  , 

D  ,  D  ,  I)  ,  and  D  in  Eqs.:  (44)  through  (46)  where  D  represents  coeffi- 
gg  ur’  ug’  rg  6  uu  r 

cients  for  unconstrained  nodes,.  D  represents  coefficients  for  nodes  con¬ 
strained  to  the  rigid  bodies,  D  represents  the  ground  constraints,  and  D  ,  D  , 
D  ,  represent  the  coupling  matrices  between  the  previous  matrices.  The  transfe? 
maffrix  T,  is  a  non-symmetric  matrix  composed  of  smaller  6x6  non-symmetric 
transfer  matrices  (one  for  each  node  constrained  to  a  rigid  body).:  Each  sub¬ 
matrix  is  of  the  general  form  given  by  Eq .  (39).,  Finally,  the  C  and  C  con¬ 
straint  matrices  are,  non-symmetric  matrices  made  up  of  smaller  6x6  sSb- 
raatrices  as  defined  by  Eq.  (40),  and  pertain  to  nodes  constrained  to  the  rigid 
bodies  and  the  ground,  respectively. 


Equations  (44)  through  (49)  may  now  be  assembled  m  the  basic  matrix  format, 
shown  in  Fig.  5,  which  represents  the  hybrid  elastodynamic  equnt ions  for  any  con¬ 
strained  spatial  vibratory  system.  The  effects  of  viscous  damping  may  be 
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included  as  daaping  forces  which  will  contribute  inaginary  elements  to  the  matrix 
of  real  elements  as  shown  in  Fig.  5.  The  resulting  matrix  operations  are  then 
performed  in  the  complex  domain.. 

The  elastodynamic  equations  may  now  be  reduced  in  size  by  matrix  algebra. 

For  the  purpose  of  illustrating  the  reduction  procedure,  it  wij.1  be  assumed  that 
the  rigid  bodies  are  idealized  as  point  masses  lumped  at  the  nodes  —  the  proce¬ 
dure  can  then  be  expanded  to  include  the  more  general  case  of  arbitrary  shaped 
rigid  bodies.  The  point  mass  assumption  reduces  the  elastodynamic  equations  to 
the  form 


2 

(D  -U'  m  )q  +  D  q  =  f 
uu  u'^u  ug  g  u 

(50) 

DT  q  +  D  q  +  CTX  »  f 
ug  “  gg  g  g  g  g 

(51) 

C  q  =  w 

88  g 

(52) 

where  the  r  and  m  node  equations  (and  terms)  are  eliminated,  because  r  and  m 
coincide  with  the  u  or  g  nodes  for  the  case  of  point  masses.-  The  response  qy 
is  then  determined  separately  for  the  ground  and  the  force  excitations,  and 
the  results  are  added. 


For  the  response  due  to  the  ground  excitation,  the  applied  forces  f  and  f 


are  removed  (set  equal  to  zero)  and,  referring  to  Eq.  (52),  solving  for  the 
motion  of  as  a  function  of  the  ground  excitation  vector  w^  yields 

T 

q  =  C  .  w 
g  g  g 

From  Eq.  (50),  with  f  -  0  and  q  known,  the  solution  for  q  is 
^  u  g  u 


g 


(53) 
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Conversely,  by  setting  the  ground  motion  equal  to  zero,  the  response  of  q  due  to 
the  applied  forces  fy  is  given  as 


q  =  (D  -  u2M  r1 
u2  uu  u 


(55) 


The  total  response  then  is  given  as  the  sum  of  Eqs.  (54)  and  (55). 


For  the  mare  general  case  of  the  hybrid  elastodynamic  equations  as  shown  in 
Fig.,  5,  the  center  of  mass  responses,  q  ^  and  q^,  due  to  ground  excitation  w  , 
and  due  to  applied  forces  fn,  f^  and  fmmare  given  as  ® 
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and  the  D*  and  0*  matrices  contain  the  inertia  effects  of  point  masses 
attached  to  the  r  and  (•  nodes,  respectively. 
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RESPONSE  DUE  TO  STEADY  STATE  AND  TRANSIENT  EXCITATION 


Exclusion  of  the  explicit  tiae  dependence  of  the  elastodynaaic  equations,  by 
operating  in  the  frequency  doaain,  resulted  in  a  set  of  frequency  spectruas  for 
qu  applicable  to  both  the  deterainistic  and  non-deterainistic  areas..  In  the 
Fourier  integral  approach  the  frequency  spectrua  H(u)  of  q  acts  as  a  trans- 
oissibillty  function  and,  by  the  nature  of  its  derivation,uis  generalized  to  any 
forcing  function  which  may  be  obtained  by  the  superposition  of  a  nuaber  of  har¬ 
monic  forcing  functions. 

The  excitation  spectrum  F(oj),  is  obtained  from  the  forward  transform  of  the 
forcing  function  f(t).  Multiplying  the  total  transmissibility  for  a  particular 
degree  of  freedom  of  a  given  node  by  the  excitation  spectrum  yields  the  frequency 
response  of  that  node  as 

R(w)  =  H(u>)  F(tii)  (61) 

From  Eq.  (61)  the  desired  time  response  r(t)  may  be  obtained  by  the  reverse 
transform  of  R(w)  given  as 


Several  simple  Fourier  transform  algorithms  exist  [10,  11,  12]  which  may  be  used 
to  solve  for  F(ui)  and  Eq.  (62).  The  "fast  Fourier  transform"  was  used  in  this 
paper.. 


PROBABILISTIC .RESPONSE  OF  RANDOMLY  EXCITED  SYSTEMS  [13,14,15,16] 

In  describing  the  response  characteristics  of  linear  systems  excited  by 
random  dynamic  loadings,  it  will  be  assumed  that  a  given  random  excitation  v’,11 
have  stationary  and  ergodic  properties,  and  that  a  Gaussian  random  process  will 
yield  a  Gaussian  response.  The  response  of  such  systems  are  most  conveniently 
described  by  use  of  the  power  spectral  density  function.  Power  is  an  additive 
quantity  and  direct  integration  of  the  power  spectral  density  for  the  frequency 
range  of  interest,  gives  information  on  the  total  power  of  the  process.  This  in 
turn  may  be  used  to  obtain  the  mean  square  response  of  the  structural  system  due 
to  the  random  excitations. 


The  power  spectral  density  P(u>)  of  a  linear  system  at  any  frequency,  is 
equal  to  the  excitation  spectral  density  S  (w),  times  the  square  of  the  absolute 
value  of  the  transmissibility  function  H(wf  at  that  frequency,  and  is  given  bv 
2 

P(w)  =  | H(w) | 


S.  (w) 


(63) 


Integrating  over  the  frequency  range  of  interest  yields  the  moan  square  displace¬ 
ment  response  of  the  structure  as 


r  (t) 


P(u>)du 


(64) 


where  represent  the  bandwidth  limits  of  the  system. 


ILLUSTRATIVE  EXAMPLE 

The  system,  shown  in  Fig.  6,  contains  four  prismatic  elastic  member  elements, 
and  two  disk  shaped  rigid  bodies,  which  are  connected  rigidly  to  the  lower  ground 
and  by  momentless  connections  to  the  upper  ground.-  The  inertial  coordinates  are 
located  at  the  rigid  body  node  mj.:  A  summary  of  the  geometrical  and  physical 
propeities  of  the  system  is  given  in  Table  1.,  The  matrix  format  of  the  hybrid 
elastodyaamic  equat.ms  is  illustrated  in  Fig.  7. 
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Table  1..  Structural  Properties  of  Example 


a.  Node  data 


Node 

x(in.) 

y(in.) 

z(fn.) 

Constraint  Remarks 

rl 

0.5 

-2.5 

0.0 

Full 

constraint 

to  rigid  body  Bj 

r2 

0.5 

0.0 

2.5 

Full 

constraint 

to  rigid  body  m| 

r3 

-0.5 

0.0 

0.0 

Full 

constraint 

to  rigid  body  Bj 

r4 

-3.0 

0.0 

0.0 

Full 

constraint 

to  rigid  body  »2 

r5 

-4.0 

0.0 

0.0 

Full 

constraint 

to  rigid  body  m. 

sl 

8.0 

-2.5 

0.0 

Momentless  (pin-point) 

s2 

8.0 

0.0 

2.5 

Momentless  (pin-joint) 

gl 

-6.5 

0.0 

0.0 

Full 

constraint 

to  ground 

nl 

0.0 

0.0 

0.0 

None 

m2 

-3  5 

0.0 

0.0 

None 

b.  1 

Member  (massless)  data 

Member  A(in?) 

E(psi.) 

h  = 

I3(in4) 

Gvpsi) 

J(inf) 

rl  - 

sl  .0123 

30x10** 

.119xl0~4 

12.5xl06 

.238xl0~4 

r2  - 

s2  .0123 

lO.SxlO6 

.119xl0'4 

4.2xl06 

.238xl0-4 

r3  - 

r4  .0123 

!0.Sxl06 

. 119xl0~4 

4.2xl06 

. 238xlO~4 

r5  - 

gl  .0123 

10. 5x? 06 

.119xl0~4 

4.2xl06 

:•  238xl0~4 

c.  ! 

Rigid  body  data 

Body 

Mass (slugs)  I^x 

1 

yy 

I 

zz 

Products 
of  Inertia 

ml 

.00924 

.0512 

.0256 

.0256 

0 

”2 

.00924 

.0512 

.0256 

.0256 

0 

A  harmonic  (steady  state  sinusoidal)  forcing  function  of  unit  amplitude  was 
applied  in  the  x-direction  to  the  lower  ground  node.  The  process  was  repeated 
for  a  series  of  frequencies  to  determine  the  transmissibility  (output/input) 
function,  or  frequency  spectrum,  H(u)  of  the  cer  'r  of  mass  nodes.  Back  sub¬ 
stitution  ir.  the  elastodynamic  equations  yields  the  spectrum  of  the  remaining  node 
positions.; 

Figures  8  and  9  illustrate  the  spectrum  of  q  in  the  x-direction  for  the  band¬ 
width  of  70  to  900  Hertz  (cycles  per  second).  The  lower  mode  natural  frequencies 
were  detected  at  30,  160,  270,  380,  and  620  Hz.  Beyond  this  point  the  system 
attenuated  rapidly.. 

After  examination  of  the  frequency  response,  a  shock  impulse  of  1/1000  unit 
amplitude  was  applied  in  the  x-direction  of  the  lower  ground  node.  The  time  re¬ 
sponse  was  numerically  determined  by  using  the  "fast  Fourier  transform"  and 
checked  by  using  Fourier  sine-cosine  transforms.  The  transmissibility  functions 
H (to) ,  were  obtained  from  the  steady  state  frequency  response.  Figure  10  illus¬ 
trates  the  transient  response  in  the  x-direction  of  both  center  of  mass  nodes.. 

In  addition  to  the  transient  excitation,  a  white  noise  random  excitation  was 
also  applied  to  the  x-direction  of  the  lower  ground  node.  The  white  noise  spec¬ 
tral  band  width  was  assumed  to  extend  from  zero  to  1000  Hz  with  an  excitation 
spectral  density  S  (w)  of  1/1000  unit  amplitude.;  The  total  mean  square  displace¬ 
ment  response  was  calculated  by  assuming  the  integral  of  Eq,  (64)  to  be  a  series 
summation  and  the  resulting  root  mean  square  displacement  amplitude,  in  the  x- 
direction  of  the  centei  of  mass  nodes,  was  calculated  as  2.375  and  2.264  units 
for  nodes  m^  and  m^  respectively. 
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CONCLUSIONS 


The  hybrid  elastodynamic  formulation  provides  a  consistant  and  effective 
technique  for  determining  steady  state,  transient,  and  probabilistic  response 
characteristics  of  complex  structural  configurations  with  general  constraints. 
Sysnetry  and  the  partitioned  form  of  the  elastodynamic  matrices  minimizes  the 
storage  and  ill  conditioning  problem  of  large  order,  sparse  matrices  normally 
associated  with  such  systems.  Furthermore,  the  response  to  a  general  class  of 
excitations  has  been  greatly  simplified  by  operating  in  the  frequency  domain  and 
employing  numerical  fast  Fourier  transform  techniques.-  The  hybrid  elastodynamic 
formulation  has  also  been  successfully  extended  to  structural  configurations 
coupled  to  stiffened  plate  and  shell  elements,  as  well  as  to  the  dynamic  analysis 
of  structural  sub-systems.  These  results  will  be  reported  on  in  future  publica¬ 
tions.. 
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ABSTRACT 

A  four  wheel  automobile  is  treated  as  a  sprang  mass  mounted  to  the  wheels 
by  means  of  springs  and  dash  pots.  The  non-linear  tire  characteristics  are 
also  Introduced. 

Transient  response  of  this  automobile  involving  3udden  braking  or  acceler¬ 
ation  in  rectilinear  motion  ic  then  obtained  numerically  Dy  using  Euler's  self¬ 
starting  modified  method.  Pitch  angle,  angular  velocity  of  pitch,  vertlcol 
tire  forces,  load  distribution,  instantaneous  velocity  and  acceleration  of  the 
automobile  can  be  calculated. 

Comparison  is  shown  between  front  wheel,  rear  wheel,  four  wheel  and  cross 
wheel  braking.  The  effect  of  a  bump  or  road  waviness  is  also  discussed. 


rnmem 

Qnergency  conditions  involving  heavy  braking  or  acceleration,  or  sudden 
manoeuvero  are  not  well  described  by  steady  state  solutions  or  linearised  sys¬ 
tems  of  forces.  To  deal  completely  with  vehicle  behavior  under  such  conditions 
transient  type  solutions  must  be  found.  It  is  rather  surprising  that  the  liter¬ 
ature  is  singularly  scarce  in  theoretical  approaches  to  the  problem  as  a  whole. 
Most  of  the  available  references  give  simplified  models  which  ignore  the  verti¬ 
cal  motion  of  the  car  or  unequal  brake  action  or  use  a  simple  two-wheel  model, 

Saibel,  Fox  and  Bergman  [1]  in  19ol  proposed  a  model  for  vehicles  in  the 
cornering  manoeuver  on  and  off  the  Highway.  Saibel  aid  Tsao  in  19oS  ex¬ 

tended  this  model  for  vehicles  under  sudden  manoeuvors.  In  1969  [S]  Tsao  in 
his  dissertation  introduced  ompiricnl  relations  to  solvo  the  above  prcblem. 

Owing  to  insufficient  knowledge  of  pneumatic  tires,  empirical  equations  had  to 
be  introduced  between  tiro  Bide  forced  and  the  radius  of  curvature  of  the  path. 
However,  empirical  equations  limited  the  application  of  this  model.  In  doing 
straight  lino  broke  and  acceleration  annlysoo  the  trouble  arising  from  the  use 


m 
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of  empirical  formulae  for  side  forces  does  not  arise. 

A  model  has  been  developed  which  includes  all  important  properties  such  as: 
location  of  the  center  of  gravity;  moments  and  products  of  inertia  of  sprung 
mass;  wheel  mass;  spring  and  damping  constants  of  tires;  spring  and  daopiig  con¬ 
stants  of  suspension  systems;  wind  effect;  car  dimensions;  tire  size;  etc. 

The  analysis  leads  t-.  five  nor.-linear  second  order  ordinary  differential 
equations  wr.ich  are  solved  numerically  using  Euler's  self -starting  modified 
method. 

The  output  of  the  ooaputer  program  gives  the  instantaneous  velocity  of  the 
vehicle,  as  well  as  acceleration  and  distance  it  travels;  all  wheel  deflections, 
and  deflection  rates;  all  suspension  deflections,  and  deflection  rates;  vertical 
tire  forces,  load  distribution;  and  the  point  at  which  it  begins  to  skid  for 
either  front  wheel  drive,  rear  wheel  dr^ve  or  four  wheel  drive.  It  also  gives 
the  effect  of  all  physical  properties  mentioned  above  to  the  vehicle  response 
during  acceleration  or  brake  processes.  For  lack  of  space  only  a  few  figures 
have  been  shown  in  this  paper.  Also,  after  seme  simple  modifications  of  the 
equations  of  motion,  side  forces  can  be  calculated  if  the  center  of  gravity  is 
not  on  the  geometric  center  line.  Since  acceleration  or  braking  deperds  on  the 
manoeuvering  of  the  driver,  it  is  treated  as  an  input  in  the  progrem. 


ECUATIONS  OF  MOTION 


The  model  we  have  chosen  is  that  of  a  sprung  mass  mounted  to  the  wheels  by 
means  of  springs  and  dash  pots.  Because  of  the  importance  of  the  non-linear 
properties  of  the  tire  we  make  the  springs  and  dash  pots  of  the  suspension  sys¬ 
tem  assumed  in  parallel,  connect  with  the  wheel  in  series  wit},  another  piar  of 
parallel  non-linear  tire  springs  and  dash  pots  as  shwon  in  Fig.  1. 

The  motion  of  the  sprung  mass  relative  to  the  ground  can  be  found  in  terms 
of  the  deflections  of  the  springs.  These  are  the  Z. .,  where  i=l,2,3,4,  ex¬ 
presses  rear  right,  right  front,lefr  front,  and  rear  left,  respecti vely.  Road 
elevation,  tire  deflection,  and  spring  deflection, Fig.  are  expressed  by 
,1=1,2, 3. 

If  we  assume  tnat  the  motions  of  the  four  wheel  masses  at  points  1,2, ,, 4 
are  vertical,  and  assume  yaw  is  unimportart  then  the  roll  angle  6  and  pitch  angle 
sp  can  be  easily  expressed  as: 


0  = 


Z13]' 


■t2 33  ~  'W 


fij 


<p  = 


■(Z,, 


f2j 


In  order  to  find  the  acceleration  of  the  center  of  gravity,  we  apply  the 
well  known  kinematic  relationship 

i  =  l  t]i  ,  +  2  IBxir  ,  +  ®xP  +  5x <mp )  f 3 } 

rel  rel 


But  because  we  use  three  coord ire „e  systems,  the  acceleration  of  the  center 
of  gravity  relative  to  point  0  in  Fig.  1  will  be  obtained  by  first  finding  the 
acceleration  of  the  center  of  gravity  relative  to  point  A.  Vsing  Eq.  3  we  find. 
Fig.  3. 


?  =  Z^E'  *  C$1"  -  C9j"  +  the  -  atp')k" 

*  0)6-3  -  a32)T"  -  O)02  - 

-  (ce°  r<p2)E"  4) 

Equation  4  expresses  tne  acceleration  of  the  center  of  gravity  relative  to 
point  A.  In  order  to  find  the  acceleration  of  the  center  of  gravity  relative  to 
the  inertial  frame,  we  apply  Eq.  t  again  to  the  system  shown  on  Fig.  4.  In  this 
system,  ^  has  the  physical  meaning  of  the  acceleration  of  the  center  of 

gravity  relative  to  A,  which  is  equal  to  r„  shorn  on  Eq,  4. 
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*2  ,  /  •  • 

Since  8  and  9  are  snail  quantities,  8  ,a  ,  and  eg,  car.  le  neglected  con- 
pared  with  8,7,  and  terns.  After  finding  p^,  and  transfonaing  *.he 

double  prine  system  to  tne  prime  system  ar.d  substituting  these  quantities  into 
Eq.  3,  we  have 


r  =  Ccpi •  -  CSj'  ♦  'Z1.(  *  b§  -  as)k' 


V  *  yr' 


'5) 


In  the  study  of  vehicles  along  a  straight  line,  we  know  i=ij  J=j’.  Be¬ 
cause  the  vehicles  are  constrained  to  go  along  a  straight  line,  we  will  assume 
vehicles  have  no  roll  angle.  Thus  Eq.  5.  reduces  to 


r  =  fxx  *•  C*)I’  *  [Z -  a$)k' 


f) 


He  shall  mate  use  of 
G„  =  h_ 


(1)  h„  =  h  „i"+h  „j'+h  k" 
G  xc"  vc'"1  sc" 


yc" 

h  ,,=I  id  -I  ip  -I  id 
xc"  x  x"  xy  y"  xz  2" 

h  ,=I  ID  *1  UU  ID  „ 

,VC"  xy  x"  j  y"  yz  2" 

h  =— T  UJ  -T  <±j  +T  rij 

zc”  xz  X"  yz y"  z  z" 


\2\  Ftr  convenience,  we  take  axes  passing  through  the  cen.er  of  ;ravit.v, 
parallel  to  the  double  prime  system,  and  fixed  in  the  boay, 

,(i.e.-  x  ,„v  ,,2  „)  Because  of  symmetry,  I  =1  -0. 
c"  c"  c"  xy  yz 

(3i  id  ,  id  id  „  are  absolute  angular  'eloeities  of  the  double  prime 
x  y  3 

system. 


(4)'  "Gq"  is  the  moment  of  the  external  impressed  forces  about  -tie  f.G. 


The  aunolute  angular  -elocity  of  the  double  prime  system  is; 

id  =  8  i"  i  $>  j" 
as 

=  ID  „  i"  r  U)  „  j"  *  ID  „  k" 
x"  y"  0  2" 

Substitute  Eq.  S  into  Eq.  7, 


i\,  =  lx0i"  1  Iy$j"  -  Ixz8k" 

h„  -  I  ,8i”  ‘  I  ipj"  -  I  9k" 

G  x  y^‘  xz 

♦  I  8i"  +  I  *ij"  -  I  Ok" 
x  y  xz 

Changing  from  the  double  prime  to  the  prime  system  and  neglecting  higher  order 
terms, 

it  =  i  el'  *  i  i?T'  -  :  ek' 

G  x  yT  xz 

For  "chicles  along  a  straight  line  no  roll  angle)  we  have; 


nG  =  V51'  .  _  ‘C0 

In  order  to  write  the  equations  of  motion,  ,ve  use  G  =H„  ana  F=ma.  Let 

U  Ci 


T, fi=l  to  4)  express  the  effective  tractive  effort.  Since 


not  only  accel- 
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e rates  the  ■hee’,  but  also  * ransf ers  part  of  it  to  accelerate  the  oprur.£  mass. 

we  have 


T.  =  T.  -  ~x. 
is  i  g  1 


UC) 


Couples  will  be  introduced  if  forces  are  shifted  from  one  location  ' o  an¬ 
other.  Thus,  couples  in  the  y*  direction  are: 


M.  .  "  -  (E  *  7...  -  Z.,)T.  -  (E  ♦  Z..)T. 

ty '  "fe  u  i2  is  '  »  i2  t 


ill) 


'.e  further  define  a  (Hynanic  wheel  load  as  the  instantaneous  value  of  ver¬ 
tical  reaction  between  the  tire  aid  the  road  surface  and  assume  tha’  rhe  engine 
power  is  equally  divided  in  the  wheel?,  or  that  brake  forces  are  equally  dis¬ 
tributed.  in  order  that  the  vehicles  always  go  straight,  the  lateral  forces 


are  balanced  out.  Thus, 


'1  *4’ 


T„-7. 


■"12  4?' 

Ale  have  tr.e  equations  of  motion  as  follows: 

*  «, 

2T.  *  2T.,  -  4  —  x  -  wind  ■*  'I'i  *  C$1  -ii 
J-  «•  o  g 


ar.d  2 


'12) 


2Ks(Z12  -  V  4  2KsZ22  -  Z2y  T  2VZ12  ‘  Zl7 


*  2VZ22  *  Z2?}  - 

-  a$)  -*7 

\X?) 

2Ks 

a(Z12  -  Z^J  *  2Cp. 

fZ12 

-  .\3),  -  2Ks,i  - 

■  a) 

fZ22  ' 

•7  V 

-  2CSU  -  a)(Z22  - 

V 

-  e.  wind  x  'T,r 

♦  T 

,  .V.au 

-  CV  -  T  i* 

‘'S 

H 

*.  ?  —  ?2£  *  7  + 

-  g  s  'll 

z22 

-  2,,  -  Z  )'i  - 

14.  £S. 

'2\2£ 

♦  E  i 

w 

1  hj  Tu 

-  2fFs  4  -w  4  Z23> 

T2 

I  3 
y 

■'14); 

<p  = 

^3  *  ^ 

at); 

'.V 

W 

fT 

VVi/'76- 

t“12 

4  Vzi2  “ 

*Cs 

<7  - 

12 

'161 

fw 

^22  +  "  4  ^ 

t'~22 

<  V  '  ■  -7  '■ 

s  "?2  -ft 

'  E 

'  Z22  " 

7v=0 

(17j 

Wheic 

.  16  and  Eq,  17  a r 

the 

equations  of  mot 

ion 

of  the 

,  ,  ,1. 7’-. 

wheel,  Z 

e.  Proust- 

the  non-linear  tire  characteristic.  The  roll  it, r  resistance,  and  wind  effect  ep. 
be  expressed  by  empirical  formulas  as  for  example  from  Radt  end  Psce.ika  [?]. 


Rolling  resistance  =  F  '(A'  *■  B'V) 
Wind  effect  -  \  f  J^pv 


('  i  0,4.t>,  coefficient  of  wind 

2 

A,,:-  area  of  automobile  ir.  the  lerc-st  section,  ft, 
V  velocity  of  the  ca~,  ft/sec 


F  :•  vertical  load  on  esc ’ire,  lb, 
v  t 

lie  thus  have  six  ir.deper.deni  equal  lor'  *  '  h 


i'limowns  x,  2^,  Z1  ,  2-., 
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Z2y  ar.d  q>.  We  drop  Z^Z^-Z^-Z^  ir.  Eq.  14  because  a)  2Es  »  -Zj^-Z^ 

,2)  All  other  moments  in  the  y'  direction  »  1!.^ , 


SOLVING  TECHNICUSS 


After  some  re-arrangement  of  Eq.  12  ~  Eq.  17  we  have 

“  =  c1(V,i<.)-C2x2 

’  =  °&2*Wh  *T2>  VC6Z22 

+  C7^L2+C8^13*C9Z22^  C10T1+C11^'P 

*  ri2**C13(VT2)+C14j2 

12  =  C16Z12+C17Z12  *C18Z13*C19Z12  C20Z13 

Z22  =  C21Z13'fC22Z22"C23Z22  +C24Z13C25^22 

+  C26^*C27^ 

\-i  '  C28Z12+*'C29tC30(Tl*T2^Z13+C31Z22 
+  C32Z12+C33^13*C34Z22+^C35+C36T1^'S 


as) 


fl9). 
f  20) 

'(21) 


*  C37^+C3g(I'i+T2^C39  * 

Z23  *  h?1'* 


.2 


i  22) 

(23) 


••  .iere  ~  are  combinations  of  car  properties. 

The  initial  conditions  supply  us  with  values  of  Z^y  Z22,  Z^2,  cp,  x,  and 

Z13’  Z22’  Z12’  *  f0r  %  ~  and  We  0ari  delermirie  values  of  Z^y  Z^,  5^,,  tp, 

and  x  when  t  =  0  by  substituting  appropriate  values  into.the  equations  of  motior. 
We  next  obtain  predicted  values  of  :Z^?)^,  (Z2,)^,  Zpjp 

^ Zi 3 ) 3.  ’  ^ Z22^1’  (Z12'il’  <pl’  xl*  Usini'  the  Predic1or  equation 
P(Z12)i+l  =  (Z12}i  *  (Z12)i 


and 


P(zi2)ia 


(Z32'i 


1.2  a 


),  At 


'  2! )' 


We  thus  substitute  P'^xS'i  int0  tlie  equations  of  motion  to 

obtain  approximate  values  of  (2^)^,  (*22^1’  1  Z12^1’  ^1’  ^1*  ?ilen>  usill8  the 
corrected  values  of  and  (5^^)^,  etc.  are  obtaiiiea.  These  values  desig¬ 

nated  as  C(Z.  and  C(Z,,J. ,  etc.  are  equal  to 

lx  1J  1 
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'f%2*i*l  "  '  ^12^i  +'-’ 


Pi+1,  fit  „ 

—  J  etc. 


The  corrected  values  of  (Z^i+1’  $r+i>  *i+i»  ar‘d 

‘  Z^.,5.^,  ?213)i+1»  fz22^i+l’  *1*1’  xi+i»  etc*  are  next  substituted  into  the 
equations  of  motion  to  obtain  improved  values  of  ,Z12^1’  ZllV  <ZZ2\’  'V 
and  x^  which  are,  in  turn,  used  in  4  he  above  predictor  and  corrector  equation 
to  obtain  still  better  values  of  r^2'*l’  'Z13^1'  ,Z22^1'  ®i'  xl’  ^Z12^1’  Zl‘)\ 

( Z22'l'  V  x1»  etc* 

The  process  continues  until  successive  values  of  '2-.p^l’  iZv>)t>  etc* 

vary  by  less  than  0.0011"  of  the  previous  value.  A4  this  point  we  (to  forward  to 
the  next  time  interval. 


Braking  of  a  Vehicle  -  Figure  5  shows  the  comparison  between  frorb,  rear,  four 
wheel,  ana  cross  wheel  braking.  In  this  case,  we  take  T^  =  nOO  lbf  on  each 

rear'  wheel  or  front  wheel  brake,  T?  =  ?00  lbf  or.  each  wheel  tor  four  wheel 
brakes  and  T  =  600  lb^,  for  either  right  front,  left  reat  or  right  rear,  left 

front  cross  braking.  All  physical  properties  are  shown  in  appendix  except 
a  =  '(5.5/°. 9)4.  The  initial  ,-olocity  of  the  vehicle  before  braking  was  take,; 
as  eO  MPH.  Figure  6  shows  the  change  in  normal  force  when  the  K  are  different 


—  7  +  v  fv  _  j  'ft  _ 

r  22  t 1  22  21 '  V  22  '21' 

4  K£(2?2  -  z23);  4  rs'?.?  -  rrJ  *•  0 


After  some  rearrangements,  .he  equations  reauce  to  t.he  type  shown  in  hq,  1 
to  Eq.  2".  1  sing  Euler's  improved  rae'hod  for  a  special  care,  a  vehicle  hiving 
a  bump,  from  Fig.  V  we  let. 
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also 


>  +  L  <  L  , 

L<x+/<B+L, 


21 


“21 


0 

A  Sin 
ra  5 


x  +  A  >  B  +  L  ,  Z21  ■  0 


x  <  L 

L  <  x  <  B  +  t 
x  >  B  ♦  L 


,  Zll  =  0 
v  =*  Sin 

'  "11  \  B 

,^1  =  0 


We  use  the  same  properties  described  in  Appendix  with  a  =  (5. 5/9.9)A. 

Fig.  8  shows  a  vehicle  starting  at  60  MPH.  Using  front  wheel  brakes,  travelling 

on  a  sinusodial  road  of  amplitude  A^Sin  ^  with  A^  -  0.05’  B  =  7.5’,  2.44  sec 

after  applying  the  brake  which  is  2001  from  the  point  of  initial  braking. 

Fig.  0  shows  what  happens  to  the  vehicle  when  it  hits  a  bump,  other  conditions 
being  the  same  as  above.  Comparison  can  be  seen  clearly  between  sinusodial 
road  (or  with  a  bump)  to  those  without  waviness. 

In  reference  [7]  Michael  has  shown  an  experimental  curve  displaying  the 
ratio  of  maximum  tire  foice  to  static  load  vs.  ratio  of  bump  height  to  width 
of  wheel.  It  is  interesting  to  note  that  using  our  equations  of  motion  an 

excellent  check  is  obtained  for  equal  to  0.085  and  0.35  as  shown  in  Fig.  10. 


DISCUSSIONS  AND  CONCLUSIONS 

At  tne  present  time,  most  of  the  available  references  artifically  separate 
driver  reaction  from  vehicle  motion  and  road  factors.  However,  it  is  obvious 
that  there  are  important  interactions  between  these.  Man-vehicle-highway 
systems  have  been  recognized  as  a  new  direction  in  automotive  vehicle  research 
but  no  analyses  are  available  [10], 

An  attempt  has  been  made  in  this  paper  to  investigate  the  transient  re¬ 
sponse  of  an  automobile  so  that  when  the  driver  suddenly  locks  wheels  the  effect 
of  road  pattern,  non-linear  characteristics  of  tires,  springs,  dampers,  and 
braking  characteristics  can  be  found.  Since  the  magnitude  of  the  braking  force 
is  much  higher  than  the  rolling  resistance  and  wind  force,  they  will  have  a 
minor  e'Lec;  on  the  analytical  solution. 

Curves  shown  in  Figs.  5,  6  and  9  present  the  results  of  some  solutions  and 
offer  explanations  about  several  important  questions  [10]  such  as  finding  the 
ideal  respunse  times  and  damping  of  the  vehicle  motion  which  must  be  considered 
in  studying  the  interaction  of  the  driver,  road,  and  vehicle. 
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Am 

Area 


A’,B' 


V.l.eel  1  and  ground  contact  point;  origin  of  X'Y'Z'  frame. 
Amplitude  of  the  road  roughness,  in. 

Largest  car  sectional  area,  ft^. 

Empirical  numbers  A'=12, 5/1000,  B'-0.15/l000  ft/sec. 
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X  Y  Z 
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X"Y"Z" 

x"cy"cz"c 


xi'yi 
xi>  yi 

Vi 

xVi 

xv  y’i 

V  y’i 

Zi2 


e 
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P 


Location  of  the  sprung  mass  C.G.  in  X"Y"Z"  -  frame  measured  fro»a 
point  1. 

One  half  of  the  wave  length  of  road  roug/.eness,  ft. 

Shock  absorber  damping  constant,  lbf -sec/ft. 

Tire  damping  constant,  lb  j. -sec/ft. 

Location  of  the  wind  load  below  the  centroid  of  the  sprung  mass,  ft. 
Equilibrium  length  of  the  steel  spring  when  the  car  is  at  rest,  ft. 

Equilibrium  height  of  the  wheel  when  the  car  is  at  rest,  ft. 
Coefficient  of  friction. 

Lateral  force  acting  on  each  tire  by  the  ground  ir.  the  Y*  -  axis 
direction,  i=l,2,3,<». 

Lateral  force  acting  on  the  sprung  mass  in  the  Y*  -  axis  direction, 
lbf,  i=l,2, 3,4. 

Total  vertical  load  I static  load  ••  dynamic  load)  on  it_I  wheel, 
lbf,  i=l,2,3,^. 

Gravitational  acceleration  32.2,  fVsec". 

Moment  of  momentum,  lb,-ft-sec. 

1  2 
Moment  of  inertial  of  the  sprung  mass,  _bf-ft-sec  . 

Steel  spring  constant,  lb./ft. 

fire  spring  constant  (annropriaoe  British  units). 

Wheel  base  (distance  between  wheels  1  and  2),  ft. 

Moment  about  the  sprung  mass  C.G.  in  X’  -  direction  by  the  lateral 
forces  on  the  4  tires,  lb -ft,  1=1, 2, 3,4. 

Moment  about  the  sprung  mass  C.G.  in  Y’  -  direction  by  the  longi¬ 
tudinal  forces  on  the  4  tires,  lb-ft,  i=l,2,3,4. 

Origin  of  the  inertia  frame  X  Y  Z. 

Longitudinal  force  on  eaen  tire  in  X1  -  direction,  lbf,  i=l,2,?,4. 

Longitudinal  force  on  the  sprung  mass  in  X’  -  direction,  lb., 
i  =  1,2, 3,4. 

Tread,  i.e.  distance  between  wheel  1  and  4,  ft. 

Velocity  of  the  car,  ft/see. 

Sprung  mass,  lb. 

Wheel  weight  including  linkage  bar,  lb. 

Inertia  frame  origin  at  0. 

Frame  origin  at  A,  moving  with  the  car,  x’  axis  passing  through 
right  front  wheel,  and  y’  axis  passing  through  left  rear  wheel. 
Frame  origin  at  1,  fixed  in  the  sprung  mass. 

Frame  origin  at  C.G.  (the  centroid  of  the  sprung  mass),  X".X", 

Y"CY",  Z"CZ". 

Location  of  the  ith  wheel  in  inertial  frame,  ft. 

Velocity  of  the  i  1  wheel  in  inertia  frame,  l’t/sec. 

Acceleration  of  the  i1"'1  wheel  in  inertia  frame,  ft/see"1. 

Location  of  the  i^1  wheel  in  teiros  of  i’  ." *  k1,  ft. 

Velocity  of  the  i  11  wheel  in  terms  of  i’  ft  sec. 

Acceleration  of  the  i”'  wheel  in  terms  of  i’  k’,  ft/secr. 

Tire  deflections  (functions  of  time)]  from  their  individual  equi¬ 
librium  positions,  i.e.  measured  in  the  iner  ia  frame,  ft. 

Spring  and  shock  absorber  deflections  '(function  of  time)  from  their 
individual  equilibrium  positions,  i.e.  measured  ir.  the  irer*  in 
frame,  ft. 

Roll  arrle,  vector  ir.  the  X'  -  direction,  rad. 

Pitch  angle,  vector  in  ^he  \ *  -  direction,  rad, 

P  =  ai"  *  h,:'‘  1  ck". 
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JJ-W 


Subscript  1 

Rear  right  wheel. 

Subscript  2 

-Front  right  wheel 

Subscript  3 

Front  lefu  wheel1. 

Subscript  4 

Rear  left  wheel. 

APPENDIX 

Car  Data 

l  =  wheel  base  =  119/12  ft 

e,b,c  =  location  of  C.G.  of  the  sprung  mass  with  respect  to  x"c>y"c>2"c 

=  1/2  l,  l/2t,  0 
t  =  tread  =  62/12  ft. 

W  =  sprung  mass  =  4,500  lb 

=  wheel  mass  =  40  lb 

L,.!.  =  moment  of  inertia  about  C.G.  of  the  sprung  mass  about  X"c 
=  540  lb -ft -sec2 

Xy.,,  =  moment  of  inertia  about  Y  ”  through  C.G.  of  the  sprung  mass 

c 

=  3,350  lb-ft-sec2 

ly  .  ai  =  260  lb-ft-sec2 

r  c 

Tire  Data 

Kt  =  tire  spring  constant  =  19,00  (F  =  K.  Z1-7d) 

C4.  “  tire  damping  constant  *  4r  ~  3,200  lbf-sec/ft  (We  take  Ct  =  50) 
Estimated  Data 

Eg  =  equilibrium  distance  of  steel  spring  =  0..',' 

C  =  shock  absorber  damping  constant  =  150  lb.-sec/ft 
6  /  I 

Kg  =  steel  spring  constant  =  108  lb^in 
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Frictional  Effects  on  the 
Vibrations  of  Missiles 


H.  S.  WALKER  and  CAROL  RUBIN 

KANSAS  STATE  UNIVERSITY 


ABSTRACT 

The  natural  frequencies  and  mode  shapes  of  a  missile  with  an  idealized  air 
friction  force  are  analyzed.  The  missile  is  treated  as  a  homogeneous,  elastic, 
tapered,  free»free  beam  with  a  constant  end  thrust.  The  idealized  friction  force 
is  a  uniformly  distributed  axial  load  acting  tangent  to  the  instantaneous  neutral 
axis.  Simple  beam  theory,  neglecting  damping,  is  used.  Using  Frobenius'  method, 
a  series  solution  to  the  equation  of  motion  for  a  beam  of  parabolic  profile  is 
obtained.  The  natural  frequencies  for  the  first  four  bending  modes  of  the  vi¬ 
brating  beam  are  found  as  a  function  of  the  thrust  and  the  friction  force.:  The 
results  show  that  the  natural  frequencies  decrease  as  the  frictional  force 
increases.  Thrust  versus  frequency  curves  are  plotted  for  cases  with  and  without 
a  control  system.  Although  the  results  are  presented  for  the  beam  of  parabolic 
profile  only,  some  other  types  of  tapered  beams  can  be  handled  with  equal 
facility. 


INTRODUCTION 


The  problem  of  lateral  vibrations  in  missiles  and  beams  has  been  treated  by 
several  investigators.  Sharp  [1]  discusses  a  flat  free-free  beam  of  non-constant 
cross-sectional  area.  Huang  and  Walker  [2]  explore  the  problem  of  a  missile-tvpe 
body  of  revolution  including  a  variable  end  thrust  with  a  directional  control 
system.  The  lateral  vibrations  of  a  beam  of  constant  cross-section  and  a  linearly 
varying  axial  load  are  treated  bv  Fauconneau  and  Laird  [3),  and  Sun  [4].  The 
axial  load  Is  considered  to  be  applied  in  the  direction  of  an  end  thrust. 

Gorshkov  and  Shklvarchuk  [5]  deal  with  a  body  of  revolution  with  an  end 
thrust  and  a  directional  control  svstem,  A  friction  force  is  introduced  here  with 
a  constant  end  thrust  opposing  the  motion  of  the  missile.- 

It  is  the  purpose  of  the  present  studv  to  introduce  an  additional  variable 
representing  skin  friction  drag  and,  using  the  Huang-Walker  paper  as  a  basis  for 
comparison,  investigate  the  effects  on  the  vibration  properties.-  A  uniformly 
distributed  axial  load  is  assumed  to  act  tangent  to  the  instantaneous  neutral  axis 


703 


of  the  beaa.  The  simplifying  assumptions  made  for  the  form  of  the  drag  force 
allow  for  the  derivation  and  solution  of  the  governing  differential  equations,  and 
at  the  same  time  provide  a  basis  for  discussion  of  the  effects  of  a  distributed 
motion-opposing  force  on  the  missile. 

The  governing  differential  equation  of  motion  is  derived  using  simple  beam 
theory;  and  the  characteristic  equation  for  the  special  rase  of  a  beam  with  a 
parabolic  surface  of  revolution  is  obtained  by  means  of  Frobenius’  method. 


DERIVATION  OF  THE  EQUATION  OF  MOTION 


Simple  beam  theory  is  used  to  obtain  the  governing  differential  equation. 

The  effects  of  longitudinal  vibrations  are  neglected  and  the  motion  is  assumed  to 
be  planar.  Tigure  1  shows  a  differential  beam  element  with  the  relevant  forces 
and  couples  acting.  The  plane  of  motion  is  the  w,z-plane,  as  shown,  where  w  is 
the  distance  from  the  z-axis  to  the  beam  axis  and  z  is  the  distance  along  the 
beam.  The  angle  a  indicates  the  angle  that  the  vibrating  beam  axis  makes  with  the 
equilibrium  axis  at  any  given  point.  A  constant  axial  load  representing  the  drag 
force  is  denoted  by  q  and  is  acting  in  the  direction  a..  D'Alembert  forces  are 
assumed  to  be  acting  as  shown  in  Fig.'  1,  where  u  is  the  longitudinal  displacement 
of  a  material  element.  It  is  assumed  that  u  is  independent  of  z,  that  is,  that 
the  rocket  material  is  so  stiff  that  vibrations  due  to  bending  occur  long  before 
longitudinal  vibrations.  Therefore,  u  will  be  considered  dependent  only  upon  t.- 
D'Alembert's  principle  yields  the  following  equations  of  motion: 

pA(z)  fj  [P(z,t)]  -  q  (1) 


pA(z) 


32w(z,t) 

at2 


*  h  IV<*.t)J  +  q 


(2) 


and  P(z,t)  ~  [w(z,t)]  "  V(z,t)  +  [M(z,t>]  =  0  (3) 

where  a  small  angle  assumption  has  been  made  for  a. 

The  cross  sectional  area  and  the  moment  of  inertia  of  the  beam  at  a  point  z 
are  denoted,  respectively,  as 

A(Z)  -  Ao(f)" 


and 


I(z) 


Vf> 


(4) 


where  AQ  and  IQ  are  the  respective  cross  sectional  area  and  moment  of  inertia  of 
the  beam  at  z  =  Z.  The  constants  m  and  n  are  real  numbers  and  depend  upon  the 
choice  of  rocket  shape;  for  a  constant  cross  sectional  area,  m  =  n  ■  0,  and  a 
conical  cross  section  has  m  *  n  =  1. 

The  following  boundary  conditions  are  compatible  with  the  physical  system  and 
are  assumed  to  be: 

P(z,t)  *  0  and  P(z,t)  »  T 

c 

z=0  z-1 

where  Tc  is  the  thrust  exerted  on  the  rocket  at  z  =  fc.  Substituting  the  boundary 
conditions  into  Eq.,  (1)  yields 

n+1 

P(z,t)  =  (Tc-ql)  (|)  +  qz  (5) 


Using  Eqs.  (2),  (4)  and  (5),  Eq.  (3)  becomes 

n+1 


*  cz'|n  32w  3w  3 

°Vi)  —  -  q  +  ~ 


r_  .wa,  3w  ,  3wi 
3z  .'V^V 


-,2  ,  ,  m  a2, 


=  0 


The  variables  may  be  non-dimensionalized  by  taking  E;  =  —  , 


(6) 
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and 


.  The  differential 


Q.^a 

V  EI 

0 


equation  of  notion  now  becomes 

rn  32w  32  rrm  S2*?,  .  =  3  ,rn+l  3w,  ^  3_  ..ni-l  3w,  j:.  3jw 

?  IF  +  IF  15  H73  +  T  35  l?  15]  Q  35  15  351  +  Q;  aF 


THE  EIGENVALUE  PROBLEM 

The  eigenvalue  problem  is  obtained  by  assuming 

w(5.t)  •  i(i(5)F(t)  (8) 

and  separating  the  variables,  using  l2  as  the  constant  of  separation.  The  follow¬ 
ing  equations  result: 

F"  +  12F  =  0 

and  d^  (F  dfjj  +  (f.5)  j^l  g,+  qC  .  eV*  =  0  (9) 

The  boundary  conditions  for  a  free-free  tapered  beau  with  end  thrust  T  are 
such  that  at  z  =  0  and  at  z  ■  l  the  moment  and  shear  are  equal  to  zero.  A  simple 
control  system  is  incorporated  at  the  end  of  the  beam,  so  that  the  girabal  angle 
of  the  thrust  is  proportional  to  the  angular  rotation  at  the  end  of  the  flexible 
beam.  Thus,  in  terms  of  the  non-dimensional  parameters 

at  5*0  :  5”  *  0  and  [5®  Jj4)  ■  0 

and  at  5*1  :  ^4  =  0  -  nd  =  ~Tk[^]  (10) 

The  parameter  k  indicates  the  angle  of  thrust  and  ranges  from  zero  to  unity.  When 
k  »  0,  there  is  no  shear  due  to  T,  that  is,  T  acts  along  the  beam  axis;  and  when 

k  »  1,  T  acts  at  a  slope  of  ^  with  respect  to  the  beam  axis.. 

The  force  Q  has  no  effect  on  either  moment  or  shear  since  it  is  acting  in  an 
axial  direction. 

The  complete  formulation  of  the  eigenvalue  problem  in  terms  of  the  variables 
5,  T,  and  Q  consists  of  Eqs.-  (9)  and  (10).  Setting  T  equal  to  the  entire  differ¬ 
ential  operator,  that  is, 

„  d2  .,.m  d2  .  ,  .-  d  ,,n+l  d  ,  -  d2 

T  ■  dF  [c  dF]  (T-Q)  d(  15  d?]  +  QC  dF 


Eq.:  (9)  becomes: 


(T-5V)i(i  *  0 


Orthogonal  eigenfunctions  and  positive  eigenvalues  cannot  be  assumed,  since 
it  can  be  shown  that  the  differential  operator  T  is  not  self  adjoint. 

A  TAPERED  BEAM  OF  PARABOLIC  PROFILE 

The  special  case  of  a  beam  with  a  parabolic  surface  of  revolution  is  now  con¬ 
sidered.,  The  generating  line  has  an  equation  of  the  form 


■]?<(' 


The  beam  cross  sectional  area  and  moment  of  inertia  are  represented  respectively 


A  -  Aq  (f)  and  I  =  yf) 

Thus,  the  constants  used  in  the  previous  calculations  are  n  =  1  and  m  =  2 
Now  the  governing  differential  equation,  Eq.:  (9)  becomes 


(14) 


€*»  ^  3^r  +  I2?2  +  Q63  +  +  2(5 -Q)€3  -  e3x2<»  -  0 

The  boundary  conditions  are 

at  C*1  i  =  0  and  3-^  -  -  Tkf|jjj^  ^  (15) 

It  is  noted  that  the  boundary  conditions  at  C  =  0  are  satisfied  identically. 

Frobenius'  method  [6]  is  used  to  solve  tht  abce  boundary  value  problem.  A 
solution  of  the  form 

00 

<K«)  -  l  ar  Cr+S  (16) 

r=0  r 

is  assumed,  where  s  and  the  af's  must  He  determined  so  that  Eq.  (14)  is  satisfied.. 

The  following  notation  is  used 

(s)  =  s(s-l)(s-2)...(s-(n-l)) 

n 

and  (s+r)  «  (s+r) (s+r-i;  . . (s+r-(n-l)) 

n 

Substituting  Eq.  (16)  into  Eq.  (14)  yields 

l  a  (r+s)4  5r+S  +  4  J  a  (r+s)3  ?r+s  t  [  a  (r+s)2  2£r+s 
r=0  r=0  r=0 


+  £  a  Q(r+s)2  ?r+s+1  +  £  a  (T-Q) (r+s)2£r+s+2 
r=0  r-0  r 

+  1  2a  (T-Q)(r+s)i  ?r+3+2  -  l  a  A25r+S+3  =  0  (17) 

r=0  r=0 

Collecting  like  powers  of  (  and  equating  the  coefficient  of  each  power  of  £  to 
zero,  a  set  of  equations  is  obtained,  as 

a0[(s)„  +  4(s)3  +  2 (s ) 2 )  *  0  (18a) 

ai[(s+lK  +  4(s+l)3  +  2(s+1)2]  +  aQ[Q(s)2]  «  0  (18b) 

a2[(s+2)4  +  4(s+2)3  +  2(s+2)2]  +  ajf4  «+l'2] 

+  ao(T-Q)((s)2  +  2(s)il  -  0  (18c) 


a j I ( s+j ) 4  +  4(s+j)3  +  2(s+j)2]  +  aj_1[Q(s+j-l)2] 

+  aJ  2(T-Q)  [  (s+j-2)2  +  2(s+j-2)]  ]  -a^A2  *  0 

where  j  1  3. 

For  an  arbitrary  a0,  Eq.:  (18a)  is  a  fourth  ordei  polynomial  in  s.;  Solution 
of  this  equation  yields  four  roots, 

sq  =  0,  sj  «  1,  s2  =  0,  and  s3  ■»  1 
An  expression  for  aj  is  obtained  from  Eq.  (18b) 

-  Q(s>2  aQ 

31  "  (s+l)4  +  4(s+1)3  +  2 (s+l)2 

and  Eq.<  (18c)  becomes 

-  aQ(T-Q)[(s)2  +  2(s)iJ  -  ai[Q(s+l)2] 

32  *  (s+2)4  +  4(s+2)3  +  2(s+2)2 

Rearranging  terms  in  Eq.  (18d)  gives  the  general  expression  for  j  >_  3, 


(19) 


(20a) 


(20) 


706 


V3*2  ~  (s+j-lhta^tT-O'  +  YjQ] 


aj "  - re+j)7JT_  W 

It  is  now  possible  to  solve  for  the  coefficients  a  of  the  solutions  to  the 
fourth  order  differential  equation.  Equation  (16)  represents  the  form  of  the 

•O 

solution.  From  Eq.  (19),  s  3  0,  therefore  ip  c  [  a  Cr, 

o  o  _  r 

r«0 

s=0 

Since  afl  is  assumed  arbitrary,  let  a0  -  1;  then  aj  =  0,  and  a2  »  0.;  The  general 
tern  (j  3)  is 

a,  3X2  -  (j-lhJa-jtf-Q)  +  aj‘l1  Ql 


For  si  =  1  we  have  iji]  *  C  J  ar  tr  .  If  a^  is  again  assumed  equal  to  unity,  then 
al  *  0,  a,  »  i  -or  1  >  3, 

a1_3>2  “  0)2ta1_2(T-Q)  +  a^jQ] 

aj  '  Tu+iTTP 

The  remaining  two  solutions  (7)  are: 

00 

ilij  ■  iff  In  f,  +  [  b  f,r 


ii-1  In  C  +  C  J  b  f,r 
r=0  r 


The  complete  solution  will  be 


<i>(C)  ■  l  A.  (23) 

1=0 

in  order  to  obtain  a  fini'e  solution  at  f.  «  0,  we  must  set  A;  *  A3  «  0.- 
Therefore,  the  complete  solution  is 

<H(0  *  Ao  +  A!  i>i  (24) 

Imposing  the  boundary  conditions  from  Eq.:  (15)  on  Eq.:  (24)  yields  the  char¬ 
acteristic  equation 

d^]  d^4j  d^»  d*  C'  dj  i  d‘vj  dC 

[df;2  d5a  '  dp~  d(T  +  ^k[dF_  d 7~  ~  df7~  ~\r]  =  °  (25) 

The  variables  in  this  equation  are  ^0,  i|>j,  T,  Q,  r,  and  Xr.  ^0_and  mav  be 
evaluated  at  T,  *  1  by  computations  of  tin  coefficients  ar;  and  T,  Q  and  k  arc 
given  for  a  specific  system.*  Therefore,  the  characteristic'  equation  mav  be  solved 
for  the  eigenvalues  X'  where  X  is  tlv'  natural  frequency  of  the  lateral  vibrations.: 

The  mode  shapes  of  the  vibr.it.  ng  beam  ior  particular  values  of  T  and  Q  can  be 
expressed  as 

d?i*.  / df ‘ 

*  =  V*,  ’  d^/dr7  f=J  411  (2f' 

Solutions  ot  the  characteristic  equation  were  obtained  on  the  IBM  360/ 5'j 
The  value  k  *  0  represents  the  case  where  there  is  no  control  svstem.,  Solutions 
were  obtained,  in  addition,  for  the  cases  k  =  0.5  and  k  =  1.0.  For  ill  cases,  a 
friction  force  of  the  type  assumed  here  lowers  the  natural  frequencies  of  the 
beam.  For  relatively  high  Q  the  Mrst  two  bonding  modes  become  ind  stinguishable 
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from  the  zero  frequency  mode.  This  would  Indicate  that  high  friction  causes  such 
severe  damping  of  the  first  two  modes  as  to  make  them  indistinguishable  from  the 
zero  rotational  mode  of  the  free-free  beam.  The  natural  frequencies  for  the  third 
and  fourth  modes  decrease  considerably  as  may  be  seen  in  Figs.  2  and  3. 

An  interesting  result  of  the  addition  of  frictional  drag  may  be  ..een  in  Fig. 
3.  The  friction  force  causes  the  constant  freouenc/  curves  to  come  together  on 
the  real  side  of  the  thrust  axis.  Since  two  diftc.ent  mode  shapes  cannot  exist 
simultaneously,  an  instability  occurs  at  che  point  where  the  lines  join.  This 
phenomena  also  exists  for  a  beam  of  uniform  circular  cross  section  [2].  From  this 
it  would  seem  that  frictional  drag  might  tend  to  decrease  the  effects  of  the  para¬ 
bolic  shape  of  the  beam.  Further  analysis  would  be  necessary  to  determine  if 
there  were  _  •>  numerical  correlation  between  the  case  of  the  prismatic  beam 
without  friction  and  the  case  under  consideration. 

The  effect  of  the  assumed  friction  force  on  the  mode  shape*  is  shown  in  Fig. 

A  for  the  third  mode  and  a  constant  th.ust  of  T  =  100.0.  The  results  ere  shown 
for  two  different  thrust  anoles. 

CONCLUDING  REMARKS 


The  preceding  study  is  based  on  linear  beam  theory  with  zero  damping  and 
small  vibrations.  The  results  verify  the  previous  work  of  Huang  and  Walker  for 
the  case  with  Q  «  0.  The  findings  indicate  that  air  friction  on  missiles  can 
lowe.  natural  frequencies;  this  result  is  important  and  should  bear  further 
investigation  since  air  friction  may  lower  the  natural  frequencies  enougf  to  cause 
dangerous  resonance  conditions  to  occur  at  low  altitude  flight.;  A  furthe  study 
using  a  more  realistic  friction  force  which  would  be  dependent  upon  the  skin 
friction  and  pressure  drag  could  provide  more  information  for  missile  flight 
calculations. 

Experimental  evidence  would  further  establish  confidence  in  the  resu’ts.'  If 
a  fixed  mode]  were  ur  I  with  a  fluid  flowing  past,  it  would  be  necessary  to  'ecure 
the  model  so  that  the  free-free  boundary  conditions  were  maintained;  the  model 
would  have  to  be  fastened  at  nodal  p.  ints  obtained  in  the  above  study. 

A  static  analysis  of  the  system  would  be  in  order,  so  that  the  critical 
buckling  loads  might  be  determined.  For  high  Q,  buckling  must  be  considered. 
Timoshenko  and  Gere  [8]  discuss  the  prrblem  cf  a  fixed-free  end  uniform  beam  with 
a  distributed,  compressive,  axial  load;  a  similar  analysis  would  be  necessary  to 
determine  buckling  loads  in  the  present  -*udy. 
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ABSTRACT 

Amplitude  estimates  and  bounds  are  derived  for  a  nonlinear  two-parameter 
oscillator.  The  differential  equation  considered  is  characterized  by  an 
arctangent  nonlinearity  and  arises  as  a  generalization  of  van  der  Pol's 
equation.:  Of  particular  interest  is  the  disclosure  o£  a  one-parameter  in¬ 
dependent  lower  bound  for  the  radius  of  the  limit  cycle  solution.  The  com¬ 
putation  of  this  lower  bound  requires  the  solution  of  a  transcendental 
equation  for  which  representations  are  obtained  by  an  iterative  technique 
and  the  method  of  series  reversion.  Through  the  use  of  computer  generated 
data,  upper  and  lower  amplitude  bounds  are  determined  for  a  restticted  para¬ 
meter  range. 


INTRODUCTION 


This  paper  deals  with  the  analysis  of  the  nonlinear  oscillations  of  a 
generalization  of  the  two-parameter  van  dcr  Pol  differential  equation, 

x+u(cx-l)x  +  x  =  C,  if). 

where  p  and  e  are  known  scalar  parameters  and  x  =  dx/d* .  The  van  der  Pol 
equation  has  many  important  applications  in  the  f'eld  of  nonlinear  oscilla¬ 
tions,  but  in  particular  the  nonlinear  damping  term  in  Lq .■  1  originally  arose 
as  an  approximation  to  the  transconductance  of  a  triodc  electron  vacuum  tube 
[1].;  Prompted  by  measurements  of  the  characteristics  ol  modern  electronic 
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(2) 


amplifiers  Scott  [2]  first  generalize!  Eq.-  1  to  give 

••  ,  6  i  * 

x  +  a(l - r)  x  +  x  =  0, 

1+x 

where  a  and  g  are  scalar  parameters.  It  should  be  noted  that  Eq.  2  becomes 
Eq.  1  hj  expanding  1/(1  +  x  )  in  a  power  series,  ignoring  powers  of  x 
greater  than  two,  and  setting  e  =  8/8-1  and  u  =  a(B-l'.  The  validity  of 
this  equivalence  is  clear  for  x  small. 

Equation  2  arises  from  the  oscillator  illustrated  in  Fig.  1,  for  which  the 
following  equations  apply: 

L  di/dt  =  v  (3) 

C  dv/dt  =  i  -  Gv  -  i  ,  (4) 

o 

The  amplifier  characteristic  is  modeled  by 

i  =  A  arctan  Bv  ,  (5) 

o 

where  A  and  2  are  experimental  constants  chosen  to  represent  the  physical 
properties  of  amplifier  gain  and  saturation.  Eliminating  v  from  Eqs.  3,  4, 
and  5  and  setting 

t  =  x/fuE  ,  a  =  G//"LC  ,  8  =  AB/G  , 

arid  x  =  B/1  L/C  di/dt  (7) 


gives  Eq.  2« 

In  order  to  demonstrate  rigorously  that  Eq.  2  possesses  a  limit  cycle, 
several  theorems  from  the  theory  of  nonlinear  oscillations  could  be  employed 
in  a  straight  forward  manner;  however,  that  this  is  true  is  easily  placed  in 
evidence  by  a  heuristic  argument.  Since  a  -  0  reduces  Eq.  2  to  the  linear 
oscillator  equation,  oscillatory  solutions  are  assumed  to  exist.:  For  a  >  0 
and  8  >  1,  the  damping  coefficient  takes  negative  values  for  x  near  zero.: 
This  causes  the  envelope  of  the  solution  x(t)  to  increase.  But  as  x 
takes  larger  values  the  damping  coefficient  becomes  pos  tive,  thus  limiting 
an  indefinite  increase  in  solution  amplitude.  This  leaus  to  the  establish¬ 
ment  of  an  oscillatory  equilibrium,  which  is  the  presumed  limit  cycle.: 

The  amplifier  of  Fig.  1  is  of  course  an  analogue  device,  a  nonideal  oper¬ 
ational  amplifier,  however,  it  is  interesting  to  note  that  Murata  [3],  [4] 
in  his  studies  of  digital  integrated  circuits  has  recently  found  that  NOR 
logic  gates  have  input/output  characteristics  not  unlike  that  described  by 
Eq.;  3.;  Murata  has  arrived  independently  of  Scott  at  Eq.  2,  and  has  described 
the  asymptotic  behavior  of  the  oscillations  using  perturbation  methods.; 

Thus,  as  with  van  der  Pol's  equation,  Eq.  2  appears  to  have  wide  ranging 
physical  applications.  By  analogy  and  the  similarity  ot  available  physical 
devices,  applications  to  the  analysis  of  fluidic  oscillate  'S  are  apparent. 
Bereft  of  physics,  Eq,  2  has  the  nonlinear  feedback  control  system  inter¬ 
pretation  given  in  Fig. 2. 

The  purpose  of  this  paper  is  to  present  an  analysis  of  the  oscillations 
of  differential  equations  containing  nonlinear  arctangent  functional  char¬ 
acteristics.  The  analysis  focuses  specifically  upon  an  analytic  result 
presented  by  Mulholland  [5]  regarding  a  lower  bound  on  the  amplitude  of  os¬ 
cillation.  The  accuracy  and  relevancy  of  this  amplitude  bound  is  discussed 
with  the  aid  of  computer  solutions,  and  a  comparison  is  made  with  asymptotic 
results. 
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ASYMPTOTIC  RESULTS 


The  averaging  method  of  Krylov  and  Bogoliubov  [6]  can  be  employed  to 
obtain  an  approximation  for  the  approach  of  the  solutions  of  Eq.  2  to  the 
limit  cycle.  In  the  steady-state,  the  averaging  method  gives  a  linear 
approximation  to  the  limit  cycle  amplitude  and  a  first-order  parameter  esti¬ 
mate  to  the  frequency  of  oscillation.  Thus,  for  small  parameter  a  values, 
the  averaging  method  gives  an  accurate  perturbation  of  the  linear  (a=0) 
periodic  solution  of  Eq.  2. 

Consider  again  Eq.,  2,  but  written  as 

x  +  x  =  a(l-8  +  x2)(l  +  x2)  1  x  v  (8) 

Equation  8  is  o^tajned  from  Eq.  2  by  multiplying  through  the  damping  coeffi¬ 
cient  by  (1  +  x  )  ,  which  is  certainly  a  valid  operation  over  the  field  of 
real  numbers.  The  form  of  the  solution  sought  is 

x  =  a  cos  ( t  +  t )  ( 9 ) 

with 

x  s  -a  sin  (t  +  <>)  (10) 

where  a  =  a(t)  and  4  -  4>(t)  are  assumed  to  be  slowly  varying  functions  of 
time  for  which  representations  are  to  be  determined.-  The  left  side  of  Eq.:  8 
thus  becomes 

x  +  x  *  -  $  a  cos  (t  +  $)  -  a  sin  (t  +  $).,  (11) 

If  the  right  side  of  Eq.-  8  is  expanded  in  a  Fourier  series,  and  consistent 
with  the  approximation  of  Eq.  11  only  the  linear,  or  fundamental  frequency, 
terms  are  retained,  then 

4>  a  cos  (t  +  $)  +  a  sin  (t  +  <f) 

=  o  (1  -  8)  a  sin  (t  +  4>)  f  u  a3/9  sin  (t  +  ♦)  (12) 

results  as  an  approximation  to  Eq.,  8.  Since  sine  ard  cosine  are  linearly 
independent,  equating  coefficients  yields 

i  =  0  (13a) 

a  =  a  [a3/9  -  (B  -  1)  a]  ,  (13b) 

with  solutions 

4>(  c)  =  $  ( 19a) 


a2(t)  = 


9a2  (8-1)  eal6 


la 


9  (8  -  l)]-e 


a(6  -  l)t  2 


(19b) 


where  a(0)  =  a  and  $(0) 
o 


for  u  >  0,  and  $  >  1 


lim  a(t)  =  4(tJ-l) 


(15) 


follows  from  Eq.  14 This  result  indicates  the  possibility  of  parameter  in¬ 
dependence  with  respect  to  a  which  is  discussed  in  the  sequel..  Equation 
14b  gives  only  a  constant  solution  from  which  little  can  be  deduced.;  Actu¬ 
ally  this  result  merely  indicates  that  corrections  to  the  frequency  of 
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•  2 

oscillation  u  =  1  +  ♦  first  appear  in  order  a  terms,  as  is  clearly  shown 
by  the  perturbation  method  [4], 

Consider  the  expression  of  the  solution  of  Eq.  2  as  a  series 

2 

x(t)  =  X  (wt)  +  ax  (ut)  +  a  X-(ut)  +  .  .  .  (16) 

ol  2 


where 


oj  =  u  +  aw,  +  a  v 

O  1  2 

Murata  [4]  has  calculated  the  first  significant  terms,  giving 
x(t)  =  2  /a  -  1  COSIDt 

t  a/4[(3/4)(8-l)3/2  (28-1)"1  sinwt  -  (6-l)3/2  ( 26-l)‘1sin3a)t] 
+  0(a2) 


(17) 


(18) 


with 


2  ( 8—1) 3  +  (2B-1H8-1)2  .  3, 

u  =  1  -  u  -  - -  +  0(0  ). 

16(26-1)  (38-2) 


(19) 


which  compares  with  the  steady-state  (a  =  0)  values  obtained  in  Eqs.  14  and 
15.; 


LOWER  AMPLITUDE  BOUND 


Further  analysis  of  the  oscillations  of  Eq.  2  is  facilitated  by  the  intro¬ 
duction  of  Li£nard  plane  coordinates,  which  results  in  the  following  equiva¬ 
lent  first  order  formulation: 

x  =  -  o  (x  -  8  arctan  x)  +  y  (20a) 

y  =  -x  (20b) 

The  objective  of  the  following  analysis  is  the  derivation  of  a  lower  bound 
on  the  radius  R  of  the  limit  cycle  L  of  Eq.;  20.-  The  radius  of  L  is  a 
function  of  the  two  parameters  a  and  6,  and  is  defined  by 

R(a,8)  =  inf  (x2  +  y2)-4  (21) 

L 

where  the  infinum  is  taken  over  all  values  of  (x,y)  on  L. 

If  the  independent  variable  t  is  replaced  by  -t  ,  the  solution  trajec¬ 
tories  in  the  Li£n.a-d  plane  remain  the  same  in  form  but  with  reversed  orien¬ 
tation.;  More  impo.-’antly ,  the  position  and  shape  of  the  limit  cycle  L  is 
invariant  under  time  reflection.;  Note  that  replacing  a  by  -a  is  equiva¬ 
lent  to  time  ref lecl ion  change  of  variable. 

An  investigation  of  Eq.  20  for  a  <  0  and  6  >  1  gives  the  equilibrium 
point  x  =  y  =  0  as  asymptotically  stable,  and  the  region  of  stability  as 
that  contained  within  the  interior  of  the  limit  cycle  L.-  In  this  region, 
the  properties  of  an  appropriately  chosen  Liapunov  function  V(x,y)  are 
known,  i.e.,  V  is  a  positive  definite  scalar  function  of  the  Lidnard  plane 
coordinates  with  a  negative  definite  derivative  V  [7],  In  particular, 
consider 

V(x,y)  =  V-i)  (x2  +  y2)  ,  (22) 
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hence 


V  (x,y)  =  xxf  yy  (23) 

which  by  Eq.  20  yields 

V(x,y)  =  -  ax2  tl  -  (B/x)  arctan  x]  .  (2*0 

Since  a  <  0,  V  is  negative  for  all  x  ^  0  satisfying 

|x|  <  8  |arctan  x|  .  (25) 

For  convenience,  define  the  function  F  by 

F(x)  =  x  -  8  arctan  x.  (26) 

For  6  >  1,  there  are  precisely  two  non-trivial  roots  of 

F(x)  =  0  (27) 

which  are  denoted  by  ixQ  (8)  where  x  >0.  Thus,  Eq.  25  holds  for  |x|  <  x^. 

The  roots  of  Eq.  27  are  not  easily  8etermined  as  functions  of  8,  but  they 
are  surely  bounded  away  from  zero  by  the  roots  of  the  derivative  of  F, 

F'  (x)  =  0  (58) 

which  gives  the  two  local  extrema  of  F  in  the  closed  interval  [-x  ,x 
Indeed,  a  simple  calculation  gives  the  roots  of  Eq.:  28  as  1x^(8),  where 

Xx  =  (8  -  1)^  .  (29) 

Hence,  Eq.  25  holds  for  |x|  <  x^  or 

| x |  <  (8  -  l)'"5.  (30) 

It  is  r. ’W  clear  that  the  circular  region 

x2  +  y2  <  (6  -  l)*5  (31) 

is  wholly  contained  within  the  region  of  asymptotic  stability.;  Hence,  inde¬ 
pendent  of  the  parameter  a,  the  limit  cycle  lies  outside  the  circle  with 
center  at  the  origin  and  radius  equal  to  (6  -  l)*5. 

The  a-independent  lower  bound  on  R  thus  determined, 

K(a,8)  >  (8  -  l)*4  ,  (32) 

appears  to  be  particularly  accurate  for  8  close  to  unity.:  This  point  is 
considered  in  the  next  section.  It  should  be  noted  that  Eq.  32  is  meaning¬ 
less  for  8  <  1,  thus  correctly  implying  that  in  this  case  no  stable  limit 
cycle  exists  .- 


COMPUTER  SOLUTIONS 


It  is  of  interest  to  compare  the  actual  solutions  of  Eq.;  20  with  the 
asymptotic  estimates  of  Eqs.  14  and  18  and  the  one-parameter  independent 
bound  estimate  of  Eq.-  82.  Computer  generated  solutions  of  Eq.  20  have  been 
obtained  using  the  Metric  Computor.  This  hybrid  computing  device,  which  is 
still  under  development,  is  well  suited  to  tasks  of  this  sort  [8J,  (9].  The 
mathematical  basis  for  the  Metric  Computor  is  the  theory  of  matrices,  while 
the  physical  basis  is  electronic  network  theory.  The  employment  of  the  com¬ 
puter  is  based  upon  a  one-to-one  correspondence  between  the  mathematical 
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problem  to  be  solved  and  the  equation  of  physical  state  which  represents  the 
electronic  network  of  the  computer.  Through  the  arrangement  of  the  machine 
into  rows  and  columns  of  direct-dialing  digitized  switches,  this  correspon¬ 
dence  provides  for  the  direct  entry  of  matrically  formulated  problems  which 
ouUin  constant,  first-order  differential  and  linear  functional  coefficients 
tlO]  [11]. 

The  following  equisolution  matrix  [11],  dialed  directly  into  the  Hatric 
Computor,  yields  on  coordinates  x^  and  x^  the  solutions  of  Eq.  20: 


••  •  ...  2 
where  x=x,  x.  =  x,  x  =  x,  x,  =  y,  x  =  x  +  ax  +  x,  x,.  =  x  and 
,1.2  3  4  o  b 

x^  =  x  ix  ♦  ooc  +  x)..  Equation  33  follows  directly  from  Eq.  2  with  the  above 
coordinate  equivalences. 

Tor  various  a  and  8  parameter  '  alues  the  limit  cycle  solutions  of 
Eq.  33  have  been  plotted  in  the  Lidn.rd  plane.:  These  closed  curves  wil’ 
approximate  circles  with  distortion  more  apparent  as  either  a  or  i  becomes 
large.  Tht  radius  R(a,8)  of  each  limit  cycle  then  can  be  determined  graph¬ 
ically  as  shown  in  Fig..  3  for  a=l  and  8=2.  As  illustrated,  the  radius 
R( 1,8)  as  defined  in  Eq.  21  is  actually  equal  to  the  radius  of  the  largest 
c'rcle  which  fits  wholly  within  the  limit  cycle. 

Analysis  of  computer  solutions  of  Eq.  33  indicates  that  R(o,8)  is 
essentially  independent  of  a  for  at  least  a  parameter  range  of  0.1  <  a 
<  2.0.  Practical  computing  considerations  have  restricted  a  to  lie  in  this 
range,  with  a=l  chosen  to  be  representative  for  that  which  follows.  Com¬ 
puter  data  giving  the  variation  of  R(a,R)  with  8  are  produced  in  Table  I 
along  with  the  lower  bound  of  Eq.;  32  and  the  asymptotic  estimate  2(6  -  l)*5 
which  is  order  a. 

Table  I  clearly  verifies  the  theoretical  prediction  that  x^(6j  provides 
a  lower  bound  for  R(o,8),  however  it  should  be  notea  that  the  asymptotic 
amplitude  provides  a  closer  estimate  for  the  limit  cycle  radius. 

For  6  <  1.2,  the  absolute  error  in  approximating  R(a,8)  by  x  (S)  is 
nearly  constant  at  43%,  while  the  asymptotic  estimate  results  in  absolute 
errors  which  are  nearly  constant  at  13%.;  As  R(a,8)  passes  through  unity, 
somewhere  near  8=1.3,  the  error  incurred  by  the  asymptotic  approximation 
appears  to  pass  through  zero.  For  6  <  1.3  (R  <  1)  the  asymptotic  estimate 
provides  a  rather  close  upper  bound  for  R(oi,6),  and  for  8>1.3(R>1) 
the  estimate  becomes  a  lower  bound..  This  hitherto  unknown  result  exists 
apparently  without  analytic  verification.  Furthermore,  from  the  data  of 
Table  I  it  appears  that  the  perturbation  method  and  that  of  Krylov  and 
Bogoliubov  are  particularly  valid  for  8  <  2., 

Once  x^(8)  i:  known,  the  lower  bound  on  R(a,6)  can  be  improved  by 
using  iterative  scheme  to  calculate  the  roots  of  Eq.;  27,  thus  giving 

R(u,6)  2  xq(6).;  (34) 
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Finding  the  roots  of  Eq.  27  is  equivalei  t  to  determining  the  fixed  points  of 
the  arctangent  mapping,  i.e  , 


x  e  8  arctan  x  . 
o  o 

In  general,  the  fixed  j  lin's  of 
x  =  f(x) 

are  sought  in  terms  of  the  sequence  {xn} 


(35) 


(36) 


ntl 


f(x  ),  n  =  l,  2,  .  .  . 


(37) 


where  x  demptes  the  n-th  iterate. 

If  the  function  f  maps  the  closed  interval  [a,b]  into  itself  and  f  has 
a  continuous  derivative  with  |f'(x)j  <  1  on  [a,b],  then  the  sequence  of 
Eq.  37  converges  to  a  unique  fixed  point  of  Eq.  36  [12]..  For  f = 6  arctan,  the 
unique  fixed  point  result  holds  for  the  interval  [a,b]  where 


a  =  (8  -  1  +  n)'5 
for  any  number  n  >  0,  and 
b  =  6*/2, 

thus  giving  x  (8)  as  the  limit  o:  the  sequence  {xn}..  Clearly, 


(6  -  1  +  n)*5  <  x  (8)  < 


Bx/2, 


(38) 


(39) 


(DO) 


w1-  re  the  lower  bound  was  established  for  n-0  in  Eq.  28  and  the  upper  bound 
is  the  asymptote  to  the  arctangent  curve.; 

On  the  interval  [a,b],  the  derivative  of  f  is  in  absolute  value  less 
than  one.  For  consider 

f(x)  -  8/(1  t  X2),  (41) 

t 

and  since  x  =  (B-l  +  nKis  the  smallest  value  which  x  assumes, 

|f ’ (x) I  <  6/(8  +  n)  <  I  (42) 

results.  Thus,  the  convergence  of  the  sequence  { xn }  is  guaranteed.- 

The  sequence  of  Fq<  37  can  be  easily  implemented  on  a  digital  computer 
using  x°  =  a  as  j  starting  value.-  In  practice,  it  has  been  found  that  n=0 
can  be  chosen  to  give  x°  =  x^(8).-  This  result  was  not  unexpected,  since  n 
is  an  arbitrarily  small  positive  number. 

Using  x^(8)  as  a  starting  value,  the  results  of  the  iterative  computa¬ 
tion  scheme  for  x  (6)  appeal  in  Table  I.  The  iterative  calculation  was 
continued  until  the  residue, 

A,  =  |xk  -  xk  1|  ,  143) 


was  less  than  0.001.  The  value  of  k  at  which  the  iterative  process  termin¬ 
ates  is  noted  in  Table  I.-  As  indicated,  the  process  converges  rapidly  to  a 
close  estimate  fgr  R(a,6)  by  x  (6)  =  xq  (  0  is  less  than  5?..  Furthermore, 
the  estimates  x  (8)  are  monotone,  thus  retaining  tne  lower  bound  nature  of 
x  (6). 
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METHOD  OF  REVERSION 


From  Table  I  it  is  noted  that  the  radius  R(a,8)  and  its  lower  bound 
provided  by  the  solution  of  Eq.  27  are  less  than  unity  for  6  <  1.3.  Thus, 
under  this  constraint,  the  Taylor  series 

3  5  7 

arctan  x  =  x  -  x  /3  ♦  x  /S  -  x  /7  +  (44) 

converges.  Equation  27  thu  yields 

1/6=1-  x2  /3  +  xM  /S  -  .  ,  .  (45) 

o  o 

which  is  rearranged  to  give 


6-1 

1+8-1 


xV3 


xV5 


(■46) 


The  method  of  series  reversion  [13],  [14]  can  be  applied  to  Eq.-  46  in 
order  to  obtain  a  representation  for  x  as  a  series  in  6.  With  reference 
to  previous  asymptotic  results  a  series  expansion  of  the  form 


x  (6) 
o 


(8  -  I)55  Z  bk  (B  -  l)k 
k=o 


(47) 


is  sought.  Since  xq(1)  =  0*  the  expansion  <^f  Eq.  47  is  made  about  6=1.  The 
right  side  of  Eq.  46  is  a  power  series  in  x  ,  thus  giving  rise  to  the 
square  root  factor  of  Eq.  47.  Furthermore, 

xq(6)  =  x^H)  Z  bk  (8  -  l)k  (48) 

k=o 


can  be  written. 

If  the  left  side  of  Eq.  46  is  expanded  in  a  geometric  series,  i.e., 

I)2  +  (8  -  l)3  -  ,  . 


(8  -  1)  -  (8 
is  substitute 

determined  by  equatinj  '"a  powers  in  (8  -  1).  In  particular. 


and  Eq.  47  is  substituted  into  the  right  side,  then  the  coefficients  bk  are 


b  = 

0 

(49a) 

bi  = 

2  /T/5 

(49b) 

b2  = 

-12  /3/175 

(49c) 

are  easily  computed.  Therefore,  the  solution  of  Eq.;  27  is  given  by 

x  (6) 
o 

=  S3  (8  -  1)^  +  ( 2V*3/5)  (B  -  1)3/2 

-  (12  f'3/175)  (1  -  1)5/2  +  0(7/2) 

(50) 

7  /  2 

where  0(7/2)  represents  terms  that  are  order  (6-1)  . 

Data  for  the  O(^)  estimate  for  x  (6), 

o 

x  (6) 
o 

=  /3  xx(B)  +  0(3/2), 

(51) 

are  compared  in  Table  II  with  the  previously  derived  bounds  x..(8)  and 
2x^(8).  Table  II  clearly  establishes  ^3  x^(8)  as  a  lower  bound  for  R(a,8).; 
The  error  incurred  by  approximating  Rta.B)-1  by  /3  x^tB)  is  less  than  10% 
for  the  parameter  range  8  <  1.3.  Thus,  it  has  been  shown  that 
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/3  x^S)  S  R(c.,B)  <  2  x^S), 


(52) 


for  B  <  1.3.  Either  bound  of  Eq..  52  approximates  R(a,B)  to  within  10% 
absolute  error. 


CONCLUSION 


This  paper  has  been  concerned  with  bounds  on  the  amplitude  of  oscillation 
of  a  two-parameter  nonlinear  differential  equation.-  In  particular,  the 
radius  R(a,B)  of  the  limit  cycle  solution  has  been  bounded  below  by  x  (B) 
independently  of  a  .  Since  x  is  a  solution  of  a  transcendental  equafion, 
an  explicit  representation  is  impossible.  However,  x  has  been  shown  to 
be  bounded  below  by  x^(8)  =  (B  -  l)-5.-  Thus, 

x^B)  <  xq(8)  <  R(o,B)  (5a) 

exists  for  all  parameter  values. 

Using  the  method  of  Krylov  and  Bogoliubov  an  asymptotic  approximation  for 
the  amplitude  of  oscillation  was  found  to  be  2x .(B)..  This  estimate  along 
with  the  lower  bounds  of  Eq.-  53  were  compared  with  computer  generated  solu¬ 
tions  for  R(a,8)..  It  was  thereupon  found  that 

R(o,8)  £  2x^(8) ,  (54) 

for  R  <  1,  or  equivalently  B  <  1.3.  This  resul"  remains  a  conjecture  with¬ 
out  apparent  mathematical  proof.  Similarly,  a  parameter  independence  is 
theoretically  unclear. 

An  iterative  scheme  for  the  computation  of  xq(8)  using  x^lB)  as  a 
starting  value  has  been  disclosed.  The  results  of  such  calculations  carried 
out  on  a  digital  computer  yield  approximations  lor  R(a,8)  with  absolute 
error  less  than  5%. 

The  method  of  series  reversion  was  employed  to  represent  the  lower  bound 
x  (B).  The  first  term  of  this  series  expansion  provides  still  another  lower 
bound  for  R(a,ii),  giving 

xx(B)  <  R(a,B)  <  2  x^B),  (55) 

which  is  valid  under  the  same  constraints  imposed  upon  Eq.;  54.- 

Several  possible  directions  for  future  investigation  of  the  properties  of 
Eq.;  2  are  indicated..  An  upper  bound  for  amplitudes  of  oscillation  greater 
than  unity  would  be  desirable.  Such  a  bound  would  be  necessarily  valid  for 
the  parameter  range  B  »  1.3.  In  another  direction,  parameter  independence 
of  the  frequency  of  oscillation  id  has  been  suggested  [5]  and  act'vply 
sought.;  Equation  19  indicates  that  for  a  small 

lim  u  =  1  -  a  /64,  ( 56) 

K-~> 

as  shown  by  Murata  [4],  Thus,  a  independence  of  u  may  result  when  ts  is 
large  and  a  small.  But,  in  theory,  this  effect  may  only  appear  in  the 
limit..  In  any  event,  the  parameter  constraints  make  a  systematic  computer 
study  of  the  oscillations  very  d:fficult. 
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TABLE  I 


COMPUTER  SOLUTIONS 


6 

x^B) 

2(6-l)Ss 

xk(6) 

- 1 

k  R(o6)  ! 

- - - — - - - ' 

1.01 

0.100 

0.200 

0.162 

71 

0.18 

1.02 

0.141 

0.282 

0.222 

62 

0.25 

1.03 

0.173 

0.346 

0.287 

53 

0.30 

1.04 

0.200 

0.400 

0.343 

48 

0.35 

1.05 

0.224 

0.448 

0.386 

42 

0.40 

1.06 

0.245 

0.490 

0.428 

38 

0.43 

1.07 

0.265 

0.530 

0.464 

36 

0.47 

1.08 

0.283 

0.566 

0.501 

34 

0.51 

1.09 

0.300 

0.600 

0.534 

32 

0.54 

1.10 

0.316 

0.632 

0.565 

30 

0.57 

1.20 

0.447 

0.894 

0.831 

19 

0.84 

1.40 

0.632 

1.264 

1.259 

12 

1.26 

1.60 

0.774 

1.548 

1.635 

10 

1.64 

1.80 

0.894 

1.788 

1.989 

9 

2.00 

2.00 

1.000 

2.000 

2.330 

8 

2.34 

3.00 

1.414 

2.828 

3.972 

6 

4.00 

4.00 

1.732 

3.464 

5.572 

6 

5.58 

5.00 

2.000 

4.000 

7.160 

6 

7.17 

10.00 

3.000 

6.000 

15.036 

5 

15.10 

1 
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ABSTRACT 


A  method  for  computing  lower  bounds  of  eigenvalues  Involving  complicated 
regions  Is  presented.  It  employs  a  larger  but  simpler  region  than  the  given 
region,  ;.nd  constrains  the  former  to  the  latter  by  the  use  of  Lagranglan  unde¬ 
termined  multipliers.  Numerical  examples  are  given  and  results  are  accurate 
enough  for  most  engineering  applications. 


INTRODUCTION 


This  paper  presents  a  method  for  determining  the  lower  bounds  of  eigen¬ 
values  involving  a  region  of  an  arbitrary  shape.  For  complicated  shapes, 
numerical  methods,  such  as  the  finite-difference  and  finite-elements  methods, 
can  be  used  but  it  is  necessary  to  employ  very  fine  grids  to  occupy  the  given 
domain  as  closely  as  possible  (11 v  Rayleigh-Ritz  method  is  the  most  widely 
known  method  to  provide  upper  bounds  of  eigenvalues  [2].-  This  and  its  closely 
related  method  attributed  to  Galerkin,  require  the  availability  of  admissible 
functions,  which,  for  complicated  boundary  configuration,  may  not  be  easily 
obtainable.  One  way  to  obviate  this  difficulty  is  to  map  the  given  region  con¬ 
formally  onto  a  simpler  one,  say  a  circle  [3J.  The  mapping  functions  are  avail¬ 
able  for  simple  configurations  but  for  a  general  region  one  must  approximate 
it  by  a  power  series  [4],  Several  methods  of  obtaining  lower  bounds  of  eigen¬ 
values  of  membranes  were  cited  by  Stadter  [5] .  The  most  general  one  was  cre¬ 
dited  to  Weinstein,  which  was  extended  and  reformulated  in  terms  of  Hilbert 
space  theory  by  Aronszajn  [6].  This  theory  has  been  developed  to  full  gener¬ 
ality;  many  methods  including  even  Rayleigh-Ritz  method,  may  be  shown  to  be 
related  to,  or  even  a  special  case  of  it.  Others,  e.g.,  B*B  method,  were  de¬ 
veloped  on  the  basis  of  this  theory  (7]., 

We  remark  in  passing  that,  in  their  methods,  the  shape  and  the  size  of  the 
physical  domain  are  the  same  as  those  of  the  base  problem  but  the  boundary  con¬ 
ditions  are  strengthened,  or  the  differential  equation  is  modified.  The  Domain 
Constriction  Method  presented  in  this  paper,  on  the  other  hand,  selects  a  base 
problem  whose  physical  domain  is  larger  than  the  given  one  and  the  former  is 
gradually  constrained  to  approach  the  latter  by  a  suitable  procedure.  The  de¬ 
pendence  of  eigenvalues  on  the  domain  is  well-known  and  the  eigenvalues  of  the 
base  problem  should  be  pairwise  lower  than  those  of  the  given  problem,  since, 
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by  the  s ame  reason,  partial  constraints  can  only  raise  the  eigenvalues,  these 
lower  bounds  of  eigenvalues  are  improved  systematically  and  progressively. 

This  is  of  course  the  sane  argument  as  in  the  general  theory  and  no  originality 
is  claimed.  The  method  of  constructing  the  intermediate  problems,  however,  is 
believed  to  be  new;  after  a  brief  outline  of  the  theory  it  is  carefully  de¬ 
scribed  Id  the  sequel. 

THEORY 


The  eigenvalue  problem  may  be  defined  as  follows: 

"Given  a  domain  L  and  its  boundary  l,  we  seek  a  constant  parameter  X  such 
that  a  non-zero  function  v,  satisfying  a  set  of  prescribed  boundary  conditions 
on  1,  is  a  solution  of  the  following  equation: 

H  v  «  X  v  in  L  (1) 

where  H  is  a  linear  differential  operator". 

In  general,  for  an  arbitrary  domain  L,  the  configuration  of  i  may  be  so 
complicated  that  the  solution  of  this  problem  involves  grave  mathematical 
difficulties.  He  shall  restrict  our  attention  to  membrane  eigenvalue  problems. 
In  what  follows,  we  shall  refer  to  this  problem  as  the  original  problem  or 
L-problem. 

Let  us  choose  a  domain  N  which  contains  the  given  domain  L  as  a  proper 
sub-domain  such  that  its  boundary  n  is  natural  to  a  chosen  standard  coordinate 
system.  Fig.  1.  The  membrane  eigenvalue  problem  associated  with  domain  N  is 
easy  to  solve  and  its  eigenvalues  and  eigenfunctions  are  cataloged  in  standard 
texts  [8].  We  shall  refer  to  this  problem  as  the  base  problem  or  N-problem. 

Let  us  denote  eigenvalues  and  eigenfunctions  of  the  N-problem  by  At  and 

$1,  i-1,2, . .  respectively.  It  is  well-known  that  the  following  relation 

holds: 


Hiln  *  X^  (2) 

We  denote  the  Hilbert  space  generated  by  the  orthonormal  set  ipj  also  by  N.  The 
fact  that  we  denote  the  domain  and  the  space  by  the  same  symbol  shall  not  cause 
any  confusion  in  the  present  context..  Any  function  u  in  N  has  the  following 
representation: 


By  the  energy  principle,  the  solution  of  the  eigenvalue  problem  is  equivalent 
to  the  minimization  of  the  following  functional  [9]: 

U  »  (H  u,  u)-A  (  u,u)  subjected  to  (u,u)  -  1  (4) 

where  (  ,  )  denotes  the  inner  product  of  two  elements  in  N.  Using  Eqs.  (2) 

and  (3)  and  invoking  linearity  of  H  and  orthonomality  of  i^,  we  reduce  Eq. 

(4)  to: 

”  2 

U  -  E  a  (X  -  X)  /c\ 

m-1  m  m  W 

To  solve  the  L-problem,  we  must  constrain  the  function  u  to  vanish  on  i  , 
which  is  the  common  boundary  of  L  and  B  (See  Fig.  1).,  In  practice,  the  con¬ 
straining  condition  cannot  be  satisfied  identically.  What  we  shall  do  is  to 
impose  on  the  function  u  a  sequence  of  constraints  of  the  following  form: 

Fj,  (u(x))  -  0  1-1,2 . .  (4) 

where  the  F^  (.)  are  linear.;  This,  on  substituting  Eq.  (3),  yields 

mil  am  Fi  _  ° 
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Ic  will  become  clear  later  that  the  above  expression  Is  really  dependent  only 
on  ■,  but  not  the  Ion  of  the  eigenfunctions;  thus  ve  can  write: 

nil  Vi(B)  “  0  1-1»2 .  O) 

The  details  of  methods  of  decoaposltlon  of  the  constraint  will  be  discussed 
in  the  next  section. 

To  take  account  of  the  constraints  in  Eq.  (6)  we  employ  the  Lagranglan  un¬ 
determined  multipliers  0^.  The  functional  to  be  minimized  then  becomes, 

V  -  U-  I0jFj  (8) 

Substituting  Eq.  (5)  into  the  above  and  using  Eq.  (7),  we  have 

V  -  E  am2(Xa-X)  -  l  Oji  aB  IjCrn)  (9) 

The  necessary  condition  for  the  minimum  of  Eq.  (9)  to  occur  is 

3V  -  0  (10) 

3a 

a 

which  results  in 

WX>  '  ]  Qil)  M  *  ° 

°r  1  61  *1 

a  “  i  3  3  M  (11) 

"  2(VX) 


Thus  we  obtain  the  relation  between  a  and  0 
(7)  and  (11)  yields  m 


Elimination  of  a^^  between  Eqs. 


E  E 

m  J 


0j  IjCm)  X1(P) 


X_  -  X 
n 


*  0 


1*1.2,* 


This  is  a  set  of  linear  homogeneous  algebraic  equations  with  parameter  X. 


For  nontrivial  solution  of 


0j,  the  coefficient  determinant  must  vanish;  or 


I,  (m) 


¥m) 


X  -  X 
m 


0,  i,j-  1,2, 


(12) 


which  is  the  secular  determinant  for  eigenvalue  X. 

Note  that  the  above  expression  is  an  infinite  determinant.  The  theory  of 
convergence  of  this  type  of  determinants  is  shown  in  Reference  10. 

We  note  that,  in  Eq.  (12),  eigenvalues  of  the  base  problem, X  ,  are  poles 
of  the  secular  determinant.  This  is  typical  of  the  constrained  problems. 
Occasionally,  however,  some  of  the  \  m  will  also  be  the  roots  of  the  determinant. 
In  these  cases,  the  original  problem  and  the  base  problem  will  have  common 

eigenvalues.  These  eigenvalues,  following  Weinstein  [6],  are  called  persistent 
eigenvalues. 
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In  the  practical  computation,  the  determinant  will  be  truncated  to  p  by  p. 
This  procedure  amounts  to  setting  the  Lagranglan  multipliers  of  order  (p+1)  and 
above  to  zero.  In  other  words,  we  approximate  the  full  constraint  in  the  modi¬ 
fied  problem  by  partial  constraints;  following  Weinstein,  we  call  it  pth  inter¬ 
mediate  problem  ;  from  the  maxinim-mlnimin  principle,  the  eigenvalues  of  the 
intermediate  problems  are  expected  to  bound  the  eigenvalues  of  the  original  pro¬ 
blem  from  below  and  become  progressively  better  as  p  Increases. 

In  the  evaluation  of  the  Infinite  series  in  each  term  of  the  secular  deter¬ 
minant  in  Eq.  (12),  double  precision  arltlnetlc  must  be  used  to  keep  the  trun¬ 
cation  error  negligible.  It  is  clear,  also  from  the  maximum-minimum  principle, 
that  the  effect  of  truncation  error  rends  to  increase  the  eigenvalue  approxi¬ 
mations.  Care  oust  be  exercised  that,  for  each  intermediate  problem,  the  pre¬ 
cision  in  evaluating  the  series  oust  be  gradually  increased  until  the  conver¬ 
gence  of  eigenvalues  is  achieved.-  Otherwise,  the  truncation  error  may  cause 
the  calculated  results  to  exceed  the  exact  ones  and  lower  bounds  cannot  be 
guaranteed.  This  procedure  was  used  successfully  by  Budiansky  and  Hu  [11]  and 
shall  be  discussed  again  in  Example  3. 

METHOD  OF  DECOMPOSITION  OF  CONSTRAINTS 


The  theory  in  the  last  section  depends  on  the  imposition  of  the  boundary 
conditions  on  i.  To  accomplish  this  we  have  two  alternatives: 

(1)  -  We  may  require  that  the  function  u  to  vanish  at  selected  points 
P(Xi,  yj),  i*l,2, — along  i.  Then,  it  is  easily  seen  that  the  decomposition  is 
simply  I^Cm)  *  4im(x^,  y^)  ••  As  the  number  of  points  increases,  we  expect  that, 
in  the  limit,  the  prescribed  boundary  conditions  on  I  will  be  satisfied.:  We 
shall  use  this  scheme  in  Examples  1  and  2  in  a  later  section. 

This  decomposition  scheme  is  relatively  simple  to  use.  We  remark  here 
that  the  physical  domain  N  is  in  effect  divided  into  two  parts,  L  and  B,  both 
of  which  are  expected  to  contribute  to  the  spectrum  of  eigenvalues.  Separation 
of  eigenvalues  from  these  two  sources  is  difficult.-  In  practical  application, 
the  domain  N  is  usually  only  slightly  larger  than  L  such  that  the  domain  B 
consists  only  of  crescents.  This  assures  that  the  first  few  eigenvalues  can  be 
safely  attributed  to  domain  L. 

If  the  domain  B,  which  is  the  complement  of  L  relative  to  N,  is  simple  we 
can  use  one  other  alternative  more  effectively,  i.e.,  (2)-we  may  require  that 
u«0  throughout  B.  Before  we  describe  the  decomposition  scheme  in  a  plane  re¬ 
gion  B,  we  first  consider  a  line  interval  [a,b]. 

Let  f(t)  be  a  function  continuous  in  [a,b]  and  let  (Pn)  be  a  set  of  nor¬ 
malized  orthogonal  polynomials  which  are  defined  in  [a,b]  and  have  a  degree 
(n-1)  for  all  positive  integers  n.;  In  the  geometrical  context,  f(t)  is  an 
element  in  the  space  generated  by  the  orthonormal  set  {Pn)  and  has  the  follow¬ 
ing  representation: 

f  (t)  -  f.  (f,  P  )  Pn  (13) 

n*l  n  n 

where  (  ,  )  denotes  the  inner  product  and  is  chosen  to  be 

,b 

(f,pn)  “  a  pn(t)  f(t)  dt  (U) 

It  follows  that  if  (f,P  )  »  0,  n  ■  1,2,...,  then  f(c)  vanishes.  Since  P 
has  a  degree  (n-1),  it  can  be  easily  verified  that  Eq.;  (14)  implies 

/V"1  f(t)  dt  »  0  (15) 

a 

The  above  theory  can  easily  be  generalized  to  two  dimensional  problems: 

Let  u(x,y)  be  a  function  which  is  defined  and  continuous  in  a  set  B  and  let 

xr  1y<1  \i(x,y)  dxdy  (16) 

x  D 
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If  Fj*  0,  1-1,2, .. .then  u(x,y)-''.  In  Eq.  (16)  we  choose  l»i(r,q)  «  q+(r+q-l) 
(r+q-2)  12  which  ensures  s  one  to  one  correspondence  between  the  pairs  (r,q) 
of  natural  numbers  and  the  natural  lumbers  i. 

In  a  special  case  when  the  domain  B  and  N  possesses  symmetry  in  x  and  y, 
i.e.,  u(x,y)-u(y,x),  it  is  sufficient  to  take  r-q  and  we  can  take  a  staple 
enumeration  scheme  i-r.  Thus  Eq.(16)  becomes 

"  //  X1  1  yi_1  u(x,y)  dx  dy,  i-1,2,”* 

B 

It  is  obvious  that  F  is  also  linear  in  this  case.  Hence,  by  argiment  used  in 
deriving  Eq.  (7)  the ^constraining  conditions  become 

Z  a  I.  (m)  -  0 
m  m  l 

where  I,  (m)  »  xr_^y**  %  dxdy  (17) 

IB  tn 

He  note  that  I  (m)  is  a  function  of  m  only  as  asserted  before.  This  decompo¬ 
sition  scheme  Is  relatively  fast  in  convergence,  as  illustrated  by  Example  3. 

For  symmetrical  domains  Eq.  (17)  Is  specialized  to 

I  (ra)  -  x1-*y1-*i|i  dxdy  (18) 

1  B  “ 

The  detailed  Justification  of  the  above  and  the  manner  how  the  method  fits 
in  the  frame  work  of  the  general  theory  are  straightforward  but  too  lengthy  to 
be  included  here;  interested  readers  please  refer  to  reference  12. 

EXAMPLES 

1.  Buckling  load  of  a  clamped  square  plate.  Fig.  2 
The  governing  differential  equation  is, 

Aw  »  X  Bw 

4  A  A 

where  A  -  3  +  2  _3 _ +  3 

A  2  2  A 

ax  3x  3y  3y 


2 

3x 

2 
Pa 
D 

subjected  to  boundary  conditions 

w(0,y)  -  w(l,y)  -  w(x,0)  -  w(x,l)  -  0 


B  -  - 


X  * 


3w 

3x 


x-0,1 


3w  ■  0 

3y 

y-0,1 
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The  deflection  w  can  be  expanded  Into  a  Fourier  series: 


»*I  I  >  *  (x,y) 

■  n  m  an 


where  *  (x,y)  Is  the  anth  eigenfunction  of  the  base  problea.  Following 

Budlansky  and  Hu  (11],  we  choose 

*  (x,y)  *  cos  a  *  x  cos  n  »  y;  a,n  *  even,  which  satisfies 

an 

the  slope  boundary  conditions  only. 

The  constraining  conditions  are 

w(0,y)  -  w(l,y)  ■!£  a^  cos  nay  «  0 


w(x,0)  -  w(x,l)  *  E  I  a  cos  a*x  «  0 
m,n  even 

Due  to  symmetry  in  x,y  the  above  two  equations  are  equivalent  and  we  can  use 
only  one  expression  and  omit  the  other. 

The  explicit  expression  of  Eq.  (10)  is  as  follows: 

-  V  {(m2  +  n2)  2  r4  -  m2  it2  X}(1  +  «„„+«„„>  -  1  0  cos  my  -  0 
3  mn  *  j  j  3 

where  6lo  and  6Qi  «  0  if  i  »  0;  -  1  if  1  *  0. 

Solving  for  a  and  substituting  into  the  constraining  conditions  we  have, 
an 

i  i  ?  e  C0£*  n1,yi  cos  n7Tyi _ _  -  o 

“•»  even  J"1  1  2  2  5  9  , 

((m  +n  )  -  m  (1  +  6  +  6  ) 

*2  mo  on 

For  p»l,  i.e.,  w(0,l/2)  -  w(l,  1/2)  -  0,  we  obtain  X(1)«  9.71  r2. 

2 

Comparing  with  the  known  exact  value  X^  -  10.065  n  ,  we  see  that  it  is  a  valid 
lower  bound . 

Note  that  this  problem  is  not  covered  by  the  general  theory  inasmuch  as 
the  equation  does  not  have  the  form  of  Eq.  (1);  note  also  that  the  function 
spaces  associated  with  N-and  L-problems  differ  not  in  their  physical  domains 
but  in  the  boundary  impositions.  Hopefully,  as  the  order  of  the  secular  de¬ 
terminant  increases,  the  calculated  eigenvalue  will  approach  the  true  eigen¬ 
value  of  the  original  problem  from  below. 

2.  Two-dimensional  problem  involving  a  circular  domain 
The  two-dimensional  wave  equation 


2 

V  W  -  k — — 

3t 

governs  many  physically  important  problems,  such  as  free  vibrations  of  a  mem¬ 
brane,  and  of  transverse  magnetic  wave  guide,  axial  shear  vibrations  of  a  long 
elastic  bar,  etc. 
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For  an  nlqaKtrlcil  circular  membrane,  It  reduces  to 
d*  1  d 

-(—5+ - )  v  -  A  w 

dr  r  dr 

w(l)  -0 
2  2 

where  A  -  kua  .  In  this  problea,  the  eigenvalues  can  be  detenlned  easily  and 
are  known  to  be  the  square  of  zeros  of  Bessel's  function  of  the  first  kind  of 
zeroth  order,  namely,  5.7831,  29.3715,  etc.,  [8]. 

We  shall  use  this  problea  to  deaonstrate  the  validity  of  the  present  method. 
First,  we  shall  construct  a  base  problea.  The  slaplest  one  Is  a  problea  in¬ 
volving  a  square  domain  which  clrctascribes  the  circle,  namely,  a  square  of  the 
size  2  by  2.  For  the  base  problea,  the  eigenvalue  problea  Is 


-( - y  + — y)  w  »  A  w  in  N 

3x  3y 


w  «  0  on  n. 

Its  eigenfunctions  are  easily  determined  and,  for  symmetrical  modes,  are 
mitx  nny 

1(1  »  cos - cos - ,  m,n  -  1,3,5,*** 

mn  2  2 

We  can  express  w  by  linear  combinations  of  <l>  as  follows: 

mn 


w  »  z  I  a  cos  6  x  cos  8  y 
m,n  odd  "in  m  n 

where  -  -^a- 

The  variational  principle  for  the  base  problem  is  then. 


2 

0  »  I  t  —2!  {  (6  )2  +  (B  )2  -  A  ) 
m,n  odd  4  11 


Whence,  Eq.  (10)  becomes 


1  E  Sjjh  cos  Bn)x1  cos  8^2  -0,  i-M.'-’.p 

m,n  odd 

We  apply  p  Lagrangian  multipliers  et,  i-l,2...,p,  to  constrain  the  functional 
U  given  above.  Thus,  for  the  pth  intermediate  problem,  the  functional  to  be 
minimized  becomes 

P 

V  -  U  -l  0.1  l  a  cos  8  x,  cos  8_y, 
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After  performing  the  partial  derival ive  of  V  with  respect  to  a ,  setting 
it  to  zero  a..d  eliminating  a_  with  the  hc’.p  ac  tl.e  constraining  conditions  «-e 
obtain,  "n 


z  z  - 

ra , n  odd 


cos  BaXj,  cos  6aXj  cos  cny^  cos  BnYj 


6m  +  ^"  » 


0, 


i.j-1,2/-  o 


Noting  that  the  domain  l,  which  is  a  circle  in  the  present  case,  possesses 
a  large  degree  of  symmetry,  we  need  only  consider  an  octant,  0*  r»l,  o£o«n /4., 
There  is  no  definite  criterion  for  selecting  the  location  of  constraining  points 
on  the  circumference  of  the  circle.  Ue  elect  to  choose  the  points  which  are  as 
nearly  equally  spaced  as  possiblejby  inserting  additional  points  at  half  dis¬ 
tances  between  points  in  each  preceding  run,  we  gradually  increase  the  order  of 
the  frequency  determinant. 

We  note  that  each  element  of  the  frequency  determinant  is  a  double  tri¬ 
gonometric  series.  In  the  evaluation  of  the  double  Infinite  trigonometric 
series,  the  truncation  is  triggered  by  a  "precision  index",  PR.  First,  we 
sum  up  on  m  up  to  a  term  whose  value  is  equal  or  less  than  (10)“p®.  The  corres¬ 
ponding  number  of  terms  included  in  the  evaluation  is  recorded  by  a  counter. - 
Then  we  sum  up  or.  n  ar.d  terrain nte  the  series  similarly  by  the  same  precision 
index.  Double  precision  arithmetic  was  used  throughout. 

To  locate  the  roots  of  the  determinant,  we  evaluate  the  determinant  between 
two  adjacent  poles  by  assigning  to  \  equal  increments.  When  the  determinant 
changes  signs  between  two  adjacent  X,  a  root  is  indicated  at  some  intermediate 
values  between  these  two  adjacent  > .,  Then  we  subdivide  the  interval  and  repeat 
the  process  until  a  desired  accuracy  is  obtained. 

Table  1  shows  the  calculated  first  eigenvalues  for  different  precision  in¬ 
dices  and  number  of  points  in  an  octant. 

From  the  table  we  can  see  that  the  eigenvalue  for  the  same  precision  index 
increases  with  the  increase  in  the  number  of  constraining  points.  For  the  same 
number  of  constraining  points  the  eigenvalue  decreases  as  the  precision  index 
increases,  but  some  slowing  trend  can  be  observed.  This  indicates  that  the 
series  is  slowly  convergent.  Nevertheless,  the  calculated  eigenvalues  are 
consistently  lower  than  the  exact  value  5.7831  and  the  results  seem  to  indicate 
a  trend  of  approaching  it  from  below. 

The  second  eigenvalue  is  evaluated  only  for  precision  index«4.0.  See 
Table  2.  Again,  the  results  are  consistently  lower  than  the  exact  value 
29.3715.  Also,  as  the  number  of  constraining  points  Increases,  the  results 
seem  to  approach  the  exact  value  from  below. 

The  total  machine  time  for  a  IBM  360-50  used  in  this  example  was  about  45 
minutes.  We  were  unable  to  calculate  the  eigenvalues  for  large  p,  say  20,  since 
the  determinant  became  ill-conditioned,  causing  "underflow".  We  observe  that 
the  convergence  of  scheme  of  constraining  by  points  is  very  slow.  We  shall  see 
in  Ex.  3  that  the  scheme  of  constraining  by  area  is  better. 

3  L-Shaped  Membrane 

L-shaped  region  is  a  union  of  three  squares  as  shown  in  Fig.  4.-  We  shall 
determine  its  eigenvalues  by  decomposition  bcheme  (2). 

The  formulation  is  very  similar  to  Ex.  2  except  that  it  is  necessary  to  put 
the  region  N  in  the  first  quadrant.  Then  for  the  base  problem,  the  differential 
equation  is 
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+ 


)  »  \v 


in  N 


32w 


ty1 


and  boundary  condition  is  w  •  0  on  n. 

The  eigenfunctions  are  easily  determined  to  be  iimn  >  sin  »m  x  sin  aRy 


where  aj  »  i  ir,  i  «  1,2,3...  and  the  variational  principle  for  the  base 

2  0  0 

problem  is  U  -  I  Z  a  { c ^  +  an  -1}  while  the  constraining 

D  IT 

condition  is  w  (x) |  *  0  where  i  is  described  by  the  following: 

i 


1/2,  0  <  y 

<  1/2 

(a) 

1/2,  0  <  x 

<  1/2 

(b) 

Due  to 
and  (b)  are 


complete  symmetry  about  the  line  x»y,  boundary  conditions  (a) 
identical  conditions;  we  need  to  use  only  (a). 


By  repeated  partial 


integration  we  obtain 


(m,n) 

’  Jk 

(m)  Jk  (n) 

where 

(s)  - 

1 

(l/2)k-1 

1 

(l/2)k‘3 

S7T 

(k-1) ! 

VT 

s^-n 

(k-3) ! 

...+  fk  (s) 


k+1/2 

f (-1)  cos  sr/2  k  odd 
with  f,  (s)-  x  k/2 

K  (-1)  sin  sr/2  k  even 


The  secular  determinant,  Eq.(12',  has  the  following  form: 


I  (m,n)  I 

i  £  rr 

m  n  m  n  +  n  7t 


i 


(m,n) 


-  % 


0 


i.J  *  1.2, ■ ‘ • 


Table  j  shows  the  first  three  roots  of  the  determinants  which  are  the  eigen¬ 
values  of  different  intermediate  problems.-  We  observe  that  the  convergence  of 
the  eigenvalues  of  intermediate  problems  by  the  scheme  of  constraining  by  area 
is  adequately  fast  for  practical  applications Table  4  shows  the  Rayleigh-Ritz 
upper  bounds  of  the  first  eigenvalue  for  different  numbers  of  terms  used  in  the 
test  function  which  was  suggested  by  Forsythe  and  Wasow  [1].  The  total  expen¬ 
diture  of  machine  time  was  about  30  minutes  for  this  problem.  We  note  that  even 
the  convergence  of  Rayleigh-Ritz  method  is  slow;  we  attribute  this  slow  conver¬ 
gence  to  the  presence  of  a  singularity  at  the  re-entrant  corner.  The  "exact" 
values  in  Tables  3  and  4  were  the  average  values  of  bounds  obtained  by  Fox, 
Henrici  and  Holer  [13],  who  employed  a  special  solution  which  effectively  re¬ 
moved  the  singularity  at  the  re-entrant  corner  and  hence  obtained  extremely  close 
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bounds.  The  curves  in  Fig.  5  show  the  variation  of  eigenvalues  vs.  precision 
lndeces  for  different  interaediate  problems.  We  recall  that  the  precision  in¬ 
dex  is  a  aeasure  of  truncation  error  of  double  series  in  each  element  of  the 
secular  determinant  and  that  the  eigenvalues  of  pth  intermediate  problem  are 
the  values  of  \  which  make  p  by  p  order  secular  determinant  vanish,  provided 
that  each  element  is  free  from  truncation  error.  Fig.  5  shows  that  each  curve 
is  asymptotic  to  a  definite  value  as  precision  index  becomes  large.  This  shows 
that  the  "asymptotic"  eigenvalue  of  each  Intermediate  problem  is  obtained  with 
virtually  negligible  truncation  error.  It  should  be  emphasized  that  the  "exact" 
eigenvalues  of  any  intermediate  problems  are  the  valid  lower  bounds  of  the 
corresponding  eigenvalue  of  the  original  problem  as  established  by  the  general 
theory.  The  calculated  values  corresponding  to  a  finite  PR  cannot  be  claimed 
as  Che  latter  unless  it  can  be  established  numerically  that  they  are  undis- 
tinquishable  from  the  former  within  a  certain  precision. 

CONCLUSIONS 

The  domain  constriction  method  appears  to  be  straight-forward  in  application. 
It  can  deal  effectively  with  a  general  class  of  eigenvalue  problems  involving 
complicated  boundary  configurations.  Among  the  advantages,  the  following  are 
notable: 

1.  It  furnishes  guaranteed  lower  bounds. 

2.  It  provides  a  systematic  procedure  to  improve  the  bounds  in  a  pro¬ 
gressively  better  manner. 

3.  It  employs  only  elementary  functions. 

4.  It  is  a  unified  method  in  the  sense  that  exactly  the  same  procedure 
is  used  for  all  problems  of  this  type. 

When  this  method  is  used  in  conjunction  with  the  Rayleigh-Rltz  method  a 
reliable  error  estimate  can  be  obtained.  In  a  variety  of  problems  considered 
herein,  we  are  able  to  obtain  the  eigenvalues  within  4  to  6  percent  error, 
which  is  acceptable  for  most  engineering  applications. 

On  the  negative  side,  the  evaluation  of  double  series  in  each  term  of  the 
secular  determinant  and  double  precision  arithmetic  used  in  calculation  re¬ 
quired  considerable  expenditure  of  machine  time.  The  convergence  rate  is  rather 
slow  especially  for  the  scheme  of  constraining  by  points.  Further  development 
and  refinement  of  the  present  methods  are  needed  to  remove  these  lnadequecies. 
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TABLE  3 


Lover  Bounds  of  Eigenvalues  by  the  Present  Method 


Eigen¬ 

value 

Order  of  Intermediate  Problem,  p 

Exact 

3 

4 

5 

6 

7 

8 

9 

10 

11 

m 

34.17 

34.99 

35.58 

36.01 

36.33 

36.59 

36.79 

36.95 

37.10 

38.56 

X 

2 

51.67 

52.94 

53-99 

54-91 

55.56 

56.18 

56.63 

57.05 

57.36 

60.79 

X3 

75.19 

75.58 

75.67 

75  69 

75.70 

75.70 

78.96 

__ — j 

TABLE  4 

Upper  Bounds  of  the  First  Eigenvalue  by  Rayleigh-Ritz  Method 


Eigen¬ 

value 

Order  of  Intermediate  Problem,  p 

Exact 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

m 

50.91 

41.87 

41.52 

41.10 

41.06 

41.00 

40.98 

40.96 

40.95 

40.94 

38.56 

Fig.  I  Domains  and 
Boundaries 


Fig.  2  Buckling  of  a  Clamped 
Square  Plate 


Fig.  3  Circular  Domain  and 
Its  Base  Problem 


Fig.  4  L-Shaped  Domain  and 
Its  Base  Problem 
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ABSTRACT 

Various  methods  of  extracting  coefficients  of  nonlinear  differential  equations 
from  data  on  oscillating  systems  are  investigated.  These  range  from  the  classi¬ 
cal  logarithmetic  decrement  methods  to  new  methods  using  time  derivatives. 
References  to  two  other  methods  arc  given  and  one  example  fron  each  of  these 
references  is  analyzed  hy  methods  described  in  this  paper.  Numerical  results 
from  these  two  examples  indicate  the  high  accuracy  obtainable.  Advantages  of 
the  methods  are:  differential  corrections  are  not  used  and  hence  no  initial 
estimates  of  the  coefficients  are  required  to  insure  convergence;  no  segmented 
fitting  of  data  is  required;  only  a  few  seconds  of  computer  time  is  required; 
linear  coefficients  are  extracted  accurately  even  when  more  Gaussian  noise  is 
introduced  into  the  data  than  occurs  in  empirical  data.  Only  single  degree  of 
freedom  motion  is  considered  but  extension  to  additional  degrees  of  freedom  is 
possible.  Nonlinear  coefficients  are  extracted  by:  fitting  of  data  directly  to 
the  equations  of  motion;  using  solutions  of  the  quasi-linear  differential 
equations,  and  using  linear  points  of  nonlinear  differential  equations. 


INTRODUCTION 

The  purpose  of  this  paper  is  the  development  of  accurate  methods  for  extracting 
coefficients  from  data  on  linear  and  nonlinear  oscillating  systems.  These 
coefficients  represent  physical  parameters  such  as:  damping  moments,  overturning 
moments,  etc.,  and  their  accurate  values  are  essential  for  design  purposes  and 
for  predicting  the  motion  of  the  system.  We  assume  the  observed  physical  system, 
from  which  da  ire  obtained,  is  representable  by  a  second  order  differential 
equation  sue!  fquation  1. 


The  desired  coefficients  are  contained  in  the  f  and  g  functions  of  this  equation. 
We  shall  restrict  our  developaent  to  the  autonomous  single  degree  of  freedom 
equation,  hut  the  methods  could  he  extended  to  nonautonomous  and  higher  degree  of 
freedom  equations. 

Various  methods  of  extracting  coefficients  are  investigated  which  range  from  the 
classical  logarithmetic  decrement  method  to  new  methods  using  time  derivatives  of 
the  dependent  variable  a.  Several  methods  of  extracting  the  coefficients  of 
linear  terms  in  Equation  1  are  shown  to  give  accurate  results  even  in  the  presence 
of  a  relative  large  amount  of  Gaussian  noise  in  the  data.  The  nonlinear  coeffi¬ 
cients  are  extracted  by:  fitting  of  data  directly  to  the  equations  of  motion; 
using  solutions  of  the  quasi-linear  differential  equation,  and  using  linear  points 
of  nonlinear  differential  equations.  Two  examples,  one  each  of  damped  and  un¬ 
damped  nonlinear  systems,  show  the  accuracy  obtained.  Some  advantages  of  the 
methods  are:  differential  corrections  are  not  used  and  hence  no  initial  estimates 
of  the  coefficients  are  required  to  insure  convergence;  no  segmented  fitting  of 
data  is  required;  only  a  few  seconds  (5  to  2(1)  of  computer  time  is  required; 
coefficients  of  the  linear  terms  are  extracted  accurately  even  when  theoretical 
data  contains  more  Gaussian  noise  than  occurs  in  cnpirical  data. 

METHODS  OF  ANALYSIS 


Assume  we  have  the  oscillating  amplitude  data  a^fi^l, •••,*))  at  times  t :(i»l, • • ■ ,N) 

from  some  physical  system,  and  that  Equation  1  is  an  accurate  mathematical  model 
of  the  system.  These  amplitude  data  are  to  he  used  to  extract  coefficients  from 
Equation  1,  where  the  dot  notation  represents  time  (or  space)  derivatives  of  the 
dependent  variable  a. 

in)  . 

From  these  amplitude  data  it  is  possible  to  obtain  aj,  (tj,”*,  Oj  ,  the  peak 
amplitudes  api  at  time  tp.;  the  time  derivatives  at  these  peak  amplitudes;'  the 
zero  amplitudes  at  time  t0^;  the  time  derivatives  at  these  zero  amplitudes; 

the  periods  P  and  their  time  derivative  P.  We  assume  all  these  parameters  arc 
available  from  the  data.  Numerical  values  for  such  quantities  used  in  this  report 
were  obtained  from  a  computer  program  utilizing  a  Truncated  Tourier  Series  (TES 
Program) [4]  which  exactly  passes  through  each  data  point.  This  program  also  cal¬ 
culates  certain  coefficients  of  Equation  1. 

We  consider  first  the  simplest  case  of  damped  oscillatory  motion  obtained  when  the 
f  and  g  functions  of  Equation  1  are  constant,  thus 

n  *  Cj  a  ♦  Cj  a  =  0  (2) 

In  Iquntion  2,  Cj  may  he  positive  or  negative  but  for  oscillatory  notion 
C3  >  Cj?/4.  With  this  restriction  imposed  the  solution  of  Iquation  2  is 

a  (t)  c  Ap  e"f'it/2  pos  +  ♦)  (3) 


where 


l 

U)  «  (C3  -  Cj2/4)?  =  2s  P*1 


(4) 


and  A0  and  0  are  constants  of  integration  obtained  from  values  of  a  and  a  at  some 
epoch  time.  Since 


Cos  (wtpi  ♦  $)  =  Cos  (utpj  ♦  »)  (S') 

for  each  1  <  i ,  j  <  N  and  Cj  i  0  we  obtain  from  Iquation  1  the  classical 
logarithmetic  decrement  method  for  calculating  Cj. 
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(*> 


CJ  =  2  <lp j  *  V"'  ln  f“pi'apj> 

To  calculate  C3,  Equation  4  and  Equation  6  arc  combined  to  yield 

C3  =  4*2  P*2  ♦  Cj2/4  f7) 

Equation  6  and  Equation  7  have  been  found  to  give  very  accurate  values  of  fj  and 
C3  in  the  presence  of  nonlinear  effects  in  the  data.  It  can  he  shown  by  taking 
tine  derivatives  of  Equation  3  that  in  Equation  6  we  can  set 

m  (Opj/opj }  =  m  m 

where  (n)  denotes  the  n2*1  time  derivative.  Sample  calculations  with  Equation  8 
substituted  into  Equation  6  are  given  in  Problem  1.  Inspection  of  Fquation  2 
reveals  that  if  a  *  Spj  =  0  then 


-a  ./a 
pi  pi 


and  at  zero  amplitudes,  where  a  =  a.^  =  0 


C 


1 


-“oi'V 


(°) 


fl") 


These  methods  can  be  used  to  calculate  f  and  C^  when  both  Caussian  noise  and  non¬ 
linear  effects  are  present  in  the  data.  The  examples  serve  as  illustrations  and 
give  numerical  corrections  for  Cj  and  C3  when  correction  equations  for  nonlinear 
effects,  obtained  in  the  Appendix,  are  added  to  Equation  6  and  Equation  7. 

The  f  and  g  functions  of  Equation  1  can  he  thought  of  as  the  damping  and  static 
moments  respectively.  Consider  the  case  when  both  f  and  g  are  nonlinear  and 
defined  by  the  following  differential  equation 

a  *  (C  ♦  C2  a2)  n  ♦  (C3  *  C 4  a2)  a  *  0  fill 


An  approximate  solution  of  Equation  11  is  obtained  in  the  Appendix  where  expres¬ 
sions  for  C3  and  f4  are  also  given.  At  zero  amplitudes  in  Equation  11  we  again 

have  Equation  10 

r.  •  -“oi/“oi  (12> 

and  at  peak  amplitudes  fa  =  0)  wo  have 

C3  r  *“pi^°pi  !  4  '"pi 

Equation  43  gives  the  value  of  C4  to  use  in  Equation  13.  Equation  13  or  Equation 
44  can  be  used  to  calculate  C,. 


EXAMPLES 


The  autonomous  nonlinear  differential  equation,  Equation  1,  is  useful  for  describing 
the  motion  of  a  wide  variety  of  physical  systems.  Tor  an  application  of  the 
methods  described  for  extracting  coefficients  we  select  two  examples,  both  from 
the  field  of  aerodynamics,  which  arc  representable  by  Equation  11.  These  two 
examples  provide  results  which  are  typical  of  those  obtained  from  numerous 
applications. 
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PROBLEM  ONE 


Nonlinear  Static  Mo went 

o  ♦  Cj  o  ♦  CjO  ♦  C4o3  »  0  (14) 

This  example  is  identical  to  that  analyzed  in  [1]  with  the  University  of  Notre 
Dame  WOBBLE  program,  which  uses  differential  corrections  and  segmented  fitting  of 
data.  Relating  notations  in  [1]  to  notations  in  this  paper  we  have 

g  (a)  =  C3  ♦  C4o2  *  -C^  QSd/I  =  [ISO  -  O.S  a2]  QSd/I  (IS) 

f  (a.  a)  =  C,  =  -C^  0Sd2/2uI  (16) 

Cmo  *s  ttlc  stat*c  pitching  moment  stability  coefficient  and  is  the  damping 

moment  stability  coefficient  both  having  dimensions  (radian)*1.  Q  is  the  dynamic 
pressure  (4.870144  lb/ft),  I  is  the  transverse  moment  of  inertia  (0.02688  slug- 
ft2),  d  is  the  diameter  of  the  missile  (0.16667  ft),  S  is  the  reference  area 
(*d2/4  ft2),  and  u  is  the  free  stream  velocity  (64  ft/sec).  Determining  coeffi¬ 
cients  Cj  through  C,,  from  these  quantities  we  have:  Cj  =  0.300255/sec,  C3  * 
98.8248/sec2,  C4  =  -0.329416/sec2  rad2.  These  coefficients  were  substituted  into 

Equation  14,  and  a  fourth-order  Rungc-Kutta  numerical  integration  computer  program 
was  used  with  initial  conditions  (o0  =  IS*  *  0.2618  radian,  a0  »  0)  to  generate 
data  in  time  intervals  of  0.01  seconds.  The  numerically  integrated  data  should  be 
identical  to  the  noise  free  data  used  in  [1],  and  was  used  as  input  to  the  TFS 
program  whose  outputs  are  given  in  Table  I,  where  Cj  was  calculated  from  Equation 
6  and  C3  from  Equation  7. 


Table  1 

Exact  and  Calculated  Coefficients 


COEFFICIENT 

rXACT 

EXTRACTED 

CORRECTED 

C. 

0.300255 

0.300258 

- 

C3 

98.8248 

98.8210 

98.8246 

-0.329416 

-0.327000 

- 

No  correction  was  needed  for  f  j  since  the  presence  of  C4  had  little  or  no  effect 
on  it.  A  correction  to  C3  was  necessary  due  to  the  presence  of  C4  which  intro¬ 
duces  a  third  harmonic  into  the  oscillations.  The  corrected  C3  was  calculated 
from  Equation  44,  and  C4  was  calculated  from  Equation  43. 

It  is  interesting  to  note  that  a  slightly  more  accurate  value  of  C4  (C4  « 
-0,330376)  was  extracted  from  the  data  using  a^  and  a^  in  Equation  14  and 
applying  Cramer's  rule. 

Equation  8  can  be  used  in  Fquation  6  for  calculating  C]t  The  values  of  Cj  so 

calculated,  using  a  .,  a  ,  a  ,  a^1),  at1*)  respectively  were:  0.300258; 
pi  pi  pi  pi  pi 

0.300231;  0.300250;  0.300232;  and  0,300355,  At  peak  amplitudes  *  0,  therei'ore 
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S„ -  was  used  in  obtaining  the  0.30023)  value.  At  peak  amplitudes  o .  =  0,  hence 
1  r 31  _  p 

differentiation  of  Fquation  14  gives  C.  »  -a .  /a .  which  can  he  used  to  calculate 

»  pi  pi 

Cj,  or  Equation  10  can  be  used. 


FIGURE  1.  Cj  OBTAINED  IN  RFF.  fll,  ♦  f,  A;  OBTAINED  FROM  FQUATION  6,0 


In  Figure  1  the  (o)  values  of  Cj  were  all  calculated  from  Equation  6  except  for 
three  values  in  the  zero  to  one  second  interval  calculated  at  zero  amplitude.  All 
(o)  values  essentially  lie  on  the  line  Cj  =  0,300255,  since  the  maximum  absolute 
difference  is  0.000025.  The  ♦  values  are  given  in  fl]  and  were  calculated  by 
taking  overlapping  segments  of  185  data  points.  The  reader  is  referred  to  the 
cited  reference  for  the  equations  used  to  obtain  the  A  values.  In  [1]  the  ♦ 
values  were  used  to  obtain  u  in  Equation  3  as  a  function  of  time  which  was  then 
used  in  segment  fitting  to  remove  the  errors  introduced  by  the  third  harmonic. 

The  third  harmonic  which  introduced  the  scatter  when  Ej  was  calculated  by  W00RI.F 

had  no  detectable  influence  on  Cj  calculated  i.'  the  TES  p;  -ran.  This  is  evi¬ 
dently  due  to  the  method  of  obtaining  peak  and  zero  values  jf  n  in  the  TT5  prograr. 

We  now  superimpose  Gaussian  noise  on  the  data  and  restrict  our  discussions  to 
extracting  Cj  and  C3.  Inspection  of  Equation  n  yields  the  following  equation 


C3  ■ 


N  N 

ns .!/ 1 1«  -i 

i=i  p1  i=i  pj 


ri7) 


where  positive  and  negative  peaks  can  be  used  in  the  summation.  Table  II  gives 
results  obtained  for  C3  from  Equation  17  when  N  •*  15. 

Table  II 


Cj  Calculated  From  Equation  17 


3o  NOISE  FIGURE 
(DEGREFS) 

%  NOisr 

CAECUEATEn  C,  ",  ERROR 

0 

0 

08.754  -  0.072 

0.25 

2.5 

08.251  -  0.581 

0.5 

5.0 

00.054  ♦  0.232 

1.0 

10.0 

00.423  ♦  0.605 

2.5 

25.0 

116.553  *18.000 
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In  Table  II  the  percent  noise  is  ten  tines  coluan  one  because  the  peak  amplitudes 
ranged  from  approximately  IS*  to  5*,  and  the  average  peak  amplitude  was  taken  to 
be  10*.  In  nost  physical  experiments  the  five  percent  or  less  noise  range  should 
he  the  more  likely  occurrence  than  the  higher  values.  The  large  4  error  corre¬ 
sponding  to  the  2St  noise  figure  was  due  to  several  obviously  large  values  of  a 
in  the  summation.  Table  III  gives  the  values  of  C3  calculated  from  the  equation 

C}  =  (2»/P)2,  where  P  is  the  average  period  for  the  first  eight  oscillations, 
this  table  shows  C3  can  he  extracted  accurately  even  from  very  noisy  data.  The 
use  of  liquation  7  would  decrease  the  %  error  in  all  cases. 


Table  III 

C3  Calculated  From  Periods 


3o  NOISF  FIG1IRF 
(DEGREES) 

%  NOISF. 

CALCULATED  C3 

i  FRROR 

0 

0 

98.82S 

0 

0.25 

2.5 

08.679 

-0. 148 

0.5 

5.0 

98.561 

-0.267 

1.0 

10.0 

98.498 

-0.331 

2.5 

25.0 

98.423 

-0.407 

For  zero  to  10%  noise  the  values  of  C3  listed  in  Tables  II  5  III  would  he  accept¬ 
able.  The  large  difference  in  Tables  II  and  III,  for  the  25*  noise  case,  simply 
show  the  expected  result  that  instantaneous  accelerations  cannot  be  obtained  as 
accurately  as  average  periods  from  very  noisy  data. 

Table  IV  shows  the  effect  of  Gaussian  noise  on  the  accuracy  of  extracting  Cj  when 

Equation  6  was  used.  The  V  error  is  approximately  one-half  the  *  noise  introduced 
into  the  data. 


Table  IV 


Cj  Calculated  From  equation  6 


3o  N0ISK  FIGURF 
(DCGREFS) 

%  NOISE 

CALCULATED  Cj 

%  FRROR 

0 

0 

.3003 

0 

0.1 

1.0 

.2990 

-0.43 

0.25 

2.5 

.2071 

-1.07 

0.50 

5.0 

.2942 

-2.03 

1.00 

10.0 

.3211 

♦6.93 

2,50 

2S.0 

.3224 

♦7.36 

If  C4  is  changed  from  -0.329416  to  -1081.4,  while  Cj  and  C4  remain  unchanged 
(Cj  =  0.300255,  C3  <=  98.8248),  this  large  increase  in  magnitude  of  the  nonlinear 

coefficient  will  cause  the  logarithmetic  decrement  method  to  give  inaccurate 
results.  A  modified  logarithmetic  decrement  method  can  be  used  which  will 
decrease  the  errors.  However,  instead  of  using  this  modified  method,  accurate 
values  of  C3  and  C4  can  be  obtained  by  using  peak  amplitudes  calculated  by  the 

TFS  program  and  applying  Cramer's  rule.  Values  of  Cj  can  then  be  obtained  by 
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using  the  calculated  C3  and  C4  and  applying  Cramer's  rule  to  other  points  than 
peak  aaplitudes.  Using  the  above  coefficients,  with  a0  =  IS*  and  ag  =  0,  noise 
free  data  were  generated  and  Cj,  C3,  and  C4  were  extracted  fro*  the  data.  Frrors 
in  calculated  Cj,  C3>  and  C4,  hv  Craaer's  rule,  were  respectively  less  than  O.ost, 
O.OSt,  and  0.2*>.  The  calculated  values  of  Cj  were  essentially  the  sane  as  those 
given  in  Figure  1.  The  presence  of  a  large  C4  is  easily  detected  by  the  rate  of 

change  of  the  period  given  by  equation  39.  Wien  the  percent  noise  in  the  data 
was  0,  2.S,  and  S,  the  percent  errors  in  extracted  C4  were  0.2,  3  and  7 
respect ivciy. 

PROBLEM  TWO 

Nonlinear  Damping  and  Static  Moment 

o  *  ri  “  *  c2  a2  o  ♦  Cg  a  ♦  C4  a3  =  0  fl8) 

Equation  18  is  identical  to  Equation  2  of  f2)  where  the  dot  notations  signify 
space  derivatives.  The  method  descrihcd  in  f2]  eliminates  the  need  for  closed- 
form  solutions  by  employing  numerical  solutions  to  the  equations  of  motion,  and 
it  uses  a  least  squares  technique  employing  differential  corrections.  Values  of 
the  four  coefficients  Cj  through  C4  given  in  [21  arc  as  follows:  Cj  =  -0,00607/ft, 

c2  *  O.OOOlOS/ft  deg2,  c3  =  0.0208/ft2,  C4  *  -n.onn037S/ft2  deg2.  These  coeffi¬ 
cients  were  obtained  from  a  series  of  ballistic-range  tests  on  models  of  the 
Gemini  capsule  conducted  about  six  years  ago  in  the  Ames  Pressurized  Ballistic 
Range.  Test  results  indicated  that  both  the  static  moment  and  the  damping  moment 
were  nonlinear  functions  of  angle  of  attack  a.  The  distance  flown  in  the  tests 
was  approximately  200  ft.  Using  the  above  values  for  through  C4,  initial 

conditions  ag  =  4.17  degree,  =  0  deg/ft,  200  data  points  were  generated  in 

increments  of  one  foot  from  the  Runge-Kutta  integration  program.  These  data 
points  were  used  as  input  to  the  TFS  program  and  results  obtained  are  given  in 
Table  V. 


Table  V 

Exact  and  Calculated  Coefficients 


COEFFICIENTS 

rXACT 

EXTRACTED 

CORRrCTFP 

C, 

-0.0060700 

-0. 0060694 

-0.0060690 

S 

0.0001050 

0.0001057 

- 

C3 

0.0208000 

0.0207096 

0.0208000 

cs 

-0.0000575 

-0.0000377 

- 

The  coefficients  in  Table  V  were  calculated  by  the  same  method  used  for  Table  1, 
Problem  1,  except  here  we  obtain  a  correction  for  Cj  due  to  the  nonlinear  term  in 

the  damping  moment.  Since  C?  was  calculated  from  Equation  47,  approximately  the 
same  percent  error  occurs  in  C.,  and  C4.  There  arc  nine  linear  points  [defined  in 

the  Appendix)  between  zero  and  20(1  feet,  each  of  which  occur  approximately  22.5 
degrees  after  each  zero  amplitude,  and  each  point  will  give  the  same  value  of  C? 
when  used  in  Equation  47. 
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FIGURE.  2.  C,  OBTAINED  FROM  EQUATION  6 

In  Figure  2,  the  values  of  C;  were  all  calculated  from  Equation  6.  The  results 
are  similar  to  those  obtained  in  Figure  1.  There  are  no  calculations  of  f 
available  from  other  methods  as  was  the  case  for  Figure  1. 

The  result  of  calculating  the  coefficients  and  C3  when  the  data  contained 

Gaussian  noise  is  very  similar  to  the  result  in  Problem  1.  Calculated  values  of 
C,  and  C3,  obtained  from  Equations  6  and  7  respectively,  are  shown  in  Table  VI, 

where  the  %  noise  is  based  on  an  average  peak  amplitude  of  five  degrees.  Again, 
as  in  Table  IV  for  Problem  1,  the  \  error  in  calculating  C(  is  approximately  one- 

half  the  %  noise  in  the  data.  The  errors  in  C3  are  snail  and  are  similar  to  the 

results  obtained  in  Table  III. 


Table  VI 

Cj  and  C3  Calculated  From  Equations  6  and  7 


3o  NOISE  FIGURE 
(DEGREES) 

% 

NOISE 

ri 

c.  ERROR 

C1 

r3 

*  FRROR 
r 

"3 

0 

0 

-0.00607 

0 

0.02080 

0 

0.1 

2 

-0.00602 

-0.82 

0.02080 

0 

0.25 

5 

-0.00S03 

-2.31 

0.02081 

0.05 

0.5 

10 

-0.00575 

-5.27 

0.02083 

0.14 

1.0 

20 

-0.00681 

12.10 

0.02085 

_ 

0.24 

CONCLUSIONS 


Time  derivatives  of  the  dependent  variable  can  he  used  to  extract  coefficients  of 
nonlinear  differential  equations  by  fitting  of  data  directly  to  the  equations  of 
motion,  and  accurate  coefficients  can  be  extracted  not  only  from  noise  free  data 
but  also  from  data  containing  a  large  amount  of  Gaussian  noise,  IVhen  these  time 
derivatives  are  used  in  conjunction  with  solutions  of  the  linear  and  quasi-linear 
differential  equations,  accurate  coefficients  of  the  nonlinear  differential 
equations  arc  obtained.  It  has  been  shown  that  certain  linear  points,  defined  in 
the  Appendix,  can  be  used  m  extracting  the  coefficients  of  nonlinear  terms  of  the 
differential  equation.  Other  examples,  not  discussed  in  this  paper,  show  that 
coefficients  arc  accurately  extracted  even  when  the  amplitude  of  the  motion  is  60 
degrees  and  nonlinear  coefficients  are  of  the  same  magnitude  as  linear  coeffi¬ 
cients.  Various  methods  of  extracting  coefficients  should  be  evaluated  using 
both  noisy  and  noise  free  data  to  determine  the  precision  with  which  the  coeffi¬ 
cients  can  be  extracted  from  empirical  data. 
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APPENDIX 

DERIVATION  OF  EQUATIONS 


A  solution  of  the  nonlinear  differential  equation 


o  ♦  C,  a  ♦  C.  a2  a  ♦  C,  a  ♦  C.  o3  *  0 
12  3  4 


(19) 


is  useful  not  only  for  describing  a  as  a  function  of  tine  but  also  for  extracting 
coefficients  from  empirical  data.  Let  Equation  19  be  written  in  the  quasi-linear 
form 


a  +  w2  a  ♦  u  f(a,  a)  «  0 

where 

f(a,  4)  «  Sj  a  ♦  a?  a2  a  +  a4  a3 

Cj  »  u  aj,  Cj  *  u  a2,  C3  «  u2,  C^  *  v 

and  u  is  a  small  parareter. 

A  solution  of  Equation  20  can  be  written  as 

a  «  A  Cos  i|> 


(20) 

(21) 

(22) 


(23) 


where  the  amplitude  A  and  the  total  phase  4  are  given  by  two  differential  equa¬ 
tions  of  the  first  order.  If  one  defines  two  constants  \  and  K,  the  equivalent 
parameters,  by  the  equations 


rlK 

.  JL/ 

itAw  I 


f(A  Cos  4,  -A  u>  Sin  4)  Sin  4  d4 


•14) 


<<2it 

“2  *lkf 


f(A  Cos  4,  -A  u  Sin  4)  Cos  »  d4 


(25) 
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it  can  he  shown  f3]  that  an  "equivalent"  linear  equation,  with  coefficients  x  and 
K,  approximates  the  solutions  of  the  quasi-linear  equation  to  an  accuracy  of  order 
u2.  The  aoplitude  equation  is 

and  the  phase  equation  is 

Insertion  of  Equation  21  into  Equation  24  yields 
X  *  „/i  |  fa.  Sin  4  ♦  »2  A2  Sin  *  Cos2  ♦  -  a3  A2  m"3  Cos3  01  Sin  e  do 


A  =  -X  A/2 

(2*) 

.  1 
j-  »  It7 

427) 

-f  n, 


*  *  a,  ♦  ii  AJ  a2/4  (’«) 

and  similarly  for  K  we  obtain 

K  *  w2  ♦  3d  A^/4  (2**) 

Substitution  of  \  into  Equation  26  and  integration  from  zero  to  t  we  obtain 

1 

A  =  A^3!172  [1  ♦  a2  A02  (4aj)->  fl  -  e_ualt)T*2  (3n) 


where  A0  is  the  value  of  A  at  t  »  0.  Substitution  of  Equations  2P  and  3n  for  A 
and  K  respectively  into  Equation  27  and  expanding  (i  in  a  hinonial  series  and 
retaining  only  the  first  two  terms  we  have 

„-ua,ti-l 


-1  e-wa,t 

On  integrating  from  zero  to  t  we  have 


=  <0  *  ill  ak  (2u  a.,)"1  e'*"V  fl  ♦  4a}  C^1  A,,*2  -  c*uVf 


*  »  4,  ♦  ut  ♦  In  fl  *  (l  .  e*uait)l 


2a2w 


4a, 


on 


02) 


where  ii>  =  i|i0  at  t  *  0.  Substitution  of  Equation  22  into  Equations  30  and  31  and 
A  and  <j  into  Equation  23  gives 


a  ■>  A  Cos  [f 

=  A0  e'Clt/2  fl 


C2A02 

4C, 


(1 


*  COS  {lfi0  ♦  *t  * 


5, 

2C, 


C-A. 

In  fl  ♦  -2J> 
4r, 


2  -r.t 
(1  -  e  1  )J) 


03) 


If  C2  *  0,  Equation  33  reduces  to 


-C  t/2 

a  =  A  Cos  <t>  =  AQ  c  1  Cos  { d>0 


8uC, 


(34) 


Equation  34  is  an  approximate  solution  of  the  differential  equation  in  Problem 

1. 
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c3  =  4*2  Pfl-2  ♦  Cj2/4  .  J  C4  A02/4  (44) 

For  C2  i*  0,  since  Cos  p  (t^ )  =  Cos  t  (t^),  we  obtain  fro*  Equation  33  the  result 


'  e‘C>(tPi  *  V/2 


1  ♦  C2  Ad2  (1  -  e'Cltpi)/4C1 
1  ♦  C2  A„2  (l  -  e*CitP»)/4C1 


l 

1 


(45) 


On  expanding  Equation  4S  in  powers  of  C2  A02/4Cj  and  retaining  only  the  first 
power  we  have 


C 


1 


2  In  (api/qpn) 
*pn  “  *pi 


r  A  2 
L2  A0 


(tpn  *  lpi)4  ri 


-fe*C,tPn 


piJ 


(46) 


When  C2  is  known,  the  corrected  value  of  Cj  is  obtained  from  Equation  46 
where  in  the  right  hand  part  of  this  equation  Cj  is  the  uncorrected  value  of  C.. 

There  are  a  number  of  ways  for  obtaining  C2.  Since  methods  for  obtaining  C,,  C3, 
and  C4  are  available,  these  coefficients  can  be  used  to  determine  C?  in  Equation 
19.  Least  square  fitting  of  data  to  Equation  l**,  where  the  constants  C,,  C3,  Cl< 
are  constrained  or  not  constr'  ned,  will  also  give  C2>  Other  equations  for  C2 
can  be  obtained  from  the  quasi-linear  solution. 


We  introduce  another  method  of  obtaining  C2.  Since  the  use  of  peak  and  zero 

amplitudes  in  Equation  19  leads  to  accurate  extraction  of  the  coefficients,  there 
may  be  other  points  on  the  motion  curve  of  particular  usefulness.  We  therefore 
define  a  linear  point  of  a  nonlinear  differential  equation  to  be  a  point  where 
the  linear  part  of  the  equation  is  zero.  An  equivalent  definition  is  the  point 
where  the  nonlinear  part  of  the  equation  is  zero.  Applying  this  definition  in 
Problem  2  we  have 


C2  =  -C^  Oj/4j  (47) 

where  the  subscript  1  is  used  for  linear  points.  Note  that  a  =  0  is  a  linear 
point  in  both  Problem  1  and  2,  and  if  C4  =  0  in  Fquation  19,  then  a  =  0  and  a  =  0 

are  linear  points  of  that  equation  when  C?  i  n.  Nonlinear  differential  equations 

may  or  may  not  have  linear  points.  Linear  points  may  be  of  value  for  extracting 
the  linear  coefficients  of  the  equation,  but  we  have  only  used  them  for  deter¬ 
mining  nonlinear  coefficients  when  one  of  the  nonlinear  coeffic^nts  has  been 
determined. 
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ABSTRACT 

Methods  of  solution  by  parametric  differentiation  for  the  temperature  pro¬ 
file  and  heat  flux  behind  a  one-dimensional,  hypersonic  shock,  including  thermal 
radiation,  were  investigated.;  Four  methods  of  advance  in  the  parameter--f irst 
and  second  order  Taylor  series,  a  Runge-Kutta  method  and  a  Milne  Predictor- 
Corrector  method--were  compared  with  an  exact  solution  to  the  problem.  All  of  the 
methods  converged  toward  the  exact  solution,  and  except  for  the  Milne  method,  the 
error  was  allays  less  than  that  predicted.  The  Runge-Kutta  method  provided  the 
most  accurate  results.  Comparison  of  the  methods  of  advance  indicated  that,  in 
order  to  attain  a  given  accuracy,  methods  for  reducing  the  error  that  involve  a 
second  auxiliary  equation  are  less  economical  in  terms  of  computer  time.  Inves¬ 
tigation  of  the  stabil'ty  of  the  numerical  solutions  showed  regions  in  which  the 
solutions  were  unstable  and  indicated  that  the  stability  depended  directly  on  the 
auxiliary  equation  and  indirectly  on  the  accuracy  of  the  numerical  advance.; 


INTRODUCTION 


The  purpose  of  the  work  reported  in  this  paper  was  the  investigation  of  the 
solution  by  parametric  differentiation  for  the  temperature  profile  and  heat  flux 
behind  a  one -dimensional  hypersonic  shock,  including  radiation  effects.  The  pro¬ 
blem  had  been  solved  previously  [3]  by  this  method,  but  no  detailed  study  of  the 
behavior  of  the  solution  had  been  carri»d  out.  As  the  simplified  one-dimensional 
problem  has  the  characteristics  of  problems  with  more  complex  geometries,  and  the 
method  of  parametric  differentiation  appears  to  be  of  general  utility  in  the  sol¬ 
ution  of  these  problems,  it  was  felt  that  such  a  detailed  study  would  be  of  value 
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The  governing  equation,  a  non-linear  integro-differential  equation,  can  be 
solved  by  iteration  after  one  integration  allowing  for  a  check  of  the  solutions 
obtained  by  parametric  differentiation.  These  solutions  were  carried  out  numeri¬ 
cally,  by  moans  of  first  and  second  order  expansions,  with  optical  depth  as  the 
parameter.  Four  solutions  by  parametric  differentiation  were  obtained:  first 
and  second  order  Taylor  expansions,  a  fourth  order  Runge-Kutta  advance  involving 
first  derivations  and  a  Milne  Predictor-Corrector  method  involving  second  deriv¬ 
atives.  It  was  necessary  to  expand  temperature  in  a  series  for  small  optical 
depth  in  order  to  obtain  a  solution  near  zero  optical  depth. 

The  stability  of  the  solution  with  increasing  optical  depth  was  also  inves¬ 
tigated.  This  was  carried  out  analytically  and  the  results  were  tested  by  intro¬ 
ducing  small  disturbances  into  the  computer  solutions  and  comparing  with  undis¬ 
turbed  solutions. 


STATEMENT  OF  THE  PROBLEM 


2.1  The  Method  of  Parametric  Dif  flf^ntration  *' 

The  solution  of  a  problem  by  parametric  differentiation  is  analogous  to  the 
method  of  solving  a  steady  state  problem  by  casting  it  as  an  initial  value  pro¬ 
blem  and  integrating  in  time.  For  parametric  differentiation,  however,  the  inte¬ 
gration  is  by  steps  in  a  parameter  from  a  known  solution  at  some  value  of  that 
parameter.  In  the  problem  shown  here,  this  procedure  results  in  the  stepwise 
solution  of  a  parabolic  type  of  problem,  rather  than  attempting  to  integrate  an 
elliptic  equation.-  The  advantages  are  obvious. 

Briefly,  the  method  of  parametric  differentiation  is  applied  as  follows  [2,31 
Consider  an  equation  of  the  form 

Lftj,  §2,  .  .  *n)  =  0  (1) 

where  L  is  a  differential  or  integro-differential  operator  and  i  *  $(5,T]>X),  with 
X  the  parameter  of  interest.  Assume  that  a  solution  is  known  for  some  value  of 
the  parameter  X  *  X0,  and  that  an  auxiliary  equation  can  be  found  from  which  the 
dependence  of  $  on  X  can  be  determined.;  Determining  this  dependence  is  usually 
the  most  difficult  part  of  the  procedure  and  is  generally  carried  out  numerically, 
as  in  Che  present  case.  The  solution  can  then  be  perturbed  by  a  small  change  in 
X,  AX,  as  long  as  i  and  its  derivatives  with  respect  to  X  remain  continuous  and 
finite  at  each  step..  Each  step  in  X  then  produces  a  new  solution  for  the  new 
value  of  the  parameter. 

Questions  immediately  arise  as  to  the  accuracy  and  region  of  convergence  for 
the  method.  The  interaction  between  the  error  in  proceeding  by  steps  in  X,  and 
the  error  introduced  in  the  numerical  solution  of  the  auxiliary  equations  ma, 
produce  deviations  that  are  not  simply  related  to  the  error  from  either  system 
taken  alone.  This  Interaction  can  also  affect  the  stability  of  the  numerical 
scheme. 


2,2  The  Governing  Equation 


The  conservation  equations  for  the  one -dimensional ,  hypersonic,  gray  radia¬ 
ting  shock  layer  reduce  to  [3] 

Bof  “  -  2  V’4  +  7l  J0  T*  E1(TL!  s  -  S'  >  dC  (2) 

with  the  boundary  condition 


T(0)  =  1 


(3) 
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Bo  is  the  Boltzmann  Number,  T  is  the  temperature  normalized  by  its  value  at  the 
shock  and  tl  is  the  shock  layer  optical  depth  defined  by 

oL 

t  =  ',  k  dx  (4) 

L  ^ 

0 


h  is  the  volumetric  absorption  coefficient.  §  is  defined  by 


5  s  t/tl  (5) 

where 

-»x 

r  =  |  >.d*  (6) 

<7  o 


At  =  0,  Eqn.  (2)  has  the  solution 


T(|)  =  1  (7) 

It  will  be  seen  however,  that  this  solution  cannot  be  used  directly  as  a  starting 
point  for  the  method  of  parametric  differentiation  with  rL  as  the  parameter.. 

The  required  auxiliary  equation  is  determined  by  differentiating  Eqn.,  (2) 
with  respect  to  r^. 

Bo  +  S  JL  T3J  -  4  tl2  E^  1  f  -  C  1  )  d£ 

/  "»  1  # 

*  -  2T  +  2tl  j  T  E^tJ  f  -  Cl  )  dg 
2  4 

-  tl  j  T  exp (-  TL>  ?  -  £l  )  dg  (8) 

where 


J 


The  boundary  condition  at  the  shock  becomes 


(9) 


J(0)  =  0  (10) 

Equation  (8)  is  a  linear  in  J  ,  and  can  be  solved  by  straightforward  numerical 
techniques  for  given  values  of  Bo  and  if  the  temperature  profile  is  known. 

To  apply  the  method  of  parametric  differentiation;  that  is,  to  find  the  tem¬ 
perature  profile  for  larger  values  of  the  parameter  t. ,  a  number  of  techniques 
may  be  used.  To  illustrate  a  typical  technique,  consider  a  simple,  first  order 
Taylor  expansion, 


T (§ ;,  tl  +  A  tl)  --  T (5 tl>  +  A  tl  J  (§;  tl> 


(ID 


which  allows  evaluation  of  the  temperature  at  (t^  +  At,  ).:  With  the  temperature 
profile  known  at  +  At^,  (t^  +  At^)  can  be  computed  and  the  process  repeated. 

Solution  (7)  however,  cannot  be  used  as  a  starting  point,  since  Eqn.  (8)  is 
singular  for  tl  =  0.  An  expansion  for  small  tl  must  therefore  be  carried  out  to 
riovide  an  initial  solution.. 
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can  be  computed  from  Eqn.  (13),  either  Eqn.  (14)  or  Eqn.  (IS)  can  be  uaed  to  pro¬ 
ceed  atepviae  in  tl.  3  i*  computed  a(  described  above.  3  can  then  be  found  by 
taking  the  derivative  with  respect  to  tj_  of  Eqn.  (8)  and  following  a  similiar 
numerical  procedure. 


3.1.2  Runge-Kutta  Method 

The  following  expressions  were  used  for  this  method  of  advance  [2]: 


T(tl  +  Atl)  = 

T(tL>  +  1  K1  +  1  K2  +  3  K3  +  6  *4  +  °ttTL5) 

(17) 

where 

K1  = 

(18) 

K2  =  Atl  v7  (tl  +  6tl/2,  T  +  K1/2) 

(19) 

K3  “  Atl  J  (tl  +  ^tL/2,T  +  K2/2) 

(20) 

and 

K4  '  (TL  +  V2’  T  +  K3> 

(21) 

3.1.3  Milne  Predictor-Corrector  Method 
The  Milne  Predictor-Corrector  method  was  used  in  the  following  form  [l].- 
P:  T(tl  +  Atl)  -  T(tl  -  2Atl)  +  3[T(tl>  -  T(tl  -  Atl>] 

+  Atl2[^(tl)  -J(tl  -  Atl]  +  0(Atl5)  (22) 

C:  T(tl  +  Atl)  =>  T(tl)  +  J  AtlC^(tl  +  ATj_)  +  J(tl)] 

-  ^  Atl2[  J  (tl  +  Atl)  -  J  (tl)]  +  0(A  tl5)  (23) 

TWo  initial  temperature  profiles  were  computed  from  Eqn,.  (13)  to  Initiate 
this  advance.; 


3.2  The  Integrated  Solution 
Equation  (2)  can  be  integrated  once  with  the  result:- 

T=  1  - i  j 1  14  82(Ttc)dc 

°  o 

-  ^  j  1  T4  sgn(5  -  C)  E2<TLi  S  -  Cl  )  dC  (24) 

An  approximate  solution  for  the  equation  above  can  be  obtained  by  iteration,  as  in 
a  Neumann  Series  for  linear  integral  equations. 

The  region  of  convergence  for  the  series  can  be  determined  by  writing,  for 
the  Nth  iteration 
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T-  T- 

l.  !  r  L 

t1  *  to  j  =•-  •  • 

o  °  o 

,  .  JL  ;,TL  _(t  t>  dTf  •  •  •  Kfr.WTl}4  K(T.T,)dTi 

Da  **  * '  *  *'  *5 


T  (t  )  -  1  -  ~  P 
n  BO 

*■  o 


(25) 


where 


Kfr.1))  *  0)  +  sgn  (t  -  fl)  E2(t  -  11)] 


(26) 


Integrating  the  highest  order  term  of  Eqn.  (25),  it  can  be  seen  that  for 


Bo  <  E3(0)  -  E3(tl) 


(27) 


the  series  does  not  converge.- 

It  is  interesting  to  note  that  ^(E3(0)  -  e3(t,))  is  the  maximum  radiative 
heat  flux,  so  since  Bo  is  the  ratio  of  convective  to  radiative  heat  flux,  Eqn.. 
(27)  can  be  interpreted  as  a  limitation  on  the  ratio  of  radiative  energy  transfer 
to  convective  energy  transfer, 


3.3  Numerical  Methods 


The  auxiliary  equation  was  written  to  second  order  accuracy  in  Ag  by  taking 


dj=  Jk+1  *  J  k-1 

d|  2  AS 


(28) 


where  K  =  1,  2,  ..  >  ,  N  and  N  is  thenumber  of  Stepp  LI  across  the  shock  layer. 

To  preserve  the  second  order  accuracy,  it  was  assumed  that 


J  *  a§2  +  b§  +  c  (29) 

near  t'c  vail  and  near  the  shock. 

The  integrals  were  approximated  by  assuming  that  for  small  LI, 

-KAS  f>KAS 

I  f(T,J  )  g(S,C;T,)  dear  f(T,J)  8(5.C;T,)d£  (30) 

J  (K-na?  L  u  (K-i)Ag 

With  these  approximations  the  auxiliary  equation  could  be  solved  as  described  in 
Section  3. 1. 


Computations  were  carried  out  on  an  IBM  360/50  Computer.  Time  to  compile 
and  execute  was  of  the  order  of  two  minutes  for  a  typical  run.-  Since  an  investi¬ 
gation  of  the  various  methods  required  that  a  large  number  of  solutions  be  carried 
out,  step  sizes  in  the  parameters  resulting  in  only  moderate  accuracy  were  used  in 
order  to  minimize  computer  time. 


ACCURACY 


4.1  Comparison  of  Methods  of  Advance 

Solutions  were  obtained  by  means  of  parametric  differentiations  for  the 
following  ranges  of  the  parameters:-  =  0.01  -  0.25,  Af  =  0.04  -  0.2,  Bo  -  0.2 

-  2.0  and  *  0  -  10.  Most  computations  were  carried  out  for  Bo  -  1.0, 
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Atl  =0.1  and  65  =  0.1.  These  values  were  chosen  to  produce  sufficient  accuracy 
for  comparison  of  the  methods  of  solution  while  keeping  computer  time  to  a  minimum. 

Figures  1  and  2  show  typical  temperature  profiles  and  heat  flux  obtained  by 
parametric  differentiation.  Comparison  of  the  solutions  with  each  other  and  with 
the  numerically  iterated  solutions  shows  that  all  of  the  methods  of  advance  pro¬ 
duce  profiles  exhibiting  similar  and  generally  correct  behavior..  The  most  no¬ 
ticeable  deviations  are  found  in  the  second  order  Taylor  series  and  the  Milne 
method. 

For  the  second-order  Taylor  series,  the  profile  at  rL  “  10  falls  far  below 
the  interated  solution  and  the  other  solutions  by  parametric  differentiation.  It 
will  be  shown  in  the  next  section  that  the  advance  by  second  order  Taylor  series 
is  unstable  in  that  region,  which  accounts  for  the  large  inaccuracy.-  Also,  the 
heat  flux  at  the  wall  begins  to  deviate  rapidly  from  the  iterated  solution  at 
approximately  =  5. 

The  temperature  for  the  Milne  advance  drops  sharply  near  the  wall.  While  a 
computation  of  the  wall  temperature  from  the  iterated  solution  does  Indicate  a 
drop  in  temperature,  this  is  much  less  tl  an  that  shown  by  the  Milne  advance.  This 
inaccuracy  is  also  reflected  in  the  curves  for  the  heat  flux.; 

Excluding  the  irregularities  noted  above,  the  error  varies  from  a maxiom  of 
approximately  257,  for  the  temperature  profile  at  =  10  for  the  first  order 
Taylor  expansion  to  less  ‘jn  3%  for  the  Runge-Kutta  advance  at  t,  “  .5.  The 
heat  flux  is  closer  to  the  iterated  solution,  with  a  maximum  error  for  the 
Runge-Kutta  advance  of  approximately  10%,  corresponding  to  a  maximum  error  in  the 
temperature  profile  of  nearly  20%. 

Figures  3  and  4  compare  the  temperature  profiles  obtained  by  parametric 
differentiation  with  the  iterated  solution.  The  second  order  Taylor  series  solu¬ 
tion  is  not  included  because,  for  this  range  of  optical  depth,  it  closely  paral¬ 
lels  the  Runge-Kutta  advance  with  a  few  per  cent  less  accuracy. 

At  “  0.5,  estimates  oc  the  error,  assuming  that  the  error  in  solving  the 
auxiliary  equations  and  the  deviation  in  the  method  of  advance  are  adoitive, 
range  from  5%  for  the  Runge-Kutta  and  Milne  methods  to  10%  for  the  first  order 
Taylor  series.  Only  the  solution  by  the  Milne  Predictor-Corrector  method  shows  a 
greater  deviation  than  that  predicted. 

The  reasons  for  the  unsuitability  of  the  Milne  advance  are  apparent  on  close 
examination  of  Eqns.  (22)  and  (23).  In  proceeding  one  step,  6tl>  this  advance 
uses  six  solutions  to  the  auxiliary  equation.  TVo  of  these,  as  used  in  Eqn  (23), 
are  computed  from  the  approximate  temperature  profile  produced  by  Eqn.,  (22)  and 
are  therefore  less  accurate.  Also,  this  method  depends  heavily  on  the  second 
derivative,  which  may  have  errors  greater  than  second  order,  since  it  is  computed 
using  the  first  derivative. 

However,  under  other  circumstances,  the  accuracy  can  be  improved  through  the 
use  of  the  second  derivative.;  This  is  shown  by  the  increase  in  performance  of  the 
second  order  Taylor  series  over  the  first  order.  On  the  basis  of  accuracy  versus 
computer  time,  however,  it  appears  to  be  more  economical  to  use  methods  of  de¬ 
creasing  the  error  which  do  not  involve  a  second  auxiliary  equation.; 

4.2  Convergence 

Figure  5  shows  the  convergence  of  the  solutions  by  parametric  differentiation 
toward  the  integrated  solution  for  decreasing  step  site  in  t^.  Note  that  a  com¬ 
parison  of  these  curves  does  not  reflect  the  relative  accuracy  of  the  solutions, 
since  the  convergence  is  indicated  at  only  one  point.. 

It  can  also  be  seen  that  the  results  obtained  by  parametric  differentiation 
do  not  converge  exactly  to  the  integrated  solution.;  Decreasing  the  value  of  6t^ 
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pjst  a  certain  point,  which  is  different  for  each  ret hod  of  advance,  increases  the 
error  produced.  This  is  an  effect  of  the  interaction  between  the  error  in  the 
•olution  of  the  auxiliary  equation  and  the  method  of  advance.  In  the  procedure 
followed,  errors  are  produced  by  both  the  numerical  solution  of  the  auxiliary 
equation  and  the  method  of  advance  in  the  parameter.  Since  the  auxiliary  equation 
is  accurate  to  second  order,  decreasing  the  step  size  in  optical  depth,  while 
holding  the  step  size  across  the  shock  layer  constant  eventually  results  in  the 
error  introduced  by  the  method  of  advance  becoming  negligible  in  comparison  to 
the  error  introduced  by  the  numerical  solution  of  the  auxiliary  equation.  Further 
reductions  in  At,  do  not  improve  the  accuracy,  but  only  add  to  the  number  of  steps 
in  optical  depth  which  must  be  taken  to  reach  a  given  solution;  therefore  increas¬ 
ing  the  error  instead  of  decreasing  it.  Figure  6  confirms  that  with  a  smaller 
step  size  across  the  shock,  ,  the  solution  by  parametric  differentiation  contin¬ 
ues  to  converge  to  the  integrated  solution. 


STABILITY 


S.l  Analysis 

During  the  course  of  this  investigation  of  the  solution  of  Eqn.  (2)  by  para¬ 
metric  differentiation,  it  was  noted  that  for  some  values  of  the  parameters  the 
solutions  were  unstable.  That  is,  the  temperature  profile  produced  would  deviate 
from  the  integrated  solution,  and  this  deviation  rapidly  increased  with  increasing 
optical  depth.  In  order  to  predict  the  occurence  of  this  stability,  the  analysis 
shown  below  was  carried  out. 


A  small  disturbance,  6T,  was  assumed  in  the  temperature  profile.  Substitu¬ 
ting  this  disturbance  into  the  finite  difference  form  of  the  axulliary  equation 
results  in  the  following  expression.. 

2A5  (6^K+1  *  iJK-l)  *  8  tLTK  6^K  +  24  tLTK  ^K6TK 
N  N 

-  12  tl  I  '  4  tlI 

J*1  J=1 

N  N 

=  '8tk36tk  +  8  I  tj\u-4Z  tj36tAj  (31) 

J-l  J=1 

where  and  are  integrals  (exchange  factors)  of  the  type  given  in  Eqn..  (30).. 
6T  is  taken  in  tb  form 

i(\?  +  BO 

6T  =  Ae  b  (32) 


where  B  is  complex.;  Then  if  0^,  the  imaginary  part  of  g,  is  negative,  small  dis¬ 
turbances  will  grow  with  increasing  t  ,  and  the  solution  will  be  unstable. 


Substituting  Eqn.  (32)  into  Eqn.;  (31),  the  resulting  expression  can  be 
solved  for  8.  If  71  is  defined  as 


Tl 


K 


eUKA§ 


where  T|  =  TL  +  T|  ,  the  imaginary  part  of  0.  is  found  to  be: 
K  KK  IK  I 


(33) 
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»i  “  £5?  +  8  tltkNt  -  4  tl  l  tjVJ 

J-l 

N 

(24  tlV^k\k  -  12  tl  I  ^jWkj 

J«1 

N  N 

+  8  tk\k  -  8  I  tjVo  +  4 1  TJ Vkj' 

J-l  J=1 

N 

+  (8  tltk\k  -  4  tl  l  tj3Vju  -  IS  ^2) 


J-l 


N 

(24  Vk^Aj  •  12  tl  I  TjV.U  +  8  tk\k 

J-l 


N 


N 


-  8 


L  tj  T|xjfkj  +  4  A  1 J  T|IJGICj) 


(34) 


J=1 


J=1 


In  Eqn.-  (34)  a  denominator,  which  Is  always  positive,  is  ignored.  Only  the  sign 
of  8j  la  of  interest. 

The  procedure  leading  to  Eqn.  (34)  was  also  carried  out  for  the  auxiliary 
equation  directly,  as  well  as  for  its  finite  difference  form.  The  expression 
resulting  from  introducing  a  small  disturbance,  6T,  defined  as  in  Eqn.;  (37)  into 
equation  (8)  and  solving  for  B  Is: 

8  =  (-24  Tlfj  -  8  T3  +  12  tl2  j  ^  T2^D(5,OdC 


D(5f£)  and  E(|,J)  are  defined  by:- 

D(S.O  s  eU(?'C)  E1(tlI  5  -  Cl  ) 


(36) 


and 

E(S,C)  3  eU(S'C)  cxp(-  tlI  5  -  Cl  ) 


(37) 


The  real  and  imaginary  parts  are  indicated  by  R  and  I  subscripts,  as  previously. 
The  imaginary  part  of  Eqn..  (35),  again  neglecting  3  denominator  which  is 
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always  positive,  is 


5.2  Results 

Equations  (34)  and  (38)  produced  similar  results,  with  the  Bj  computed  from 
Eqn.  (38)  generally  more  positive  than  that  from  Eqn.  (34),  as  expected.  The 
results  were  tested  by  introducing  small  disturbances  into  the  computed  solutions.: 
Figure  7  demonstrates  the  behavior  of  a  disturbance  in  a  stable  solution..  That 
the  damping  out  of  the  disturbance  is  gradual  is  also  predicted  by  the  stability 
equations,  as  the  values  computed  for  8j  in  the  stable  regions  are  small. 

In  the  unstable  regions,  the  results  from  the  stability  equations  are  not 
reliable,  since  the  stability  results  depend  on  the  temperature  profile,  and  the 
temperature  profile  itself  is  inaccurate  and  unstable.;  Figure  8  showing  the 
behavior  of  a  disturbance  in  an  unstable  profile,  is  a  rare  case.  In  general,  the 
disturbances  introduced  into  solutions  which  are  unstable  cannot  be  observed,  be¬ 
cause  the  solutions  become  meaningless  extremely  rapidly. 

From  Eqn.  (34),  the  stability  depends  on  the  auxiliary  equation  and  is  a 
function  of  Bo,  t^,  AS  and  X,  the  wavelength  of  the  disturbance.  These  parameters, 
however,  do  not  entirely  determine  the  stability.  The  temperature  profile  depends 
on  the  step  site  in  optical  depth  and  on  the  method  of  advance.  The  dependence  on 
A  can  be  seen  for  one  case  from  Figure  9,  where  0j  becomes  negative  for  A  t. 
approximately  equal  to  ;.2l.-  As  A  t  increases,  the  temperature  profile  becomes 
sufficiently  inaccurate  so  that  the  auxiliary  equation  is  unstable,; 

In  Section  3,2,  it  was  shown  that  the  solution  by  iteration  of  the  integrated 
equation  is  unstable  for  Boltzmann  numbers  le'ss  than  approximately  one.  The 
solutions  by  parametric  differentiation  are  also  unstable  for  small  Bo,  but  there 
is  no  sharp  division  in  this  case;  the  value  of  Bo  for  which  the  instability 
occurs  depends  on  the  other  parameters..  For  the  case  shown  in  Figure  10,  S  is 
negative  for  Bo  less  than  approximately  0.2.-  * 

In  general,  the  solutions  by  parametric  differentiation  become  unstable  for 
small  Boltzmann  number  or  for  increasing  error.  For  example,  no  stable  solutions 
have  been  produced  for  A5  greater  than  or  equal  to  0.2.  One  would  then  expect, 
that  since  accuracy  decreases  with  the  number  of  steps  in  optical  depth,  all  the 
solutions  would  be  unstable  for  great  enough  optical  depth.  This  is  confirmed  by 
the  stability  equations,  which  show  that  8.  decreases  with  increasing  t  ,  How¬ 
ever,  only  one  case,  the  second  order  Taylor  series,  was  observed  in  which  a 
solution  that  was  stable  initially  became  unstable  for  t  less  than  ten.; 
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CONCLUSIONS 


From  the  analysis  of  the  accuracy  and  stabilty  carried  out  in  the  preceding 
sections,  certain  general  conclusions  can  be  drawn,  the  error  for  stable  solu¬ 
tions  by  parametric  differentiation  can  be  expected  to  fall  within  the  limits 
predicted  by  sunning  the  errors  in  solving  the  auxiliary  equation,  Eqn.  (8),  and 
in  integrating  the  related  first-order  equation,  Eqn.  (9).  Also  the  solutions 
retain  their  accuracy  to  a  much  greater  value  of  the  parameter  than  would  be  ex¬ 
pected  from  a  straightforward  estimate  of  the  error. 

Hie  key  to  this  accuracy  is  the  stability  of  the  auxiliary  equation.  If  the 
auxiliary  equation  has  positive  stability,  errors  are  damped  out,  and  the  range  of 
the  parametric  differentiation  procedure  is  increased.  For  neutral  stability,  the 
errors  would  be  cumulative,  and  for  the  unstable  case  they  would  increase. 
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Fig.,  A  Comparison  of  Shock  layer  Fig.  5  Convergence  of  a  Solution  by 

Temperature  Profiles  at  Parametric  Differentiation 


atl 


Fig.  6  Convergence  of  a  Solution  by  Parametric  Differentiation 


Fig.  7  Propagation  of  a  Small 
jisturbance  in  a  Stable 
Temperature  Profile 
(Runge-Kutta  Advance) 


Fig.  8  Behavior  of  a  Small 

Disturbance  in  an  Unstable 
Temperature  Profile  (Second 
■'rder  Taylor  Series  Advance) 
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ABSTRACT 

The  general  problem  of  an  axisymmetric  circular  cylindrical  shell, 
partially  constrained  from  deflection  by  smooth  rigid  surfaces  of 
revolution  is  considered.  The  ability  of  a  shell  theory  which 
relaxes  the  Love-Kirchhof f  hypothesis  to  overcome  the  conceptual 
difficulties  inherent  in  the  classical  treatment  of  such  problems 
is  pointed  out.  The  practical  advantages  of  the  use  of  a  shear 
deformation  theory  and  the  limitations  of  design  criteria  predicated 
on  classical  analysis  are  indicated  by  way  of  specific  examples. 


INTRODUCTION 

The  present  paper  is  concerned  with  the  behavior  of  an  isotropic  axi¬ 
symmetric  circular  cylindrical  shell  a  portion  of  the  surface  of 
which  is  constrained  from  deflection  by  the  presence  of  a  smooth 
rigid  surface  of  revolution. 

Problems  of  this  type,  where  the  shell  deformation  is  induced  by  the 
presence  of  a  temperature  field,  have  been  incompletely  considered 
in  [1]*.  Also  of  interest  to  the  topic  of  the  present  paper  are  the 
solutions  of  the  shrink-fit  problem  given  by  B.  Paul  [2]  and  R.;  A. 
Eubanks  [3].  I.  Malyutin  [4]  considered  the  problem  of  two  concen¬ 
tric  infinite  circular  cylindrical  shells  with  the  external  shell 


*  The  results  reported  here  were  obtained  in  the  course  of  research 
carried  under  NSF  Grant  GK-21  to  the  University  of  Colorado. 

♦♦Numbers  in  brackets  designate  reference  at  end  of  paper.; 
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loaded  by  a  compressive  ring  load.  He  pointed  out  the  limitation  on 
the  validity  of  his  solution  in  the  requirement  of  either  cohesion 
between  the  shells  or  the  presence  of  a  sufficiently  large  compres¬ 
sive  axial  membrane  resultant  in  the  inner  shell  to  insure  the 
maintenance  of  contact  between  the  shells. 

The  analysis  of  shell  problems  of  these  general  types  under  the  as¬ 
sumptions  of  a  shell  theory  which  invokes  the  love-Kirchhof f  hypoth¬ 
esis  involves  certain  conceptual  difficulties  (which  may  also  be  of 
practical  interest. )  The  simplest  example  of  such  a  shell  theory  is 
the  Theory  of  Love's  First  Approximation,  hereinafter  referred  to  as 
classical  shell  theory.  In  accordance  with  the  predictions  of  the 
class ‘.cal  theory  the  bending  couples  and  shear  stress  resultant,  as 
well  as  the  difference  between  the  normal  tractions  transmitted  at 
the  inner  and  outer  surfaces  of  the  shell,  are  determined  solely  by 
the  radial  deflection  together  with  its  axial  derivatives  and  the 
axial  membrane  resultant  (which  is  a  constant) .  In  a  region  of  the 
shell  which  is  in  contact  with  a  smooth  rigid  constraining  surface 
the  radial  deflection  is  a  prescribed  function  of  the  axial  coordi¬ 
nate  and  thus  the  bending  couples,  shear  stress  resultant,  and  the 
normal  traction  transmitted  to  the  shell  by  the  constraining  surface 
are  determined  by  the  character  of  the  constraining  surface  and  are 
influenced  by  the  state  of  stress  and  deformation  existing  outside 
of  the  region  of  contact  only  to  the  extent  that  the  axial  membrane 
resultant  is  involved.  From  a  consideration  of  the  order  of  the 
system  of  differential  equations  governing  the  state  of  stress  and 
deformation  outsiae  of  the  region  of  contact  it  follows  that  :n 
addition  to  the  continuity  of  the  axial  displacement  and  axial  mem¬ 
brane  resultant,  only  three  continuity  conditions  are  admissible  at 
each  edge  of  a  region  of  contact.  If  the  radial  deflection,  its 
axial  derivative,  and  the  axial  bending  couple  are  continuous  the 
shear  stress  resultant  must  be  discontinuous.  This  discontinuity 
can  be  accounted  for  physically  only  by  assuming  that  at  each  edge 
of  a  contact  region,  a  line  load  is  transmitted  to  the  shell  from 
the  constraining  surface. 

In  addition  it  should  be  noted  that  the  classical  treatment  may 
result  in  a  physically  unrealistic  prediction  for  the  transmitted 
surface  traction  in  the  region  of  contact.  For  example,  if  a 
ci-cular  cylindrical  shell  is  cr npletely  constrained  from  deflection 
by  smooth  rigid  cylindrical  sur  aces  and  edge  loaded  by  an  axial 
bending  couple,  the  deflection  .s  everywhere  zero,  and  the  classical 
theory  predicts  a  zero  value  for  the  difference  in  the  normal 
tractions  at  the  inner  and  outer  surfaces  of  the  shell.  (Obviously 
the  classical  theory  also  requires  a  discontinuity  in  the  bending 
couple  at  the  edge,  which  must  be  accounted  for  by  the  assumption 
that  the  constraining  surfaces  transmit  a  couple  to  the  shell  at 
the  edge.) 

In  view  of  [1]  and  [5],  it  follows  that  the  above  indicated  physical 
inconsistencies  can  be  overcome  by  carrying  the  analysis  wi  .hin  the 
framework  of  a  linear  shell  theory  which  relaxes  the  Love-hirchhof f 
hypothesis.  In  the  present  paper  a  shear  deformation  shell  theory 
is  applied  to  the  general  problem  of  an  axisymmetric  circulai  cylin¬ 
drical  shell,  loaded  in  such  a  manner  as  to  produce  contact  with  a 
smooth  rigid  surface  of  revolution  in  one  or  more  regions.  A  general 
solution  which  admits  continuity  of  all  shell  parameters  (including 
the  shear  stress  resultant)  at  each  edge  of  a  contact  region,  and 
provides  a  physically  consistent  expression  for  the  transmitted 
surface  traction  throughout  a  contact  region  is  presented.  Two 
specific  examples  involving  circular  cylindrical  constraining 
surfaces  are  included  in  order  to  illustrate  some  of  the  unusual 
features  of  shell  behavior  with  such  constraints.  Numerical  lllus- 
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trations  afford  a  means  of  comparison  of  the  results  of  the  present 
treatment  with  the  classical  theory  prediction. 

THE  BASIC  EQUATIONS 


It  is  convenient  to  introduce  the  following  dimensionless  parameters: 


n 


x 


+ 

q  = 


lV 


where 


C 


E  h 

(1  -  v2) 


D  = 


E  h 


12(1  -  v£) 


(1) 


In  these  expressions  X  is  the  axial  coordinate  of  the  shell;  L  is 
some  characteristic  length;  h  is  the  shell  thickness;  E  is  Young's 
modulus  and  v  is  Poisson's  ratio;  Nx  and  Ns  are  respectively  the 
axial  and  circumferential  membrane  stress  resultants ;  Mx  and  Ms  are 
respectively  the  axial  and  circumferential  bending  couples;  V  is  the 
shear  stress  resultant;  Q+  and  Q-  are  the  normal  surface  tractions 
at  the  outer  and  inner  surfaces,  respectively;  U  is  the  axial  compo¬ 
nent  of  the  displacement.  A  system  of  equations  which  suitably 
characterizes  the  behavior  of  an  axisymmetric  circular  cylindrical 
shell  and  accounts  for  the  effect  of  transverse  shear  deformation  is 
then  given  by 


V  ~  12 (r)  <H>2ns  =  q+  -  <f 
mx'  -  V  =  0 


where 

n2  =  5(1  -  v)  <£)2 

and  R  is  the  radius  of  the  middle  surface  of  the  shell.  These 
equations  are  essentially  those  given  by  Naghdi  [6]  and,  although 
they  include  the  assumption  of  shallowness,  are  suitable  for  the 
analysis  of  this  investigation.  The  natural  edge  boundary 
conditions  appropriate  to  the  foregoing  set  of  equations  (at  an  edge 
x  =  constant)  are: 

(i)  either  u  specified  or  nx  specified 

(ii)  either  6  specified  or  mx  specified 

(iii)  either  w  specified  or  v  specified  (3) 

The  equations  governing  the  axisymmetric  circular  cylindrical  shell 
which  include  the  assumptions  of  the  Theory  of  Love's  First  Approx¬ 
imation  as  well  as  the  assumption  of  shallowness  (i.e.  classical 
theory)  ,  are  readily  deduced  from  the  above  by  letting  l/p2  -»•  0. 

Thus  the  classical  theory  equations  are  obtained  by  replacing  the 
last  of  equations  (2)  by 

B  =  -w' 


nx  =  u’  +  VR  W 
L 

n  —  =■  w  +  vu* 

S  K 

mx  =  S'  ms  =  vB' 

B  +  w'  = 

y 

(  )*  “  *7  <  ) 
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nx  =  nx 


A 

u  =  nx°x  -  v||  w(c)df  +  F 


where  8p  is  a  particular  integral  of  equation  (5),  A  and  B  are 
complex^integration  constants,  and  F  and  nx°  are  real  integration 
constants . 

The  first  four  of  equations  (4)  may  be  written  in  the  form 
8  =  2  Re (G  ekx  +  H  e"kx)  +  8p 
m  =  2  Re(k  G  ekx  -  k  H  e-kx)  +  8  ' 

X  p  f 

2  lev  2  —  if  v  ' 

v  =  2  Re(k  G  e  x  +  k  H  e  )  +  Sp" 

4r4 (w  +  n)  =  2  Ke (k3  G  ekx  -  k3  H  e-kx)  +  8  '  "  +  q"  -  q+ 

whera  the  complex  constants  G  and  H  are  obviously  related  to  the 
constants  A  and  B. 

It  will  be  noted  that  the  solution  of  the  classical  treatment  is 
given  by  the  above  with 

k  =  r  (1  +  i)  ( 

SOLUTION  FOR  REGION  OF  PRESCRIBED  SURFACE  DISPLACEMENT 

In  a  region  in  which  the  deflection  w  is  a  prescribed  function  of 
the  axial  coordinate,  the  surface  traction  is  an  unknown  of  the 
problem;  and  8  is  governed  by  the  sixth  of  equations  (4) 

2  2 

8"  -  u  =  v  w' 

Thus  the  solution  is  given  by 

8  =  a  cosh  ux  +  b  sinh  ux  +  8., 

w 

i«x  =  y  a  sinh  ux  +  u  1  cosh  ux  +  8W’  I 

2  2 

v  =  u  a  cosh  ux  +  u  b  sinh  ux  +  8.," 


+ 

q  -  q 


3  3  4 

U  a  sinh  ux  +  u  b  cosh  ux  -  4r  (w  +  n)  +  8 


A 

u  =  nx°x  -  v||  w(c)dc 


8W  =  uj  w1  (r,)sinh  p(x-;)d^ 
and  a,  b,  c,  nx°  are  integration  constants. 

The  solution  of  the  classic  treatment  for  such  a  region  is  given  by 
replacing  the  first  four  of  Eqs. (9)  by 


777 


f  —  i«  4  - 

q  -  q  =  -w  -  4r  (w  +  n) 
and  thus  involves  only  two  integration  constants. 

SOLUTION  OF  THE  CONTACT  PROBLEM 

Now  let  us  consider  a  cylindrical  shell  in  the  presence  of  interior 
and  exterior  smooth  rigid  surfaces  of  revolution,  with  revolution 
axis  coincident  with  the  axis  of  the  shell.  Let  the  shell  be  loaded 
{with  surface  and  edge  loadings)  in  such  a  manner  that  in  one  or 
more  regions  the  shell  is  forced  into  contact  with  at  least  cne  of 
the  rigid  surfaces.  We  shall  assume  that  the  geometry  of  the 
surfaces  of  revolution  is  such  that  in  such  regions  of  contact  the 
shell  deflection  is  sufficiently  small  that  the  analysis  may  be 
carried  within  the  framework  of  a  linear  shell  theory.  In  each 
such  contact  region  the  solution  is  given  by  Eqs. (9)  (and  involves 
four  integration  constants)  whereas  in  each  region  of  non-contact 
the  solution  is  given  by  Eqs.  (6)  and  involves  six  integration 
constants. 

If  there  are  N  such  regions  of  contact  and  M  regions  of  non-contact, 
the  problem  obviously  involves  4N  +  6M  integration  constants.  In 
addition  there  will  be  N  +  M  -  1  circular  boundaries  separating  the 
N  regions  of  contact  from  the  M  regions  of  non-contact.  The  values 
of  the  axial  coordinates  defining  these  circular  boundaries  together 
with  the  integration  constants  constitute  5N  +  7M  -  1  unknown 
constants. 

We  now  have  three  possible  cases..  If  N  =  M,  the  unknown  constants 
are  12N  -  1  m  number.  One  shell  boundary  will  be  m  a  region  of 
non-contact  with  three  edge  boundary  conditions  and  the  other  edge 
will  be  in  a  contact  region  with  two  boundary  conditions  (since  at 
that  edge  w  is  proscribed.)  In  addition,  at  each  of  the  2N  -  1 
boundaries  separating  the  contact  and  non-contact  regions,  the  six 
parameters  nx,  v,  mx,  u,3  and  w  are  regarded  as  continuous.  Thus 
there  are  five  boundary  conditior-  and  12N  -  6  continuity  conditions 
-  a  total  of  12N  -  1  conditions  -  from  which  the  12N  -  1  unknown 
constants  are  determined. 

Now  consider  the  case  where  M  =  N  -  1.  The  number  of  unknown 
constants  is  then  12N  -  8.  Since  both  shell  boundaries  are  in 
contact  regions  there  will  be  a  total  of  four  boundary  conditions, 
which,  together  with  the  6(N+M-l)  continuity  conditions,  gives  a 
total  of  12N  -  8  conditions. 

The  remaining  possible  case  is  M  =  N  +  1 In  this  case  there  will 
be  a  total  of  12N  +  6  conditions.  Since  both  s'.  11  boundaries  will 
be  in  regions  of  non-contact,  there  will  be  six  boundary  conditions, 
which,  together  with  the  6(N+M-1)  conditions  gives  a  total  of  12N  + 

C  conditions.  Thus  in  all  possible  cases  the  number  of  conditions 
equals  the  number  of  unknown  constants  and  the  solution  of  the 
problem  will  satisfy  the  boundary  conditions  and  admit  the  continuity 
of  all  shell  parameters  at  the  boundaries  between  the  regions  of 
contact  and  non-contact. 

In  the  treatment  of  problems  of  this  type  under  the  assumptions 
appropriate  to  the  classical  theory,  m  a  contact  region  the  shell 
parameters  and  the  transmitted  surface  traction  are  given  by  Eqs.- (8), 
(10)  and  the  last  pair  of  Eqs. (9)  and  thus  involve  2  integration 
constants.  The  solution  for  a  non-contact  region  involves  six 
integration  constants..  The  values  of  the  axial  coordinate  defining 
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the  boundaries  of  the  contact  regions  are  also  unknowns  of  the 
problem.  An  analysis  of  the  type  given  above  shows  that  these  inte¬ 
gration  constants  and  unknown  boundaries  are  determined  from  the 
appropriate  edge  boundary  conditions  and  three  continuity  conditions 
at  each  boundary  separating  the  contact  and  non-contact  regions.  It 
is  assumed  that  nx/  mx,  u,  w',  and  w  are  continuous  at  such  bound¬ 
aries  and  that  the  discontinuity  in  v  is  accounted  for  by  the  trans¬ 
mission  of  a  line  load  by  the  constraining  surface.  The  validity 
of  such  an  assumption  may  be  established  by  deducing  the  classical 
theory  solution  as  a  limiting  case  of  the  shear  deformation  theory 
solution,  i.e.  by  letting 

It  should  be  noted  that  the  number  of  contact  and  non-contact 
regions  is  determined  by  the  character  of  the  applied  surface 
tractions  and  edge  loadings  as  well  as  the  geometry  of  the 
constraining  surface  {or  surfaces).  If  the  intensity  of  the  applied 
loading  is  regarded  as  increasing  monotonically,  a  contact  region 
will  be  initiated  as  a  circular  line.  With  further  increase  in  the 
loading  intensity,  the  line  of  contact  will  propagate  to  a  cylin¬ 
drical  region.  The  validity  of  any  assumption  with  regard  to  the 
existence  of  a  contact  region  is  established  by  verification  that 
throughout  such  a  region,  the  transmitted  surface  traction  is  a 
positive  quantity  (in  the  sign  convention  used  here.)  In  the  case 
of  the  classical  treatment  it  may  be  possible  (as  in  one  of  the 
following  examples)  for  the  theory  to  predict  that  with  an  increase 
in  the  loading  intensity  the  circular  line  of  initial  contact  does 
not  propagate  to  a  region  but  remains  a  line.  In  such  cases  the 
value  of  the  axial  coordinate  defining  the  line  of  contact  changes 
with  an  increase  in  the  loading  intensity. 

EXAMPLES 


As  an  example  let  us  consider  an  infinite  cylindrical  shell  of 
radius  in  the  presence  of  a  smooth  rigid  circular  cylindrical 
surface  of  radius  R  +  h/2  +  L5,  where  6  is  a  small  dimensionless 
parameter,  subject  to  a  surface  load  of  the  form 

q+  =  0 

q=qoepX,  0£x,  0<p  (11) 

=  qQ  epX,  x  <  0 

where  q  and  p  are  constants.  In  view  of  the  symmetry  with  respect 
to  the  plane  x  =  0,  we  will  record  only  the  solution  for  the  region 
0  <  x- 

Let  q0*  be  the  value  of  g0  (for  a  prescribed  p)  for  which  the  shell 
just  touches  the  rigid  constraining  surface.  Then  for  qG  <  qD*  the 
solution  of  le  shear  deformation  theory  is  given  by  Eqs.(7) 
together  with  the  last  two  of  Eqs.,  (6). 


G  =  0 


F  =  0 


P  <*n 


H  = 


>k 


(P4  - 


4r 

2 


p2  +  4r4) 


<k2  - 


JL> 


k2) 


(12) 


SP  = 


p  qr 


,-px 


<p" 


4r 

,,2 


4r4), 
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For  qp  =  qp*  the  shell  will  contact  the  constraining  surface  in  a 
circular  line  at  x  =  0.  For  qo*  <  qp  a  contact  region  x  <  n  will 
be  propagated  and  the  solution  for  this  region  is  given  by  Eqs.(9) 
with 

a  =  0  c  =  0  8=0 

w 

p  qo[2  r2  -  p(k  +  k)  +  p2]  e"pn  ( 

b  -  | 

[p4  -  p2  +  4r4)l(k]t  +  p2)sinh  pn  +  p  (k  +  lc)cosh  pn] 

P 


For  qp*  <  q0  the  solution  for  the  region  n  <  x  is  given  by  Eqs . 
and  the  last  two  of  Eqs.  (6)  with 

G  =  0  F  =  0 


H  = 


q  e 


(k-p)n 


(k  -  p)p[pk  +  p  )tanh  pn  +  p  (k  +  p) ) 


jp4  _  4r  p2  +  (k  -  k) [kk  +  p2)tanh  pn  +  p (k  +  k) ] 


P  % 

8  (x)  =  - §- 

P  In4 ^ 

<P  “  ~3~ 


2^.4. 
p  +  4r  ) 


(7) 


(14) 


The  transcendental  equation  governing  the  contact  region  boundary 
n  is  given  by 


_6 

% 


<PS 


4 

+  4r  ) 


2 

1(1  -  Ej) 


U 


+  -Ej  Re{ 
2r 


k3(p  -  k)  [pk  -t-  p2)ta;>h  pn  +  p(p  +  k)  ]  j  j 
(k  -  k) (2r  +  p  )tanh  pn  +  p (k  +  k) ] 


(15) 


The  expression  for  q„*  may  be  obtained  by  putting  w/x_g  =  6  in  the 
solution  for  qo  =  qo";  it  may  also  be  obtained  by  putting  n  =  0  in 
Eq. (15)  and  is  given  by 


[p4  -  P2  +  4r4)  f  (1  -  e!  )  +  2  Re(^fjE~  ZJ^L  }j-1 

11  11  k  (fc  -  k  1 


k‘) 


(16) 


It  may  be  verified  that  the  expression  for  the  surface  traction 
transmitted  to  the  shell  by  the  constraining  surface,  i.e.  g+,  is 
positive  throughout  the  contact  region  x  =  n. 

The  solution  of  the  classical  treatment  of  this  example  is  given  by 
the  following: 


For  ^o  i  qo*  the  solution  is  given  by  Eqs. (7)  and  (8)  together  with 
the  last  two  of  Eqs. (6)  with 

G  =  0  F  =  0 


H 


p  qo 

(p4  +  4r4) 


<k2  - 


: 


(k  -  k  ) 


(17) 
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For  q0*  <  qQ  the  solution  fcr  the  region  x  <  n  is  given  by 


w  =  6 

+ 


mx  =  v  =  0 


=  q  e 


-Px  -  4r44 


and  for  the  region  n  <  x  the  solution  is  given  by  Eqs. (7)  and  (8) 
together  with  the  last  two  Eqs. (6)  with 


G  =  0 


30  P(k  -  p)  e 
H  =  - 


F  =  0 
(k-p)n 


<p4  +  4r4) (k  -  k) 


8P  = 


— 3 - 7T  e 

(P  +  4r  ) 


-px 


In  accordance  with  the  classical  theory  prediction  the  transcen¬ 
dental  equation  governing  n  is 


-pn 


(i  +  P  (E--4rJ-  > 


The  value  of  qQ*  is  determined  by  putting  the  maximum  value  of  the 
deflection  as  indicated  by  Eqs. (17)  equal  to  5  and  is  given  by 


=  (PH  +  4r*) 


U  +  5?4  <P  "  2r  >1 


Let  qQ**  be  the  value  of  q0  at  which  a  region  of  contact  begins  to 
propagate.  Thus  q0**  is  obtained  by  putting  n  =  0  in  Eq. (20)  and 
is  given  by 


(p  +  4r  ) 


[1  ♦  p  <P  y.r).  ] 


2r 


Since  qQ*  <  qQ**  it  follows  that  in  accordance  with  the  classical 
theory  prediction  there  is  a  range  of  values  of  q0,  viz.,  qD*  < 

<10  <  qo**  for  which  there  will  be  a  circular  line  of  contact  at 
x  =  0. 

As  a  second  example  let  us  consider  a  finite  shell  of  length  2L  in 
the  presence  of  a  smooth  rigid  surface  of  radius  R  +  h/2  +  6L, 
loaded  internally  with  a  uniform  load  q”  =  por  a  constant,  and 
q+  =  0.  The  edge  boundary  conditions  are  taken  at  x  =  +  1  as: 

w  =  0,  mx  =  mQ,  nx  =  nx° 
where  m  and  n  °  are  prescribed  constants. 


In  view  of  the  symmetry  with  respect  to  the  plane  x  =  0  we  \;ill 
consider  only  the  region  0  <  x  <  1. 

The  point  at  which  contact  is  initiated  will  depend  on  the  ratios 
existing  between  the  constants  por  mo,  and  n,o  as  well  as  the  L/R 
ratio  of  the  shell.  In  general,  for  small  L/R  ratios  the  contact 
region  will  include  the  origin.  This  case  was  discussed  in  [1]  and 
will  not  be  considered  here.  For  sufficiently  large  L/R  ratios 
contact  will  be  initiated  at  a  finite  value  of  x  and  a  contact 
region  n  <  x  <  n  will  be  propagated. 

The  solution  for  load  values  which  do  not  produce  contact  is 
perfectly  straightforward  and  will  not  be  recorded.  For  loading  of 
sufficient  magnitude  to  produce  contact  the  solution  for  the  region 
0  <  x  <  m  is  given  by  Eqs. (6)  with 

A  =  0 

[po  -  4r4(6  +  n)  ]  Jc  sinh  Km 

3  =  —  —  —  — 

k  (k  sinh  km  cosh  km  -  k  sinh  km  cosh  km)  ' 


Sp  =  0  F  =  0 

For  the  region  v  <  x  <  n  the  solution  is  given  by  Eqs. (9)  with 
[pQ  -  4r4(6  +  n)  ] 

a  =  — - - - - - — - 

4r  (k  sinh  km  cosh  km  -  k  sinh  km  cosh  km) 

{  [k3  sinh  km  cosh  km  -  k3  sinh  km  cosh  km]  s^n^- ^ 

-  [  (k2  -  lc2)kk  sinh  km  sinh  Km] 

v 

[po  _4r4  (6  +  ft)  ] 

b  -  _  ’ 

4r  (k  sinh  km  cosh  Km  -  k  sinh  km  cosh  km) 


{  [k3  sinh  km  cosh  km  -  k3  sinh  km  cosh  km]  cos|1  .uiP 


(24) 


-  [  (k2  k2)  kk  sinh  km  sinh  km]  } 


6=0 

w 

C  =  -2k  I 

R  1 


2  Po  ’  4r4fi 

Real  (k  B  sinh  km)  +  (  - 3 -  )m  -  mfi] 


4r 


4r 


where  B  is  defined  in  Eqs. (23). 


For  the  region  n  <  x  <  1  the  solution  is  given  by  Eqs. (6)  with 


A  = 


[pQ  -  4r  (6  +  n)  ] 

~2 — 2 - 23 - - - - - - - 

k  (k  -  k  ) (k  sinh  km  cosh  km  -  k  sinh  km  cosh  km) 

(k  (k  cosh  km  sinh  km  -  k  sinh  km  cosh  km)  sinh  km 
2  _  £3 

+  sinh  km  (k  sinh  km  cosh  km  -  ^  cosh  km  sinh  km) 

k  2  —2  — 

-  £  (k  -  k  )  sinh  km  sinh  km  cosh  kn)  cosh  y(n-m) 


(continued) 
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B  = 


-  {  -  (k2  -  k2)  sinh2  km  sinh  km 

'  k3  -  _  , 

+  p  cosh  kn  (  —jc  cosh  km  sinh  km  -  k  sinh  km  cosh  km)  / 

sinh  p  (n-m)  ] 

[po  -  4r4(6  +  n)] 

—  —  —  — 

k  (k  -  k  ) (k  sinh  kn  cosh  km  -  k  sinh  km  cosh  km) 

I  £  (k2  -  k2) (sinh  km  -  sinh  km) 

+  k  (k  cosh  km  sinh  km  -  k  sinh  km  cosh  km)  cosh  km 
•>  _  5f3  — 

+  {  cosh  km(k  sinh  km  cosh  km  -  ^  cosh  km  sinh  km) 

k  2  —2  — 

-  (k  -  k  )  (sinh  km  sinh  km  sinh  kn) )  cosh  p  (n-m) 

k  2  —2  — 

+  {—  (k  -  k  ) (sinh  km  cosh  km  sinh  km) 

c-3  _ 

+  p  sinh  kn  (  — -  cosh  km  sinh  km  -  k  sinh  km  cosh  km)  ) 
k2 


sinh  p (n-m)  ] 


=  0 


„  vL  ,  2  Real 

F  =  Hr  I  - z — 

R  4r 


(k  A  cosh  kn  +  k  B  sinh  kn)  +  ( 


-n)n  -  n‘+c) 


4r 


where  A  and  B  are  defined  immediately  above  and  c  is  defined  in 
Eqs. (24) . 

The  coupled  pair  of  transcendental  equations  for  the  determination 
of  the  parameters  m  and  n  are  given  by 


W  .  i  1 

-r  =  [4r 


4  „ 

Pp  ~  4r  n 
4r45 


)] 


x  2  Re  { (k  sinh  km  cosh  km  -  k  sinh  km  cosh  km) 

cosh  k 


-1 


[  (k  sinh  km  -  k  sinh  km) 


(k2  -  k2) 


-  (k3  sinh  km  -  k3  sinh  km)  £2---— — 

k  (k‘  -  k ) 

-  (k  sinh  km  cosh  km  -  )T  sinh  km  cosh  km) 


cosh  k(l-m) 


(k2  -  k2) 


+  (k3  sinh  km  cosh  km  -  k3  sinh  km  cosh  km) 


cosh  k(l-m) 
2  2  —2 
k^  (k  -  kz) 


cosh  (1-m) 
2  ( 4  r  4 ) 
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+  [kk(k2  -  k2)  sinh  km  sinh  km) 

,  sinh  k(l-m)  .  sinh  y(l-m)  , 

i  -5 — 5 - zr~  +  - 2 -  1 

kJ(k2  -  k2)  2y (4r  ) 

+  (Is  sinh  km  cosh  km  -  E  sinh  kin  cosh  km) cofh  — - 
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-  ((k3  sinh  'cm  cosh  km-E3  sinh  km  cosh  km)  coshy  (n-m) 
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1  “2 — 2 - =3“  - 3 -  1 
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The  classical  theory  solution  is  obtained  in  a  straightforward 
manner  and  will  not  be  recorded.  It  is  interesting  to  note,  as 
will  be  shown  in  the  specific  examples  herein  below,  that  for  these 
examples  classical  theory  does  not  predict  a  region  of  contact  but 
rather  predicts  a  line  of  contact  which  moves  with  an  increase  in 
loading  intensity. 

As  a  specific  example  let  us  consider  the  case  where  (p0  -  4r  n)=0, 
mo  >  0,  v  =  0.25,  L/R  =  5,  h/2R  =  1/8.  The  solution  of  the 
transcendental  equations  is  shown  in  Fig.  1.  It  will  be  noted  that 


Sox  I O'3 


Fig.  1  Contact-  Region  for  Finite 
Shell  Loaded  by  Edge  Couple 


Fig.  3  Rotation  Distribution 


Fig.  2  Deflection  Distribution 


whereas  the  shear  deformation  theory  predicts  a  region  of  contact, 
the  classical  theory  predicts  a  line  of  contact  which  moves  toward 
the  outer  edge  of  the  shell  as  the  intensity  of  m0  increases.  It 
will  also  be  noted  that  the  two  theories  differ  slightly  as  to  the 
prediction  of  the  value  of  m0  and  position  of  contact  line  at  which 
contact  is  initiated.  For  the  specific  value  m0  =  8786.35,  the 
deflection,  rotation,  bending  couple,  shear  resultant  and  surface 
traction  distributions  are  shown  in  Fig.  2  through  6.  The  discrep¬ 
ancies  between  the  predictions  of  the  two  theories  are  clear  from 
these  figures.  It  should  be  noted  that  classical  theory  predicts 
the  transmission  of  a  line  load  given  by  the  discontinuity  in  shear 
shown  in  Fig,  5, 
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rig.  5  far  Resultant 
Distribution 


Tie.  6  Traction  Transmitted  bv 
Const  raining  Surface  to  Shell 


Conclusion 


In  the  type  of  problem  considered  in  this  paper  the  use  of  a  shear 
deformation  shell  theory  removes  the  conceptual  difficulties 
inherent  m  the  application  of  the  classical  theory  and  provides 
physically  consistent  predictions  for  the  parameters  of  the  problem. 
On  the  basis  of  the  examples  considered  it  is  clear  that  whereas  in 
some  applications  the  classical  theory  prediction  is  adequate  for 
design  purposes,  in  other  applications  (where  predictions  of  contact 
regions  and  transmitted  surface  tractions  are  of  design  interest) 
the  use  of  a  higher  order  shell  theory  is  essential.  Unfortunately 
there  appears  to  be  no  a  prion  method  of  distinguishing  these  two 
classes  of  application. 
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Axisymmetric  Deformation  Theory 
of  Orthotropic  Layered  Cylindrical  Shells 


JAMES  TING-SHUN  WANG 

GEORGIA  INSTITUTE  OF  TECHNOLOGY 


ABSTRACT 

A  linear  theory  for  the  axisymmetric  deformation  of  laminated  cylindrical  shell s 
is  presented.  The  shell  is  considered  to  be  made  up  of  thin  layers  of  orthotropic 
homogeneous  materials.  The  effect  of  shear  deformation  is  considered  so  that  the 
compatibility  of  interlaminar  stresses  and  the  continuity  of  deformation  at  con¬ 
tact  surfaces  of  every  two  adjacent  layers  can  be  maintained  where  the  theory 
based  on  the  classical  Kirchhoff  hypotheses  fails.  It  is  assumed  that  the  average 
transverse  normal  strain  is  zero,  and  only  one  shear  function  is  introduce!*  ir.  the 
theory.  By  satisfying  the  compatibility  of  stress  and  the  continuity  of  deforma¬ 
tion  between  interacting  surfaces,  recurrence  relations  for  the  midsurfac*  dis¬ 
placements  and  interlaminar  shear  stresses  of  neighboring  layers  are  es.aolished., 
A  single  fourth  order  ordinary  differential  equation  with  constant  coefficients 
governing  the  transverse  displacement  is  finally  derived  and  the  solution  can 
easily  be  obtained.  The  genera'  solution  of  a  semi-infinite  cylindrical  shell  is 
presented..  A  numerical  'xample  describing  the  variation  of  the  interlaminar  shear 
stress  for  a  simple  two  layered  clamped  cylindrical  shell  subjected  to  uniform 
internal  pressure  is  also  inclu<*  J  for  illustrative  purpose..  Such  interlaminar 
shear  stress  can  not  otherwise  be  determined  according  to  the  classical  theory 
based  upoi  the  Kirchhof f-Love  hypotheses. 


INTRODUCTION 


The  demand  for  increasing  structural  efficiency  of  many  vehicle  designs  has 
resulted  in  the  use  of  layered  composite  struccural  components.  The  manufacturing 
techniques  and  quality  control  for  producing  composite  materials  have  advanced 
rapidly.  Flight  vehicle  structures  made  of  advanced  filamentary  composites  are 
gradually  becoming  a  reality  However,  the  existing  theories  and  analyses  for 
such  structural  components  are  simple  extensions  of  the  classical  theories  of 
single  layered  isotropic  or  orthotropic  plates  and  shells. 
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The  classical  theories  for  laminated  plates  and  sh< 11s  were  developed  according  to 
the  Kirchhoff  hypotheses.  These  theories  will  le; J  to  incoapatible  or  contra¬ 
dicting  interlaainar  stresses  when  the  laainae  are  aade  of  different  materials. 

The  hypotheses  of  nondeforsable  normals  will  deviate  significantly  from  reality 
when  the  differences  in  stiffnesses  of  different  layers  become  large.  Since  the 
peeling  and  shearing  strengths  of  the  bond  material  between  layers  are  usually  low 
and  the  failure  in  the  bond  material  will  severely  affect  the  performance  of  the 
structure,  it  becomes  important  to  estimate  accurately  the  interacting  stress 
levels. 

Compared  with  the  analyses  of  single  layered  plates  and  shells  of  isotropic  or 
orthotropic  materials,  which  have  been  studied  extensively,  the  analysis  of  plates 
and  shells  of  multiple  layers,  taking  into  account  the  interaction  of  stresses  and 
compatibility  of  deformations  between  layers,  appears  to  be  a  relatively  unexplored 
field..  Early  in  1924,  Shtaerman  [l]  studied  single  layered  orthotropic  shells  of 
revolution  axisymmetrically  loaded.  The  basic  equations  for  the  theory  of  ortho¬ 
tropic  shells  were  derived  by  Mushtari  [2*,  [3]  in  1938.  These  are  indicated  in  a 
comprehensive  review  paper  by  Ambartsumian  f4].  The  membrane  theory  of  aniso¬ 
tropic  shells  has  been  discussed  by  Ambartsumian  £5],  Dong  [6",  and  others.  The 
classical  theory  of  laminated  plates  and  shells  may  be  referred  to  in  the  work  of 
Dong,  Pister,  and  Taylor  f 7 j .  Ashton  published  a  number  of  papers  f8],  [9]  on  the 
analysis  of  anisotropic  plates  according  to  the  classical  Kirchhoff  hypotheses.; 
d->son  [10]  studied  the  free  vibration  of  an  anisotropic  cylinder;  the  cylinder  was 
considered  to  be  thick  and  long  and  all  quantities  depend  on  the  radial  spatial 
coordinate  only..  Das  [11]  used  the  Donnell  type  equations  to  study  a  single 
layered  orthotropic  cylindrical  shell.  Mirsky  [12]  and  [13]  used  the  Frobenius 
series  to  study  the  axisymmetric  vibration  of  a  single  layered  orthotropic  cylin¬ 
der.  Again  the  cylinder  is  considered  to  be  long,  and  the  solution  depends  on  the 
radial  spatial  coordinate  but  is  independent  of  longitudinal  coordinates. 

Kalnins  [14],  by  defining  the  gross  density  of  the  material  of  all  layers,  has 
utilized  the  method  of  analysis  he  developed  for  single  layered  rotationally  sym¬ 
metric  thin  elastic  shells  to  study  layered  cylindrical  shells  of  isotropic  or 
orthotropic  materials  as  equivalent  single  layered  cylinders.. 

Ahmed  [15]  studied  the  thick  shell  problem  based  on  more  precise  theory;  however, 
the  investigation  was  limited  to  a  long  cylinder  and  the  problem  was  reduced  to  a 
plane  strain  problem  with  cylindrical  symmetry.  Bert,  Baker,  and  Egle  Tl6]  inves¬ 
tigated  the  free  vibrations  of  multilayered  anisotropic  cylindrical  shells  based 
on  the  Kirchhoff  hypotheses.  The  previous  work  mentioned  above  is  either  based  on 
the  assumption  of  nondeformable  normals  as  a  result  of  the  Kirchhoff -Love  hypothe¬ 
ses  or  is  applicable  only  to  long  cylinders  where  edge  conditions  have  no  effect 
on  the  problem..  Ambartsumian  [4]  indicated  that  the  accuracy  of  the  hypothesis  of 
nondeformable  normals  used  for  isotropic  plates  and  shells  is  often  quite  unaccep¬ 
table  for  anisotropic  shells  even  for  relatively  thin  elastic  shells,  Wang  H7] 
has  shown  that  no  solution  exists  for  simply  supported  anisotropic  plates  accord¬ 
ing  to  the  classical  laminated  plate  theory  if  the  twist  coupling  terms  are  in¬ 
cluded  in  boundary  conditions.  Whitney  [18]  investigated  the  effect  of  transverse 
shear  deformation  on  the  bending  of  laminated  plates.  Pagano  [19]  obtained  exact 
solutions  for  the  cylindrical  bending  of  composite  laminates  according  to  linear 
elasticity,  and  some  discussion  concerning  the  validity  of  the  classical  Kirchhoff 
hypotheses  was  presented..  By  using  the  Galerkir  method,  Chamis  [20]  studied  the 
buckling  of  anisotropic  composite  plates  with  twist  coupling  terms  included.  Hsu 
and  Wang  f 2 1 j  studied  the  vibrations  of  laminated  cylindrical  shells  consisting  of 
layers  of  orthotropic  laminae  by  treating  each  layer  separately  and  then  coupling 
through  interactions  of  interlaminar  stresses.  The  numerical  results  indicate 
that  for  a  relatively  short  cylinder,,  the  differences  in  frequencies  obtained 
according  to  the  more  exact  analysis  and  the  analysis  based  on  Kirchhoff  hypothe¬ 
ses  of  nondeformable  normals  are  significant  even  if  the  thickness  of  the  shell  is 
small.  Detailed  discussion  of  the  rotationally  symmetric  vibrations  of  layered 
cylindrical  shells  may  be  referred  to  m  the  work  by  Hsu  [22].. 

The  work  presented  in  r2l_  and  [22..  considers,  for  axisymmetric  case,  one  unknown 
shear  function  for  each  layer,  A  system  of  coupled  fourth  order  governing  differ¬ 
ential  equations  is  resulted  for  static  problems.  The  number  of  equations  equal 
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the  nuaber  of  layers  of  the  shell,  and  the  nuaerlcal  computation  for  shells 
having  many  layers  becoaes  lengthy.  The  present  study  considers  one  shear 
function  for  all  layers  of  the  shell  while  continuous  deformation  and  consistent 
interlaainar  stresses  at  all  interfaces  are  maintained.  The  assumption  though 
impose  additional  restriction  on  the  mode  of  transverse  shear  stress  variation, 
yet  the  resulting  theory  is  simplified.  A  single  fourth  order  goverring  differ¬ 
ential  equation  is  obtained  according  to  the  present  derivation  which  is  different 
from  that  given  in  [211  and  [22]. 


AXISVhHETRIC  DEFORMATION  THEORY 


Laminated  cylindrical  shells  will  be  assumed  tc.  be  made  up  of  thin  layers  of 
orthotropic  homogeneous  materials.  The  general  theory  is  derived  directly  from 
the  elasticity  equations  and  a  consistent  theory  is  resulted.  Since  each  lamina 
is  assumed  to  be  thin  and  the  transverse  normal  strain  will  be  small,  it  is 
assumed  that  the  average  transverse  normal  strain  in  each  layer  is  zero.-  The 
corresponding  average  transverse  displacement  is  used  in  calculating  all  other 
related  quantities..  Such  assumption  will  allow  the  complete  satisfaction  o*'  the 
continuity  of  deformation  and  the  compatibility  of  interlaminar  strc-ses.  The 
geometry  and  some  related  symbols  are  shown  in  Figure  1.  For  axisymmeti'c  defor¬ 
mation,  the  strain-displacement  relations  at  a  point  in  a  general  jth  layer  are 
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where  the  subscript  J  corresponds  to  the  jth  layer,  e  and  w 

the  average  transverse  normal  strain  and  displacement.  J 

are  respectively 

According  to  Eq.  (3),.  w,  will  be  independent  of  The  transverse  shear  stress 

in  each  layer  is  assumed  to  vary  parabolically  as^given  by  the  following 
expression. 
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where  superscript  j  represents  the  jth  contact  surface,  the  transverse  coor¬ 
dinate  measured  from  the  midsurface  of  each  layer  along  tne  outward  normal,  and  h 
is  the  thickness  of  Jth  layer..  This  is  an  alternative  form  of  Eq.  (3)  given  by 
Whitney  [19]  for  the  study  of  the  bending  of  laminated  plates.:  The  stress  strain 
relations  for  orthotropic  material,  where  the  elasticity  axes  of  symmetry  coincide 
with  x  and  9  coordinates,  are 
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where  B,,  are  nonzero  elasticity  constants.  The  transverse  normal  stress  a,  will 
be  obtained  from  the  following  equilibrium  equation 
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Since  each  layer  is  considered  to  be  thin,  § .  is  negligible  when  coopared  to  R 
and  the  last  equation  becomes  ■*  ' 
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By  substituting  equation  (12)  in  conjunction  with  equation  (73  into  equation  (6), 
and  then  integrating  with  respect  to  §.,  one  obtains  the  displacement  at  any  point 
in  a  general  jth  layer,  ^ 
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where  u^  is  the  longitudinal  displacement  ol  the  midsurface  of  jth  layer.. 
Substitution  of  Eq.,  (14)  into  Eq..  (1)  results  in  the  following  equation 
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To  maintain  continuity  of  displacement  at  all  interfaces  between  every  two  adja¬ 
cent  layers,  the  condition 
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must  be  satisfied..  By  substituting  Eq.  (14)  into  Eq.  (16),  one  obtains 
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where 


(16) 


(17) 


Aj+1  “  hj+l(Q55)j+l  ’ 


V-ii<hj3+i  +  hj3> 


Substitution  of  Eq.'  (7)  and  (9)  in  conjunction  with  Eqs.  (2)  and  (15)  into  Eq.  (13) 
and  subsequent  integration  of  the  resultirq  equation  with  respect  to  ^  yields 
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where  *  t*^  ,  and  c°  .  represents  the  transverse  normal  stress  at  the  midsurface 
xz  '  ZZJ 

of  the  jth  layer  which  can  be  determined  according  to  the  condition 
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where 
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For  a  shell  having  N  layers,  there  are  a  total  of  (N-l)  interacting  shear  stresses, 

t'  ,  and  N  raid-surface  longitudinal  displacements  u..  Eqs.  (17)  and  (20)  provide 
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a  total  of  2N-1  equations.  Hence  (j  •  1.....N-1),  and  -r—  (i  “  1.....N)  may 

2  r*  J  0  ,  N  dx 

be  expressed  in  terms  of  w,  — r  ,  jnd  —  by  using  Eqs.,  (17)  and  (20) 
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which  may  be  represented  in  tne  following  matrix  form 
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where 
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The  elements  of  the  coefficient  matrices  can  be  easily  identified  from  Eqs.,  (17) 
and  (20).  By  solving  Eq..  (21),  one  obtains 
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Substituting  Eq.  (22)  into  Eq.  (IS),  one  obtains 
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The  stress  resultants  and  stress  couples  are 
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where  z  is  the  distance  measured  from  the  reference  surface  to  the  midsurface  of 
jth  layer;  or  R^  -  Rf  •  z^. 

Substituting  eqs.  (8)  and  (9)  in  conjunction  with  eq.  (23)  into  eq.  (24),  one 
obtains 
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The  overall  equilibrium  equations  for  a  shell  element  consisting  of  N  layers  are 
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where  R  is  the  radius  of  curvature  of  the  reference  surface, 
r 

Eqs ..  (28)  and  (29)  are  combined  into  a  single  equation, 
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substituting  Eq.  (26)  into  Eqs.:  (27)  and  (30),  one  obtains 
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T  and  t  represent  tangential  loading  functions  on  the  inner  and  outer  surfaces 
of  a  cylinder  which  are  generally  given. 

By  eliminating  ®  between  Eqs..  (31)  and  (32),  one  obtains 
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SEMI- INFINITE  SHELLS 


For  Illustrative  purposes,  consider  a  semi-infinite  cylindrical  shell  subjected  to 
uniform  edge  shear,  Q  ,  and/or  edge  moment,  M  .  The  transverse  shear  stress  at  the 
loaded  edge  varies  in°the  form  of  eq.  (7).  As  a  result,  one  requires 
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From  eq..  (33),  it  is  seen  that  F  •  0  in  order  that  condition  (36)  is  satisfied. 

From  Eqs.  (27),  (31),  and  (33),  it  may  be  noted  the  constant  F  represents  the 
longitudinal  stress  resultant  for  the  present  case.  By  substituting  Eq..  (35)  into 
Eq..  (33),  one  obtains 
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The  interlaminar  shear  stresses  tj  are  obtained  from  Eq.  (2k), 
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where  A*  is  an  integration  constant  corresponding  to  jth  layer.- 

The  constants  A*  can  be  determined  immediatelv  by  subst.'uting  Eq.  (38)  into  Eq.  (37) 
provided  that  tne  solution  of  the  transverse  displacement,  w,  is  obtained.  These 
constarts  in  general  form  are 
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where  z.  reprt  ents  the  radial  distance  measured  from  the  reference  surface  to  the 
midsurf^ce  of  the  jth  layer.  Now  the  governing  differential  Eq.,  (34)  becomes 
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The  boundary  conditions  are 
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and  w  and  its  derivatives  must  vanish  as  x  approaches  infinity..  The  quantities  s 
and  s^  in  Eqs.  (41)  and  (42)  are  defined  as  follows: 
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The  genei.nl  solution  of  Eq.,  (40)  depends  on  the  type  of  roots  of  the  characteristic 
equation  i  to  whether  or  not  they  a -a  real  and/or  imaginary  and/or  complex  con¬ 
jugal  ...  1  ne  type  of  roots  depends  on  the  material  constants  and  the  geometry  of 
all  la.  ers  of  the  shell.  Consider  a  case,  for  illustrative  purposes,  in  which 
the  roots  u. (k  “  1,2, 3, 4)  are  complex  conjugate  which  may  be  written  as 
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It  can  bo  easily  shown  that  n  and  a*  have  opposite  signs.-  Consider  that  Oj  is 
negative  and  let  a  -  |  | the  bounded  solution  of  Eq.  (40)  becomes 

w  ■  e  (A  cos  8x  +  B  sin  0x) 

By  satisfying  the  boundary  conditions  (41)  and  (42),  one  obtains 

i..  A  +  l.  .  B  -  M 
11  12  o 


where 


‘n 


21 


Sj  (or2  -  B2)  +  s2  ,- 


A  +  B  "  -  Q0 


12 


2aBs, 


2  3 

-  s^crB  -  or  )  -  as,  , 


1 22  ■  sj(3a  9  -  B  ) 


(45) 


(46) 
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Solvirg  Eqs.  (46),  one  obtains  the  constants  A  and  R  which  are  given  in  the 
following  general  form 

rA'  i  b,i  bi2  i 


{ 1  >2i{  °1 

1  B  J  '  b..  b--  -i  *»-  0 


b21  b22  o 

where  the  matrix  [b^j  is  the  inverse  of  the  matrix 
The  results  of  this  example  are  sumnarized  below., 
w  «  e  ^(A  cos  fix  +  B  sin  fix) 

A  “  bll  Mo  ’  b12  Qo 
B  “  b21  Mo  *  b22  % 

A*  -  f(Zj  +  -  (gj!  +  -J— 2  8j2)oA  +  (gj!  -  2  2  gj2)@B  +  8j3Wo 

Of  Tp  Of  +P 

G  " '  '^u  +  Jw-  Dl2^ A  +  (°u  '  Dl2^ B 

TJ  -  -  j  (BA  +  aB)  -  S*(a  -  |  B)jsin  0x 

+  [Sj(oA  -  fiB)  +  s*(|  A  +  b';]cos  0x}  +  gj3G  +  Aj 

where 


“11 

8j  "  8J1  *  Dn  8j3 


S* 


12  \ 


j  “  V8J2  -  ol3  8j3.a2+e; 


®  -  ^7  {[D11«A+“B)  -  d12  (a  -  f  B)  jSin 


a  +0 


+  [du(oA  -  0B)  +  D12  -^(f  A  +  Bjjcos  Bxj  +  G 
0/  d‘8 


NUMERICAL  EXAMPLE 


As  indicated  in  earlier  discussions  that  the  present  theory  enables  one  to  deter¬ 
mine  the  interlaminar  shear  stresses  where  the  theory  based  on  the  classical 
Kir-hhoff-Love  hypotheses  fails  for  such  layered  construction..  A  simple  case  for 
a  cylindrical  sh<  1  clamped  at  both  ends  having  two  layers  of  d  fferent  isotropic 
materials  subjected  to  uniform  internal  pressure  is  considered,  and  the  variation 
of  Interlaminar  shear  stress  is  presented.  For  this  .ase,  j  ■  1  corresponds  to 
inner  layer,  and  .1-2  corresponds  to  outer  layer,  B13  •  B22  *  E/(l-v2), 
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B1-  *  -  vBj^,  Bjj  •  C  ,  E  ii  the  modulus  of  elasticity,  v  is  the  Poisson's  ratio, 
and  C  is  the  shear  modulus  of  elasticity.  Only  one  interlaminar  shear  stress 
t*  *  t  exists.,  hj  •  h^  “  h,  R^/h  »  25,  “  2Ej  *  30  x  10®  psi,  and  *0.3 

are  considered  in  the  example.,"1  The  characteristic  roots  of  the  governing  differ¬ 
ential  eq.  (34)  are  complex  conjugates,  they  are 


where  a  *  0.149,  and  B  “  0.344.,  For  simplicity  in  computation,  half  of  the  si. .11 
length  i  *  18.82  is  chosen  so  that  B l  *  2n.  As  a  result  sin  Bf  *  0,  and  cos  Si*  1. 
The  interlaminar  shear  stress  ariation  is  found  to  be 


—  «  0.11465  coshax  sinSx  -  0.03038  sinhax  cosBx  -  0.04229x 

T 

O 

where  x  measured  from  the  midsection  of  the  shell,  and  t  is  the  interlarinar 
shear  stress  at  the  ends  (x  *  +  i) The  variation  is  also  plotted  in  P.g.  (2).- 
It  is  seen  that  the  peak  shear  stress  occurs  near  but  not  at  the  ends,  and  the 
stress  reduces  sharply  toward  the  midsection  of  the  shell. 


CONCLUSIONS 


A  consistent  theory  for  layered  cylindrical  shells  is  established,.  The  theory  is 
simpler  than  the  general  theory  presented  in  previous  work  by  Hsu  and  the  author. 
However,  the  mode  of  transverse  shear  stress  variation  is  more  restricted.  The 
F.irchhoff  hypothesis  that  the  normal  to  the  reference  surface  of  the  shell  remain 
normal  to  it  is  abandoned  in  the  present  theory  so  that  continuous  deform  elon  and 
consistent  interlaminar  stresses  are  maintained  throughout  the  shell.,  iloreo^er, 
the  present  theory  enables  one  to  calculate  the  interlaminar  shear  stress  which 
can  not  otherwise  be  obtained  if  the  Kirchhof f-Love  hypothesis  is  considered.. 


NOMENCLATURE 

Bij 

exx’  e96’  6zz 
vx9’  v6z’  Yxz 


i 

Mxx’  Mee 

V 

Nxx-  N69 

N  N 
P  T 


Rr 

u,w 


elasticity  constants 
lineal  strain  components 
shear  strain  components 
thickness  of  jth  layer 
stress  couple 
edge  moment  and  shear 
stress  resultants 

normal  and  tangential  loadings  on  .he  exterior  surface 
normal  and  tangential  loadings  on  the  interior  surface 
transverse  shear  stress  resultant 

radius  of  curvature  of  the  midsurface  of  the  jth  layer  shell 
radius  of  curvature  of  the  reference  surface 
longitudinal  and  radial  displacements 
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u 


x.  9 


o 

T 


66’  °zz 
x6'  Tz8 


z 


jth  layer  midsurface  longitudinal  displacement 
longitudinal  and  circumferential  coordinates 
normal  stress  components 
shear  stress  components 

interlaminar  shear  stress  at  the  jth  contact  surface 

t  for  axisyrooetric  case 

radial  coordinate  in  the  jth  layer 

radial  coordinate  from  reference  surface 

radial  distance  from  reference  surface  to  midsurface  of  *’ 
layer 
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ABSTRACT 

An  examination  of  the  factors  influencing  the  precision  of  displacement 
method  finite  element  models  for  rotational  shell  and  plate  bending  problems  is 
conducted.  Attention  is  focused  on  the  various  methods  of  determining  the  coef¬ 
ficient  of  the  polynomials  In  the  assumed  interpolation  functions  with  omphasis 
on  the  physical  meaning  and  relative  influence  of  the  low-order  and  higher-order 
Inrms.  For  the  rotational  shell  model,  the  necessary  geometrical  approximations 
are  also  studied. 

S'.lgh-precislon  displacement  functions  are  proposed  for  both  elemenls  with 
the  objective  of  achieving  convergence  through  Individual  element  improvement  as 
opposed  to  the  usual  method  of  simply  reducing  the  size  of  elements  and  corre¬ 
spondingly  increasing  the  total  number  of  elements.  The  latter  approach,  of 
course,  leads  to  an  Increased  computational  effort  as  well  as  possible  numerical 
difficulties  If  the  limiting  process  Is  carried  too  far.  Along  with  the  refine¬ 
ment  In  the  displacement  functions.  Improved  discretizations  of  the  external 
loading  are  achieved  for  both  elements. 

Examples  are  presented  to  demonstrate  tho  striking  Improvement  In  the  effi¬ 
ciency  and  accuracy  of  the  analysis  which  Is  attainable  through  tho  use  of  high 
precision  elements. 


INTRODUCTION 


Finite  element  analysis  using  tho  displacement  mothod  Is  usually  based  on  tho 
assumption  of  a  displacement  field  In  which  tho  coefficients  of  the  Interpolation 
functions  ore  directly  oxpresslblo  In  terms  of  o  dotlnod  sot  of  gonorallzod  nodal 
displacements.  A  flnlto  olomont  Is  normally  judged  acceptable  If  convergence  with 


st  Avails  Copy 
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respect  to  progressively  reduced  element  sizes  can  be  demonstrated  on  two  or  more 
standard  problems.  Experience  and  subsequent  theoretical  studies  have  shown  that 
the  low-order  terms  of  the  approximating  sequence  are  very  important  in  achieving 
convergence  in  this  sense.  In  the  finite  element  displacement  method  those  terms 
represent  rigid  body  displacement  and  constant  strain  components. 

The  importance  of  high-order  terms  can  be  seen  in  a  convergence  process  in 
which  the  element  domains  are  kept  finite  and  constant  while  the  order  of  approx¬ 
imation  is  progressively  increased.  Given  a  complete  polynomial  or  trigonometric 
sequence,  it  should  then  be  possible  to  achieve  uniform  convergence  over  each 
element  domain.  Some  of  the  theoretical  problems  associated  with  this  process 
have  not  yet  been  solved.  It  is  not  known,  for  example,  how  the  constant  coef¬ 
ficients  of  the  higher-order  terms  should  be  treated:  should  they  be  assigned  to 
represent  additional  nodal  displacement  components  or  should  they  be  determined 
from  criteria  similar  to  those  of  the  Ritz  method. 

While  questions  of  this  kind  mav  seem  to  be  somewhat  removed  from  the  prac¬ 
tical  aspects  of  the  finite  element  method,  it  is  clear  that  they  must  be 
answered  if  finite  elements  of  optimal  or  near-optimal  efficiency  are  to  bo 
identi tied. 

Since  very  little  theoretical  guidance  is  currently  available,  the  writers 
chose  to  perform  computational  experiments  employing  two  common  types  of  finite 
elements;  a  rotational  shell  element  and  a  plate  bending  element.  In  both  cases 
the  nodal  variables  were  specified  in  terms  of  the  displacement  funcxion  and  its 
first  derivatives.  The  treatment  of  the  coefficients  of  the  approximating 
sequences  along  with  other  factors  influencing  the  precision  of  the  approximation 
are  di'.~ussed  in  this  paper. 

ROTATIONAL  SHELL  ELEMENT 


Disp lacements 


For  shells  of  revolution,  the  use  of  Fourier  series  expansions  in  the  circum¬ 
ferential  variable  0  reduces  the  mathematical  analysis  to  a  single  dimension, 
thereby  eliminating  from  consideration  the  problem  of  specifying  complete  poly¬ 
nomials  for  the  displacement  functions;  howovor,  considering  the  generalized 
nodal  displacements  to  be  the  three  components  of  the  displacement  vector,  u,  v 
and  w  and  the  two  components  of  the  rotation  vector  S*  and  8g  as  shown  in  Fig.  1, 
there  are  ten  nodal  displacements  available  to  determine  the  coefficients  of  the 
element  displacement  functions.  This  constraint  is  quite  restrictive  in  that  an 
equal  order  polynomial  approximation  for  each  displacement  would  permit  only 
linear  variations  for  each  variable.  In  most  analytical  and  numerical  formula¬ 
tions  of  the  thin  shell  equations,  transverse  shearing  strains  are  neglected  [I].* 
With  this  assumption,  6g  may  be  expressed  directly  in  terms  of  v  and  w,  and  6$ 
written  as  a  function  of  u  and  where  s  =  the  nondlmens Iona  I  arc  length  coor¬ 
dinate  js  shown  in  Fig.  2.  It  is  then  necessary  to  construct  only  throe 
independent  displacement  functions  u(s),  v(s)  and  w(s)  in  terms  ot  the  four  nodal 
displacements,  u { 0 )  v(0)  w(0)  and  u 1 1 >  vll)  w(1)  (  1 ),  at  each  ond 

ot  the  element.  With  eight  conditions  available  to  evaluate  tho  coefficients  tor 
the  three  displacement  functions,  an  equal  order  set  cannot  be  specified  and 
several  alternatives  are  evident. 

Or  tho  various  possi b! I i t ios,  the  displacement  functions  are  usually  taken 
i n  the  form  [ i ] 

u(s)  =  Cj  +  Cz  o 

vis)  -  Cj  *  Cl,  5  <1* 

w(s)  *  C5  t  C(  S  t  C7  5  ♦  C|  S3 


* 

Numbers  in  brackets  rotor  to  items  listed  In  tho  References. 


P 


:»  c’q\0 


GoPV 
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in  which  cj  -  Cg  =  constant  coefficients.  The  apparent  reason  for  this  choice  of 
displacement  functions  follows  from  an  examination  of  the  strain  energy  func¬ 
tional  from  the  calculus  of  variations  standpoint  as  suggested  by  Stricklin  [3].. 
It  the  highest  order  derivative  of  a  particular  function  appearing  in  the  func¬ 
tional  is  of  order  n,  the  function  need  be  continuous  at  the  end  points  of  the 
interval  only  up  to  the  n  -  1  derivative  in  order  to  establish  the  necessary 
conditions  for  an  extremum  [4].  Therefore,  if  the  finite  element  problem  is 
viewed  as  a  piecewise  minimization  procedure,  it  is  necessary  that  only  the  n  -  1 
derivative  of  the  interpolation  polynomial  for  the  function  be  continuous  at  the 
nodes..  The  strain  energy  functional  in  question  contain-,  second  derivative  terms 
for  w  and  first  derivative  terms  for  u  and  v.;  Since  6$  is  also  a  nodal  displace¬ 
ment,  OH.  wi  I  I  be  continuous  at  the  nodes  and  the  continuity  conditions  are 
satisfild.  Thus,  it  is  apparent  that  the  choice  of  displacement  functions  given 
in  Eq.  1,  including  just  eight  undetermined  coefficients  corresponding  to  the 
eight  nodal  displacements  per  element,  is  admissible  »nd  logical  although  not 
un  i  que.; 


It  is,  however,  possible  to  relax  the  constraint  of  selecting  a  displacement 
field  containing  the  exact  number  of  coefficients  directly  expressible  in  terms 
of  the  nodal  displacements  [2].  When  higher-order  displacement  functions  are 
introduced,  the  additional  coefficients  may  be  evaluated  in  two  ways:  (1!  by 
treating  each  additional  coefficient  as  an  added  dependent  variaole  in  the 
variational  formulation  and  applying  the  Principle  of  Minimum  Total  Potential 
Energy  to  derive  an  additional  equation  per  coefficient  [5,6];  or  (2)  by  defining 
higher-order  derivatives  o*  the  basic  set  of  displacements  as  additional  gener¬ 
alized  displacements  and  expressing  the  coefficients  of  the  higher-order  terms  as 
functions  of  the  nodal  valu.s  of  the  enlarged  set. 

It  is  evident  that  the  first  procedure  should  result  in  an  improved  repre¬ 
sentation  of  the  displacement  field  in  the  interior  of  the  element  while  the 
second  method  affects  interelement  compatibility.-  Inasmuch  as  only  the  first  and 
second  derivatives  of  the  displacements  enter  into  the  subsequent  computations 
for  the  stress  resultants  [2],  the  efficiency  of  matching  derivatives  of  a  higher 
order  is  questionable.  For  this  reason,  it  appears  that  the  first  approach  is 
the  more  sensible  and  it  has  been  adcated  for  this  study,  in  addition,  the  usual 
simplification  of  neglecting  transverse  shearing  strains  is  not  applied 
since,  in  this  formulat'on,  the  inclusion  of  this  effect  introduces  no  additional 
comp  I i cat  ions  [7] . 

In  view  of  the  foregoing  discussion,-  the  displacements  are  taken  in  the 
harmonic  form 

{ D }  =  {u  v  w  0^  Bq  ) 

=  7]  {u^'cosjO  v^'sinjS  w(j)cosj0  6.^'cosjO  g0<J'sinj0}  (2) 

J  =0 

For  a  typical  harmonic  j  >_  t  ,* 

{D<j)'(s,f}}  =  [OJ{D(J':s)'}  .(3a? 

in  which 

{D(j,(s)}  =  {u(jl(s?  vtj,(s)  w(j)(s>  h^j)(f?  Fgj)(sU  (3b? 

and 

r 0 J  Tcos  j8  sin  jfl  cos  J0  cos  jO  sin  j6J  (3c? 

The  symbol  f  J  denotes  a  diagonal  matrix.- 


For  harmonic  j  =  0,  ail  terms  correspond i ng  to  the  d i sp locements  v  and  tL  are 
suppressed.. 


803 


(4) 


Then  each  displacement  function  is  represented  over  a  typical  element  as 

k 

d.(s)  =  (i-s)d.(O)  +  sd.(i)  +  L  'sm  -  sra+1)q. 
i  i  i  m= 1  im 

(i  =  1,5) 


in  which 


k  =  total  number  of  higher-order  terms  in  d.(s) 

(A)  =  {dj(0)  uj ( I J . . . d  5  C 1 )}  =  nodal  values  of  generalized  displace¬ 

ment  dj(s);  also,  coefficients  of 
linear  terms  in  the  displacement 
functions.. 

and 

(Q)  =  { q 1 1  Pm  ...qjk)  =  coefficients  of  higher-order  terms  in 

the  displacement  functions.. 

It  should  be  noted  that  the  higher-order  terms  vanish  at  the  nodes,  s  =  0  and 
s  =  1,  and  that  the  interpolation  polynomials  are  continuous  but  the  first  and 
higher-order  derivatives  are  not  necessarily  continuous  at  these  points.  With 
the  inclusion  of  transverse  shearing  strains  in  the  formulation,  each  of  the 
displacement  terms  appear  in  the  strain  energy  functional  only  in  the  first 
derivative  and  the  aforementioned  conditions  of  continuity  are  satisfied.; 

Geometry 


The  geometrical  parameters  for  a  typical  shell  element  are  illustrated  in 
Fig.  2  where  the  middle  surface  R  =  R(Z)  is  shown  along  with  the  principal  radii 
of  curvature  and  R@  and  the  meridional  angle  $.  The  principal  geometric  terms 
required  for  the  formulation  are  R^,  Rg,  sin  A  and  cos  if.  Each  of  these  terms 
may  be  written  as  functions  of  R,  and  [2,7]. 

The  geometrical  approximations  inherent  in  the  finite  element  analysis  of 
rotational  shells  evolve  from  the  selection  and  combination  of  comparatively 
simple  surfaces  to  approximate  the  actual  shell  surface  in  a  piecewise  sense. 

Tne  forms  which  have  been  adopted  range  from  conical  frusta  [8]  to  various  curved 
surfaces  [1,9],  It  is,  however,  insufficient  and  somewhat  misleading  to  focus  on 
the  representation  of  the  meridian  alone.  An  examination  of  the  second  fundamen¬ 
tal  form  of  the  differential  geometry  of  curved  surfaces  reveals  that  the 
principal  radii  of  curvature  are  the  most  important  geometrical  parameters  enter¬ 
ing  into  the  thin  shell  equations  [10].  In  order  to  increase  the  precision  of 
the  finite  element  proposed  in  this  investigation,  Lagrangian  interpolation  poly¬ 
nomials  are  used  to  represent  all  geometrical  terns  entering  into  the  strain 
energy  functional,  This  allows  the  exact  geomefrical  data  to  be  utilized  to  the 
fullest  extent  and  also  permits  the  element  stiffness  matrix  to  be  computed 
analytically  without  resorting  to  numerical  integration  [7].. 

Lqui I ibrium  Equations 


Substituting  the  displacement  interpolation  functions  into  the  applicable 
strain-displacement  relations  produces  a  set  of  equations  relating  the  strains  to 
(A)  and  {(?}■•  Following  the  introduction  of  the  coistitutive  matrix  to  express 
the  strains  in  terms  of  the  stress  resultants,  the  internal  strain  energy  for  an 


element  is 

U(j)’  =  j  [A  |  QJ[W]{“-} 

(5? 

in  which 

r  . 

[w]  -  J7  [T]T  [E][T]  dA  = 

sn  j  si2 

(6a)' 

h 

5  2 1  1  s2 2 
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dA 


LR(s)  ds  d8 


(6b) 


and 


[E]  =  the  constitutive  matrix 

[T]  =  the  compatibility  matrix  relating  the  stra.ns  and  displacements.; 


Representing  the  geometrical  data  in  the  polynomial  form,  permits  ihe  many 
integrations  contained  in  Eg.;  6(a)  to  be  evaluated  by  quadrature  [7). 


After  evaluating  the  potential  energy  of  the  external  loading  and  applying  the 
Principle  of  Minimum  Total  Potential  Energy  and  static  condensation  to  el  imi nate  {Q } 
[5,6],  the  equi I ibrium  equations  corresponding  to  the  nodal  displacements  are 


[S]{A}  =  (F) 


(?) 


in  which 


[S]  =  hn  -  Si2s2J1S2il 


(8a) 


{ F }  =  { f i  +  F  -  si2s22'f2)  (8b) 

and  { f  j }  and  {f2}  =  the  consistent  nodal  loading  vectors  corresponding  to  (A)  and 
{Q},  respectively  [S]  and  [ F ]  represent  the  element  stiffness  matrix  and  the 
generalized  element  nodal  loading  vector. 

An  examination  of  Eqs.  8(a)  and  8(b)  reveals  that  the  elements  of  [w]  corre¬ 
sponding  t<n  the  higher-order  terms  in  the  assumed  displacement  functions,  sj2  and 
s22,  appear  in  the  generalized  element  loading  vector  as  well  as  in  the  element 
stiffness  matrix.  Thus,  it  is  apparent  that  the  inclusion  of  the  higher-order 
terms  in  the  displacement  functions  permits  a  more  accurate  discretization  of 
distributed  surface  loadings  in  addition  to  providing  a  better  representation  of 
the  element  stiffness  matrix.-  This  is  especially  important  when  relatively  few 
elements  are  used  in  the  analysis.. 

The  assembled  stiffness  matrix  for  each  harmonic  is  computed  using  the 
direct  stiffness  procedure  whereby  the  stiffness  coefficients  corresponding  to 
the  common  coordinates  of  adjacent  elements  at  each  node  are  algebraically  com¬ 
bined.  After  the  specification  of  the  kinematic  boundary  conditions,  the  global 
stiffness  matrix  results  from  which  the  displacement  arid,  subsequently,  the 
stress  resultants  may  be  computed  [7,1?]., 

At  this  point,  it  is  of  interest  to  reflect  on  the  method  used  to  derive  the 
high-precision  element.-  The  use  of  the  static  condensation  procedure  provided  an 
efficient  mejns  of  eliminating  the  coefficients  of  the  higher-order  displacement 
coefficients  (0)  and  subsequently  reducing  the  elemeni  stiffness  matrix  to  the 
basic  10  x  10  size  in  terms  of  the  nodal  displacements.-  This  is  an  attractive 
alternative  to  the  more  apparent  possibility  of  defining  higher-order  derivatives 
of  the  displacements  as  additional  generalized  nodal  d isp I acetic nt s  to  bo  matched 
between  elements.-  The  latter  procedure  would  result  in  a  signit  leant  increase  in 
the  complexity  of  the  formulation  and  would  also  increase  the  total  size  of  the 
global  stiffness  matrix.  Also,  as  noted  earlier,  it  is  questionable  whether  the 
method  of  matching  higher  derivatives  would  result  in  a  signi . leant  improvement 
in  the  accuracy  of  the  displacements  and  stress  iesultants.; 

Example 

In  order  to  demonstrate  the  improved  aeiuiu^y  obtained  usinj  the  high- 
precision  shell  element  as  opposed  to  less  refined  models,  a  hypcrbolei da  I  six  II 
of  revolution  subject  to  a  quasistatic  design  wind  loading  condition  is  treated.. 
The  shell  dimensions  are  shown  in  Fig.-  3, 


-’lots  of  the  meridional  force  and  Ihe  meridional  moment  are  presorted 
in  Fig.  4  and  5  respectively.  The  analysis  was  perfermrd  using  TO  elements  and 
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considering  nine  hamonics  for  the  description  of  the  wind  loading.  The  results 
are  shown  to  compare  favorably  with  thos°  given  in  Reference  13  where  200  less 
refined  elements  were  used.-  A  more  comprehensive  study  of  the  applications  of 
the  high-precision  element  is  presented  in  Reference  7. 

PLATE  FINITE  ELEMENT 


Several  high-precision  plate  finite  elements  have  been  proposed  by  a  number 
of  investigators.  The  papers  of  Cowper,  Kosko,  Lindberg  and  Olson  [14],  Butlin 
and  Ford  [15],  Argyris,  Fried  and  Scharpf  [16]  are  of  particular  interest  since 
they  report  on  the  development  of  an  t8  degrees-of-f reedom  element  which  is 
similar  in  some  respects  to  the  element  discussed  in  this  paper. 

In  attempting  to  construct  a  high-precision  plate  finite  element  the  writers 
sought  to  incorporate  in  the  displacement  function  all  available  information 
concerning  the  solution  of  the  governing  differential  equation  over  each  element 
domain.  The  motivation  for  this  approach  was  discussed  earlier  by  Szabo  and 
Lee  [17]  in  deriving  the  stiffness  equations  for  plates  from  the  biharmonic 
equation  using  Galerkin's  orthogonality  criteria. 

The  interpolation  functions  were  constructed  from  a  set  of  homogeneous  solu¬ 
tion  terms  of  the  biharmonic  equation.  This  set  was  obtained  from  the  complete 
biquintic  polynomial  sequence  by  separating  linear  combinations  of  the  polynomial 
terms  that  are  homogeneous  solutions  of  the  biharmonic  equation  from  those  that 
a~e  particular  solutions.-  The  process  is  illustrated  in  Table  1. 

Table  i. 


Separation  of  the  homogeneous  and  particular  solution  terms  of  the 
bihcmonic  equation  from  the  complete  biquintic  polynomial  sequence. 


HOMOGENEOUS  SOLUTION  TERMS:; 

CONSTANT: 

1 

LINEAR: 

x  y 

QUADRATIC: 

x2  xy  y2 

CUBIC:- 

x3  x2y  xy2  y3 

QUART  1C: 

x3y  xy3  (x‘*-3x2y2)  (y'*-3x2y2) 

QUINTIC:- 

(x5-5x3y2)  (x5-5x/4)  (y5-5x2y3)  (y5-5x‘*y) 

PARTICULAR  SOLUTION  TERMS. 

QUART  1C: 

(x4+3x2y2+y4) 

QUINTIC:- 

(x5  r^x3y2+5xyl4)  ( y^+-5x2y  3+5x4y ) 

Of  course,  this  table  can  be  extended  indefinitely  to  include  increusinj 
orders  of  complete  polynomial  sequences. 

Considering  a  typical  finite  element,  the  coefficients  of  the  particular 
solution  terms  Jepend  only  upon  the  distribution  cf  the  lateral  load  over  Ihe 
element.;  The  coefficients  of  the  homogeneous  solution  terms  on  the  other  hand 
must  be  determined  from  the  boundary  conditions  ana  from  su'tabl/  defined  inter¬ 
element  continuity  conaitions.  If  one  nodal  disp1  cement  is  defined  for  each 
homogeneous  solution  term  in  the  assumed  elem'  ,r  displacement  function, then  as 
the  order  of  approximation  increases  so  doe'  the  number  cf  available  nodal  dis¬ 
placement  components  increasi  .  Consequently  the  boundary  conditions  and  inter- 
element  continuity  condition  can  be  satisfied  at  an  increasing  number  of  points.; 
In  the  limit  complete  continuity  would  te  established.-  Given  that  the  governing 
differential  equation  is  satisfied  over  each  element  domain,  complete  interelement 
continuity  and  sat i sf act  ion  of  all  boundary  conditions  would  result  in  the  exact 
solution..  This  approach,  known  as  Ihe  local  solution  approach  [18],  establishes  a 


convergence  process  which  does  not  depend  on  the  reduction  of  element  sizes.  It 
is  obvious  that  he  success  of  this  approach  depends  largely  on  the  definition  of 
the  nodal  d : sp I acement  components. 

For  the  purposes  of  this  study  an  18  degrees-cf-f reedom  finite  plate  element 
was  developed  from  the  biquintic  polynomial  shown  in  Table  1.  Details  of  the 
development  as  well  as  the  results  of  some  computational  tests  were  given  in 
Reference  18.' 

On  performing  a  number  of  additional  tests  it  was  cted  *-hat  while  a  very 
small  number  of  elements  gave  accurate  solutions,  <ne  accuracy  did  not  increase 
significantly  or  monoton ica I ly  when  the  number  oi  elements  was  increased.  This 
can  be  explained,  at  least  heuris+!cal ly,  as  bping  due  to  two  conflicting  pro¬ 
cesses:.  when  the  number  of  elements  is  increased,  the  number  of  nodal  disp'ace- 
ment  components,  thus  the  ability  to  achieve  finer  approximation,  increases. 
However,  the  number  oi  interelement  boundaries,  the  sources  of  discretization 
error,  also  '  Teases.,  The  most  efficient  use  ox  elements  based  on  the  local 
solution  approach  appears  to  be  at  or  near  the  minimum  number  required  to  f i t  the 
geometrical  configuation  o»  the  prototype..  This  is  illustrated  for  the  central 
deflection  of  the  simply  supported  s  are  plate  in  Table  2.;  The  definitions  for 
"P"  and  "Q"  arrangements  werr  given  in  Reference  14.  In  the  "R"  arrangement,  the 
finite  element  boundaries  are  oarallel  with  the  symmetry  axes  of  the  plate. 

Tab  le  2a. 


Central  deflection  of  the  simply-supported  square  plate 
under  uniform  load  (entries  to  be  multiplied  by  qLVDl 


to.  ot 

E .ements 

local  Solution  Approach 

Ref. 

14 

Ref . 

16 

fer 

R 

Error 

x> 

Error 

0 

Error 

P 

Error 

1/4  Plate 

Arrang. 

(f 

P 

Arrang.- 

t 

Arrang , 

% 

Arrarg. 

a 

p 

1 

4.0435 

0.465 

- 

- 

- 

- 

- 

- 

2 

4.052045 

0.254 

1.052045 

0.254 

4.060937 

0.035 

4.05748 

0.120 

4 

4.0658 

0.084 

- 

- 

- 

- 

8 

4.074215 

0.292 

4.085394 

0.567 

4.062347 

0.0 

4.06230 

0.001 

Exact 

4.0623527 

Table  2b. 


Central  de‘ lection  of  the  simply-supported  square  plate 
under  central  point  load  (entries  to  be  multiplied  by  PL 2 /D X 


No.  of 

Local  Solution  Approach 

— 

14 

Ref.- 

to 

for 

R 

Error 

9 

Error 

9 

Error 

P 

f  rn  >r 

1/4  Plate 

Arrang.* 

rl 

P 

Arrang. 

% 

Arrang . 

(t 

P 

Arrang. 

p 

1 

1.126302 

2.912 

- 

~ 

- 

- 

- 

- 

2 

1.148046 

1.038 

1.148046 

1.038 

1 .149279 

0.931 

1.13647 

1.863 

4 

1.15310 

0.602 

- 

- 

- 

- 

- 

- 

8 

1.15798 

0.131 

1.1603207 

0.020 

1 .157422 

0.229 

1 .15486 

0.450 

Exact 

1 . 1 600836 

Lack  of  monotonic  convergence  is  noted  for  the  central  deflection  of  the 
uniformly  loaded  square  plate.-  On  the  other  hand  monotonia  convergence  is  indi¬ 
cated  for  the  central  deflection  resulting  from  a  concentrated  load  apolied  at  the 
center.  In  both  cases,  as  in  all  cases  studiel,-  the  least  number  of  elements  gave 
satisfactory  results  in  terms  of  the  displacement  functnns.- 

Further  improvements  were  gained  with  the  introduction  uf  special  e'cients. 
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These  special  elements  satisfy  the  local  solution  criteria  [18]  as  well  as  the 
kinematic  boundary  conditions  corresponding  to  simply  supported,  symmetr'c  or 
fixed  boundaries  along  one  or  more  edges.  These  elements  can  be  fitted  io 
"general"  elements  or  other  "special"  elements  at  their  interior  sides.  Thus  the 
proposed  approach  is  capable  of  satisfying  the  governing  differential  equation 
everywhere  within  each  element  domain  and  the  appropriate  kinematic  boundary 
conditions  at  the  external  boundaries..  Consequently  the  only  sources  of  error 
are:  (i)  pointwise  rather  than  uniform  interelernent  continuity  of  the  displace¬ 
ment  function,  and  (ii)  mean  rather  than  uniform  satisfaction  of  the  natural 
boundary  conditions.; 

There  are  some  special  cases  in  which  the  problem  of  interelernent  continuity 
does  not  a'ise.  For  example,  a  special  element  can  be  constructed  to  satisfy  the 
kinematic  bo  ndary  conditions  along  the  sides  of  a  triangular  element  representing 
one-eighth  ot  the  uniformly  loaded  square  plate.  The  relationship  between  this 
element  and  a  general  18  degrees-of-f reedcm  triangular  plate  element  is  illus¬ 
trated  in  Fig.  6.  The  nodal  displacement  components  of  the  general  element  are 
re-defined  as  indicated  in  Fig.-  6b.  Vanishing  of  the  normal  slope  along  the 
symmetry  boundaries  end  of  the  displacement  along  the  simply  supported  boundary 
is  ensured  by  setting  the  appropriate  nodal  variables  equal  to  zero.  Three  active 
nodal  variables  (degrees  of  freedom)  remain  as  illustrated  In  Fig.,  6c.,  The 
errors  in  terms  of  these  nodal  variables  are  shown  in  Table  3. 

Table  3. 


One-eighth  of  the  uniformly  loaded, 
simply  supported  square  plate. 


Solutions  in  terms  of  the  active 
nodal  displacement  components  (Fig.-  7c) 

Nodal 

Variable 

Exact  Value  Computed  Va'ue 

aL4 

(Entries  to  be  multiplied  by  ) 

Error 

per-cent 

1  (Displacement)' 

2  (Slope) 

3  (Slope) 

0.0040625 

0. 01 34758/L 

0. 0098385/ L 

0.0040640 

0.0134656/L 

0.0098521/L 

0.037 

0.076 

0.138 

The  gain  in  accuracy  resulting  from  the  use  of  this  element  is  best  illustrated 
in  Fig.  7.  The  solution  in  terms  of  the  banning  moments  along  one  of  the  symmetry 
axes  is  compared  with  the  exact  solution  and  with  the  solution  obtained  with  the 
general  element  shown  in  Fig.:  6a .; 

Another  interesting  problem  is  the  uniformly  loaded  rectangular  plate  with 
fixed,  simp.y  supported  and  tree  boundaries  as  shown  in  Fig.  6a,  Since  the  plate 
is  symmetric,  it  is  advantageous  to  study  just  one  half  of  it  subdivided  into 
four  triangular  elements.  The  displacement  function  of  each  element  satisfies  the 
governing  differential  equation  and  one  of  the  four  kinematic  boundary  conditions. 
In  this  example  the  element  displacement  functions  were  constructed  from  the 
complete  6th  orJ„.  polynomial  sequence  which  comprises  22  homogeneous  solution 
terms  and  6  particular  solution  terms  of  the  biharmonic  equation.  The  active 
nodal  displacement  components  are  shown  in  Fig.  8b.-  The  solution  obtained  through 
the  local  solution  approach  is  compared  with  the  se-ies  solution,  given  by 
Timoshenko  and  rtoinowski-Krieger  (19),  in  Fig,  9.  Solution  of  the  same  problem, 
using  the  mixed  method,  was  reporteo  bv  Hermann  (20,21).- 

These  and  other  computation” I  +ests  have  shown  that  the  accuracy  of  solution, 
particularly  in  terms  of  the  moment  field,  largely  depends  on  the  definition  of 
nodal  displacement  components  along  The  interelernent  boundaries.  Research  is 
being  continued  in  this  area  with  the  objective  of  finding  that  combination  of 
nodal  variables  which  minimizes  the  discretization  error.-  However,  the  findings 
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of  preliminary  studies  indicate  that  the  local  solution  approach  already  otters 
an  efficient  solution  technique  permitting  the  use  of  a  minimum  njmbe  pf  elements. 

CONCLUSION 


In  this  paper,  two  approaches  for  deriving  high-precision  finite  elements 
were  discussed.  The  problems  considered  were  a'rotational  shell  element,  and  a 
plate  bending  element.  Both  approaches  were  oased  on  an  assumed  convergence 
process  in  which  the  element  domains  are  kept  finite  and  constant  while  the  order 
of  approximation  is  progressively  increased.  Along  with  the  improvement  in  the 
accuracy  of  the  displacement  functions,  this  approach  results  in  a  refined  dis¬ 
cretization  of  distributed  external  loading.-  Thu  examples  serve  to  illustrate 
that  accurate  approximations  can  be  obtained  with  relatively  few  elements. 
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LEGEND  i  'tt.  DISPLACEMENT 


V  SLOPE 


Fig..  6.  Definition  of  nodal  variables  for  18  degrees-of-f reedom  finite 

elements  satisfying  the  local  solution  criteria. 

(a)  general  element 

(b)  special  element,  representing  one-eighth  of  the 
simply  supported  square  plate 

(c)  active  nodal  variables  for  the  special  element 
representing  one-eighth  of  the  simply  supported 
square  plate.- 


DISTANCE  ALONG  CENTERLINE,  Y/L  DISTANCE  ALONG  CENTERLINE , Y /L 


Fig.;  7a.,  One-eighth  of  the  simply-  Fig.  7b..  One-eighth  of  the  simply- 
supported  square  plate  supported  square  plate 

under  uniform  load.;  under  uniform  load.; 
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Analysis  of  Elastic  Cover  Plates* 
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UHIGH  UNIVMSITY 


ABSTRACT 

The  contact  problem  for  a  series  of  cover  plates  bonded  to  an 
elastic  half  plane  is  considered.  The  general  problem  is  reduced  to 
the  solution  of  a  Fredholm-type  integral  equation  with  a  weakly  sin¬ 
gular  kernel  and,  alternatively,  to  that  of  a  singular  Integral  equa¬ 
tion.  The  equations  for  periodically  spaced  cover  plates  are  ob¬ 
tained  from  the  solution  of  multiple  cover  plates  through  a  limiting 
process.  The  stress  state  in  the  vicinity  of  the  plate  ends  is  ex¬ 
amined  and  it  is  shown  that  the  stresses  have  an  inverse  square  root 
singularity  in  both  elastic  as  well  as  inextensible  cover  plates. 

For  the  special  case  of  Inextensible  cover  plates,  closed  form  solu¬ 
tions  are  given.  For  one,  two  and  periodically  spaced  cover  plates, 
the  singular  integral  equations  are  solved  and  numerical  results  are 
given.;  The  main  results  of  the  paper  consist  of  the  demonstration 
of  the  effect  of  interaction  on  the  stress  intensity  factors  in  the 
case  of  more  than  one  cover  plate. 

INTRODUCTION 


In  this  paper  we  consider  the  general  contact  problem  for  a 
series  of  elastic  cover  plates  bonded  to  an  elastic  half  space.;  The 
special  cases  of  this  problem  were  considered  by  Bufler  [1],  and  more 
recently,  by  Arutiunian  [2.3].  The  problem  of  a  single  cover  plate 
on  a  half  plane  and  a  line  inclusion  in  an  infinite  plane  was  studied 
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tration  under  Grant  NGR  39-007-011. 
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Lehigh  University,  Bethlehem,  Pennsylvania  18015.; 
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in  detail  in  [1]  under  various  symmetric  and  anti-symmetric  loading 
conditions.  By  applying  the  technique  used  by  Carafoli  [4,5]  in 
connection  with  the  theory  of  a  wing  with  finite  span,  Bufler  ob¬ 
tained  the  numerical  solution  of  the  integral  equation  of  the  prob¬ 
lem  and  determined  the  distribution  of  contact  stresses  between  the 
cover  plate  and  the  half  plane.  However,  in  [1]  the  stress  singu¬ 
larities,  particularly  the  tensile  stresses  in  the  half  plane  (which 
are  of  considerable  structural  interest)  around  the  singular  points 
were  not  studied. 

In  [2]  the  problem  of  a  single  cover  plate  and  in  [3]  a  series 
of  periodically  spaced  cover  plates  are  considered.  In  [1-3]  as 
well  as  in  this  paper,  the  cover  plates  are  assumed  to  be  suffi¬ 
ciently  "thin"  to  justify  the  assumption  that  the  plates  are  under  a 
state  of  generalized  plane  stress  with  the  shear  component  of  the 
contact  stress  acting  as  a  body  force  and  the  normal  component  o 
being  negligibly  small.  The  method  of  solution  developed  in  [2]yand 
[3]  is  much  too  cumbersome  and  complicated  tc  be  practical,  and  the 
papers  do  not  contain  any  worked  out  examples".: 

In  this  paper  the  general  problem  for  an  arbitrary  number  of 
cover  plates  is  formulated.  This  formulation  is  extended  to  obtain 
the  basic  integral  equation  for  the  periodic  cover  plates  under  sym¬ 
metric  and  anti-symmetric  loading  conditions.  The  limiting  ,roblem 
of  inextensible  cover  plates  is  solved  in  closed  form.  The  numerical 
solutions  for  elastic  cover  plates  are  given  for  one,  two,  and  a  pe¬ 
riodic  array  of  (identical)  plates. 

The  integral  equations  for  the  elastic  cover  plates  are  solved  by 
using  a  relatively  simple  technique  which  was  outlined  in  [6].  In 
addition  to  its  simplicity,  the  advantage  of  the  method  used  is  that, 
the  quantity  which  is  (from  the  practical  view  point)  of  most  imme¬ 
diate  interest,  namely  the  interface  shear  stress,  is  the  unknown 
function  in  the  integral  equations  and  is  readily  evaluated.  Also 
the  solution  directly  gives  th1  strength  of  the  stress  singularity 
at  the  ends  of  the  cover  plates,  through  which  the  stress  state  in 
the  half  plane  around  the  singular  points  may  easily  be  evaluated., 

FORMULATION  0^  THE  GENERAL  PROBLEM 

Referring  to  Figur.  1,  let  a  semi-infinite  elastic  half  plane 
with  elastic  constants  (u,<)  be  reinforced  by  n  cover  plates  which 
are  bonded  to  its  free  surface,  y  =  0.  It  is  assumed  that  the  dimen¬ 
sion  of  the  structure  in  z  direction  is  either  very  large  and  there 
is  complete  constraint,  in  which  case,'  t  =  0  and  k  =  3-4v,  or  is 
small  and  there  is  no  constraint  (in  which  case  k  =  (3-v)/(l+v) ) . 

Thus  the  problem  is  one  of  plane  strain  or  generalized  plane  stress.; 

Let  the  kth  cover  plate  with  elastic  constants  ^  and  thickness 
hk  be  located  along  a.  <■  x  <•  b^,  (y  =  0),  and  be  under  axial  loads 
Tlk’  T£k  (see  Figure  1 ) .,  Assuming  that  the  normal  component  of  the 
contact  stress  is  negligible  and  the  shear  component  is  t"  (x),  from 

*y 

Largely  because  of  this,  some  minor  errors  in  [2,3]  have  gone  un¬ 
noticed.  Even  though  trivial  from  the  view  point  of  analysis,  these 
errors  (particularly  that  regarding  the  sign  of  the  parameter  x) 
change  the  trend  of  the  numerical  results  completely  (such  as  having, 
instead  of  lower,  higher  stress  concentration  around  the  ends  of 
elastic  plates  as  compared  to  that  of  inextensible  plates). 
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the  equilibrium  of  the  cover  plate  we  have 


Vkx(x)  * 


8»khk  auk 
,+Kk  3X 


=  T 


ik 


x 

*  / 
aL 


xy 


(t)dt 


(1) 


Referring  now  to  [7,  Ch.  19],  let  the  Kolosov-Muskhelishvili 
functions  $|(z)  and  fj(z)  for  the  half  plane  S"  be  (Figure  1) 

f  1  ( z )  =  4>  ( z )  +  C1 


(2) 


^(z)  =  v(z)  +  C2 

where  C-j ,  C2  are  constant  and  $  and  t  vanish  at  infinity.  In  the 
problems  considered  in  this  paper  it  will  be  assumed  that  at  y  =  0 
the  normal  stress  is  zero,  i.e.. 


<>y(x)  =  0,  (-«  <  x  <  “)  (3) 

Thus,  in  terms  of  the  stress  components  at  infinity  the  constants  C, 
and  C2  are  given  by 


oo  oo 


where  it  is  assumed  that  at  |z|  =  «  the  rotation  and  o”  are  zero., 

+  Extending  now  the  definition  of  $>(z)  into  the  positive  half  plane, 
S  ,  as  in  [7],  the  stresses  and  the  displacements  may  he  expressed  as 
follows : 


°y  '  °x  +  2itxy  =  ^(z-z)*’  (z)  -  *(z)  -  J{z)  +  4]  (5) 

°y  ‘  1  Txy  s  *^z>  "  ♦(*)  +  +  2C]  +  C2  (6) 

2n  yj-  (u  +  iv)  =  K't(z)  +  *  (z)  +  (z-z)F'(z)  +  C3 

a”  (?) 

C3  “  r  +  1  Txy 

From  (3)  and  (6)  it  follows  that 

o"(x)  »  0  =  <t> _  ( x )  +  ♦  +  (*)  -  $  +  (x)  -  ?'(x)  (8) 

Since  I m ( 4> )  =  0  at  |z|  =  ■»,  from  (8)  we  find 

J(z)  =  *(z)  (9) 


in  the  entire  z  plane. 

Using  (9),  from  (6)  and  (7)  for  the  relevant  quantities  on  the 
boundary,  y  =  0,  we  obtain 


1  (t‘y  -  T°y)  =  /(x)  -  <T(x) 


(10) 


4u  3u’ 


3x  .  + 


+  } 


r+lT  ax  '  2 
For  n  cover  plates  if  we  let  (a^, 


(ID 

n 

-k,  L  *  |  Lk  and  L ’  the  corn- 
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plement  of  L  in  -»  <  x  <  *,  it  is  seen  that  (1)  is  valid  for  xeL, 

n 

Txy  =  0  for  xeL‘»  and  since  l  { T2k-Ti k ^  ’s  f1nite»  Txy  is  zero- 
Thus,  defining  ' 

1+Kr. 

xk  =  T+T"  27^  (1 


3X  3X  ’  'teL^ 

the  solution  of  the  Riemann-Hilbert  problem  (10,  11)  may  be  expressed 
as  [8] 

■  W  \  lk  u^TT  '•‘"i-  *  { 

+  Vl(z)X(z)  (14) 

where  the  fundamental  function  X(z)  and  its  boundary  values  are  giv¬ 
en  by  (see  [8]) 

X(z)  «  n  (z-ak)'1/2(z-bk)-1/2 

(15) 

X+(t)  =  -  X"(t),  tcL ;  X+(t)  =  X*(t)  =  X ( t) .  tcL1 

Here  the  branch  of  X ( z )  for  which  znX(z)  -*■  1  as  |z|  -*•  »  will  be  taken. 
In  (14),  P  ,(z)  is  an  arbitrary  polynomial  of  degree  n-1. 

Part  of  the  integral  in  (14)  may  be  evaluated  as 

oo  oo 

•  ^  &1 1  ‘  r  "  •  F-'i>,ul)  061 

where  the  known  polynomial  of  degree  n, 

Fn(Z)  •  ♦  Fn.l(z) 

is  the  principal  part  of  1  / X { z )  as  jz|  -*•  Thus,  since  P^fz)  is 

an  arbitrary  polynomial,  combining  it  with  F  i  { z ) ,  (14)  becomes 

00  00 

♦  (*)  =  r-  *"><(*)  +  pn-, (z)x(z)  - 


■  *"  \  i  (t-z)x+(t)  L,’k  T  ^k  ‘xy  — • 

Vl<z>  =  "I  V*  0 

Noting  that  t“  =  0,  from  (10)  and  (17)  the  contact  stress  may  be 
expressed  as  y 

t*  (x)  =  \  (/(x)  -  ♦-(x)j  =  Jf-  xnX+(x)  +  f  P„.1(x)X+(x) 


tTlk  +  I  V!5)ds]- 


.  X^xl  ? 


k  (t-x)X+(t) 


tTlk  +  I  Sv(5>dsJ- 
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The  it  arbitrary  constants  <tQ, —  ,dn_f  °f  the  polynomial  Pn_j  are 
determined  from  the  static  equilibria  of  the  cover  plates,  which 
nay  be  expressed  as  (see  Fiqure  1) 

bk 

/  :y(t)<it  =  T2k  -  T)k,  <k  =  1,— ,n)  (19) 

ak 

Thus  (18)  provides  an  integral  equation  for  .he  unknown  function 
T*  (t).  As  shown  in  [8],  in  principle,  thi-  equation  can  be  trans¬ 
formed  into  a  Fredholm  type  equation  with  a  weakly  singular  kernel - 

After  determining  t*y  and  dfc,  other  quantities  of  interest  may 
easily  be  obtained  through  quadratures.  For  example,  one  such  im¬ 
portant  quantity  is  o*  on  the  surface  of  the  half  plane,  which  may 
be  expressed,  from  (57,  (6)  and  (9),  as  follows 


°x(t)  *  °x  2[*  (t)  +  ♦  (t)3.  (teL  +  «.') 
Or,  from  (17)  and  (20)  we  have 

c;(t)  =  2xk[Tlk  ♦  J  t;y(s)ds],  (telk) 


(20) 


»;(t)  =  [0;tn  +  4Pn.,(t)]x(t) 


n  bk 


+  7T  x(t)  {  ^  ^ 


ak  ( t  —  t ) X  (t) 


+7T  ETlk  +  [  Tiy(s)dsl* 


(teL  '  ’ 


(21) 


From  (21)  it  is  seen  that  under  the  cover  plates,  teLk,  o~  is  bounded 
and  around  the  end  points  for  t  <  ak  and  t  >  bk,  its  behavior  is 

~  (Vtf 1/2,  ^<t-bkr1/2.  (tef)  (22) 

Simi larly , 


^y(t)  «  0,  teL' 

(23) 

^y  -  <t*ak)'1/2‘  *iy"  (V*)'172’  teL 

From  the  view  point  of  numerical  analysis 
above  is  not  practical.  8y  defining  <f(z)  as 


and  using  (1),  (11)  and  the  Plemelj  formulae 


the  formulation  given 


(24) 


t>  +  (x)  - 


=  Ky<*> 


+  -  1  ,  lT~v<t)dt 

♦  («)  +♦(*)»  7T  [  - kx - 

a  slightly  different  forrulation  may  be  obtained  as  follows:' 


(25) 
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(26) 


7  /  t-x  xk  l  Txy^dt  =  xkTlk  "  2~’ 


(xtLi,  >  L  « 


{l 


The  Index  of  the  singular  integral  equation  (26)  is  n,  and  the  n 
arbitrary  constants  arising  f-  m  its  solution  are  determined  by  using 
the  equilibrium  conditions  (IS.. 

PERIODIC  COVER  PLATES 

First  consider  (2m+l)  identical  elastic  cover  plates  with  the  end 
points  located  at 

ak  =  2kb  -  a,  bk  =  2kb  +  a,  (k  =  0,  +  1, — ,+  m)  (27) 

In  this  case,  the  fundamental  function  X(z)  may  be  expressed  as 
(see,  (15)) 

m  i/o  m 

X(z)  =  [II  (z-ak)(z-bk)r1/Z  =  [(z+a)  n  [(z+a2)  -  (2kb)2]  * 

-m  1 


*  (z-a)  n  [(z-a)2  -  (2kb)2]]‘1/2 
1 


in  ,  o  ii 

=  K[(z+a)  n  (1  -  (§£§)  ) (z-a)  n  (1  -  (fffD]' 
K  =  (-l),n(2b)‘2,n(m!)'2 

Now,  going  to  limit,  m  -*■  ®,  using  the  formula  [9] 


(28) 


sine  *  e  n  (1  -  prpr) 


1 


x(z)  =  [sin  iUiai  sir 


(29) 


and  ignoring  the  multiplicative  constant  ,  wt  obtain 

,  .-1/2 

Tb  *"  2b  11 
-1/2 

*  [sin2  H  -  sin2  |f] 

where  the  branch  which  is  positive  for  z  =  t,  a  <  t  <  2b  -  a  is 
taken.; 


(30) 


Let  h  be  the  thickness  and  be  the  elastic  constants  of  the 

cover  plates.;  Then  defining 


x  = 


1  +>c  •, 

_ _ I _ k _ 

l +<  2u  -|  h  -j 


(31) 


and  noting  that  T  3  v  ( x )  =  0  for  xcL’,  from  (1),  (13),  (10)  and  (11)  we 
may  write  “ 

00 

4  +  (x)  +  4>~  (x )  =  x(T,  +  /  t'^(s)ds)  -  ^  =  f  ( x ) 


The  fundamental  function  X(z),  which  is  the  solution  of  the  homoge¬ 
neous  Hilbert  problem  *+  +  ♦’  =  0,  ttL;  t+  -  **  =  0,  tel*,  is  ob¬ 
viously  determinate  within  an  arbitrary  multiplicative  integral  func¬ 
tion. 
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(32) 


xcL ,  L  =  £  ^k  **  ^ak’  ^ 

-  a> 

4>  +  (x)  -  4>'(x)  =  -  iT°y,  xeL* 

where  T, ,  T2  are  the  loads  applied  to  the  ends  ak  and  bk,  respective 
1 y.  From  the  equilibrium  of  the  cover  plates  and  the  half  plane,  it 
is  clear  that 


k  a 

J  ^{tjdt  =  /  T^(t)dt  =  T2  -  T,  (33) 

ak  *a 

Txy  =  (T2'T1)/2b  (34) 

With  the  fundamental  function  X ( z )  given  by  (30)  the  solution  of  (32) 
may  be  expressed  as 


*(z)  =  Uil  f  _fi tjdt - +  Uzi  r 

2,rl  L  X+(t)(t-z)  2,11  L1 

where  P ( 2 )  is  an  integral  function 


-It* 

t-  -  +  P(z)X(2)  (35) 

X+(t) (t-z) 

From  m  0  as  |z|  -*•  »  it  can  be 


shown  that  P ( z )  =  0. 

oo 

Using  L  =  [  l_k,  Lk  =  (ak,  bk),  ak  =  2kb  -  a,  bR  =  2kb  +  a, 
(k  =  0,  +  1,...)  and  the  formulas 


i  +  {  PPP  "cot™*  {  ■ 

i  i  — >  - 


2e 


=  tano 


(36) 


ai 


the  infinite  series  in  (35)  can  be  summed  and  *(z)  becomes 
3  f (t)dt 


■  Hf1  i 


+  Uzl  2l?‘a _ 

-a  X+(t)sinjg-(t-z)  4bi  a  X  +  ( t ) s i n^b( t - z )  <37> 


Referring  to  the  definition  of  f(x)  in  (32)  and  evaluating  part  of 
the  integral,  (37)  may  be  written  as 


♦  (z) 


=  \  (AT,  -  221) Cl  -  X(z)sin£f] 

+  Uil )  _ m _ f  r 

4b1  -a  X  +  (t)sin^(t-z)  -a  xy 

.  TxvX(z)  2*Ta  dt 

4b  a  X  +  (t)sin^g-(t-z) 


(s)ds 


(38) 


From  (10),  (20)  and  (45),  after  evaluating  the  definite  integral,  the 
stresses  at  y  =  0  are  found  to  be 
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c 


=  0,  (a<t<2b-a) 


=  (sin2  |§-sin2  J^)  [(xTj  - 

_  1/2 

r  -  irt  x  f  {s1"2  2Fsin2  £b>  , 

+  Txycos2b  ‘  2F  J  - - - ds  ■ 

s 


-1/2 


“x.  .  nt 


-a 


sin^s-t) 

•  /  (f)dr] >  (-a<t<a),  r'  =  (T2-T1)/2b 


(39) 


a;(t) 


=  2x[T,  +  /  t‘  (s)ds],  (-a<t<a) 


r  =  cxi  i,  +  i  i 
1  =  2xT,  +  (sin‘ 


fl  +  ^s’°2  5^*s<n2  if)  t(°x  *  2xT|)sin|g- 
„  ,  1/2 

„  “  ,n-»t  X  3r  <Sin2  ?FSin2  tb}  , 

‘  2lxyC0SZb  *  b  >  - - - ds  ‘ 


-1/2 


Bt 


-a 


sin^(s-t) 


/  t"  (r)dr],  (a<t<2b-a ) 
-a  xy 


(40) 


From  (39)  and  (40)  it  is  not  difficult  to  see  that  in  the  imme¬ 
diate  vicinity  of  the  plate  ends,  x  =  +a,  y  =  0,  the  stresses  have 
an  integrable  singularity  shown  in  (22)  and  (23).  Equation  (39)  pro 
vides  an  integral  equation  to  determine  Txy(t),  which  may  again  be 
reduced  to  a  Fredholm-type  equation  with  a  weakly  singular  kernel. 
From  the  view  point  of  numerical  analysis,  in  this  problem  too,  it 
is  advantageous  to  reformulate  the  problem  in  terms  of  a  singular 
integral  equation.;  For  this  we  note  that  (26),  which  is  the  expres¬ 
sion  of  the  boundary  condition  at  y  =  0,  is  still  valid  provided  L 


is  taken  as  L  =  J  Lk,  Lk  =  (2kb-a,  2kb+a).  Taking  into  account  the 

-  oo 

periodicity  of  the  contact  stress,  (i.e.,  t*  (t)  =  t’  (t+2kb))  and 

xy  xy 

using  (36),  it  can  easily  be  shown  that 

1  tvJOdt  ,  a 

-  =  k  [a  Txy(t)COt2F(t-x)dt  (41) 

Thus  from  (26)  and  (41)  we  obtai  i 

1  a  x 

2b  /  Txy (t)c°t^b'(t-X;dt  -  a  /  txy(t)dt 

"  3  "d 


=  *Ti  -  (-a<x<a )  (42) 

The  singular  integral  equation  (42)  must  be  solved  under  the  condi¬ 
tion  that 

[a  \y^>dt  “  T2  -  T1  («) 

In  passing,  we  note  the  following  important  relations  giving  the 
general  solution  of  the  singular  integral  equation  with  a  cotangent 
kernel* 
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1  a 

2g-  /  *p ( t)cot|jj-(t-x)dt  =  h(x)  +  Aj,  (-a<x<a) 

“  3 

-1/2 

a(x)  =  (sin2  ff-sin2  |£)  CAi si nTB"  +  A2C0S5F 

•  I,  <s,n’  5Ts1"’  5E),,2]-  '«) 

-a  sinjg-(t-xj 

where  A2  is  an  arbitrary  constant  which  is  determined  from 

/  *(x)dx  =  T  (45) 

-a 

T  being  a  specified  constant.  Equations  (44)  follow  directly  from 
(39)  and  (42). 

SPECIAL  CASE THE  I NEXTENS I BLE  COVER  PLATES 

In  the  case  of  inextensible  cover  plates  =  »  and  equations 
(18)  and  (21)  give  the  solution  with  x k  =  0  ( k  =  1,--,n).-  For  ex¬ 
ample,  for  n  «  1 ,  a,  =  -  a,  b,  =  a,  o“  =  0  =  t*  ,  and  T,  -  T,  =  T 
we  find  1  1  y  xy  <!  i 


T 


xy 


(X) 


- - — rjy  ( -  w™  x  +  i),  (-a<x<a ) 

(a2-x2)1/Z  2  * 

0,  | x  |  >a 


°x(x) 


0,  -a<x<a 


(x2-a2)*1/2  ( 


°x  x  -  |i),  | x | > a 


For  n  =  2,  a,  =  -  b,  bj  -  -a,  a2  =  a,  b2  =  b,  o 
r1?  -  0  =  T?1  ,  we  have  (see  Figure  2) 


T22  =  T,  T 


°  0  *  Txy ’  T11 


(46) 


T 


[(x2-a2)(b2-x2)]*1/2  (b2  -  x-  ) 

hT  a2  1/2 

+  'K(k)^’  a<lxl<b>  k  =  0-£r) 

0,  | x  |  >b  ,  f  x | < a 


(47) 


°x<x> 


0 ,  a  <  |  x  |  <  b 


[{x2-b2)(x2-a2)]*1/2  (x2-b2  |^j) 

?l,T  *2  ^2 

-  j^Y) J ’  t x I >b »  |x|<a,  k  =  0‘£7-) 
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where  K{k )  and  E(k)  are  complete  elliptic  integrals  of  first  and 
second  kind,  respectively.  For  the  same  geometry  and  the  symmetric 
external  loads  =  0  =  T21,  =  T22  =  we 


Txy(x) 


£  Tx[(x2-a2)(b2-x2)r1/2,  a <  1  x  | <•!> 

7F 

0,  | x I >b ,  ( x | < a 


°x(x) 


0,  a <  | x  |  <- b 

-  J-  Tx[<x2-a2)(x2-b2)r1/2,  |x  J>b.  |  x  |  <  a 


(48) 


Finally,  in  the  case  of  periodic  cover  plates  \  =  0  and  for 
y  0,  Tz  -  T,  -  . - . 


o..  -  0,  T,  -  T,  *  T.  (39)  and  (40)  give  the  solution  as 


xy 


(x)  = 


*  (s1r|J  5F‘sinZ  ?b> 

-  cos§£],  (-a<x< a) 


2  -r1/2  r°X  c-inli 

— '  IT-  S1n2b 


0 ,  a <  |  x  |  <2b-a 


o'(x)  = 


0,  -a<x<a 


Sin2b 


-  £  cosffHsin2 


•nX 

2  ‘ 


sin-1 


na 

r> 


-1/2 


a  < | x  |  <2b-a 


(49) 


It  is  not  difficult  to  show  that  for  a<<b  (49)  reduces  to  (46),  the 
case  of  a  single  cover  plate. 


From  the  expressions  (46)  to  (49)  it  is  clearly  seen  that  in  the 
close  neighborhood  of  the  plate  ends  the  stresses  have  the  inverse 
square  root  singularity  as  indicated  by  (22)  and  (23).  For  example 
in  the  periodic  cover  plates  we  have 


lim  (t-a)1/2  o’(t)  -  ■—  (a”/tan|^  -  gVcotj|) 

t-a  ^  o« _ _  (50) 

lim  (a-t)1/Z  t*  (t)  =  '  ^  (r/tan?f  ‘  ?b/cotit^ 
t-*a  y  /x 


It  is  interesting  to  note  that  as  a *b  in  periodir  cover  plates 
and  as  a *0  in  two  plates,  the  strength  of  the  stress  singularity  at 
x  =  a,  y  =  0  increases  indefinitely  and  the  stresses  are  no  longer 
integrable  (i.e.,  the  stresses  are  proportional  to  r*1,  r  being  the 
distance  from  the  singular  point)..  For  inextensible  cover  plates 
this  can  easily  be  seen  from  (47)  and  (50).  In  the  general  case  the 
proof  of  the  existence  of  such  a  singularity  may  be  given  by  consid¬ 
ering  the  singular  behavior  of  the  solution  of  ..ntegral  equations 
(26)  and  (42).  For  example  for  two  cover  plates  the  dominant  part 
of  (26)  which  controls  the  singular  behavior  of  the  solution  may  be 
expressed  as 
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1 


(51) 


b 


't-x 


+  tfc)  Txy*t>dt 


0 

-  jp,  (a<x<b) 


where  the  upper  sign  in  the  kernel  and_the  upper  right-hand-side 
represent  the  case  in  which  T XJ, ( t )  =  txy(-t),  and  the  lower  sign  and 

the  lower  value  represent  t*y(t)  =  -  T*y(-t).  If  we  now  let  a  =  0 
and  assume  that  the  function  t~y(t)  is  of  the  form 

t‘  <t)  =  a~ttj  8,  0<t<b  (52) 

xy  t  (b-t)6 

where  f(t)  is  bounded  and  0£»<.l ,  0<^£l ,  following  the  procedure  of 
[8,  Ch.  4]  and  using  the  condition  that  the  integral  on  the  left 
hand  side  must  be  bounded,  we  obtain  the  following  characteristic 
equations  for  the  constants  a  and  d: 


COtnli  =  0 


COtra 


+ 


1 

Sintra 


0 


In  (53)  upper  and  lower  signs 
it  is  seen  that 


correspond  to  that  of  (51). 


(53) 
From  (53) 


8  =  1/2 

a  *  0  for  (-)  sign  (54  ) 

a  =  1  for  (+)  sign 

which  clearly  verifies  the  existence  of  a  strong  singularity  for  the 
anti -symmetric  case,  and  no  singularity  for  the  symmetric  case  at 
x  =  a  when  a->0.- 


SOLUTION  FOR  THE  ELASTIC  COVER  PLATES  AND  NUMERICAL  RESULTS 


The  numerical  solution  of  the  elastic  cover  plate  problems  is 
obtained  by  applying  the  method  described  in  [6]  to  the  integral 
equations  (26)  and  ( 42) .  The  method,  which  is  extremely  simple  to 
apply,  is  based  on  the  observation  that  the  fundamental  function  of 
the  singular  integral  equations  (26)  and  (42)  is  the  weight  function 
of  Chebyshev  polynomials  Tn(r).-  Thus,  after  normalization*,  by  ex¬ 
pressing  the  unknown  function  i*  (r)  as 

rxy(r)  --  (1-r 2)‘1/2  y  AnTn(r)  (55) 

the  singularity  of  the  integral  equation  may  be  removed  and  the  prob 
lem  may  be  reduced  to  an  infinite  system  of  linear  algebraic  equa¬ 
tions  in  the  unknown  constants  An.  The  regularity  of  the  resulting 
system  and  the  convergence  of  the  computed  results  have  been  dis¬ 
cussed  in  [10]. 

The  stress  intensity  factors  at  the  plate  ends  are  related  to 
the  constants  An  through  the  following  simple  expression:: 


With  a  change  in  variable  of  r  =  x/a  in  periodically  spaced  cover 
plates,  and  r  =  2x/(b-a)  -  {b+a )/ (b-a )  in  two  cover  plates.  In  the 
latter  case,  using  symmetry  considerations  the  integral  equation  is 
expressed  in  a,x<b  only  (see,  (51)), 
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k(c)  =  1  im  /2  j  t-c  |  t  (t)  =  H  I  A  (56) 

t+c  xy  o  " 

where  t  =  c  is  the  plate  end,  t  is  on  L  and  N  is  a  known  normaliza¬ 
tion  factor. 

Far  two  cover  plates  and  =  0  =  Tgk,  (k  =  1,2),  the  results 
are  shown  in  Figures  2  and  3  and  Table  I.  Figure  2 

Table  I 


Stress  Intensity  Factors 

for  Two  Cover 

Plates 

klij_ 

fctb) 

a 

b 

O 

(1 

A  =  10/6 

A  =  0 

A  =  10/6 

0.0 

OO 

00 

-1.0 

0.01 

1 .6685 

0.6460 

-0.8331 

-0.3640 

0.05 

1.0151 

0.4394 

-0.7718 

-0.3536 

0.1 

0.8419 

0.3864 

-0.7287 

-0.3450 

0.3 

0.3232 

-0.3168 

0.5 

0.5088 

0.2860 

-0.5062 

-0.2840 

0.8 

0.2024 

-0.2024 

1.0 

0 

0 

0 

0 

Table  II 

Stress  Intensity  Factor  ^-a ^  for  Periodic  Cover  Plates 


b  A 

a 

0 

1/3 

1/2.1 

1/1.5 

1/0.9 

1.0 

1.01 

» 

3.421 

CO 

2.875 

oo 

2.383 

oo 

1.728 

1.05 

3.007 

1.905 

1.664 

1.432 

1.098 

1.10 

2.202 

1.516 

1.348 

1.181 

0.9324 

1.50 

1.289 

1.008 

0.9286 

0.8444 

0.7073 

2.0 

1  .;  1 29 

0.9119 

0.8476 

0.7782 

0.6621 

5.0 

1.016 

0.8415 

0.7878 

0.7288 

0.6280 

00 

1.0 

0.8334 

0.7818 

0.7250 

0.6272 

and  the  table  show  the  stress  intensity  factor  ratios  at  x  =  a,  and 
x  *  b  as  functions  of  a/b  for  a  =  0  and  a  =  10/6.  Note  that  the 
stress  intensity  factors  in  elastic  cover  plates  are  considerably 
smaller  than  that  for  the  inextensible  plates*.-  Same  trend  is  ob¬ 
served  if  we  compare  the  contact  stresses  in  the  two  cases.  This  is 
shown  in  Figure  3. 


* 

a  =  10/6  approximately  corresponds  to  boron-epoxy  composite  cover 
plate  on  aluminum  with  (h/b)  =  0.1. 
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The  results  for  periodically  spaced  inextensible  and  elastic 
cover  plates  are  shown  in  Table  II  and  Figure  4.  The  results  for  a 
single  cover  plate  are  also  given  as  a  limiting  case  for  b/a  -» 

From  Figure  4  it  is  clear  that  the  interaction  between  the  cover 
plates  becomes  stronger  as  b/a  decreases.  In  the  case  of  elastic 
cover  plates,  there  is  very  little  interaction  for  (b/a)  >  2.  On 
the  other  hand,  the  ratio  of  k(a)  in  periodic  cover  plates  to  that 
in  a  single  plate  goes  to  infinity  as  (b/a)  -*•  1. 
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ABSTRACT 

A  steepest-descent  method  with  constraint  error  compensation  is  developed  for 
the  optimal  design  of  elastic  structures.  The  procedure  amalgamates  the  dis¬ 
placement  method  of  structural  analysis, design  perturbation  relations,  and  a  new 
form  of  gradient  projection  technique  to  solve  a  general  class  of  structural 
design  problems.  Multiple  loading  conditions  for  the  structure  are  treated  with¬ 
out  difficulty.  The  structure  is  required  to  meet  frequency,  buckling,  stress 
and  displacement  requirements  simultaneously.  Design  constraints  may  be  violated 
by  an  initial  estimate  and  during  the  iterative  optimization  process,  out  a  cor¬ 
rection  for  these  violations  is  made  as  the  analysis  progresses.  The  philosophy 
of  the  method  is  to  perturb  all  governing  equations  of  the  problem  about  an  esti¬ 
mated  optimum  design  and  retain  only  the  first  order  terms  in  them.  A  step-size 
constraint  is  Introduced  and  the  optimum  design  improvement  within  this  con¬ 
straint  is  determined  explicitly  through  application  of  the  Kuhn-Tucker  neces¬ 
sary  conditions.  An  iterative  process  is  presented,  with  convergence  criterion, 
for  routine  solution  of  a  large  class  of  problems.  The  design  method  has  been 
developed  to  be  easily  applicable  to  general  problems  without  major  computer  code 
re-write.  Several  problems  are  solved  with  the  same  general  code  to  illustrate 
the  generality  and  efficiency  of  the  technique. 


INTRODUCTION 

The  posibility  of  obtaining  analytic  solutions  to  optimal  structural  design  prob¬ 
lems  seems  to  be  remote  at  this  time;  therefore,  one  has  to  resort  to  some  sort 
of  numerical  procedure  of  obtaining  solutions  to  the  problems  within  some  accept¬ 
able  range  of  errors.  The  amount  of  computation  involved  is  so  great  that  opti¬ 
mal  design  of  commonly  used  structures  has  been  a  formidable  task  in  the  past. 
However,  with  t'.e  advent  of  high  speed  digital  computers,  the  subject  of  optimal 
design  of  structures  has  received  a  great  deal  of  attention  in  recent  years.  It 
is  now  possible  to  handle  optimal  design  of  a  large  class  of  structures  quite 
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effectively.  Recent  works  of  Johnson  and  Brotton  t?]*,  Venkayya,  et.  al.  [11], 
Dobbs  and  Felton  [2]  and  others  have  greatly  renewed  an  interest  in  optimal  de¬ 
sign  of  trusses. 

The  complexity  of  optimal  design  of  trusses  depends  upon  1)  whether  the  structure 
is  determinate  or  indeterminate,  2)  the  type  of  constraints  to  be  considered,  and 
3)  the  type  and  number  of  loading  conditions  for  the  structure.  Optimum  design 
of  determinate  trusses  with  only  strength  constraints  is  very  straightforward. 
However,  in  the  presence  of  deflection  and  frequency  constraints,  the  problem 
contains  nonlinear  constraints  on  member  cross-sectional  areas.  In  the  ease  of 
redundant  trusses ,  a  solution  for  internal  forces  may  be  obtained  only  through  a 
simultaneous  consideration  of  equilibrium  and  compat ability  relationships;  there¬ 
fore,  overall  force  distributions  are  member-size  dependent.  Thus,  one  again 
encounters  nonlinear  constraints  which  relate  member  stresses  and  the  cross- 
sectional  areas.  A  truss  subjected  to  a  moving  load  may  be  reduced  to  the  case 
of  multiple  critical  loading  conditions,  and  again  nonlinear  programming  tech¬ 
niques  may  be  used  to  solve  the  problem. 

In  the  present  paper  linear  elastic  trusses  of  fixed  geometry,  subjected  to  a 
number  of  loading  conditions  are  considered  and  these  are  required  to  satisfy 
stress,  displacement,  buckling  and  frequency  constraints.  This  class  of  struc¬ 
tures  is  encountered  quite  frequently  in  practical  situations  such  as  design  of 
industrial  buildings,  transmission  towers,  bridges,  cooling  towers,  spacecraft 
structures  and  antenas.  In  all  these  structures,  it  is  very  desirable  that  the 
structure  should  meet  stress,  deflection,  buckling,  and  frequency  requirements 
simultaneously  and  be  of  a  minismm  weight.  In  recent  years,  the  optimal  design 
of  structures  has  proceeded  on  two  fronts  —  design  of  structures  to  meet 
strength  requirements  and  design  to  meet  frequency  requirements.  In  many  cases, 
optimum  distribution  of  a  given  amount  of  material  is  desired  so  that  the  lowest 
natural  frequency  of  the  structure  is  a  maximum.  In  many  other  cases,  the  struc¬ 
ture  is  optimized  to  satisfy  strength  and  deflection  requirements  and  is  then 
simply  checked  for  resonant  frequency.  In  the  present  paper,  all  these  consider¬ 
ations  are  integrated  into  one  formulation  and  a  structure  of  minimum  weight  will 
be  sought. 


FORMULATION  Or  PROBLEM 

The  problem  of  optimal  design  of  an  elastic  truss  may  be  stated  as  follows:  the 
total  volume  or  weight  of  the  truss  is  to  be  minimized  such  that  the  truss  satis¬ 
fies  equations  of  equilibrium  and  compatability,  stress  constraints,  displacement 
constraints,  frequency  requirements  and  restrictions  on  the  cross-sectional  areas 

of  its  members.  Let  b  =  [b  b . b  ]T  (1) 

12  in 

denote  a  vector  whose  i  component  represents  the  cross-sectional  area  of  the 

1th  member  and  superscript  T  denote  matrix  transpose.  The  vector  b  will  be 
called  the  design  variable  vector,  since  by  assigning  some  value  to  each  compo¬ 
nent,  the  truss  is  completely  described.  Also  let 

q  =  Cqx.  q2,  .  .  .  ,  q„]T  (2) 

T 

and  v  =  [vlt  Vj,  .  .  .  ,  v^]  (3) 

where  q  is  a  vector  denoting  the  nodal  displacements  of  the  truss  and  v  is  an 
eigenvector  corresponding  to  a  mode  of  vibration.  The  vectors  q  and  v  will  be 
called  the  state  variable  vectors  since  they  describe  the  state  of  the  truss. 
These  vectors  are  related  to  the  design  variable  vector  through  the  governing 
equations  of  structural  analysis.  These  equations  have  the  form 


♦Number  in  brackets  refers  to  Bibliography. 
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K(b)  q  =  0O>) 

and  K(b)  v  =  c  H(b)  w 

-hem  v(b)  -  tK^  (b)]^ 

is  the  stiffness  matrix  for  the  structure. 


«•) 

(5) 

(6) 


Mb)  =  (Hj. 


an 


is  the  aass  Mtrix  for  the  structure. 


(7) 


Q(b)  =  [Q,(b>,  Q,(b> . 0  (b)]T 

x  x  n 


(8) 


is  the  external  load  rector  and  (  is  si  eigenvalue  related  to  natural  frequency. 
The  objective  function  for  the  problem,  which  is  weight  of  the  truss,  may  be 
written  as 

» 


J  -  Z  p.L.b. 
i=l  111 


(9) 


where  o .  and  L.  are  the  material  density  and  the  length  of  member  i  respectively. 
The  objective  function  is  to  be  minimized  subject  to  following  constraints: 


and 


-  -o 

°ii°iC 

«i-«j 

i.  b4  <  b\ 


(10) 

(11) 

(12) 

(13) 

(14) 


C  h 

where  CQ  is  a  lower  limit  on  natural  frequency,  o^  and  are  the  critical  direct 
stress  and  the  critical  buckling  stress  for  member  i  respectively,  q*  is  the 
allowable  j**1  component  of  displacement  and  and  b^  are  lower  and  upper  bounds 

on  the  ith  design  variable  respectively.  These  constraints  may  be  represented  in 
a  compact  form: 


♦O>,q,c)<0,  (15) 

where  4(b,q,()  is  a  vector  function.  With  this  formulation,  many  frequency  con¬ 
straints  can  be  included  to  assure  the  first  few  frequencies  are  outside  undesir¬ 
able  bands.  The  critical  buckling  stress  for  the  i**1  member  is  found  from  the 

Euler  buckling  load  which  is  given  by  w2E^K /L?  ,  where  1^  is  the  moment  of 

inertia  of  the  ith  member.  It  is  assumed  that  the  moment  of  inertia  of  the 
cross-section  of  a  number  can  be  written  as  1^  =  o^b?  ,  where  is  a  constant 

depending  upon  the  crosr-sectional  geometry  of  the  itfl  member.  The  optimal  de¬ 
sign  problem  is  now  reduced  to  that  of  finding  b,  q,  v  and  ?  which  satisfy  Eqs. 

4,  5  and  15  and  which  minimize  J  of  Eq.  9. 

Since  analytic  methods  of  finding  a  solution  to  the  above  problem  are  unwieldy, 
a  numerical  procedure  will  be  developed  which  will  give  an  improved  design  at 
each  iteration  and  ultimately  converge  to  an  optimum  design  within  some  accept¬ 
able  range  of  errors.  Optimal  design  problems  are  generally  nonconvex;  therefore, 
a  local  minimum  is  obtained.  Usually,  widely  separated  starting  values  are 
chosen;  and,  if  the  method  converges  to  the  same  point  each  time,  that  point  is 
taken  as  the  global  minimum.  For  a  detailed  development  of  the  method  presented, 
the  reader  is  referred  to  the  previous  works  [5  £  17], 
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The  philosophy  of  the  Method  is  to  make  an  engineering  estimate  of  the  design 
variable  vector  b  -  b'0'*  which  is  not  required  to  be  feasible  and  then  find 
changes,  4b,  in  b^  such  that  b^  =  b^  ♦  4b  is  an  inproved  design  in  some 
sense.  Once  an  estinate  b  =  b*  ^  is  nade,  the  corresponding  value  of  q^°*  can  be 
solved  f roe  Eq.  4.  Likewise  the  lowest  eigenvalue  and  the  normalized  eigen¬ 
vector  v(0>  of  Eq.  5  can  be  obtained  for  b  =  b^.  It  is  shown  that  4b  causes 
snail  changes  4t  and  4v  in  t  and  v  respectively  [5].  The  following  analysis  ap¬ 
plies  to  any  iteration  of  the  optimal  design  procedure;  therefore,  superscript 
(0)  on  the  parameters  of  the  arguments  of  various  functions  in  perturbation 
equations  will  be  omitted. 


The  linear  expansion  of  rq.  4  about  nominal  values  of  q  and  b  yields  the  follow¬ 
ing  relationship  between  4b  and  4q: 


K(b)  4q  +  —■  [K(b)q]  4b  =  |£  (b)  4b 


3b 


(16) 


where  the  vector  calculus  notation  =  ,  •  .  .  ,  etc.,  is  used  and  q 

dD  dD,  W 

1  m 

and  b  are  treated  as  indepencent  variables.  Likewise,  from  the  first  order  ex¬ 
pansion  of  Eq.  5  and  use  of  symmetry  of  K(b)  and  M(b),  one  obtains  [5], 

3 


4C  =  -=-i -  (Vtfs-  [K(b)v] 

v  H(b)v  L 

Similarly,  to  first  order  approximation,  the  change  4J  in  J  is  given  by 


C  ip  [M(b)v]}  |  4b 


] 


(17) 


where 


•t1 

4J  =  l  4b 

.J  3JT 
3b 


(18) 

(19) 


and  the  change  4a  in  4  is  given  by 

44  -  !£■  (b,  q,  O  4b  ♦  (b,  q,  C)6q  +  (b,  q,  t)4t  (20) 

T 

where  4  -  [♦1(b,  q,  (),...  ,  4r  (b,  q,  t)] 

The  validity  of  all  these  linear  expansions  hinges  on  the  fact  that  4b  should  be 
small.  To  ensure  this,  it  will  be  required  that 


4bTW6b  -  k2 


(21) 


where  k  is  a  small  number  and  W  is  a  positive  definite  weighting  matrix. 


The  reduced  optimization  problem  may  now  be  stated  as  follows:  find  6b  and  6q 
which  satisfy  Eqs.  16  S  21,  reduce  any  errors  which  may  exist  in  Eq.  15  and  re¬ 
duce  6J  of  Eq.  18  as  much  as  possible.  To  correct  errors  and  prevent  violations 
in  constraint  Eq.  IS,  define 


4  =  ^4^(b,  &)*  for  each  *  such  that  *j(b»  <1»  O  i  OJ  (77) 

i.e.,  4  is  a  vector  of  all  constraint  functions  4j  which  violate  or  make  Eq.  15 
an  equality.  Violations  in  the  constraints  are  corrected  by  demanding  64  <_  44  • 
where  44  is  a  desired  change  in  the  constraint  function,  or  more  explicitly, 

(b,  q,  C)4b  +  (b,  q,  06q  +  (b,  q,  C)6t  <_  44  (23) 

How  in  order  to  eliminate  the  explicit  dependence  on  6q  in  the  reduced  problem, 
define  1*  to  be  a  solution  of 


-T 

KT(b)  X*  =  |i  (b,  q,  O 
aq 


(24) 
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where  A*  is  a  matrix  with  as  many  columns  as  there  are  entries  in  4.  Taking 
transpose  of  Eq.  2M,  postmult iplying  it  by  6q  and  using  Eq.  16,  one  obtains 

|i  (b,  q,  c)6q  =  X*  K(b)6q  =  X*T  (b)  -  |g-  (K(b)q)  J  6b 

Substituting  this  relation  and  6(  fro m  Eq.  17  into  Eq.  23,  one  obtains 

64  =  AT  6b  (25) 

in  which  T  . 

A-|iT  (b,  q.  C)t  [f  (b)-|j  (K(b)q)] 

n  "7 

♦  -=— -  I  It  (K(b)v)  -  5  (H(b)v)  ]  |f  (26) 

vTM(b)v  L3b  3b  J  35 

In  terns  of  this  notation,  Eq.  23  becomes 

AT6b  £  A4  (27) 

It  should  be  noted  that  inequality  (27)  is  simply  a  linear  approximation  of  the 
requested  changes  in  all  inequality  constraint  functions  which  are  violated  or 
are  just  satisfied  as  equalities.  It  is  poscible  that  the  rows  of  A  may  be  lin¬ 
early  dependent.  In  such  cases  they  can  always  be  made  linearly  independent  by 
deleting  the  linearly  dependent  constraints. 

The  reduced  problem  may  be  re-summarized  as  follows:  Choose  6b  so  as  to  minimize 
6J  of  Eq.  (18)  subject  to  the  constraints  Eq.  (21)  and  inequality  (27).  It  may 
be  ncted  that  except  for  stepsize  constraint  Eq.  21,  the  reduced  problem  is  lin¬ 
ear.  If  linear  constraints  on  stepsize  had  been  utilized,  a  linear  programming 
problem  would  have  resulted.  As  will  be  shown  below,  however,  careful  applica¬ 
tion  of  the  Kuhn-Tucker  necessary  conditions  to  the  above  problem  yields  a  closed 
form  solution  for  6b  which  provides  a  convergence  criterion.  In  addition,  the 
necessity  for  implementing  a  linear  programming  code  is  avoided. 

The  Kuhn-Tucker  conditions  of  nonlinear  programming  may  now  be  apDiied  to  solve 
this  reduced  problem.  Accordingly  it  is  necessary  that  there  exists  a  scalar 
multiplier  v  >  0  and  a  vector  of  multipliers  u  with  the  same  number  of  elements 
as  A  has  columns.  Furthermore,  it  is  required  that  u.  £  0  for  each  i,  and 

Uj.  (A^  6b  -  A*i)  =  0  for  all  i.  These  multipliers  and  the  optimum  6b  must  satis- 

3TfbTCH]  1  0  (28) 

T 

where  H  =  6b  +  u  (A*^  6b  -  A4)  +  v(6b  W6b  -  k^)  • 

From  Eq.  28  one  has  lJ  +  An  +  2vW6b  =  0,  or  solving  for  6b, 

6b  =  -  v'1  (*J  +  Au)  (29) 

T 

Substitution  of  6b  from  Eq.  (29)  into  Eq.  (21)  and  u^(Aj  6b  -  A*.)  =  0  yield  the 
proper  number  of  equations  for  the  unknowns  u.  and  v.  However,  the  latter  equa¬ 
tions  are  nonlinear  and  difficult  to  use.  Since  only  small  changes  in  6b  are  al¬ 
lowed,  one  might  expect  that  once  a  constraint  function  has  reached  its  allowable 
limit,  or  become  "tight",  that  it  will  stay  "tight"  for  a  number  of  design 
changes.  The  approach  taken  here  is  to  assume  this  is  the  case,  so  that  equality 
in  Eq.  (27)  will  hold.  A  solution  is  then  easily  obtained  for  u  and  v.  The  va¬ 
lidity  of  the  assumption  is  then  checked  by  examining  the  algebraic  signs  of  the 
vk.  If  they  are  all  nonnegative  the  assumption  is  correct.  If  some  <  0  then 

one  concludes  that  the  assumption  is  incorrect  and  that  the  4.  constraint  fune- 
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tion  will  became  strictly  satisfied,  ♦i  <  0.  This  function  is  then  removed  fro* 

the  ♦  vector  end  a  recoaputatioo  of  u  and  w  is  Bade,  requiring  only  minimal  cal¬ 
culation. 

Now,  substituting  6b  froa  Cq.  29  into  inequality  27  and  demanding  equality,  one 

obtains  -  aV1  UJ  ♦  An)  =  A6,  or  By  =  -  .'vA6  -  aW,  where  B  =  ATW_1A. 

As  noted  earlier,  rows  of  A  can  be  aade  linearly  independent.  Consequently  AT 
has  full  iw  rank  and  aatrix  B  is  non-singular.  Therefore,  froa  the  above 
expression  one  obtains 

v  =  -B_1[2vA6  +  aV¥]  (30) 

Substitution  of  v  froa  Eq.  30  into  £q.  29  yields 

Sb  =  -  «-1CI  -  AB_1ATW"1]  lJ  +  W"1AB*1A*  i ■>' 

If  all  the  constraints  are  strictly  satisfied  then  6b  -  V*1^.  The  magnitude 

of  v  >  0  aay  now  be  deterained  ,iy  substituting  Eq.  31  into  Eq.  21.  However,  k 
aust  still  be  chosen  in  Eq.  21,  so  it  seeas  logical  to  choose  v  directly. 

Defining  n  =  1/2 v, 

6b1  =  H-1tI  -  AB'WV  (32) 

and  6b2  =  W^AB*1**  (33) 

the  change  6b  of  Eq.  29  aay  be  written  as 

6b  =  -  nAb1  +  6b2  (34) 

where  n  >  0  is  to  be  chosen  as  a  step  size.  This  is  an  arbitrarily  small  quanti¬ 
ty  which  must  be  chosen  by  the  designer.  It  is  shown  in  [5]  that  6b’  rf  Eq.  32 
must  vanish  at  the  optimum;  and,  since  all  the  constraints  must  also  be  satisfied 
at  the  minimum  point,  it  follows  from  Eq.  34  that  6b  must  also  vanish  at  the  op¬ 
timum.  Hence  it  may  be  concluded  that  the  value  of  n  should  not  significantly 
influence  convergence  once  b  is  near  the  optimum.  However,  it  has  been  observed 
that  a  very  large  step  size  can  cause  oscillations  about  the  minimum  point  and  a 
very  small  step  may  slow  down  the  rate  of  convergence.  A  scheme  of  choosing  this 
step  size  has  been  tried  and  has  worked  well.  When  all  the  constraints  are  sat¬ 
isfied,  so  that  A6  *  0,  n  is  chosen  so  as  to  yield  a  few  percent  reduction  in  J. 

One  first  chooses  the  desired  change  AJ  <  0  in  J.  Then  assuming  A$  =  0,  AJ  is 
T 

J  *  ^ 

given  by  AJ  =  -nl  6b  ,  from  which  one  obtains 
JT  1 

n  *  -  AJ/e  5b  (35) 


The  choice  of  step  size  n  is  still  an  art.  An  initial  reduction  of  2  to  10  per¬ 
cent  in  Eq.  35  has  been  sought.  In  problems  with  only  stress  constiaints  a  large 
step  size  was  used  and  good  convergence  was  obtained.  On  the  other  hand,  in  the 
presence  of  other  constraints,  a  smaller  step  size  was  required. 

STEEPEST-DESCENT  COMPUTATIONAL  ALGORITHM 

The  above  procedure  of  successively  improving  the  best  available  design  can  be 
put  in  a  computational  algorithm  as  follows: 


Step  1.  Obtain  the  best  available  engineering  estimate  of  the  optimum  design 
variable  vector  b ^ ^  and  solve  for  q^^  from  Eq.  4,  Also  comoute  the  lowest 
eigenvalue  and  the  corresponding  eigenvector  v^  from  Eq.  5. 
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Step  2.  Check  the  constraint  Eq.  IS  and  fora  the  constraint  function  +  of  Eq.  22. 
Also  choose  the  constraint  error  correction  vector.  A#  of  Eq.  27. 

Step  3.  Coapute  various  matrices  such  as,  |^,  |£,  |£,  [K(b)q],  etc. 

Step  4.  Solve  for  X*  from  Eq.  24. 

Step  S.  Assemble  matrices  lJ  and  A  of  Eqs.  19  i  26  respectively. 

Step  6.  Choose  n  =  i-  >  0  and  calculate  the  Lagrange  multiplier  vector  v  from 
Eq.  30. 

Step  7.  Check  the  algebraic  sign  of  each  component  of  u.  If  same  components  of 
u  are  negative,  remove  the  corresponding_ columns  from  A  matrix.  Also  delete  the 
corresponding  elements  from  the  vector  A*  and  return  to  Step  6. 


Step  8.  Compute  6b  from  Eq.  29  and  put 
b(j+l)  _  b<j>  +  Sb 

Step  9.  Make  a  check  for  convergence.  If  all  constraints  are  satisfied  and 
j | 6b1! j  is  sufficiently  small,  terminate  the  process.  Otherwise  return  to  Step  1 

with  b^+1^  as  the  best  available  estimate  of  the  optimum  design. 


EXAMPLE  PROBLEMS  AND  DISCUSSION 

Several  trusses  were  optimized  by  applying  the  procedure  presented  in  this  paper 
but  due  to  page  limitations  results  for  only  two  typical  structures  are  presented 
here.  For  purposes  of  comparison  first  example  is  taken  from  [11],  and  second 
from  [71.  A  computer  program  was  written  in  FORTRAN  IV  based  on  the  algorithm 
stated  previously.  The  computations  were  performed  on  the  University  of  Iowa  IBM 
360/65  computer.  All  structures  were  optimized  with  stress,  displacement,  buck¬ 
ling  and  frequency  constraints.  No  particular  difficulty  was  encountered  in  in¬ 
cluding  the  frequency  and  buckling  constraints. 

Several  comments  on  computational  art  used  in  solution  of  these  problems  are  in 
order.  First,  if  a  feasible  design  was  chosen  initially,  large  steps  could  be 
taken  until  one  or  more  constraints  were  violated  at  which  time  the  step  size  was 
reduced.  Second,  it  was  noted  that  as  the  optimum  was  anproached,  oscillation 

T 

occurred.  By  monitoring  the  dot  product,  6b  ^  6b^"*\  oscillations  were 

sensed  when  negative  values  of  the  dot  product  occurred.  Thus,  step  size,  n,  was 
divided  by  two  when  negative  values  of  the  dot  product  occurred  on  two  successive 
iterations.  Finally,  the  most  effective  method  of  adjusting  step  size  was  to 
monitor  successive  reductions  in  cost  function  after  feasibility  had  occurred.- 
Once  insignificant  reductions  occurred,  the  step  size  was  reduced  to  obtain  finer 
convergence. 

The  Power  method  used  to  compute  the  smallest  eigenvalue  also  worked  ouite  well. 
At  every  iteratio'  ,  the  starting  value  for  the  eigenvector  was  taken  from  the 
previous  iteration  which  manifested  a  very  rapid  rate  of  convergence.  An  accura¬ 
cy  of  0.1  percent  in  each  component  of  the  eigenvector  was  used  to  compute  the 
new  eigenvector.  The  stiffness  matrix  for  the  structure  was  inverted  by  the 
Gauss-Jordan  elimination  procedure.  Another  comment  that  is  appropriate  here 
concerns  the  sign  check  on  the  Lagrange  multiplier  vector  u,  called  for  in  Step  7 
of  the  computational  algorithm.  The  algebraic  sign  of  each  component  of  the 
Lagrange  multiplier  vector  u  was  checked  at  each  iteration;  and,  if  some  of  the 

components  were  negative,  then  the  matrix  A  and  the  vector  A6  were  adjusted  ac¬ 
cordingly.  This  procedure  was  particularly  useful  whenever  there  were  redundant 
constraint  violations.  In  some  cases,  the  number  of  constraints  violated  were 
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sore  than  the  number  of  design  variables  of  the  problem,  yielding  a  singular  co¬ 
efficient  of  u.  In  such  cases  numerical  noise  yielded  a  solution  such  that  some 
of  the  components  of  the  vector  u  were  always  negative,  indicating  that  the  cor- 
resoonding  constraints  would  be  strictly  satisfied  in  the  next  iteration.  The 
number  of  constraints  with  positive  components  of  u  were  alwavs  less  than  or 
equal  to  the  number  of  design  variables  of  the  problem.  This  procedure  of  ad¬ 
justing  the  constraint  set  worked  very  well  and  it  minimized  the  possibility  of 
divergence  of  the  algorithm. 

EXAMPLE  1.  TRANSMISSION  TOMER 

Figvre  1  (a)  shows  the  geometry  and  the  dimensions  of  the  Tower.  This  example  is 
taken  from  [11].  In  this  paper,  the  cross-sectional  area  of  each  member  is 
treated  as  an  unknown  design  variable  and  the  results  obtained  are  given  in  Table 
I.  The  tower  was  designed  first  with  only  stress  constraints.  The  final  design 
weight  in  this  case  was  91.13  pounds  with  a  computational  time  of  38  seconds  for 
12  iterations.  The  final  design  weight  reported  in  nil  was  91.14  pounds  with  a 
computational  time  of  9  seconds  for  five  cycles.  The  values  of  final  design 
variables  compare  auite  well  with  those  in  Till.  At  the  final  design  point  all 
constraints  were  satisfied  within  0.006  percent. 

The  tower  was  also  designed  with  stress  and  displacement  constraints  and,  finally; 
with  all  the  constraints  included.  The  design  weight  in  the  first  case  was 
546.18  pounds  with  a  computational  time  of  47  seconds  for  17  iterations  and  the 
maximum  constraint  violation  was  0.00011  percent.  The  comparable  design  weight 
reported  in  [11]  was  S55.ll  pounds  with  a  computational  time  of  24  seconds  for 
seven  cycles.  For  a  design  with  all  the  constraints  included,  the  final  weight 
was  590.32  pounds  with  a  computational  time  of  129  seconds  for  36  iterations  and 
the  maximum  violation  of  constraint  was  0.028  percent.  Figure  1  Cb)  shows  vari¬ 
ation  of  the  cost  function  with  respect  to  the  iteration  number  for  the  last  two 
cases  of  this  problem.  It  may  be  noted  that  for  practical  purposes,  convergence 
was  obtained  in  only  six  iterations. 

EXAMPLE  2,  47-BAR  PLANE  TRUSS 

The  schematic  diagram  of  the  structure  with  dimensions  is  shown  in  Fig.  2  (a). 
This  example  is  taken  from  [7]  and  is  optimized  for  a  single  loading  condition. 

V  •  +.  .  The  design  information  and  the  results  are  shown  in  Table  II.  In  order  to  com¬ 

pare  the  results  with  [7],  the  truss  is  first  optimized  with  stress  constraints 
only.  The  final  design  weight  was  2,993.37  pounds  with  a  computational  time  of 
115  seconds  for  17  iterations.  At  this  point  the  stress  in  member  18  was  vio¬ 
lated  by  0.24  percent  and  all  other  violations  were  less  than  0.035  percent. 
Another  feasible  design  occurred  at  ninth  iteration  for  which  the  design  weight 
was  2,998.88  pounds  and  maximum  constraint  violation  was  0.10  percent  for  stress 
in  seventh  member  and  all  other  violations  were  less  than  0.016  percent.  The 
final  weight  reported  in  [7]  was  3,328.5  pounds  which  is  considerably  higher  than 
the  one  reported  herein.  This  mav  he  attributed  to  the  fact  that  in  [7]  the  mem¬ 
bers  are  divided  into  eight  groups  so  that  there  are  onlv  eight  unknown  indepen¬ 
dent  design  variables,  whereas  in  this  paper  area  of  cross-section  of  each  member 
is  treated  as  an  unknown  design  variable. 

The  truss  was  also  designed  by  imposing  all  the  constraints.  The  starting  point, 
stress  limits,  upper  and  lower  bounds  on  the  areas  are  same  as  those  used  in  [7], 
It  may  be  noted  that  members  21,  22,  23  and  24  had  the  same  upper  and  lower 
bounds  on  areas.  The  final  design  weight  was  3,771.0  pounds  with  the  computa¬ 
tional  time  of  166  seconds  for  24  iterations.  The  maximum  violation  of  the  con¬ 
straint  was  0.27  percent  on  stress  for  member  11.  Figure  2  (b)  shows  variation 
of  the  cost  function  witn  respect  to  the  number  of  iteration  for  both  the  cases.. 
It  may  be  noted  that  for  practical  purposes,  convergence  occurred  in  approxi¬ 
mately  six  iterations. 
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A  steepest  descent  method  with  constraint  error  compensation  for  finding  the  op¬ 
timal  design  of  elastic  trusses  is  presented.  Although  the  method  is  applied  to 
the  case  of  trusses  only,  it  is  general  enough  to  apply  to  frames  and  other 
structures.  For  the  general  development  of  the  method  the  reader  is  referred  to 
[5  and  17].  An  application  of  the  method  to  framed  structures  is  now  in  progress 
and  the  results  will  be  reported  in  the  near  future. 

The  method  is  relatively  automatic  in  the  sense  that,  for  the  comtiuter  program 
developed,  the  input  data  given  is  the  only  pertinent  design  information  required 
for  solution  of  the  problem.  All  the  necessary  matrices  and  their  derivatives 
are  automatically  generated  in  the  computer.  Any  person  with  a  reasonable  knowl¬ 
edge  of  FORTRAN  language  should  be  able  to  handle  the  program  without  any 
difficulty. 

The  method  is  developed  to  meet  the  displacement,  strength  and  freouencv  require¬ 
ments  on  a  structure,  simultaneously.  Hence,  it  should  be  very  useful  in  cracti- 
cal  applications,  particularly  in  the  aerospace  and  aircraft  industries  where 
most  of  the  structures  must  be  designed  to  meet  frequency  and  strength  require¬ 
ments  simultaneously. 

Solutions  of  the  example  problems  presented  in  this  paner  were  obtained  very 
readily  and  required  no  modification  of  the  general  computer  code  developed  to 
implement  the  computing  algorithm  presented  in  this  paper.  For  a  detailed  dis¬ 
cussion  of  this  code  the  reader  is  referred  to  F17].  In  addition  to  the  ease  of 
use  of  this  technique,  the  authors  have  found  that  the  computing  times  required 
were  quite  competative  with  more  specialized  techniaues.  Refinement  of  the 
structural  analysis  techniques  to  utilize  iterative  re-analysis  methods  are  ex¬ 
pected  to  speed  up  computation  significantly.  This  improvement  as  well  as  allow¬ 
ing  geometric  variables  to  be  altered  in  design  are  the  subject  of  continuing 
work. 
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TABLE  I  EXAMPLE  X  TRANSMISSION  TOWER 


Design  Information:  For  each  meeker  of  the  structure,  the  modulus  of  elasticity, 
E^,  the  specific  weight,  p. ,  the  constant ,  a.  and  the  stress  limits  are  101*  kips/ 

sq.  in.,  0.10  Ibs/cu.  in.,  1.0  and  ±  HO.O  kips/sq.  in.  respectively.  The  lower 
limit  on  the  area  of  cross-section  of  each  member  is  0.10  sq.  in.  for  the  case 
with  stress  constraints  only  and  0.01  sq.  in.  for  other  cases.  There  is  no  upper 
limit  on  the  member  sizes.  The  resonant  frequency  for  the  structure  is  173.92 
cps  and  the  displacement  limits  are  0.35  in.  on  all  nrdes  and  in  all  directions. 
There  are  six  loading  conditions  and  they  are  as  follows:  (all  loads  are  in 
kips) 


Load 

Node 

Direction  of  Load 

Load 

Node 

Direction  of 

Load 

Cond, 

X 

y 

2 

Cond. 

* 

* 

Z 

mm 

1 

mm 

10.0 

mm 

1 

wm 

2 

m 

10. 0 

2 

2 

Efl 

EmwI 

3 

Ifggw 

0 

KM 

4 

EE 

6 

BE; 

5 

EE 

1 

1.0 

-10.0 

-5.0 

■  1 H 

EMV 

mm 

EStSl 

3 

2 

0 

-10.0 

-5.0 

M 

■ 

ESI 

EJCT 

3 

0.5 

0 

0 

■■ 

Ed 

BE 

Kfl 

6 

_ 0.5 

0 

EH 

HSI 

EiKfl 

EE' 

HE 

5 

1 

mm 

ESI 

brtgi 

6 

i 

EE 

RQ 

2 

mm. 

2 

BE 

ESI 

Output: 


With  Stress 
Constraints  only 

With  Stress  and  dis¬ 
placement  constraints 

With  all  constraints 

Element 

Starting 

Final 

Starting 

Final 

Starting 

Final 

No. 

Values  in 

Values  in 

Values  in 

Values  in 

Values  in 

Values  in 

sq.  in. 

sq.  in. 

sq.  in. 

sq.  in. 

sq.  in* 

sq.  in. 

1 

0.200 

0.100 

1.000 

0.010 

0.500 

0.010 

2 

0.500 

0.376 

3.000 

2.322 

2.500 

2.092 

3 

0.500 

0.376 

3.000 

2.322 

2.500 

2.075 

4 

0.500 

0.376 

3.000 

2.322 

2.500 

2.095 

5 

0.500 

0.376 

3.000 

2.322 

2.500 

2.083 

6 

0.500 

0.471 

3.000 

2.768 

2.500 

2.357 

7 

0.500 

0.471 

3.000 

2.768 

2.500 

2.354 

8 

0.500 

0.471 

3.000 

2.768 

2.500 

2.350 

9 

0.500 

0.471 

3.000 

2.768 

2.500 

2.335 

10 

0.200 

0.100 

1.000 

0.010 

0.500 

0.035 

11 

0.200 

0.100 

1.000 

0.010 

0.500 

0.035 

12 

0.200 

0.100 

1.000 

0.010 

0.500 

0.087 

13 

0.200 

0.100 

1.000 

0.010 

0.500 

0.084 

14 

0.200 

0.100 

2.000 

0.690 

1.500 

1.113 

15 

0.200 

0.100 

2,000 

0.690 

1.500 

1.113 

16 

0.200 

0.100 

2.000 

0.690 

1,500 

1.112 

17 

0.200 

0.100 

2.000 

0.690 

1.500 

1.112 

18 

0.500 

0.277 

2.000 

1.524 

2.000 

2.056 

19 

0.500 

0.277 

2.000 

1.524 

2,000 

2.058 

20 

0.500 

0.277 

2.000 

1.524 

2,000 

2.046 

21 

0.500 

0.277 

2.000 

1.524 

2.000 

2.058 

22 

0.500 

0.380 

3.000 

2.733 

3.000 

2.822 

23 

0.500 

0.380 

3.000 

2.733 

3.000 

2.808 

24 

0.500 

0.380 

3.000 

2.733 

3.000 

2.803 

25 

0,500 

0.380 

3.000 

2.733 

3.000 

2.785 

Weight 
in  lbs. 

132.37 

91,13 

772.24 

— 

546.18 

669.80 

590.32 
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TABLE  II  EXAMPLE  2  -  47-BAR  PLANE  TRUSS 


Design  Information:  For  each  member  of  the  structure,  the  modulus  of  elasticity 
E.,  the  specific  weight,  p.  and  the  constant,  a.  are  3.0  x  101*  kips /so.  in., 

0.284  lbs/cu.  in.  and  1.0,  respectively.  The  resonant  frequency  for  the  struc¬ 
ture  is  16.0  cps  and  the  displacement  limits  are,  one  inch  on  all  nodes  and  in 
all  directions.  There  is  one  loading  condition  for  the  truss  which  is  shown  on 
Fig.  2(a). 


Output: 


Element 

No. 

Lower 

Area 
Bound 
in  sq. 
in. 

Upper 

Area 
Bound 
in  sq. 
in. 

Tension 

Stress 
Limit  in 
Kips  per 
sq.  in. 

Compression 

Stress 

Limit  in 
Kips  per 
sq.  in. 

Initial 
Area  in 
sq.  in. 

mm 

With  Stress 

Constraints 

Only 

With  all 
Constraints 

1 

3.570 

9.620 

14.56 

5.690 

3.570 

7.537 

2 

3.570 

9.620 

14.56 

5.690 

3.570 

5.771 

3 

3.570 

9.620 

21.28 

14.56 

5.690 

3.570 

4 

3.570 

9.620 

21.28 

14.56 

5.690 

3.570 

4.473 

5 

3.570 

9.620 

21.28 

14.56 

5.690 

3.752 

6.505 

6 

3.570 

9.620 

21.28 

14.56 

5.690 

3.570 

6.124 

7 

3.570 

9.620 

21.28 

14. 56 

5.690 

4.212 

7.777 

8 

3.570 

9.620 

21.28 

14.56 

5.690 

5.217 

9.529 

9 

1.930 

2.940 

21.28 

15.90 

2.210 

1.930 

1.930 

10 

1.930 

2.940 

21.28 

15.90 

2.210 

1.930 

1.930 

11 

1.930 

2.940 

21.28 

15.90 

2.210 

2.205 

2.199 

12 

1.930 

2.940 

21.28 

15.90 

2.210 

2.205 

2.205 

13 

1.930 

2.940 

21.28 

15.90 

2.210 

1.930 

2.940 

14 

1.930 

2.940 

21.28 

15.90 

2.210 

1.930 

2.940 

15 

1.930 

2.940 

21.28 

15.90 

2.210 

2.205 

2.119 

16 

1.930 

2.940 

21.28 

15.90 

2.210 

2.205 

2.205 

17 

1.360 

2.190 

21.28 

15.46 

2.100 

1.417 

2.136 

18 

1.360 

2.190 

21.28 

15.46 

2.100 

1.815 

1.630 

19 

1.360 

2.190 

21.28 

15.46 

2.100 

1.360 

1.360 

20 

1.360 

2.190 

21.28 

15.46 

2.100 

1.360 

1.360 

21 

0.376 

0.376 

21.28 

3.36 

0.376 

0.376 

0.376 

22 

0.376 

0.376 

21.28 

3.36 

0.376 

0.376 

0.376 

23 

0.376 

0.376 

21.28 

3.36 

0.376 

0.376 

0.376 

24 

0.376 

0.376 

21.28 

3.36 

0.376 

0.376 

0.376 

25 

1.360 

2.190 

21.28 

12.32 

2.100 

1.360 

1.455 

26 

1.360 

2.190 

21.28 

12.32 

2.100 

1.360 

1.451 

27 

1.360 

2.190 

21.28 

12.32 

2.100 

1.360 

2.137 

28 

1.360 

2.190 

21.28 

12.32 

2.100 

1.360 

1.360 

29 

1.360 

2.190 

21.28 

12.32 

2.100 

1.360 

1.492 

30 

1.360 

2.190 

21.28 

12.32 

2.100 

1.360 

1.428 

31 

2.940 

6.040 

21,28 

17.47 

3.850 

2.940 

3.774 

32 

2.940 

6.040 

21.28 

17.47 

2.940 

2.340 

33 

2.940 

6.040 

21.28 

17.47 

2.940 

2.940 

34 

2.940 

6.040 

21.28 

17.47 

3.850 

2«  940 

5.592 

35 

2.940 

6.040 

21.28 

17.47 

3.850 

2.940 

3.582 

36 

2.940 

6.040 

21.28 

17.47 

3.850 

2.940 

2.940 

37 

0.940 

1.320 

21.28 

4.93 

1.200 

0.940 

0.940 

38 

0.940 

1.320 

21.28 

4.93 

1.200 

0.940 

0.940 

39 

0.940 

1.320 

21.28 

4.93 

1.200 

0.940 

0.940 

40 

2,940 

6.040 

21.28 

10.75 

3.500 

2.940 

2.940 

41 

2.940 

6.040 

21.28 

10.75 

3.500 

2.940 

2.940 

42 

2.940 

6.040 

21.28 

10.75 

3.500 

2.940 

2.940 

43 

2.940 

6.040 

21.28 

10.75 

3.500 

2.940 

2.940 

44 

2.940 

6.040 

21.28 

10.75 

3.500 

2.940 

2.940 

45 

2.940 

6.040 

21.28 

10.75 

3.500 

2.940 

2.940 

46 

2.940 

6.040 

21.28 

10.75 

3.500 

2.940 

2.940 

47 

2.940 

6.040 

21.28 

10.75 

3.500 

2.940 

2.940 

Weight  in  lbs. 

2993.37 

3771.0 

842 


843 


1S.68K 

6.72K 


! 


(a) 


Fig.  2  *»7-Bar  Plane  Truss 
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of  Beams  in  Space 
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ABSTRACT 

In  this  paper  the  formulation  of  one  type  of  elastica  problems 
is  extended  to  beams  of  arbitrary  space  configuration.  The 
shape  and  loading  of  the  deformed  beam  are  given  and  the  shape 
of  the  free  beam  is  required.  The  geometric  curvature,  the 
torsion  of  the  free  center  line  and  the  twist  angle  of  the 
cross  section  are  derived  using  the  rotation  displacement  vec¬ 
tor  of  the  center  of  the  cross  section.  Examples  of  practical 
application  are  presented  to  explain  the  use  of  the  derived 
formulae. 


INTRODUCTION  Problems  in  nonlinear  deflection  of  thin  beams 
are,  generally,  of  two  types: 

(i)  the  free  configuration  of  the  beam  is  Known  and  the 
deformed  configuration  after  loading,  is  thought. 

(11)  the  deformed  configuration  of  the  beam  due  to  given 
loadings  lies  upon  an  assigned  curve  and  the  free 
shape  of  the  beam  is  required. 

The  first  problem  is  discussed  in  references  [ij,[2],[3]  for 
straight  cantilever  beams.  In  reference  [3]  the  same  problem 
is  extended  for  certain  space  beam  conf ig-rations  acted  upon 
by  end  loadings.  In  reference  14]  a  brief  historical  intro¬ 
duction  is  given  for  work  done  m  the  second  problem  and  is 
followed  by  a  discussion  for  the  solution  of  coplaner  canti¬ 
lever  beams.  The  aim  of  this  paper  is  to  extend  the  discus¬ 
sion  of  the  second  problem  to  space  beams. 
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The  configuration  of  the  deformed  beam  is  specified  by;  the 
curvature  K<j (s) ,  the  geometric  torsion  Td(s)  of  the  beam  center 
line  and  the  twist  V,j(s)  of  the  beam.  The  loading  of  the  beam 
is  given  in  terms  of  the  vector  intensities  f (s) ,  £(s) ,  the 
concentrated  load  vectors  F.  and  (figure  1) .  Our  objective 
is  to  determine  the  free  beam  geometric  parameters  Kf(s),  xf(s) 
and  »f (s)  in  terms  of  the  above  known  parameters. 

The  generalization  presented  in  this  paper  is  confined  largely 
to  the  formulation  of  the  problem  with  the  assumptions  that  the 
beam  is  inextensible,  plane  cross  sections  remain  plane  after 
deformation  and  perpendecular  to  the  center  line.  The  change 
in  the  shape  of  the  cross  section  due  to  the  deformation  is 
neglected.  The  center  line  of  the  beam  is  taken  as  the  locus 
of  the  centroids  of  the  cross  sections. 

EQUATIONS  OF  EQUILIBRIUM  The  equations  of  equilibrium  are 
given  by  (figure  1) , 


dR(s) 

-35—  +  f  (s)  =  0  ,  (1) 

do  (s) 

-gg -  +  £(s)  +  t (s)  x  R(s)  =  0  .  (2) 

Integrating  equations  (1)  and  (2)  from  an  initial  position  (s  ) 
we  get,  3 

R(s)  =  R(s  )  -  ft  f(y)  dy  (3) 

3  3 

D(s)  =  D(s  )  -  ft  £(y)  dy  -  ft  t ( y)  x  R(y)  dy  .  (4) 

3  S3  SD 

Substituting  t  =  dr/ds  (figure  1)  in  equation  (4)  and  inte¬ 
grating  by  parts  the  last  term,  we  obtain  another  useful  expres¬ 
sion  for  D, 

D(s)  =  D(s  )  +  [r  -rl  x  R(s  )-/*  c  dy -ft  (r  -r  ]  x  f  dy  .  (5) 

—  3  ~ 3  —  j  s^  —  — y  — s  — 

If  at  any  cross  section  {s±)  a  concentrated  force  Fj  and/or  a 

concentrated  moment  C,  act,  the  equations  of  equilibrium  across 
this  cross  section  take  the  forms , 

R(  +  si)  -  R(-S1>  +  E\  =  0  ,  D(  +  Si)  -  D(-Sl)  t  C  =  0  .  (6) 

DISTORTION  -  DISPLACEMENT  RELATIONS  If  at  each  cross  section 
of  a  beam  the  triad  (n,b,t)  coincides  with  the  triad  (x,y,t), 
the  beam  is  called  prismatic,  otherwise  non-prismatic  or 
twisted.  The  amount  of  twist  in  each  cross  section  is  given 
by  the  angle  y(s)  between  the  direction  of  the  axes  n  and  x, 
(figure  1).  As  the  two  triads  (n,b,t)  and  (x,y,t)  move  along 
the  center  line  with  unit  speed,  they  rotate  about  their  origin 
with  geometric  angular  velocities  w  and  fi  respectively 
(figure  1) , 

w(s)  -  Kb  +  tt  ,  Q(s)  •=  K  sin  Yi  +  K  cos  ^2  +  (l+  ds3^. 
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Figure  (2)  shows  the  free  and  deformed  positions  of  an  arbi¬ 
trary  cross  section  of  the  beam.  The  displacements  of  this 
cross  section  are  expressed  by  two  vectors;  a  linear  displace¬ 
ment  vector  u(s)  of  the  centroid  of  the  cross  section,  and  a 
rotation  vector  £(s)  around  the  centroid.  The  angular  distor¬ 
tion  vector  h(s)  due  to  these  displacements  is, 

h  (s)  =  d£(s)/ds  .  (8) 

The  rotation  vector  and  the  geometric  angular  velocity  are 
related  by  the  geometric  relation  L5], 

d£(s) 

-35—  =  (s)  -  fi£(s)  .  (9) 

PARAMETERS  OF  FREE  CONFIGURATION  From  the  thin  beam  theory, 
we  have  the  relation  [5], 

h  =  6  .  1  .  (10) 

From  equations  (4),  (8),  (9)  and  get, 

fif  =  ft.-6.[D(s  .)+{  (r  -r)xR(s  d , -/®  (r  -r  )xf  dyj 

— r  -a  =  —  ]  -  3  • s  —  ]  Sj-y-s  — 

*  Aid  +  +  c^d  •  (11)* 

The  following  relation  can  also  be  obtained  from  equations 
(8)  to  (10), 


£(s)  =  £(s.)  t  /*  [6(y)  .  D(y)]  dy  .  (12)* 

The  vector  D(s)  and  the  dyadic  8  are  both  known  in  terms  of  their 
components  along  the  principal  Flexure  axes  of  the  deformed 
configuration  (x,j[,yd,tj)  .  Consequently,  the  vectors  (s)  and 
£(s) ,  from  equations  (II)  and  (12),  are  expressed  in  t?  ms  of 
their  components  along  the  triad  (xd,yd,td)  f  the  defrimed 
beam.  The  direction  cosines  of  the  triad  (xjr,yf,tj)  of  the 
free  configuration  relative  to  the  triad  (xd,y,j,td)  can  be  cal¬ 
culated  using  three  euler  rotations,  figure  (3), where 

<Ms)  =  4^1^  +  +  <(>3 -  B(s)  +  x(s)  +  £(s)  >  (13) 


and, 

<t>^  =  ysin£-8sinycos£ ,  <(>2  -  ycos£  +  6smycos£,  4^  =  C+Bcosy  . 

The  values  for  y,  S  and  £  as  functions  of  4j_,  and  $3  are 
obtained  from  the  solution  of  the  above  three  equations.  One 
form  of  solution  is  given  as  follows, 

<f>2  =  £  +  (-  cos  £  +  <$2  sin  £).  cot  (42  cos  £  +  sm  £)  (14) 
y  =  <P2  cos  £  +  4£  sin  £,  6  =  (“  cos  ^  +  ^2  sln  ^ 


*See  appendix 
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The  implicit  equation  (14)  can  be  solved  numerically  or  graphi¬ 
cally  for  the  value  of  £,  which  is  then  substituted  in  equation 
(15)  to  give  the  remaining  values  of  y  and  8.  Using  the  above 
euler  angles  we  can  express  the  geometric  angular  velocity 
of  equation  (11),  as  follows, 

SJf  =  A  if  *■  B  j_f  ♦  C  t^  ,  (16) 

I 

where,  A  =  cos  6  cos  y  -  a2  sin  6  +  C  cos  8  sin  y 

I 

B  =  sin  0  cos  y  +  oij  cos  6  +  C  sin  8  sin  y 
C  -  C  cos  y  -  sin  y 


and, 


=  A  cos  £  -  B  sin  £, 


B  cos  £  +  A  sin  £ 


From  equations  (7)  and  (16)  we  get, 
Kf(s)  =  (a'2  +  B<2)*,  ¥f(s)  =  sin"1 


(^>,  Tf<S) 


(17) 


If  we  have  concentrated  external  forces  and  moments  acting  on 
the  beam,  together  with  distributed  external  forces,  equations 
(11)  and  (12)  should  be  applied  piecewise.  Starting  from 
position  (s^)  where  the  initial  values  R(sJ  and  D(s^)  are  known 
we  can  obtain  the  parameters  Kf(s),  ffts)  and  Tf(s)  valid  until 
the  position  (s^)  of  the  next  concentrated  external  force  or 
moment.  Applying  equation  (6)  at  the  position  of  the  concen¬ 
trated  force  and/or  moment  we  obtain  new  initial  values  R(s^) 
and  D(s^)  and  so  on  until  the  end  of  the  beam. 

By  specifying  the  geometric  curvature,  the  geometric  torsion 
and  the  twist  angle  of  the  free  configuration  the  problem  is 
formely  solved. 

EXAMPLE  The  deformed  shape  of  the  beam  is  a  prismatic  canti¬ 
lever  in  the  form  of  a  part  of  a  cyiinderical  helix, 

r.  =  u  cos  6  i  +  u  sin  0  +  (u  tan  a)  6  t  , 


The  length  of  the  beam 
Thus;  ^d  =  fld  = 


is  given  by,  s  =  L  at  9  =  8^. 

cos  2  ot  .  cos  a  sin  a  . 
u  ^d  u  ^d 


(18) 


The  beam  is  loaded  by  a  uniform  pressure  along  the  n  axis  hence, 
f(s)  =  p  i^,  c(s)  =  0,  R(s=L)  =  0  and  D(s=L)  =  0  . 

We  choose  a  fixed  frame  of  reference  (X,Y, z)  with  Z  along  the 
axis  of  the  helix  cylinder  and  the  fixed  end  of  the  beam  (9=0) 
with  coordinates  (u,o,o)  hence, 

t(0)  =  -  cos  a  sin  8  I  *  cos  a  cos  9  J  +  sin  a  K  , 

R(9)  =  £  ■!?  -  t  (sin  0  -  sin  9. )  I  -  (cos  0  -  cos  9,)  ,J]  , 

COS  Ct  1j  JLi  *“ 
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and 


0.11 

II 

call 

diag  [ 

1  1 

EIx  EIy 

G!t] 

•  lT 

9 

-  cos  8 

sin 

6  sin  a 

- 

COS 

a  sin 

= 

-  sin  8 

-  cos 

6  sin  a 

cos 

a  cos 

0 

cos 

a 

sin 

a 

P  = 


Substituting  in  equation  (4),  with  the  initial  position  at  the 
free  end,  we  get, 

8.D  =  pu2tano[5|f2.(e’ cose' -sine' )i,  +  (l-cot2a)  (cos0 ' -1) 

=  -  Elx  -d  EIy 


•  •  1  III 

+  0  sin0  ^  (2-2cos0  -0  sin© 


dl±d  *  d2^  +  d3^d  '  (°  =  ®L  "  6)  * 


(19) 


From  equations  (11),  (18)  and  (19)  we  get, 

a 


2 

j  ;  ,cos  a  j  ,  j  ,sm  a  cos  a  . 

d>  +  ( - - - +  ( - - - d3)td  . 


(20) 


=fi  "  “1  ±d  -  ’  u  ~2'-<i  •  u 

f 

With  £(8  )  =  0,  equations  (12)  and  (19)  give, 

♦(■)  1  ♦lid  +  ^2-id  +  *3*8  ' 

where, 

3  2  2  2 

i  _  pu  tan  a  r ,  3  .  sxn  a  ,3  cot  a,  .  5  cos  a 

♦l  =  - 2  Csin  9  31n  eL{"  4EI  +  ~eT~~  - + 


cos  a 


4GI. 


.,_2_ 


a  r i n  ( a  a\  / 3  sin  a  #3  cot  cx»  5  cos  oi\ 

e  sin  (eL  ex^gy  t  — EJ-  (4 - 2  +  4  -Gir} 

x  y  t 


0  2  2 

a  /®  __  „  /ft  ft  \  /  i  sin  ct  cos  01 1 

6  (T  2"}  COS  (0L  eHEI  +  ”EI  +  ^GI~} 

x  y  t 


2 

t  |  cos  6  sin  eL  -  (cos  8  -  1)  (1  -  cot2a)  8|g-  ? 

x  y 

0  2  2 

L  „ _ „  ,1  sin  a  cos  a,-, 

+  r  Sln  8  c°s  0L  (gj  -  -gj - gr-)  ] 

x  y  t 


♦2  =  (*n\ota«a  C9  C°8  (eL  -  8){IeIx  + 


2  2 
sin  a (1-6  cot  a) 

4EI 


.  7  sin  a  cos  a,  +  8T  cos  (6r  -  6) t;°8  a  +  C°S-^  sx-n  a) 
+  ?  - GI~ - ‘  L  L  “y  GIt 


0  2 
*,6  Lx  nx  r  1  .  Sin  a  .  cos  a  sin  a, 

e(4  2~)  Sln  (eL  6HeTv  +  ■£!“  +  or  } 

x  y  t 
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1 


+  sin 


in  e  cos  eL{-  Jgy 
5  cos 


+  4  GIt 


a^_°}  t  eL 


cos  a 
2GIt 


C^2-2-}  t  f  cos  e  cos  eL  ij 


sin  6  sin  0L{-  §g-  +  mir 

x  y 


t  sin 

+  6{- 


2  2 

„r  sin  a(l  -  cot  a)  2  cos  a  sin  a, 
e{ - - - - - } 


COS 


;^a|l  -  cot' 


2 

:  a)  2  cos 


GI 


sin  aj 


El 

y 

2  2  2 

.  cos  a (2  -  cot  a)  „  cos  a  „  _  „ 

+  -■  ~t- -  sin  0  -  -lgr-  6  cos  6 

y  y 


3  cos  a  sin  a  _ . _  „ 

- gTT - sin  9l 


cos  a 
- 


GI* 


»  «■ 


-----  eT  cos  9 

•t  L  L 

/„  aU  1 _  sin^a  (l-2cot 

(0L  0H  4EI  4EI 


.  2  2 
in  a  sin  a  ■, 

PT  T  * 


cos  a 

2  2 

.  4sin  a-3cos  a,  „  ...  rsin*a  sin*( 

+  — is; - ]  +  0l  cos  ®l  “  e>{-Er~  -517 

0  2  2 
„,0  L.  .  ,1  sin  a  cos  a, 

+  0<4  -  r>  sin  (eL  -  9){eix  +  +  -gT7} 


2  2  2 
in  ot(l-2cot  g)+n  in  a 

APT 


sin  (6. 

ii 


2  2 
,  sin  a (2  -  cot  a) 

-  e){ - ei - 


.  2 

3  sin  a. 


+  sin 


„  „„  a  r  3 _  sin2a(l  - 

0  cos  eL(4EI  -  2EI 


+  eL  Sln  9  sin  VlST  ’  Hir 

x  V 


2  2  2 
cot  a)  _  sm  a  _  5  cos  a-, 

4EIy  -  4GIt 

2 

l  COS  O' 

■  '  2GI  ; 


6  n  a  1 

T-  COS  0  COS  0. 

<-  L  Ll^ 


2  ,, 
,sin  u ( 1 


♦  sin  efSiS-SAj- 

y 


y 

2  2 

cot  a)  2  cos  g, 

cr  J 
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2  2  2 
.  A/  sin  a(l  -  cot  a)  .  2  sin  a, 

+  e{  gr - +  -Gi^} 

2  2  2  2 
.  sin  a (2  -  cot  a)  „  sin  a  „  _ „  3  sin  a 

+  - gr -  sxn  ®L  '  -gr~  eL  COS  0L  “  — X~'  sln  eL 


+  ®L  COS  6L]- 


Substituting  the  above  values  in  equations  (14)  and  (15)  we 
obtain  the  values  of  euler  angles.  The  components  of  Of  (equa¬ 
tion  (20))  and  the  euler  angles  are  used  to  derive  the  compo¬ 
nents  of  Of  along  the  principal  triad  of  the  free  configuration 
A' ,B' ,C'  (equation  16).  These  values  are  finally  used  in  equa¬ 
tion  (17)  to  give  the  parameters  of  the  free  configuration. 
Figure  (4)  gives  the  result  of  a  numerical  example,  with  the 
following  parameters  for  the  deformed  configuration; 

3  " 

u  =  3",  p  =  2  lb/in,  diameter  of  cross  section  =  ,  0T  =  ti 

lb  L 

E  =  30  x  106  lb/in2,  G  =  12  x  106  lb/in2,  a  =  30°  . 


In  case  a  =  0,  the  deformed  beam  is  part  of  a  plane  circle  and 
the  distributed  pressure  p  is  towards  the  center  of  the  circle, 
the  curvature  of  the  free  configuration  is, 


Sf  ■  £  ♦  Sfy  ‘ 


cos  (i  -  £)  -  1)]  if  , 


and  the  free  beam  is  prismatic.  If  in  the  above  case  (a  =  0) 
the  distributed  pressure  p  is  parallel  to  the  radius  of  the 
circle  at  one  end,  the  curvature  of  the  free  configuration  is, 


*f  =  C5  +  (jj  <L-s)  sin  <§)  t  cos  (t)  -  cos  (§)}]  lf  , 


and  the  free  beam  is  also  prismatic. 

A  practical  application  for  the  last  case,  is  a  long  beam 
subjected  to  wind  pressure  and  the  final  deformed  beam  is  re¬ 
quired  to  be  a  part  of  a  ci’.cle  at  a  certain  wind  speed. 

CONCLUSION  The  general  formulation  of  the  geometric  parame¬ 
ters  for  the  free  configuration  of  a  given  loaded  beam  is 
presented.  The  calculations  of  the  direction  cosines  of  the 
principal  torsion  flexure  axes  in  the  free  configuration  rela¬ 
tive  to  their  counterparts  in  the  loaded  configuration  lend 
themselves  to  numerical  or  graphical  evaluation.  Geometric 
interpretation  of  the  free  configuration  is  not  easy  even  for 
the  simple  problem  presented  in  the  example.  The  complexity  of 
the  solution  increases  if  concentrated  forces  and  moments  act 
upon  the  beam  together  with  the  distributed  loading. 

APPENDIX  Equations  (11)  and  (12)  involve  integration  of  vec¬ 
tors  expressed  m  a  moving  triad.  The  integration  can  be 
performed  if  the  vector  can  be  expressed  in  a  fixed  frame  of 
reference  (X,Y,Z).  Let  p(s)  be  the  rotation  matrix  between  the 
principal  axes  at  any  cross  section  and  the  fixed  axes.  The 
components  of  the  rotation  matrix  can  be  expressed  n  a  vector 
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form  as 


P(s) 


{ t  j  l ^  i  j  w j  n ^  n ^  J 


This  vector  satisfies  the  ralation. 


dP(s)  . 
ds 


F  P(S) 


(a) 


where  F  is  a  partitioned  diagonal  matrix  F  =  diag.  T.  The 
square  matrix  T  is  the  rotation  operator  (0^  X)  represented  by 
the  skew  symmetrix  matrix. 


-{t 


+ 


dy(s)  t 

ds  'd 


♦  Kd  cos  *d1 


{t  t 


df  (s)  , 
ds  Jd 


o 


-Kd  sin  Td 


(b) 


-  Kd  cos 


c 


+  Kd  sin  -d 


Thus,  the  coefficients  of  the  matricial  first  order  differential 
equation  (a)  are  functions  of  (s) .  The  solution  of  equation  (a) 
gives  the  values  of  the  cosine  directions  of  the  axes  (x^,y^>td) 
relative  to  the  fixed  frame  of  reference. 


NOMENCLATURE 

x,y,t  principal  torsion  flexure  axes  at  any  cross  section, 
with  t  along  the  tangent  to  the  center  line  in  the 
direction  of  increasing^  unit  vectors  (i,  j_,t) . 

n,b,t  geometric  principal  triad  at  any  cross  section,  with  n 
along  the  binormal  towards  the  center  of  curvature, 
and  t  along  the  tangent  to  the  center  line  and  b  along 
the  binormal;  unit  vectors  (n,b,t) . 

R  (s)  internal  force  vector  acting  at  the  centroid  of  the 
cross  section. 

D (s)  internal  moment  vector  acting  at  the  centroid  of  the 
cross  section. 

f (s)  vector  intensity  of  external  distributed  force  loading 
along  the  center  line  of  the  beam,. 

c(s)  vector  intensity  of  external  distributed  moment  loading 

along  the  center  line  of  the  beam. 

I\  external  concentrated  force  at  position  (si) . 

Cx  external  concentrated  moment  at  position  (s^) . 

u(s)  linear  displacement  vector. 

£(s)  rotation  displacement  vector. 

r(s)  position  vector. 

h(s)  angular  distortion  vector. 

u(s)  geometric  angular  velocity  vector  of  the  triad  (n,b,t). 

fi(s)  geometric  angular  velocity  vector  of  the  triad  (x,y,t). 

K{s)  curvature  of  the  center  line. 
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t (s)  geometric  torsion  of  the  center  line. 

¥(s)  angle  of  twist  of  a  cross  section. 

E,G  modulii  of  elasticity  and  rigidity. 

B  the  dyadic  ”  +  STy  51  +  Bft  ”* 

Subscripts 

d  pertaining  to  the  deformed  confiouration. 

f  pertaining  to  the  free  configuration. 
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Fatigue  Damage  in  Nonlinear  Multi-story  Frames 

under  Earthquake  Load 
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ABSTRACT 

A  four  story  shear  frame  was  excited  with  a  random  input  function  from 
the  1 940  El  Centro  Earthquake  NS  Component  accelerogram.  The  time  history 
of  the  relative  deflection  of  each  floor  with  reference  to  the  floor  below 
was  determined  by  assuming  an  elasto-plastic  load  deflection  hysteresis 
loop.  Another  tri-linear  deflection-maximum  strain  developed  loop  was 
assumed  and  the  time  history  of  the  maximum  strain  developed  at  the  crit¬ 
ical  section  of  each  floor  was  obtained.  The  reversals  of  plastic  strains 
were  found  and  the  cumulative  fatigue  damage  factor  was  calculated  from 
each  time  history  of  strain  for  each  floor  for  a  particular  fundamental 
frequency  of  the  system.  Similar  calculations  were  made  for  different 
values  of  fundamental  frequency  and  for  two  values  of  the  damping  coeffic¬ 
ient.  The  maximum  deflection  of  each  floor  during  the  entire  excitation 
was  also  calculated  and  a  dimensionless  maximum  deflection  ratio  was  defined. 

The  comparative  study  showed  that  the  variation  of  maximum  deflection  of  a 
floor  did  not  reflect  the  true  damage  that  took  place  in  the  structure. 

Though  the  dimensionless  maximum  deflection  ratio  appeared  to  be  proportion¬ 
al  to  the  fatigue  damage  factor,  the  calculation  of  the  later  may  be  necess¬ 
ary  so  as  to  understand  the  extent  of  damage  that  has  taken  place  during  the 
period  of  excitation.:  In  general,  the  structures  with  higher  fundamental 
frequencies  (stiffer  structures)  were  damaged  to  a  greater  extent  than  those 
with  lesser  requencies  by  an  excitation  similar  to  the  1940  El  Centro  Earth¬ 
quake  NS  Component.  Though  the  first  floor  was  subjected  to  a  lesser  number 
of  plastic  reversals  compared  to  the  upper  floors,  its  damage  was  more  sivere 

This  paper  presents  a  procedure  for  calculating  the  low-cycle  fatigue 
damage  factors  in  a  mul ti-degree-of-freedom  system  when  it  is  subjected 
to  a  random  excitation. 


INTRODUCTION 


The  utilization  of  the  plastic  behavior  of  a  material  has  been  investiga¬ 
ted  extensively  in  recent  years  in  view  of  the  fact  that  it  absorbs  a 
considerable  amount  of  energy  and  thus  attenuates  the  dynamic  response 
of  structures.  Many  nonlinear  functions  have  been  assumed  by  different 
investigators  for  the  load-response  relation  (I,  2,  3,  4,  5)  and  the 
influence  of  the  plastic  behavior  of  the  material  has  been  analysed.  The 
plastic  design  procedures  for  static  loads  are  already  permitted  in  build- 
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ing  codes  of  many  countries.  If  such  a  plastic  deformation  of  material  is 
permitted  in  a  structure  subjected  to  a  load  reversal,  like  a  random 
vibration,  it  may  be  essential  to  investigate  the  low-cycle  fatigue  damage 
in  addition  to  the  maximum  response  of  the  structure.  In  general,  there 
are  three  distinctly  different  failure  mechanisms  in  a  structure  subjected 
to  random  vibration  (6  )..  One  of  these  is  fatigue  damage  which  may  be 
significant  if  the  structure  is  repeatedly  stressed  beyond  the  elastic 
limit.  In  such  cases,  even  a  few  reversals  may  cause  the  failure.  A 
numerical  procedure  to  calculate  the  low-cycle  fatigue  damage  factor  pro¬ 
duced  in  a  simple  structure  subjected  to  earthquake  excitation  was  intro¬ 
duced  by  Kasi  raj  and  Yao  (7)  . 

The  object  of  this  study  is  to  investigate  this  low-cycle  fatigue  damage 
in  a  mul ti -deg ree-of -freedom  system.  A  four  story  shear  building  has 
been  analysed  for  its  safety  against  cumulative  fatigue  damage  when  it 
was  excited  bpyond  its  elastic  limit  by  the  NS  Component  of  the  1940  El 
Centro  Earthquake. 


FATIGUE  DAMAGE  FACTOR 


A  general  hypothesis  is  describing  the  cumulative  effect  of  plastic  strain 
on  the  low-cycle  fatigue  behavior  of  metals  has  been  presented  (8)  .  When 
samples  of  a  material  in  tension  are  tested  to  failure  with  different  pre¬ 
compressions,  a  graph  can  be  drawn  showing  the  relationship  between  the 
failure  tension  plastic  strain,  q,  and  the  precompression  tension  plastic 
strain  ratio,  v,  as  shown  in  Fig.  lb.  The  fatigue  damage,  Dj ,  resulting 
from  a  single  reversal  of  plastic  strain  from  precompress  ion  to  tension  was 
found  to  be 


where  DPP(j)  is  tue  maximum  change  in  plastic  strain  reached  during  this 
single  reversal,  as  shown  in  fig.  2,  and  q  is  the  failure  tension  plastic 
strain  obtained  from  Fig.,  lb  for  the  particular  v  ratio  in  the  reversal. 
For  mild  steel,  an  average  value  of  0,85  can  be  assumed  for  the  value  of 
q..  It  was  also  found  that  for  the  j£"  reversal  of  load 


1/S  =1  -0.86 


(  ) 


where  OPN(j)  is  the  precompression  plastic  strain  induced  before  tension 
plastic  strain  is  started  in  the  cycle,  as  shown  in  fig.  2.  If  there  are 
N  plastic  reversals  during  the  whole  duration'of  response,  the  total  fatigue 
damage  caused  is  given  by 

N  ✓  x 

OF  =  )  (  DPPCOj  ,  .  .  ,  . . (3) 


Failure  is  assumed  to  occur  when  OF  reaches  the  value  of  one.;  The  time 
history  of  plastic  strain  at  the  critical  section  of  the  structure  has  to  be 
evaluated  to  calculate  the  damage  factor. 
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PROBLEM 


A  multi-story  framed  structure  can  be  simplified  for  modal  analysis  by  using 
the  following  assumptions:  (I)  the  distributed  mass  of  the  structure  is 
lumped  at  equidistant  floor  levels  (m  at  each  floor  level),  (2)  the  shear 
rigidity  at  any  column  level  is  represented  by  an  elastic  spring  (K;  at  the 
i*"  floor),  (4)  the  horixontal  deformation  of  the  structure  is  of  tne  shear 
type,  and  there  is  no  rotation  of  the  rigid  floor,  (5)  the  damping  is  such 
that  the  dynamic  coupling  between  the  various  modes  do  not  exist  and  thus 
modal  analysis  can  be  applied.  For  a  structure  such  as  shown  in  Fig.  3,  the 
equation  of  motion  can  be  written  as  given  below:  (9)  . 

m  Xj  +  Cj  (*;  -  *j_,)  —  cf  +  j  (Sc.+|  -  Xj)  +  K,  (xj  -  x.i() 

“  Ki+|  <xi+l  *  *|)  =  -‘"*0  . . W 

(l  )=  1,  2 . n) 

where  Xj  is  a  function  of  time  and  is  the  relative  displacement  of  the 
i-th  floor  (the  i-th  mass)  from  the  ground,  Xq  is  the  horizontal  distance 
of  the  base  of  the  structure  with  reference  to  the  fixed  reference  line,  as 
shown  in  Fig.  3,  and  the  dots  indicate  differentiation  with  respect  to  time. 
When  the  base  of  the  structure  is  vibrated  by  an  earthquake,  x"0  will 
represent  this  earthquake  acceleration.  The  above  equation  can  be  modified 
to  give: 

m  Vi  +  ci  V|  -  ci+l  yt+l  +  K,  y,  -  Ki+1  yi+,  -  rn  (yM  «•  ....  «*,) 

+V  -'  . . -  -(5) 

(I  =  I,  2,  .  ,  .  .  .  n) 


where  yf  is  the  relative  displacement  of  the  i-th  floor  with  reference  to 
the  (i-l)  -th  floor.  That  is  y.  =  x._j.  For  a  four  story  frame,  the 
following  four  equations  will  arise! 


m  V'|  +«|  V|“  c2  *2  +  Kl  Vl K2  y2  “  ”  m  *0 . (6) 

m  y2  +  c2  >2  -  c3  ;3  K2  y2  —  K?  Vj  “  -  (y,  +  x0)  •  . (7) 

m  ^3  *■  c3  v3  — c4  ^4  +  k3  ^3  — K4  *4  “  -  (V2  +  V|  +  *0  •  •  <8) 

m  '4  +  c4  y4  ~  k4  *4  *  “  m  63  +  V2  +  V|  +  . (9) 


859 


There  are  four  relative  displacements,  namely  yj,  y2,  y,,  and  y.  , 
for  this  four  story  frame.  Each  displacement  refers  to3the  deflec* 
tion  of  one  floor  relative  to  the  floor  below.  The  time  history  of 
these  four  displacements  were  evaluated  by  assuming  certain  nonlinear 
load-displacement  relationships  when  the  frame  was  excited  by  an  earth¬ 
quake.  Each  of  these  displacements  will  create  maximum  strain  at  a  par¬ 
ticular  section  of  the  column  in  each  floor.  The  time  history  of  these 
maximum  strains  in  each  floor  were  determined  by  another  reasonable  non¬ 
linear  deflection-maximum  strain  relationship.  The  plastic  strains  were 
found  for  each  floor  and  the  damage  factors  were  worked  out  and  analysed. 
In  addition,  the  relative  deflections  and  the  number  of  reversals  of  each 
floor  have  also  been  analysed. 


HYSTERESIS  LOOPS 


The  elasto-plast ic  load  deflection  hysteresis  loop  shown  in  Fig.  k  was 
assumed.  The  load  function,  is  equal  to  in  each  floor  when  y 

m  m 

is  within  the  yield  deflection,  y  .  Beyond  this,  Q/m  is  assumed  to 
have  a  constant  value,  0g,  where  8  is  a  parameter  of  the  system  and  g 
is  the  gratitational  acceleration  due  to  gravity.  Hence,  by  changing 
the  parameter  0,  the  value  of  yield  toad,  0gm,  can  be  changed.  In  other 
words,  0  is  a  parameter  which  changes  the  yielding  point  in  the  load — 
deflection  curve. 

Since  steel  frames  are  commonly  built  with  wide  flange  (WF)  shapes,  the 
deflection-maximum  strain  hysteresis  loop  shovn  in  Fig.  5  is  proposed. 

The  justification  for  this  type  of  hysteresis  loop  has  been  explained 
in  detail  by  Kas  i  raj  (10}  An  average  WF  section,  as  listed  in  the  AICE 
Manual,  (II)  appears  to  have  a  thickness  of  flange  to  depth  ratio  of  0.6 
x  1 07 '  and  a  thickness  of  web  to  width  ratio  of  0.5k  x  iOT.  There  appears 
to  be  three  slopes  in  the  deflection  curve  for  this  WF  section.  The  first 
slope,  K2,  is  good  when  the  yield  strain  IS  not  exceeded  in  any  part  of 
the  WF  section.  The  second  slope,  K  ,  is  valid  when  the  yield  strain  is 
limited  to  the  flange,  and  the  third-^slope,  K^,  is  valid  when  the  yield 
strain  extends  to  the  web  portion.  Within  the  elastic  limit,  the  slope 
k,  of  the  curve  is  equal  to  the  deflection  at  yield,  y  ,  divided  by  the 
yield  strain,  e  .  When  the  deflection  lies  between  the  absolute  values 
of  y  and  l.08yYthe  slope  k,  is  I.kk2,  and  the  value  of  k^  beyond  l.08y 
is  8;5k  .  The  above  slopes  are  derived  from  the  deflection  calculationy 
of  a  caKtiliver  WF  section  beam  when  it  is  loaded  beyond  the  elastic  limit 
for  the  first  time.  Though  the  subsequent  curves  under  load  reversals 
will  be  different,  the  same  slopes  were  assumed  with  the  justification 
that  the  result  will  be  close  to  the  real  value  when  the  elasto-plastic 
load  deflection  hysteresis  loop  shown  in  Fig.  k  is  used  with  the  approxi¬ 
mate  deflection-maximum  strain  relation  shown  in  Fig.;  5. 


NUMERICAL  RESULTS 

In  the  four  story  frame  shown  in  Fig.  3,.  the  stiffness  of  the  columns  in 
the  second,;  third  and  fourth  stories  were  taken  as  0.9,  0.8,  and  0.7  of 
the  stiffness  of  the  columns  in  ground  floor.  The  mass  was  assumed  to  be 
proportional  to  its  stiffness  factor.  In  other  words,;  c ; /  Kj  was  assumed 
to  be  constant.  Linear  viscous  damping  was  assumed  even  when  the  frame 
was  stressed  beyond  the  elastic  limit. 
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For  this  frame,  the  four  natural  frequencies  of  the  system  were  found 
to  be  the  square  root  of  0.109  K/m,  Q.PiS  K/m,  1.904  K/m  and  2,968  K/nt 
where  K  is  the  stiffness  coefficient  m  the  ground  floor  and  m  is  the 
mass  of  each  floor.  The  mode  shape  for  these  different  frequencies  are 
furnished  in  Fig.  6.  The  analysis  was  programmed  and  the  structural 
responses  and  fatigue  damages  in  each  floor  were  evaluated  numerically. 

The  flow  chart  of  the  computer  program  is  shown  in  Fig.  7.  A  Runge« 

Kutta  numerical  integration  procedure  was  adopted  for  solving  equation 
6  through  9.  The  program  was  written  fixing  a  permissible  error  of 
I.  x  I0"5.  The  elasto-plast ic  force-deflection  hysteresis  loop  shown 
in  Fig.  4  was  adopted  for  the  srif.ness  function  in  the  equations.  As 
the  stiffness  in  each  story  was  different,  the  yield  deflection,  y  ,  was 
aiso  different  in  each  story,  and  hence  four  different  hysteresis  loops 
were  used  for  a  particular  value  of  9  in  solving  the  equations.  After 
finding  the  time  history  of  the  response  of  each  floor,  the  time  history 
of  the  maximum  strain  at  the  critical  section  of  each  floor  was  evaluated 
by  using  the  tri-linear  deflection,  maximum  strain  hysteresis  loop  shown  in 
Fig.  5.  The  yield  strain,  e  ,  was  assumed  as  0.0012,  which  is  a  reasonable 
assumption  for  mild  steel.  The  plastic  strains  alone  were  collected  and 
the  low-cycle  fatigue  damage  factor  was  calculated  in  each  floor  using  Eq. 
3.-  The  above  analysis  was  made  for  a  particular  fundamental  frequency  of 
the  system.  The  whole  analysis  was  repeated  for  different  fundamental 
frequencies  ranging  from  2  to  10  radians  per  second.  The  analysis  was 
made  for  a  9  value  of  0.15  and  for  two  different  values  of  the  damping 
coefficient  in  the  ground  floor;  0,2  times  the  fundamental  frequency 
divided  by  the  mass,  and  0.3  times  the  fundamental  frequency  divided  by 
the  mass.  A  damping  coefficient  of  0.2  times  the  fundamental  frequency 
divided  oy  the  mass  will  amount  to  a  damping  ratio  of  0.10  in  a  single— 
degree-of-f reedon  system.  As  already  explained,  9  is  a  parameter  which 
reflects  the  elastic  strenqth  of  the  columns,  (Columns  in  the  first  floor 
for  this  problem.)  The  NS  Component  of  the  £1  Centro  1940  earthquake  accel¬ 
eration  was  taken  as  the  vibrating  function  at  the  ground  for  the  system. 
All  possible  precautions  were  taken  to  check  the  accuracy  of  the  computer 
results  at  various  stages. 


For  purposes  of  comparison,  the  aosolute  values  o(  the  maximum  relative 
deflection  of  each  floor,  y.x ,  were  calculated  for  systems  with  different 
fundamental  frequencies.  These  maximum  deflections  are  plotted  fundamental 
frequencies  of  the  system  in  Figs.  8  and  9  for  two  different  damping  coe¬ 
fficients  in  the  first  floor.-  As  expected,  the  systems  with  the  lower 
damping  coefficient  deflec-.  more  than  the  ones  with  the  higher  damping  coe¬ 
fficient.  However,-  this  increase  in  damping  has  less  influence  in  higher 
floors  than  in  the  first  floor.  There  is  also  a  tendency  of  the  systems 
with  lower  fundamental  frequencies  to  oscillate  more  than  the  ones  with 
higher  fundamental  frequencies.  This  information  gives  a  misleading  feel¬ 
ing  of  safety  for  structures  with  higher  fundamental  frequencies. 


Graphs  showing  the  fatigue  damage  factors  as  a  function  of  the  fundamental 
frequencies  are  furnished  in  Figs,  10  and  H ,  These  figures  show  that  in 
general,  the  first  floor  is  damaged  more  than  the  higher  floors.  This 
appears  to  be  in  agreement  with  the  observation  made  in  Figs,  8  and  9  which 
also  show  the  first  floor  deflects  more  than  the  upper  floors.  Figs.  10 
and  it  indicate,  however,  that  the  structures  with  higher  fundamental  fre¬ 
quencies  are  damaged  more  than  the  ones  with  lower  fundamental  frequencies. 
This  observation  is  in  contradiction  to  the  one  noted  in  Figs.  8  and  9. 


As  the  deflection  of  each  floor  depends  on  the  yield  deflection  permitted 
in  that  floor,  a  dimensionless  maximjm  deflection  ratio,  y_ax.  /y  .  was 
obtained  by  dividing  the  absolute  value  of  the  maximum  deflection  %f  a 
floor  by  the  yield  deflection  of  that  floor.  These  dimensionless  res¬ 
ponse  ratios  are  plotted  in  Figs.  12  and  13.  These  graphs  appear  to  be 
similar  to  the  damage  factor  graphs  presented  in  Figs.  10  and  II.  They 
also  depict  the  same  observation  that  the  structures  with  higher  fundamen¬ 
tal  frequencies  are  damaged  more  than  the  ones  with  lower  fundamental 
frequencies  by  the  I960  El  Centro  Earthquake.  In  other  words,  the  struc¬ 
ture  with  lower  fundamental  frequencies  are  safer  than  the  ones  with  higher 
frequencies  when  they  are  hit  by  a  random  vibration  similar  to  the  19^0 
El  Centro  Earthquake  NS  Component.  It  can  also  be  concluded  that  the 
dimensionless  maximum  deflect  ion  ratio  indirectly  reflects  the  fatigue 
damage  that  is  being  caused  in  the  structure.  A  question  may  be  raised 
regarding  the  necessity  of  calculating  the  damage  factor  which  involves 
an  enormous  amount  of  computer  time.  To  analyze  this  aspect,  the  ratio 
of  this  maximum  deflection  ratio  and  the  damage  factor  was  plotted  against 
the  corresponding  fundamental  frequency  of  the  system  and  these  graphs  are 
furnished  in  Figs..  16  and  15.  It  is  seen  that  though  there  is  a  close 
relationship  between  the  maximum  deflection  ratio  and  the  damage  factor, 
there  is  a  possibility  of  underestimating  the  damage  factors  in  higher 
floors,,  and  also  in  the  structures  with  lower  frequencies  if  the  maximum 
deflection  ratio  alone  is  studied.  Further,  the  value  of  the  maximum 
deflection  ratio  does  not  give  any  indication  as  to  the  safety  of  a  struc¬ 
ture  with  reference  to  its  ultimate  failure.- 

The  following  additional  observations  are  also  noted.  All  the  floors  ’re 
found  to  vibrate  with  approximately  the  same  number  of  reversals.  However, 
the  upper  floors  are  subjected  to  a  larger  number  of  plastic  strain  cycles 
than  the  first  floor,  though  they  are  less  damaged.  The  total  duration 
of  the  earthquake  function  used  in  this  study  was  29.16  seconds.  Analysis 
was  also  made  by  considering  the  record  of  the  first  7.2  seconds  duration. 
It  was  noticed  that  almost  all  the  damage  caused  in  the  first  floor  during 
the  entire  excitation  period  of  29.16  seconds  was  caused  during  the  first 
7.2  seconds.  However,  there  was  a  considerable  increase  in  the  damage 
done  to  higher  floors  during  the  later  part  of  excitation,  the  greater 
will  be  the  damage  in  the  upper  stories  of  the  structure.. 


CONCLUSION 


When  a  multi-story  structure  is  stressed  beyond  the  elastic  limit  by  an 
earthquake  excitation,  it  is  possible  that  it  may  fail  due  to  low-cycle 
fatigue  damage.  The  first  floor  is  the  one  which  is  damaged  most  heavily 
and  most  of  this  damage  is  caused  during  the  early  part  of  the  excitation. 
The  upper  floors  are  less  damaged,:  though  they  are  subjected  to  a  larger 
number  of  inelastic  reversals  than  the  ones  induced  in  the  first  floor. 

It  takes  time  for  the  fatigue  damage  to  be  built  up  in  the  upper  floors 
and  the  damage  increases  if  the  period  of  excitation  is  prolonged..  In 
general,,  the  structures  with  higher  fundamental  frequencies  (stiffer 
structures)  are  damaged  to  a  greater  extent  than  those  with  lesser  fre¬ 
quencies  by  excitation  similar  to  the  I960  El  Centro  Earthquake  record 
used  in  this  study.  This  difference  in  damage  is  less  visible  in  the 
upper  stories.-  The  variation  of  damping  coefficient  has  less  effect  in 
the  upper  stories  than  in  the  upper  stories  than  in  the  first  story.;  Add¬ 
itional  strengthening  of  the  first  floor  may  be  necessary  to  prevent  a 
possible  fatigue  failure.- 
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The  study  of  the  maximum  relative  deflection  of  each  floor  may  not  in 
itself  be  sufficient  to  analyze  the  safety  of  the  structure.  The  dimen- 
sionle.s  maximum  deflection  ratio,  ymax.  /yy,  appears  to  be  approximately 
proportional  to  the  fatigue  damage  factor  in' the  structure.  However, 
the  value  of  this  maximum  deflection  ratio  does  not  reveal  any  clear  mean¬ 
ing  as  regard  to  the  safety  of  the  structure,  and  hence  it  may  be  neces¬ 
sary  to  «*jrk  out  the  fatigue  damage  factor  values  in  structures  which  may 
undergo  inelastic  deformations.  This  paper  presents  a  procedure  for  cal¬ 
culating  the  low-cycle  fatigue  damage  factor  produced  in  a  multi-degree — 
freedom-system  subjected  to  a  random  excitation. 
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Transient  Response  of  a  Rectangular  Plate 
Subjected  to  Lateral  and  Inplane  Pressure  Pulses 
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ABSTRACT 

The  title  problem  simulates  a  window  pane  exposed  to  a  far-lield  sonic-boom 
disturbance.  The  imposition  of  lateral  and  inplane  pulses  may  be  simultaneous 
or  separated  by  a  brief  time-lag.  In  addition,  t^ere  may  be  an  inplane  static 
load.  Due  to  the  presence  of  the  inplane  pulse  load,  the  equation  of  motion  is  of 
the  Mathieu  type.-  An  improved  procedure  in  solving  Mathieu's  equation  is  pre¬ 
sented.  The  solution  is  applied  to  a  realistic  plafe  glass  and  various  effects 
such  as  the  inplane  static  and  dynamic  loads,  the  pulse  durations  and  time-lags 
are  studied. 


INTRODUCTION 

The  effects  of  sonic  boom  disturbances  on  structural  elements  have  been  exten¬ 
sively  studied  in  recent  years  [1\  The  disturbance  was  idealized  as  an  N-Shapcd 
pressure  wave  m  iving  cither  parallel  or  normal  to  the  surface  of  the  structural 
element  [21.  Tha.  pressure  pulse  is  therefore  laterally  applied.  It  has  been  found 
that  one  of  the  vu. nerable  elements  is  the  large  plate  glass  window  [31  i,>  a  store 
front.;  Under  a  certain  unfavorable  combination  of  circumstances,  it  is  possible 
that  a  window  pane  may  be  subjected  to  inplane  static  (due  to  thermal  expansion 
or  other  causes)  and  dynamic  (due  to  oscillation  of  roof  structure)  loads  in  addition 
to  the  lateral  N-Shaped  pressure  pulse .- 

Depending  on  the  direction  of  propagation  of  the  pressure  wave  relative  to  the 
location  of  the  window  in  a  building,  the  lateral  motion  of  the  window  and  the  roof 
oscillation,  which  causes  the  inplane  pulse  on  the  window,  do  not,  in  general, 
start  simultaneously.;  Should  the  roof  oscillate  before  the  pressure  -»'ave  reaches 
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the  window,  there  will  be  a  time-lag  between  the  inplane  and  lateral  pulses  and  so 
on.  Since  the  pressure  wave  moves  at  the  speed  of  sound,  the  interaction  with  a 
building  In  its  wake  is  highly  transient.  Further,  the  motion  will  be  tempered  by 
damping  which  enhances  the  likelihood  that  the  most  severe  stress  would  occur 
during  the  brief  period  of  interaction  of  the  lateral  and  inplane  disturbances,  or 
shortly  thereafter. 

The  dynamic  stability  of  a  plate  subjected  to  an  inplane  disturbance  which  is 
periodic  and  in  steady  state  has  been  extensively  studed  [4]  f5].  Since  the 
primary  aim  of  such  studies  was  to  delineate  the  phenomenon  of  dynamic  stability, 
they  are  interested  in  large  amplitude  of  motion  and  more  importantly  the  solution 
behavior  at  large  time.  In  contrast,  the  present  paper  is  concerned  with  the  maxi¬ 
mum  transient  response  of  a  plate  subjected  to  an  inplane  as  well  as  a  lateral 
pulse.  The  intensity  of  the  pulses  is  moderate  and  the  support  conditions  of  the 
plate  are  such  that  no  dynamic  instability  would  be  a  problem.  Further,  the  plate 
response  is  assumed  to  involve  only  small  deflections,  thus  the  linear  theory  is 
considered  valid. 

Due  to  the  presence  of  the  inplane  dynamic  load  in  the  form  of  a  sine  pulse,  the 
equation  of  motion  is  of  the  Mathieu  type.  The  homogeneous  equation  associated 
with  the  fundamental  mode  is  solved  by  a  procedure  which  was  first  suggested  by 
Floquet  [6]  ,  then  developed  by  McLachlan  [7]  and  is  much  improved  in  the 
present  paper.  For  higher  modes,  a  perturbation  procedure  is  used  to  advantage. 
The  nonhomogeneous  equation  is  then  solved  by  the  standard  method  of  variation 
of  parameters.  With  a  typical  plate  and  loading  condition,  the  effects  of  the  in¬ 
plane  loads  (both  static  and  dynamic),  the  pulse  duration  (both  inplane  and  lateral), 
and  the  time-delay  between  the  inplane  and  lateral  disturbances  are  studied  in 
detail. 

FORMULATION  OF  PROBLEM 

Consider  a  simply  supported  rectanqular  plate,  of  sides  a  and  b,  and  of  uniform 
thickness  h,  which  is  subjected  to  an  in-plane  as  well  as  a  lateral  disturbance. 

The  lateral  disturbance  is  characterized  by  an  N-shaped  pressure  pulse  followed 
with  a  time  delay  tG  by  the  in-plane  disturbance  characterized  by  a  sine-pulse.; 

The  plate  and  the  disturbances  are  illustrated  in  Fig.  1. 

The  equation  of  motion  of  the  plate  is: 


D  v 4  w  +  [Qo  sin  ^ (t-t0)  hft-t0)  H(a  t  -  t0-t)  +  Ny]w(yy  +  pw  =P0(l-t/T)H(T-t,  (1) 

in  which  comma  represents  derivative  with  respect  to  space  and  dot,  derivative 
with  '■espect  to  time.,  w  is  the  lateral  deflection  of  the  plate,  and  H  is  the 
Heaviside  function.  Defining: 

w=h»  "t  =  t/tu  .  "t0  =  to/rn  ,  t  -  tJtu  (2) 

where  m  is  the  fundamental  period  of  the  plate,  (1)  may  be  written  as:' 

2 

W  +  Tn  -p  v<  w  +  -J  [OoSin^  r„  (t-t0)  H(“-ro)  H(F-F0l  H(»7-T0-~t) 

Tn  P  _ 

+  NyJ  w,yy  “  TiT^1  -zTA)  <3> 
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The  boundary  conditions  for  the  plate  are: 
x  =  0  and  x  =  a, 

y  =  0  and  y  =  b, 


Letting 


w(xfy.t)  =  'T  £  r  (t)sin2ULX 

m=i  n=i  a 


r  =0 

XX 

(4) 

5 

II 

o 

(5) 

si"5?* 

0 

(6) 

and  expanding  the  right  side  of  (3)  in  double  sine  series,  one  gets  for  any  (m,n) 
the  following  differential  equation: 


T  +  T  ir(^Y_(2n^-yi 
mn  mn  1.  L  \  Tmn  /  Nr  . 


On 


(2ntr V  ^  sin|^  (t  - 10)  H(  t -  tD)  H(or t  +  t0 - 1 )} 


p  hr 

—  ?■  TT  (l-2F/T)H(T-t) 


mnu^ch2 

in  which  the  time  derivative  is  taken  with  respect  to  t  and 


Nc  =  hac 


„  -  it2  E ,  /h)2 
ffc  3(l-vz)  V  b  ) 


3(l-v  ) 

using  the  following  transformation, 

I’=^F-ro)-  4 


(7)  becomes 

^mnW 


with 


hmnWH(T-t0-(t,+  f)^) 


_  T..  *  N„n2_ 

\nn  =  4^T)iL(7-;)  '  TT  . 


—  2  Q0 

%  =  2  ("«*)  jj- 


(7) 

(8) 

(9) 

(10) 


(Amn-2^n«s2nH[^+^)]H[«T-^(T,^)])Tmn(^) 


(11) 

(12) 

(13) 


mncr 


(14) 


Imposing  the  restriction  that  no  tensile  inplane  load  is  transmitted  to  the  plate, 
the  following  condition  is  specified: 
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cos  2  n  i  0 


(15) 


Ny  -0o 

Three  cases  for  the  time-lag  are  considered  namely,  1  <  0,  T0  =  0  and  t^>  >  0. 

In  the  time  interval  where  the  inplane  pulse  load  is  off,  (11)  becomes  an  ordinary 
differential  equation  with  constant  coefficients,  and  with  proper  initial  conditions, 
the  solution  is  easily  obtainable.  In  the  time  interval  where  there  is  an  inplane 
pulse  but  no  lateral  load,  (11)  becomes  an  equation  of  the  Mathieu  type.  If  there 
is  an  inplane  pulse  as  well  as  a  lateral  load,  (11)  is  an  inhomogeneous  Mathieu's 
equation.  The  procedure  is  to  solve  the  Mathieu  equation  supplemented  by  the 
particular  solution  which  may  be  obtained  by  the  standard  method  of  variation  of 
parameters . 

SOLUTION  TO  MATHIEU'S  EQUATION 

The  following  equations  are  the  typical  ones  that  require  solution: 

T(r})  +  (A-2qcos2n)T(n)  =  h(n)  (lfi) 

T(n)  +  (A-2qcos2n)T(n)  =  0  (17) 

where  T(rj)  represents  the  second  derivative  of  T  with  respect  to  n ,  A  and  q  are 
given  as  specified  by  (13).  The  initial  conditions  may  be  specified  as  follows: 

at  t)~  tj1  T(„.)  =  D, 

where  Dj  and  Dz  are  prescribed  or  predetermined.; 

The  solution  to  (17)  may  be  written  as  [(>1  [8]  < 


T  =  Kie4”  Z  CmemT,1+  i.,c'UTI  v  Cme'mw  (18) 

m=-« 

where  K,  and  Kj  will  be  determined  by  the  initial  conditions  and  p  is  a  number 
depending  on  A  and  q.  Let  p  =  i  jl  ,  d  is  a  real  fraction.;  Then  for  m  odd  and  even, 
(18)  takes  the  following  forms  respectively: 

ro  T 

T  =  K,  Z  C2r+1cos(2r+ l  +  ^)n+ K2  Z  C2r+ j  sin(2r  +  1  +  jl)r)  (10a) 

r — w  r~ — t 

oo  m 

T  =  K,  Z  C  cos  (2r  t-jlJrj  +  Kz  Z  C2r  sin  (2r  +  ,J)n  (lf,b) 

r~-^r  “  r— -or 


Substituting  either  term  in  (U'a)  into  (17)  and  sotting  the  coefficient  of 
cos  (2r+ 1  +  d)n  or  sin  (2r  +  1  +  ;J)r)  to  zero  for  r  =  -  ^  to  one  obtains  the 
recurrence  relation: 

[A-(2rM+,^]C2r+1-q(C2r+3  +  C2r.1)  =  0  (20a) 

Similarly,  using  (10d)  one  gets; 
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[A-(2r+3)23C2r“q(C2i+2  +  C2r-2^  "  0 


(20b) 


Allowing  r  to  take  both  positive  and  negative  integer  values  as  well  as  zero,  a 
number  of  simultaneous  equations  in  the  same  number  of  unknown  coefficients  are 
obtained  by  truncating  (20)  from  both  ends..  The  convergence  of  the  series  is 
usually  assured  by  letting  the  largest  |r|  =  (  /A/2  +  N)  where  N  2  5.  The  value  of 
3  may  be  determined  as  an  eigenvalue  from  the  simultaneous  equations.  This 
approach,  however,  is  cumbersome  and  in  most  cases  (except  when  A  is  very 
small)  it  is  difficult  to  find  3  accurately.  A  more  fruitful  approach  is  to  find  an 
approximate  or  trial  3  and  substitute  it  in  the  recurrence  equations  then  solve  for 
the  coefficients.  A  method  of  evaluating  the  trial  3  is  given  in  the  appendix.. 

It  is  noted  that  an  accurate  evaluation  of  the  coefficients  C's  depends  on  the 
correctness  of  the  tiral  3  and  the  procedure  by  which  they  are  determined..  Once 
the  C’s  are  known,  another  or  a  check  3  may  be  deduced.  If  the  C's  so  determined 
yield  a  check  3  which  is  the  same  as  the  trial  3.  it  is  an  assurance  that  all  the 
coefficients  are  correct.  Otherwise,  the  results  are  in  doubt  and  further  improve¬ 
ment  is  necessary.  Now  assuming  a  reasonably  accurate  trial  3  has  been  obtained, 
the  proper  procedure  is  to  set  aside  the  equation  hav*  -g  the  smallest  factor  in 
absolute  value  for  C2t+i  in  (20a)  (or  for  C2r  in  (20b))..  Each  coefficient  in  the 
remaining  equations  is  then  normalized  with  respect  tc  one  of  the  coefficients,  and 
the  equations  solved  for  the  normalized  coefficients.;  Finally,  the  check  3  is 
deduced  from  the  equation  which  was  singled  out  at  the  start.; 

The  above  procedure  is  different  from  that  used  by  McLachlan  [71  [81  who  always 
sets  aside  the  equation  of  r=  0  in  (20)  for  recovering  the  check  /?.-  When  this  pro¬ 
cedure  is  followed.  Table  1  indicates  that  the  check  3  is  far  from  confirming  the 
fact  that  the  trial  3  used  and  therefore  the  coefficients  C  determined  are  correct. 
Numerous  iterations  must  be  tried  and  in  many  cases  even  this  approach  is  not 
fruitful. 


Table  1.  Comparison  of  Trial  and  Check  3  by 
Existing  Method  [8-1 


A 

Trial  (3 

Check  3 

4. 405 

0.744 

0.0803 

0.0570 

17.28 

2.88 

0.1251 

0.  1803 

38.88 

0.48 

0.18057 

0. 12413 

38.04 

0.028 

0.2300 

0.2250 

41.827 

.211 

0.4074 

0.582 

00.12 

11.525 

0.2535 

0 .371 

84.27 

14.045 

0,11", 

0.0572 

108.00 

18.00 

0.31730 

1.4828 

125.14 

15.08 

0.  155 

-0.081 

144.00 

18.00 

0.052 

0 . 0  70 
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It  should  be  pointed  out  that  the  trial  (3  listed  in  table  1  are  obtained  by  an 
improved  formula  supplemented  by  an  iteration  procedure  as  outlined  in  the 
Appendix.  They  are  more  accurate  than  those  obtained  by  the  existing  method  [83. 
This  is  confirmed  by  the  fact  that  by  adopting  the  new  procedure  outlined  above, 
all  the  trial  0‘s  are  confirmed  to  be  exact. 

For  modes  higher  than  the  fundamental,  A  is  usually  very  large,  and  much  bigger 
than  q,  then  another  procedure,  namely  perturbation,  is  more  efficient  for  getting 
the  solution  [8").  Rewrite  (17)  in  the  following  form: 

T  +  AT  =  (2qcos  2jj)T  (21) 

First  neglect  the  r.h.s. ,  the  solution  then  consists  of  cos /An  and  sin  /Arr  Now 
substitute  cos/An  for  T  on  the  r.h.s.  of  (21),  there  results: 

T  +  AT  =  q[cos  (/Ai-2)n+  cos  {/A-2)n]  (22) 

the  particular  integral  for  (22)  can  then  be  obtained.-  Substituting  the  latter  for  T 
in  (21)  on  the  r.h.s. ,  another  particular  integral  may  be  obtained..  By  repeating 
this  procedure,  and  using  also  sin/A n  ,  the  solution  takes  the  form  of  an  infinite 
series: 

CO  00 

T  =  Ki  £  Cr  cos  (/A-2r)n+ K2  £  Cr  sin(/A-2r)n  (23) 

r=-®  r=-«> 


with  the  recurrence  relation  as  follows: 

4r(/A-r)Cr  -q(Cr  l  +  0^.  j)  =  0 
If  r  «  /"A,  the  recurrence  relation  may  be  simplified  as: 

4rCr'/^(C r-l  +  CW  =  0  <24) 

which  is  identical  to  the  recurrence  relation  for  the  J-Bessel  function  provided  that 

Cr  =  Jr(q/2'A)  (25) 

When  q/2  'A  «  r,  Jr  may  be  represented  by  the  first  term  of  its  expansion,  or 

Cr  =  (q/4.A)r/r!  (26) 

Hence  the  coefficient  decreases  very  rapidly  as  r  increases.  (23)  may  be 
expressed  as :. 

ro  ro 

T  =  Kj  £  Jr(q/2/A)cos(  'A-2r)rj+ K2  £  Jr(q/2  'A)sin(/A-2r)r)  (27) 

r=-ro  r"-r0 

where  r0  represents  the  highest  r  at  which  the  series  may  be  truncated.; 

Once  the  solution  to  (17)  becomes  available,  the  solution  to  (16)  can  be  obtained 
by  the  standard  method  of  variation  of  parameters  taking  into  consideration  the 
proper  initial  conditions. 
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DYNAMIC  RESPONSE  OF  A  SQUARE  PLATE  SUBJECTED  TO  LATERAL  AND  INPLANE 
PRESSURE  PULSES 


The  solution  is  now  apolied  to  a  square  ;'ass  plate.,  In  evaluating  the  time 
function,  the  first  nine  modes  are  computed  and  the  contribution  of  higher  modes 
are  neglected.  Let  the  dynamic  amplification  factor  (hereafter  DAT)  be  defined 
as  follows: 

DAF  =  (od+Ny/h+Qc/h)/Crs  (28) 

in  which  c.  is  the  maximum  static  stress  in  the  plate  under  the  uniform  pressure 
pG.  The  numerator  of  (28)  represents  the  maximum  dynamic  stress  in  the  plate. 

It  consists  of  cfjj  which  is  the  dynamic  bending  stress:  Qc /h,  the  dynamic  stress 
due  to  the  inplane  pulse  and  Ny/h,  the  static  prestress .  Qc  should  not  be  con¬ 
fused  with  Q0,  which  is  the  peak  value  whereas  Qc  is  the  magnitude  of  the 
inplane  pulse  at  the  time  the  numerator  of  (28)  becomes  a  maximum. 

In  the  present  instance,  the.  DAF  is  defined  merely  for  convenience.  <js  can  be 
easily  computed  by  the  following  expression  [91: 

<js  =  0.271  pc(b/h)*  (29) 

with  the  poisson's  ratio  being  assumed  as  0.231  [101.  Once  o  is  known,  the 
maximum  dynamic  stress  in  the  plate  can  be  evaluated  with  the  help  of  a  pre¬ 
computed  DAF  envelope  as  a  function  of  r  which  is  the  normalizes,  period. 

Before  constructing  the  DAF  envelopes ,  a  nine  mode  approximation  is  compared  to 
a  three  mode  approximation  for  a  typical  case  and  the  results  are  listed  in  Table  2 
The  maximum  response  is  obtained  by  scanning  numerical  results  at  small  time 
intervals  (F=0.01  or  0.02).,  It  is  clear  that  for  all  practical  purposes,  the  three 
mode  approximation  is  quite  adequate  for  both  deflection  and  DAF,  which  icflects 
an  indication  of  rapid  convergence  of  the  proposed  solution. 

For  no  time-lag,  the  envelopes  of  DAF  as  functions  of  r  are  given  for 
Qo/Nc  =1/4  and  0  in  Tig. 2  to  illustrate  the  etfoct  of  the  dynamic  inplane  load. 
Figure  3  shows  that  the  corresponding  critical  time  is  advanced  by  the  preserve 
of  the  inplane  load  to  near  the  beginning  of  the  lateral  disturbance  when  r  is 
slightly  over  one.;  This  confirms  the  belief  that  the  most  severe  stress  would 
occur  during  the  interaction  of  the  lateral  and  inplane  pulses  with  the  exception 
of  very  flexible  plates.  It  is  noted  that  the  efft  ct  of  the  inplane  static  load  is 
substantial  and  can  be  seen  in  Fig. 4.  The  corresponding  critical  time  follows  the 
same  pattern  as  in  the  case  where  inplane  st  tic  load  is  absent.-  The  effect  of 
lengthening  the  period  of  the  inplane  dynamic  load  is  seen  in  Figs,  (i  and  7.  In 
general,  the  longer  period  gives  smaller  response. - 

The  effect  of  time-lag  can  be  seen  from  Table  3  which  is  compiled  at  R  =  3  at 
which  the  DAF  envelope  is  believed  to  have  stabilized. 

It  is  clear  that  with  proper  time-lag,  the  absolute  maximum  DAF  would  be  well 
over  f).;  A  detailed  study  of  time  history  of  lateral  deflection  reveals  that  the 
absolute  maximum  DAF  would  take  place  at  the  simultaneous  occurrence  of  Q0 
(the  peak  inplane  load)  and  the  maximum  lateral  deflection. 
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Table  2.  Comparison  of  Maximum  Response 
Three  versus  Nine  Modes 

P=2,  Ny/Nc=0,  Qo/Nc=1/4 


modes 


modes 


w 

DAF 

w 

DAF 

.60 

0.422 

2.190 

0.424 

2.270 

.80 

0.559 

2.821 

0.500 

2.881 

.95 

0.581 

2.830 

0.581 

2.869 

1.20 

0.512 

2.565 

0.512 

2.644 

1.40 

0.453 

2.568 

0.454 

2.633 

1.60 

0.438 

2.763 

0.440 

2.831 

1.80 

0.452 

2.882 

0.454 

2.967 

1.97 

0.518 

2.940 

0.519 

3.015 

2.20 

0.504 

2.983 

0.505 

3.073 

2.40 

0.475 

2.999 

0.477 

3.088 

2.00 

0.479 

3.000 

0.480 

3.053 

2.80 

0.482 

2.999 

0.483 

3.091 

3.00 

0.485 

2.999 

0.480 

3.082 

Table  3.  Maximum  DAF  and  Corresponding  Time  tc 

p0=l,  Q0/Nc«l/4, 

b/h  =  241 

3 

Loading 

i  to/  T  "0  •  2  5 

to/r=-0.10 

o 

II 

U- 

1-° 

~o/t  =  0-10 

Condition 

>  DAF  7C 

c 

DAF  7C 

DAF  tc 

DAF  7C 

Ny/Nc=  0  3.25  .17  3.97  .108  3.50 
Ny/Nc=l/4  5.13  .18  0 . 02  .198  5.06 


Ny/Nc = 0  3.85  .105  3.33  .102  2.91 
Ny/Nc=l/4  0.00  .20  5.41  .18  4.92 
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CONCLUSIONS 


It  is  found  that  the  inplane  dynamic  load  induces  substantially  higher  stress  in 
the  plate.  The  actual  stress  can  be  easily  evaluated  with  the  help  of  the  DAF 
envelopes  presented  here.  The  highest  stress  is  likely  to  occur  during  the  inter¬ 
action  of  the  lateral  and  inplane  pulses  with  the  exception  of  very  flexible  plates.; 
The  time-delay  could  cause  further  increase  in  the  dynamic  amplification  factor 
or  stress.  For  a  square  plate  glass  window,  if  the  static  inplane  load  and  the 
peak  value  of  the  dynamic  inplane  load  are  both  one-fourth  of  the  static  buckling 
load  of  the  plate,  and  if  the  peak  value  of  the  lateral  pressure  is  one  pound  per 
square  foot,  the  maximum  dynamic  stress  in  the  plate  could  reach  more  than  six 
times  that  induced  statically  by  the  peak  lateral  pressure  uniformly  distributed 
over  the  plate.- 
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APPENDIX  -  EVALUATION  OF  0 


Alternatively  the  solution  of  (17)  may  be  written  after  McLachlan  [8^  as: 

X  =  K,Ced(T)/q)  +  KJSecl(fl,q)  (A  1) 

in  which  K!  and  Kz  are  constants  to  be  determined  by  the  initial  conditions  and 


®  j.  f>4 

Ced  =  cos d Tj  +  T  q  C  (rj.d) 
r=l 

(A  2) 

00  _  ^ 

Sed  =  sind  j;  +  £  q  Sr  (rj,  d) 
r=l 

(A  3) 

which  are  known  as  Mathieu  functions  of  fractional  order.  The  functions  Cr(rj,d) 
and  Sr(n,d)  are  still  to  be  determined,  d  is  a  number,  its  fractional  part  is 
represented  by  3  or  0  <  ji  <  1 


It  is  noted  from  (17)  that  A  and  q  must  be  related  so  that  when  q  vanishes  A 
reduces  to  d2  and  the  solution  degenerates  to  the  first  terms  of  (A  2)  and  (A  3). 
Letting 

A  =  d2  +  Z  «r  <3r  (A  4) 

r=l 


and  substituting  (A  1)  to  (A  4)  into  (17)  and  collecting  coefficients  of  like  gowers 
of  q,  there  results  an  infinite  number  ordinary  differential  equations  in  Cr  and 
^  which  can  be  solved  in  sequence.  Cr,  Sr  and  aT  can  thus  be  determined. 
McLachlan  [8]  has  given  the  aT  up  to  ar,  .  To  further  improve  the  value  of  3,  the 
derivation  is  extended  here  to  give  the  term  aa  .  It  can  be  shown  that  the  aT  with 
odd  indices  vanish  and  those  with  even  indices  are: 

-  1 

0,1  2(d2  -  1) 

_  5  d2  +  7 

"4  32(d2  -  i)5 (d2  -  4) 

9  d4  +  58  d2  +  29  ^A5) 

S4(d2  -  l)B(d2  -  4)(d2  - ()) 

_  1469d‘°  +  9144  ds-  14035  dc  +  04228  d4  +  827565  a2+  274748 

”  64(  128)(d2  -  l)~(d2  -  4)5  (d2  -  9)  (d2  -  16) 


It  is  seen  from  (A  4)  that  if  a,q2  «  d2,  the  series  is  rapidly  convergent,  as  a 
first  approximation,,  one  sets  d2  -  A..  Inserting  A  for  d2  in  a2  of  (A  5),  then,, 
from  (A  4)  one  gets  as  a  second  approximation: 


d2 


=  A  - - 3 - 

2(A-1) 


(A  6) 


with  higher  order  terms  neglected.:  Substituting  (A  6)  for  d2  in  alt,  but  letaimng 
d2  =  A  for  the  other  ar  of  (A  5),  (A  4)  becomes:; 
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(1469AE+  9144A*  -  14035A*+  G4228A2*  827565A+  274748)q9- 
64(128)  (A-l)’  (A-4)1  (A-9)  (A-1C) 


Now  0  may  be  computed  by  the  following  procedure:  substituting  (A  7)  into  (A  5) 
to  evaluate  the  <r's  which  in  turn  are  substituted  into  (A  4)  to  compute  a  new  d. 
The  value  of  d  is  substituted  into  (A  5)  to  determine  the  new  a's  which  in  turn 
are  substituted  into  (A  4)  to  compute  another  d.  This  procedure  is  repeated  until 
no  substantial  change  takes  place  between  two  iterations.  Once  d  is  obtained, 
its  fractional  part,  3  can  be  extracted.  It  was  found  that  3  so  determined  is 
extremely  accurate  up  to  four  or  five  significant  figures .- 


NOTATION 

Unless  otherwise  specified  in  the  text,  the  following  nomenclature  will  be  used 
throughout: 

a,b  Plate  lengths 

Amn (or  A)  Coefficient  in  Mathieu's  equation  and  defined  in  Eq.(12) 

Cf  Cosine  function 

Cm  Coefficient 

Ced  Mathieu's  function  of  fractional  order  d 

D  Flexural  rigidity  of  plate,  Eh’/12  (1  -v2) 

DAF  Dynamic  amplification  factor  as  defined  in  Eq.(28) 

E  Young's  modulus 

h  Thickness  of  plate 

hmn  As  defined  in  Eq.(l4) 

H  Heaviside  function 

J  Bessel's  function 

Nc  Static  buckling  load  =  hqc 

Ny  Inplane  static  load  in  y-direction 

p0  Peak  overpressure  of  N-shaped  pulse,  psf 

qn(orq)  Coefficient  in  Mathieu's  equation  and  defined  in  Eq.(13) 

Q0  Maximum  amplitude  of  dynamic  inplane  disturbance 

Qc  Amplitude  of  dynamic  inplane  disturbance  at  the  time  when  the  combined 
dynamic  stress  is  a  maximum 

r*i 

Sr  Sine  function 

Sed  Mathieu's  function  of  fractional  order  d 
t  Time 

T  Dimensionless  time  ratio  t/Tn 
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tc  Time  delay 

Dimensionless  Time  delay  ratio 
^mn  Time-function  as  in  Eq.  ((!) 

w  Lateral  deflection 

w  Dimensionless  lateral  deflection  w/h 

v1  Biharmonic  operator 

a  Coefficient  defining  duration  of  inplane  disturbance  relative  to  lateral 
disturbance 

<*r  Coefficients  as  defined  in  Eq.  (A  4) 

Or  Static  buckling  stress  =  — r  (  ^  ) 

Dynamic  stress  due  to  bending 
as  Maximum  static  stress  in  plate  due  to  uniform  pc 

tj  Transformed  dimensionless  time 

T  Duration  of  N-shapcd  disturbance 

Tu  Fundamental  period  of  plate 

r  Dimensionless  duration  of  N-shaped  disturbance  r/r,, 

Tmn  Natural  P°riod  of  P‘ato  =  t  c[(a  y  +  (b  f1  ‘ 

P  Mass  per  unit  area  of  plate 

v  Poisson's  ratio 


Reclltiulii  Pule  >1111  Sialic  Inplane  load 


-  r  #r 

lillill  R-  Shaped  Oisluilente  Inplini  Oulu '  ti  me  i 

Fi|uii  1 
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ABSTRACT 


The  vibrations  of  rectangular  laminated  orthotropic  plates  with  simple  supports 
arc  studied  using  an  extended  Ritz  technique.  The  analysis  is  based  or  the 
complete  theory  of  elasticity  and  may  be  used  to  study  composite  plates  of  a  very 
general  type  over  a  large  range  of  frequencies  and  wave  lenpths.  I.'xamplcs  with 
known  solutions  are  presented  as  a  check.  A  three-layer,  transversely  isotropic 
plate  is  investiaged  to  illustrate  the  effects  of  laminated  orthotropic  structure 
on  the  freqiencics  and  the  displacement  and  stress  modal  patterns. 


INTRODUCTION 


The  interest  in  and  use  of  composite  materials  in  structural  amplications  have 
led  to  substantial  research  into  the  behavior  of  composite  structures.  An 
important,  class  of  these  investigations  is  concerned  with  the  dynamic  behavior 
of  laminated  elastic  plates. 

Most  of  the  work  in  this  area  falls  into  three  categories.  In  the  first,  the 
plate  is  studied  using  an  approximate  theory  in  which  statements  are  made 
specifying  the  behavior  of  the  plate  through  its  thickness,  the  most  common  of 
which  is  the  Love-Kirchhoff  hypothesis  [1,2, 3, 4],  The  validity  of  these  theories, 
aside  from  the  usual  restrictions  imposed  upon  them,  is  questionable  when  the 
material  properties  differ  appreciably  from  layer  to  layer  and/or  when  a  high 
degree  of  orthotropy  exists  in  one  or  more  layers  [5[. 

The  second  category  may  be  characterized  as  approximate  elasticity  solutions 
[6,  7,  8,  9],  in  which  attempts  arc  made  to  bridge  the  gap  between  the  arproximate 
plate  and  the  general  theory  of  elasticity  formulations,  or  to  use  smoothing  anc' 
averaging  procedures  on  special  laminates  with  periodic  structure  through  the 
thickness.  These  approaches  lead  to  "effective  modulus"  and  "effective  stiffness” 
theories,  which  arc  again  approximate. 
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»n  the  final  group  of  investigations,  vibrations  o f  (infinite)  laminated  plates 
are  based  on  the  complete  three-dimensional  theory  of  elasticity.  In  studies  of 
this  type,  solutions  of  the  field  equations  for  the  layers  are  combined  in 
accordance  with  the  interface  traction  and  displacement  continuity  and  free  sur¬ 
face  conditions.  This  leads  to  a  characteristic  equation  which  is  solved  in  order 
to  give  natural  ftequencie*.  However,  for  a*!  but  the  simplest  cases,  such  as  two 
layer  or  sandwich  constructions  [10,  11,  131,  the  algebra  involved  in  coth  the 
generation  and  solution  or  the  frequency  eouaticn  becomes  intractable.  To  date, 
much  of  the  work  has  been  confined  to  the  long-wave-lenrth,  low-freouency  region. 
Also,  the  nature  of  stress  and  displacement  distributions  through  the  thickness 
has  not  been  well-studied  since  <.h“v  cannot  be  computed  until  the  frequency  is 
known,  and  then  only  with  substantia’  effort.  As  a  consequence,  the  elasticity 
approach,  although  quite  general,  resu.ts  in  such  complicated  algebraic  problems 
that  very  little  is  known  at  present  abcit  the  behavior  n»  general  laminated 
plates, 

In  this  paper  a  method  is  presented  which  may  be  used  to  determine  the  frcoucncies 
and  modal  patterns  of  vibrations  of  infinite  rectangular  nlatcs  composed  of  an 
arbitrary  layout  af  orthotropic  laminates  with  the  principal  clastic  axes  coin¬ 
ciding  with  the  coordinate  axes.  This  uork  is  an  extension  of  a  previous  study 
in  which  only  plane  strain  vibrations  weri  considered  [131,  and  thus  contains 
three-dimensional  nlatc  bobpvior.  The  analysis  is  based  op  the  complete  linear 
theory  of  elasticity  and  is  therefore  valid  for  ail  freouencies  and  wave  lengths. 
Specifically,  a  special  form  of  the  Ritz  tccllpique  is  used  herein,  called  the 
"Extended  Kitz  Technique"  by  certain  authors  [14)  am!  commonly  known  as  the  finite 
clement  method.  The  pain  advantage  of  the  method  is  the  circumvention  of  the 
fomidablc  alcebra  associated  with  tht  classical  method  of  generating  and  solving 
frequency  equations.  The  basic  scheme  involves  expressing  the  displacement  form 
in  the  plane  of  the  plate  explicitly  and  solving  for  the  dependence  through  the 
thickness  using  discrete  or  generalized  coordinates.  In  order  to  model  the 
behavior  with  sufficient  accuracy,  a  large  umber  of  general  izeo  coordinates  is 
lecessary;  the  resulting  algebraic  eigenva  u*  problem  is  then  solved  by  an  effi¬ 
cient  solution  technique  (IS),  which  util'zes  a  reduced  system  of  generalized 
coordinates.  For  this  paper,  the  ten  <”  c„.  branches  of  the  frequency  spectrum 
for  real  wave  numbers  were  determined  The  mou.i  patterns  associated  with  the 
frequencies  were  computed  simultaner  (Sly  from  which  the  stress  distribution-- 
through  the  plate  thickness  were  'et ’.mined.  A  homogeneous  pl.de  and  a  three-ply 
isotropic  plate  which  were  previously  studied  [12)  are  presented  as  an  accuracy 
check  of  the  present  method.  Additional  examples  arr  presented  to  illustrate  the 
effect  of  particular  orthotropy  in  the  layers  of  laminated  plate. 

FORMULATION  AM)  SOLUTION  MFTHOl) 


In  this  version  of  the  Fxtcnded  Ritz  Technique,  th’  plate  is  idealized  by  a  system 
of  thin  laminas,  lach  lamina  i«  assigned  distinct  c.-thotropic  material  properties, 
density  and  thickness.  Here  a  lamina  is  not  to  be  confused  with  a  laminate  of  the 
plate.  It  is  poss’ble  to  model  a  laminate  with  a  i.-imber  of  lagunas  in  order  to 
achieve  a  better  representation  of  the  physical  behavior.  Let  (l  *  1,2,3)  he  a 

right-handed  system  of  rectangular  coordinates,  with  x^  normal  to  the  plane  of  the 

plate,  and  t  reprcsci  t  time.  The  Uisp.lacements  along  the  .e  coordinate  directions 
are  denoted  by  u  .  In  the  present  analysis,  an  admiss’ble  wave  form  for  each. 

lamina  is: 


u1(xi,t)  =  U^  (xj,t)cos  (rtXj/L,  1sui(jtx,/L7) 

u,(xi,t)  »  U2(xi,t)sin(?tXj/L1)cos(7rxv'k,)  (1) 


u.(Xj,t)sin(7TXj/Lj)sin&rx2/L,) 


Although  this  wave-form  is  agpropnatc  for  a  plate  witn  infinite  extent  m  both 
directions,  the  conditions  satisfied  on  the  four  edges  (Xj  •=  O.L,  and  x,  «  0,1,) 

of  the  nodal  rectangle  (described  by  u^  *  0)  are 


8J2 


u.  •  0,  u_  =  P  and  T  =0 
t  ’  3  nn 

where  is  the  normal  stress  and  ut  s  the  tangential  displacement.  Such  a 

system  of  conditions  is  equivalent  to  simple  supports  on  these  four  edges.  The 
functions  U.(xJ(t)  are  as  yet  the  undetermined  distributions  of  u.  through  the 

thickness.  In  this  paper,  these  functions  are  approximated  by  auadratic  inter¬ 
polations  through  the  thickness 

U^Xj.t)  =  Uib(t)|l-3x*2S2l  ♦  Uii((t)|4x-4x2J  ♦  Uif(t)|-5*2i2|  (3) 

(i=l,2,3) 

where  the  subscripts  b,  a,  f  indicate  the  generalized  coordinates  at  the  back,  mid 
and  forward  nodal  planes  and  x  is  a  normalized  transverse  ordinate  defined  by: 

*  =  t*3"x3b^x3f‘*3b^  °£x<l  (4) 

where  x^and  Xj^  are  coordinates  of  the  bounding  surfaces  of  the  lamina.  Note 

that  a  two-point  or  linear  interpolation  using  coordinates  at  the  back  and  front 
nodal  surfaces  only  and  deleting  the  mid-node  could  have  been  used  from  the 
standpoint  of  meeting  the  necessary  geometrical  continuity  requirements.  The 
present  three-node  interpolation  was  adopted  with  the  anticipation  that  fewer 
laminas  would  be  required  ror  an  accurate  solution  and  also  with  the  hope  of 
raodelir®  any  high  displacement  gradients  more  precisely. 


The  potential  and  kinetic  energies  for  a  particular  lamina  arc  obtained  by  inte¬ 
grating  the  strain  and  kinetic  energy  densities  over  the  volume  consisting  of  the 
laminar  thickness  and  rectangular  planform  defined  by  one  wave  length  in  each  of 
the  coordinate  directions: 


L.L.X 


V  *  m3h  it  *  C22£22  »  C33£33  *  2C12£11£22 


3b 

‘13'11£33 


♦  2  C,  ♦  2C,,f„f„  ♦  4C,,f2,  ♦  4Crc<2,  ♦  -IC^fj^dXjdXjdjc, 


(5) 


23  22  33 


44  13 


55  23 


UjIdXjdXjdx, 


(O 


where  and  p  are  the  cartesian  components  of  the  small  strain  tensor,  the 

elastic  moduli  and  the  mass  density,  respectively,  of  the  lamina.  After  differen¬ 
tiating  the  assumed  displacement  field  and  substituting  the  appropriate  forms  into 
the  potential  and  kinetic  energy  expressions,  there  results 

V  •  j{r}Tfk) {r}  (7) 

T  »  i{f}T[m]{f}  (8) 

where  {r}  is  the  ordered  set  of  generalized  coordinates  defined  by: 


{r)T“{Ulb*,;2b',i3b*Ulm',,2m'U3m-l,.f,,2.-,,3f( 


(9) 


and  [k]  and  [m]  are  the  stiffness  and  mass  matuces  of  the  lamina.  Their  explicit 
forms  re  summarized  in  the  Appendix. 


The  expression  for  the  |iotential  and  kinetic  energies  of  the  entire  plate  is  found 
by  summation  of  all  the  lamina  energies, 

L  =  £  [T-V]  =  yj{l'l}TlM]{U}-{U}[K]{lJ)j  OO) 

where  {U}  is  an  ordered  set  of  generalized  coordinates  for  the  entire  plate  and 
[K]  and  [M]  are  the  plate  stiffness  and  mass  matrices.  Application  of  Hamilton’s 
Principle  on  the  functional  defined  by  5q.  (10)  gives  the  eauations  of  motion  of 
the  plate  in  discrete  coordinates: 

(k]{U)  ♦  [M] (0)  *  0  (11) 
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(12) 


For  simple  harmonic  motion,  the  generalized  coordinate,  fn),  is  taken  as 

{BfxS,°}  ' 

Substitution  of  this  fom  into  Fq.  (11)  rives  the  alpebraic  eigenvalue  proble" 

|[K]  -  =  n  (13) 

Equation  (13)  is  solved  by  an  efficient  direct-iterative  eigensolution  technique, 
described  in  Ref.  (IS).  The  advantai-e  of  this  solution  is  a  sizeable  reduction 
in  computational  effort  without  sacrificing  the  accurate  node line  capability  with 
a  large  number  of  generalized  coordinates.  The  essence  of  the  method  is  a 
reduction  in  the  rank  of  the  algebraic  eigensysten  by  using  a  limited  number  of 
suitably  chosen  generalized  coordinates,  coupled  with  an  iteration  technique  for 
obtaining  eigenvalues.  In  this  paper,  the  computer  code  was  written  using  fifteen 
reduced  generalized  coordinates  for  a  riven  pair  of  wave  lengths,  ,  L,; 

iteration  was  performed  until  the  lowest  ten  frequencies  and  their  corresponds 
modal  patterns  converged .  This  particular  strategy  resulted  in  the  computation 
of  eigenvalues  and  eigenvectors  to  within  very  close*  tolerances  in  two  or  three 
iterations  for  most  cases,  and  was  thus  very  efficient. 

Calculation  of  stresses  is  a  straightforward  step  when  the  modal  patterns  are 
known.  By  evaluating  the  strains  which  are  m  each  lamina,  the  stresses  in  the 
lamina  can  be  obtained  through  the  constitutive  relations. 
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COMPARISON  OF  ISOTHOHC  TLATf  RESULTS 

Comparisons  of  two  examples  on  isotropic  plates  are  summarized  m  Tables  1,  II, 

III  to  assess  the  accuracy  and  effectiveness  oT  the  present  solution  method.  Both 
of  these  cases  were  solved  analytically  by  Snnivas,  Rao  and  Pno  [12)  who,  in 
addition,  made  comparisons  with  classical  and  refired  plate  theories  [16,17] . 

In  Tables  I  arid  II  are  comparisons  of  the  frequencies  and  stresses  for  selected 
lodes  of  a  homogeneous  isotropic  plate  with  Poisson's  ratio  \)=0.3,  Twenty 
equal-thickness  laminas  were  used  to  model  the  Plate  which  corresponds  to  41  nodal 
planes  with  a  total  of  123  degrees  of  freedom.  The  aspect  ratio  as  well  as  the 
thickness  of  the  rectangular  nlatc  are  characterized  by  the  parameter  N,  As  can 
be  seer,  the  results  for  both  frequencies  and  stresses  for  the  various  symmetric 
and  antisymmetric  thickness  modes  arc  in  excellent  agreement. 

The  second  example  is  a  symmetrica' -nnstructcd  three-ply  laminated  square 
isotropic  plate.  The  ratio  cf  thickness  of  the  core  to  one  facing  is  eight.  This 
plate  was  again  modeled  with  20  equal-til. ckness  lemmas  (11  nodal  planes  and  123 
generalized  coordinates).  Frequencies  wc-e  computed  for  various  ratios  of  relative 
shear  stiffn---s  an*,  relative  density.  Als**  in  one  case,  Poisson's  ratio  of  the 
facing  was  varied.  The  present  results  compared  very  closely  with  crimvas  ct  a  1 . 
for  all  cases  as  shown  in  Table  III. 

THREE-LAYER  TRANSUKSCLV  ISOTROPIC  PLATF 


Since  the  analysis  gnen  here  is  not  restricted  by  laminate  layout  or  material 
isotropy,  a  very  large  class  of  problems  could  be  examined.  However,  for  brevity, 
attention  will  be  given  to  only  oae  additional  example.  The  intended  purpose  of 
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this  example  is  to  illustrate  the  effect  of  substantial  differences  in  material 
properties  from  layer  to  layer  on  the  frequencies  of  vibration.  Consider  an 
unsymmetric  three-layer,  simply-supported  square  plate  (or  vibrations  of  an  infi¬ 
nite  plate  with  equal  wave  lengths  in  both  directions)  with  transversely  isotropic 
material  properties  as  listed  in  Table  IV.  As  can  be  seen,  the  core  or  second 
layer  is  considerably  less  stiff  than  the  facing  layers.  Also,  both  the  facings 
and  the  core  are  isotropic  m  the  thickness  direction,  hith  the  one  being  highly 
orthotropic.  The  two  relatively  thick  facing  layers  have  the  same  properties  but 
have  unequal  thickness.  In  this  analysis  40  equal-thickness  laminas  were  used  to 
model  this  three-laminate  plate  and  the  corresponding  number  of  degress  of  freedom 
is  243  (81  nodal  planes). 

On  Table  V,  the  normalized  frequencies  are  tabulated  according  to  the  ratio  of 
total  plate  thickness  to  wave  length.  The  normalizing  frequency  is  the  4th  thick¬ 
ness  mode  for  \Ul  =  0.01  (the  type  of  motion  for  this  frequency  is  a  thickness- 
stretch  action).  The  lowest  mode  is  the  usual  flexural  action,  and  the  second 
and  third  modes  are  longitudinal  tension-compression  and  tension-tension, 
respectively,  in  the  and  x,  directions.  The  5th  and  6th  modes  are  associated 

with  tluckness-shear  actions.  This  represents  a  departure  from  the  homogeneous 
isotropic  plate  for  the  ordering  of  these  modes,  as  the  frequencies  associated 
with  thickness-shear  motions  is  lower  than  that  for  thickness  stretch.  Mere, 
because  of  the  particular  orthotropy  of  the  plate  materials,  this  is  not  the  case. 
On  Fig.  1  are  plotted  the  modal  patterns  for  the  first  six  modes  for  ll/L  =  0.01. 

On  Fig,  2  similar  plots  are  g.ven  for  the  first  three  modes  for  a  short  wave 
length,  U/L  =  10.0.  Plots  of  the  stresses  of  the  1st  mode  for  a  long  wave 
(ll/L  =  0.0.)  and  a  short  wave  (f'/L  =  10.0)  are  given  in  Fig.  3,  As  can  be  seen 
from  these  plots,  the  laminated  construction  and  the  orthotropy  lead  to  an 
unusual  behavior,  especially  for  the  short  wave  lengths.  The  results  for  the 
higher  modes  (not  shown)  indicate  an  increasingly  complex  behavior. 

CONCLUDING  REMARKS 

An  efficient  solution  method  has  been  presented  for  the  analysis  of  the  three- 
dimensional  behavior  of  rectangular  laminated  orthotropic  plates.  One  note  of 
particular  interest  is  the  rather  drastic  departure  from  the  Kirchhoff-Lovc 
hypothesis  when  the  degree  of  orthotropy  is  high  and/or  the  wave  lengths  are  not 
sufficiently  long.  This  should  provide  guidelines  as  to  the  range  of  applicabili¬ 
ty  of  the  classical  laminated  anisotropic  plate  and  shell  theories  [2,3,41., 
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tabu;  ii 

COMPARISON  OP  STB  I  SSI'S  hOR  HOMOC1.NI.OUS  ISOTROPIC  I’LATfc 


square  plate  h/I. ^  =  h/L,  =  0,3  ('  =  0.18)  anil  V  =  0.3 

is  normalized  with  T  ,^0.2)  ns  Tjj(0.S)=0.0  for  the  second 
symmetric  thickness  mode. 


TABLE  III 


COMPARISON  OF  FREQUENCIES  FOR  A  SYfMITRIC 
THREE-PLY  LAMINATED  ISOTROPIC  PLATE 


ri?envalnes  fA)*  For 
Thmee-Plv  Isotropic  Plate 

*v 

V 

/pc 

X 

Pef.  [l2j 

Present 

Results 

0.3 

1 

1 

0.074S20 

0.074519 

0.3 

1 

2 

0.0RHOR6 

0.0R99P6 

0.3 

1 

S 

0.123072 

0.123072 

0.3 

1 

IS 

0. | 83664 

0,183663 

0.3 

15 

0.167574 

0.167573 

0.3 

3 

IS 

0.1SS082 

0.1SS0R2 

0.2 

1 

1 

0.072298 

0.072300 

N  =  h:fl/L‘  ♦  I/L^]  Nf  =  0.0002  Nf  ■*'  0.002R 

V  *  0.3 
c 

*A  =  fl/olr/fi  where  fl-anetilnr  Frenucncv;  p  -density  oF  core; 
v  C  C  C  '  c 

h^-thickness  o f  core;  and  0^-she.ir  modulus  or  core. 
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TABLE  V 


NORMALIZED  FREQUENCIES  FOR  THREE-LAYER 
TRANSVERSELY  ISOTROI’IC  PLATE 

Eigenvalues  (Q)  for  Three-Ply  Laminated  Ortho  ropic  Plate 


Thick- 

1! 

r 

Mode 

0.01 

0.1 

1 

5 

10 

1 

0.001S8 

0.13612 

2.79936 

11.67493 

23.13829 

2 

0.05830 

0.S8034 

3.11331 

11.67973 

23.14168 

3 

0.098S4 

0.92734 

3.77465 

12.05680 

23.38443 

4 

1.0* 

1.04362 

3.95621 

12.15296 

23.39427 

S 

1.92074 

2.03727 

4.33221 

12,45416 

23.77494 

6 

1.92292 

2,19293 

5.55531 

12,80858 

23.77873 

7 

2.35316 

2.40282 

5.79446 

13.02873 

24.21787 

8 

3.96025 

3.94358 

6.24058 

13.04925 

24.31386 

9 

4.46054 

4.48920 

7.23975 

14.21500 

24.67015 

10 

4.46168 

4.56212 

7.72677 

15.10654 

24.75072 

H  =  hj  ♦  K  *  h3 

*  Normalizing  Freq.  ■=  1919.6561  rad/scc 

Q  -  u/u)^ 
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Figure  1.  Displacement  Modal  Patterns  for  First  Six  Modes  for  H/L  *  0.01 
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Figure  3  Strait  Modal  Patterni  for  Thrae-Layered  Transvanaly  liotropic  Plata  for  Mode  1 
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ABSTRACT 

Free  vibrations  of  a  clamped,  circular,  elastic  plate  are  considered  in  this 
paper.  The  study  is  based  on  a  sec  of  fully  coupled  nonlinear  plate  equations 
appropriate  for  large-amplitude  motions  of  the  plate  as  well  as  on  a  simplified 
single  nonlinear  plate  equation.  A  systematic  perturbation  method  is  used  to 
solve  the  nonlinear  problems.  Expressions  for  the  nonlinear  mode  shapes  of  vibra¬ 
tions  and  the  amplitude-frequency  relationships  are  obtained.  In  light  of  these 
results,  the  accuracy  of  the  simplified  nonlinear  plate  theory  is  then  assessed. 

INTRODUCTION 

We  consider  here  a  circular  lastin'  plate  of  uniform  thick,  ass  that  is 
clamped  along  its  edge.  We  wish  to  study  the  free,  undamped,  axisymmetric  vibra¬ 
tions  of  the  plate  in  which  the  amplitudes  of  the  transverse  motions  are  large  in 
the  sense  that  they  may  be  of  the  same  order  of  magnitude  as  the  plate  thickness.; 
For  such  motions  of  the  plate  the  governing  equations  are  inherently  nonlinear, 
the  interaction  between  the  mid-surface  forces  in  the  plate  and  the  transvers, 
deflection  being  a  main  source  of  the  nonlinearity  in  the  system. 

Nonlinear  equations  governing  large-amplitude  static  deflections  of  el.  ilic 
plates  were  derived  by  von  Karman  as  early  as  1910  |1].,  These  so-called  vo 
Karmah  equations  involve  the  transverse  dtilection  as  well  as  the  in-plane 
displacements  and  are  fully  coupled.  In  Berger  [2]  dei  ived  a  simplified 

nonlinear  plate  equation,  involving  ’■he  transverse  deflection  alone,  by  neglecting 
the  strain  energy  due  to  the  second  invariant  of  the  mid-surface  strains.-  He  then 
proceeded  to  solve  this  equation  for  static  deflections  of  both  circular  and 
rectangular  plates  under  a  variet>  of  boundary  conditions.-  .subsequently  it  was 
discovered  that  similar  uncoupled  nonlinear  plate  equations  can  h~  dei’ved  for 
dynamic  problems  as  well  if,  in  addition  to  neglecting  the  strain  energy  due  to 
the  second  strain  invariant  as  mentioned  above,  one  also  omits  the  in-pianu 
inertia  of  the  plate.  Such  simplified  plate  equations  were  used  in  a  number  ol 
nonlinear  vibration  studies  [3-6J,  though  no  rigorous  justifications  were  made  of 
the  assumptions  that  led  to  the  derivation  of  such  plate  equations.. 
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The  present  problem  was  treated  In  [3]  by  Wah,  who  solved  the  single  non¬ 
linear  plate  equation  using  a  modified  Galerkin  method.  In  the  present  paper  the 
study  will  be  based  on  a  '  of  fully  coupled  nonlinear  plate  equations  involving 
both  the  transverse  and  it.  jne  displacements.  These  equations  will  be  derived 
using  Hamilton's  principle  and  without  the  making  of  the  above  mentioned  assump¬ 
tions  of  neglecting  the  in-plane  inertia  or  the  second  strain  invariant  of  the 
mid-surface  strains.  The  sec  of  nonlinear  equations  employed  here  is  equivalent 
to  that  derived  by  Herrmann  [7]  in  Cartesian  coordinates,  which  was  used  by  Chu 
and  Herrmani  in  (8]  for  studying  nonlinear  vibrations  of  rectangular  plates. 

A  perturbation  method,  recently  developed  by  the  authors  [9,10],  will  be  used 
in  the  present  study.  Perturbation  solutions  based  on  the  simplified  single  plate 
equation  will  also  be  obtained.  Expressions  for  the  nonlinear  mode  shapes  of 
vibrations  and  the  frequency-amplitude  relationships  will  be  derived. 

These  results  will  be  compared  and  discussed,  along  with  that  of  Wah  (3). 

The  two  sets  of  solutions  here  also  enable  us  to  assess  the  validity  of  the 
simplified,  single  nonlinear  plate  equation.  In  particular,  it  is  found  thac  the 
accuracy  of  the  simplified  plate  equation  depends  on  Poisson's  ratio  as  well  as 
the  plate-radius-to-plate-thickness  ratio,  though  the  depende.  ce  upon  the  latter 
ratio  is  not  too  sensitive. 


EQUATIONS  OF  MOTION 

Consider  a  circular  plate  of  thickness  h  and  radius  a.  We  choose  the  polar 
coordinates  (r,p)  for  points  lying  in  the  mid-surface  of  the  plate,  with  r  =  0 
being  at  the  center.  We  denote  by  w  =  w(r,t)  and  u  »  u(r,t),  where  t  is  time,  the 
transverse  and  radial  displacements,  respectively,  of  points  in  the  mid-surface. 
Under  the  assumptions  mentioned  above,  the  strain  energy  of  the  plate  due  to 
bending  and  stretching  may  be  expressed  as  [11] 


_  D  r2V  2  ,2  12  2,  ,,,  .12  2  ,  1  dv  .  . 

V  -  -z  I  I  ((yw)  +  -=■  e  ]-  2(l-u)(-~  e  +  -  — ri'rdrdp 

2  0  0  h2  1  h2  2  r  Sr2 


xt >1 


.,.2.2 

[<V  w) 


+  ii  e  2j. 
h2  1 


o/i  W12_2jldw  d  vv  ,  . 
2(1-m>(—  e2  +-___)  ,rdr 


(1) 


while  the  kinetic  energy  of  the  plate  may  be  expressed  as 

T  -  yMl|2)2  +  <|i>2]  rdrdP  -  Wl(|“>2  +  (|f)2]  rdr  (2) 

3  2 

In  equa’-'ons  (1)  and  (2)  above  D  *  Eh  /I2(l-u  )  is  the  flexural  rigidity  of 
the  plate,  with  E  being  Young's  modulus  and  p  °oisson's  ratio,  is  the  mass 
density  per  unit  volume,  2  here  is  the  operator 


(3) 


and  e^  and  ^  are>  respectively,  the  first  and  second  strain  invariants  defined  as 

u 


,  ,9u  .  l..'w,  2,  u 

+  =  +  T  Jr*  ]  +  7 


rl^li 


I/C!wa2. 


‘S7  +  f<57>  17 


(4a) 

(4b) 


with  t  and  i being  res”2ctiwply  the  radial  and  hoop  strains. 

In  accordance  wi'.i  Hamilton's  principle,  the  motions  of  the  plate  must  be 
such  as  to  render  the  integral 


(T  •  V)  dt 


(5) 


stationary  among  all  admissible  displacements  w(r,t)  and  u(r,t),  where  ti  and  tj 
above  are  any  two  fixed  instants  of  time.  The  Euler-Lagrange  equations  for  this 
variational  problem  then  follow  as 
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Sa) 


_  2  2  .  oh  d  w  12,dw.d  u  .  1-tv  3u  .  1  ,3w.  2,.  5  w.du  .  u  3.3w.2. 


-<>7- >♦  ^ri- <s>!-» 

r  3t  dr 


(6b) 


Thus  we  have  a  sec  of  two  coupled  nonlinear  partial  differential  equations 
governing  the  large-amplitude,  free,  undamped,  axisymoetric  vibrations  of  the 
circular  plate. 

The  boundary  conditions  for  the  clamped  plate  are 


w(r,t)  l 

»  0 

(7a) 

r«a 

sgfiuja.  |  =  o 

or  1 

(7b) 

r*=a 

u(r,  t)  i 

«  0 

(7c) 

r«a 


In  addition,  w(r,t),  u(r,t)  and  their  r-derivatives  must  remain  finite  in  0<r<a. 
The  initial  conditions  will  be  left  unspecified  at  this  moment. 

We  new  show  >-ow  a  single,  fourth  order  nonlinear  equation  for  w  rlone  may  be 
derived  whan  simplifying  assumptions  as  those  mentioned  in  the  INTRODICTION  ara 
made. 

We  first  neglect  the  second  strain  invariant  e2  in  equation  (1).  Using  the 
same  Hamilton's  principle,  we  obtain 


(elv2w'r^>  =° 

de,  /i  2,  i2 


(8a) 


(8b/ 


while  Che  boundary  conditions  remain  the  same  as  in  equations  (7).  We  next 
neglect  the  in-plane  inertia  in  equation  (8b)  and  obtain 

3e 

■ST  -  °  (9) 

Thus  the  first  strain  invariant  e,  is  independent  of  r.  Upon  multiplying  both 
sides  of  equation  (4a)  by  r  and  then  integrating  the  resulting  equation  with 
respect  to  r  between  0  and  3,  we  obtain 


2  .  ,a  .  1  ,a  ,dw.  2  ,  . 

el  "1  trul0  +2  /  drl 


The  vanishing  of  u  at  r  =  a  thus  leads  to 


(10) 


1  .dw,  2 

■2  L  r(57> 


dr 


(ID 


In  view  of  equations  (9)  and  (11),  equation  (8a)  now  becomes  uncoupled  as 


1  ^  +  iJl  .  -LL-v  f  r ^  dr  **  0 

D  2  2.2  W) 

dt  a  h  0 


(12) 


which  is  exactly  the  same  equation  of  motion  used  by  Wah  in  [3]. 

PERTURBATION  SOLUTIONS 

Let  us  define  the  following  non-dimensional  quantities:- 

q  =  w/a,  y  ■  u/a,  f  =  r/a,  I  ■  u  t,  u2  =  tiha9i2/D,  X  =  12a2/h'  (13) 

where  a  is  a  frequency  parameter  introduced  so  that  the  period  of  vibration  may  be 
fixed  at  2s  in  the  i-scale. 
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In  terns  of  the  variables  introduced  above  equations  (6a)  and  (6l>)  become 

V)  +a2  ^  -  X(V  (7'  +ir7'  +^F?2)  +  7’<7’  +^T  +  |t2))=o  a 
l27  +  o-27-  (7  ii"  +^T2)  =o  a 


r  _  .  2  1 ,  _  ,52  ^  l  S  1,  .... . 

L2  ”  *  (v  ‘  2*  -  *  <  2  +  7  Sr  "  ,2)  (15b) 

r  or  r 

where  the  primes  above  designate  partial  differentiations  with  respect  to  T  and 
the  dots  stand  for  partial  differentiations  with  respect  to  t. 

We  introduce  the  perturbation  parameter  e  through  the  change  of  variables 

IT  =*  t  q  (16) 

where  q  will  be  assumed  to  be  of  the  order  unity..  So  t  is  just  an  amplitude 
parameter  of  the  nondimensional  transverse  displacement  tf.  As  equation  (14b) 
shows  that  y  will  be  of  the  order  0(rj; ,  we  then  write 

7  =  c2v  (17) 

where  y  will  also  be  assumed  to  be  of  the  order  unity. 

Substitutions  of  equations  (16)  and  (17)  into  (14)  yield 

LLT)  +  -  -Ah’  (•/-’  +  V*  +  ~r,'2)  +  V'(r'  +  7  V  +  \  V  2)  )  =  0  (18a) 


U  y  +  -  (V  v 


o'  )  =o 


with  the  boundary  conditions 

Ti(r,l)  1  =  0  (19a) 

-•=1 

^  I  =  0  (19b) 

■  r-i 

y(t,i)  '  =  0  (19c) 

t-1 

We  also  pose  the  following  periodicity  conditions 

r)(f, 1)  =  T)(f  ,T+2n)  (20a) 

rV’.l)  *  > ( C , i+2ji )  (20b) 

and  the  initial  conditions 

q(f,0)  •  0  (21a) 

v(r,0)  =  0  (21b) 

The  above  implies  that  the  system  has  zero  initial  velocities  and  periodic  motions 
are  initiated  by  releasing  the  plate  from  rest  in  an  3S  yet  unspecified  configura¬ 
tion. 

hollowing  the  perturbation  method  mentioned  earlier  (9,10),  the  functions 
and  ■  as  well  as  the  parameter  , 2  are  expanded  as  power  series  in  t 

n(f,i)  =  v  T).(r.i)  (22) 

i=0  1 


'(* ,  t)  •  -1  i  v  (r  ,t) 

i=0 
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r  i  2 

=  E  t  (r . 


I*,  is  clear,  either  from  the  appearance  of  equations  (18)  or  from  symmetry  consi¬ 
derations,  that  only  even  powers  of  t  need  be  considered  in  the  above  expansions. 
We  thus  set 

=0,  ■»  =  0,  a.2  =  0,  for  all  i  odd  (25) 

Upon  substituting  the  series  in  (22)  through  (24)  into  equations  (18)  and  col¬ 
lecting  like  powers  of  e,  the  following  set  of  linear  equations  results: 

*-°i  Li  n0  +«0\  =  0  <26a> 


L2ro  +  uo  7o  =  ,|6t'o  +  2r  ’’o 

L1t,2  +  u0  ^2  =  "  0 2  io  +  +  ~  v0  +  2?  ^0  3 


L272  +  °'02;2 


+  +  7  -o  +  I  n^2) ) 

2-  ,  „  „  ,  1-M  ,  , 

*  +  TigTij  +  *i0q2  +  r  \q1\2 


where  the  functions  q.  and  i  =  0,2,...,  must  individually  satisfy  the  boun¬ 
dary,  periodicity  and1initiat  conditions  as  described  in  equations  (19)  through 
(21)  and  must  remain  finite  in  0<f<l. 

We  now  solve  the  above  set  of  equation  in  a  recursive  manner,  starting  with 
equation  (26a)  for  qg.  The  solutions  here  are  well  known  in  the  study  of  periodic 
vibrations  of  a  linear  clamped  circular  plate  and  are  of  the  form 


q0(f.T)  =  cos  1 


tr0  "  «k  (28) 

2 

where  k  *=  1,2,...;  and  the  A  ’  s  are  arbitrary  cons ta Us.  V.  (*)  and  above  are, 
respectively,  the  k-th  eigenfunction  and  eigenvalue  of  the  following  eigenvalue 
oroblem  for  V(r) 

l^V  -  Sj2v  =  0  (29) 

V(l)  =  0,  V (1)  =  0  (30) 

with  L.  being  given  in  equation  (l^a).  These  eigenfunctions  and  eigenvalues  may 
be  given  explicitly  as  j  (  ) 

V  C)  - ^2— -  UoO’k*)- tVt  V  kr)1  (3U 

k  -  Jn  ('v)  -  0  k  Vk>  0  k 

lJi<V+2Jo  <!V'  7277  h  <'k>> 

2  4  0  k 

«k  =pk  <323 

where  (3^  is  the  k-th  real  positive  root  of  the  transcendental  equation 

J,(r>  M**) 

VlT  +  T70  =  0  (J3V 

Here  J  and  I  are,  respectively,  the  Bessel  and  the  modified  Bessel  functions  ol 
the  first  kina,  the  subscript  referring  to  the  order  of  these  functions.;  Numer¬ 
ical  values  of  may  be  found  in  [12].,  The  V^1  s  also  satisfy  the  orthogonality 
condition  ^ 

J  rv  (Ov  (Udr  =  o.  (34) 

Q  K  P  KP 

where  oi,n  is  the  Kronecker  delta 
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V  {()  cos  m  t 

n  J 


(48) 


CO  CO  (21 

1U(5.*>  *  £  *  KZ 

tn=0  n=l 

We  then  substitute  equation  (48)  together  with  equations  (35),  (36),  and  (47)  into 
equation  (26c).  Making  use  of  equation  (2**'  we  obtain 

oo  oo  (2) 

£  £  (C  2-m2a2)A  va)  cos  m  i  =  us  2  A ..V ,  (t;)  cos  x 

m=0  n=l  n  ^  mn  n  2  11  1 

•r-  Hlv-  (0  cos  x  ^(^2,  CO.  2  :)[r(p+f  r(t)l 


+  x  Auv1'(t)  cos  T  ^(c0q+c2q  cos  2  x5  Cr^)+ 1  rq(r'  ] 


3  ,  V^r)  3V»(OVi2(^  3 

+  - - -  ]  cos  x 


+  x  V  I  2t 


(49) 


We  now  multiply  both  sides  above  with  fVs(t)cos  p  i  and  integrate  the  resulting 
equation  with  respect  to  f  from  zero  to  one  and  with  respect  to  i  from  zero  to  2n. 
Again  upon  using  the  orthogonality  conditions  for  the  trigonometric  functions  and 
for  the  Vn' s  as  given  in  equation  (34),  we  obtain 


“2  “  x<u0  A11  F(h,u) 


(50) 


with 


-  -  -7  /(A  VVrV't  V'(?)r  (O-1^  vi(?)^(?))r'(0 

0)^  0  Aj.  q-1  b  - 


and 


A,(2). 

In 


+f  (3V^2(0V"((;)+ 1  v^3(?)]i  ^(^dr, 

-J—T  Aqll^V  2  C2q>  (7  ^(0  (') 

n  l 

+  v[(f)r(f)]  +|a12  (3v^2(d vj'(r)+  i  v^3(t)  ]  1  tvn(f)dr 
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(52) 


for  n  =  2,3, 

(2)  ^ 


3n2) - 7  11  7  J  l  2  4  C.  [-  V(r)T'  (r)+(iii  V!(')-W"(*))^(r) 

3n  (n2  -  9r2)  0  q=i  2  2q  1  0  1  x  q 


+  v^(f)r"(r)]  +|A12[3v'12(:)v'l,(t)+f- v^oi'  -vnC)d 


I  .,.3/ 


(53) 


for  n  =  1,2,,..  All  remaining  Amp2  ,  with  the  exception  of  AjJ1^,  are  zero.  The 
perturbation  scheme  does  not  determine  A^J2'.-  which  may  be  determined  by  requiring 
the  "norm"  of  q(r,t), 

i|  n  II  s  r  /  *  /  f  q2  (f.x)  ai  (54) 

*  0  0 

to  be  independent  of  t  as  t  -•  0..  ."his  immediately  implies 
2n  1 


(2) 


/  /  i'q0(r,x)q2(r,t)  dr,  dt  =  o 

from  whi^h  it  follows  that 

AiA  =  0 


,(55) 


(56) 


We  thus  have 
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n2(f,t) 


Z  A 
n=2 


(2) 

In 


V  (f)cos 
n 


-  +  £ 

n=l 


V  (Dcos  3  1 
n 


(57) 


Again  the  evaluation  of  the  integrals  appearing  in  equations  (31)  through  (33) 
must  be  done  on  a  digital  computer. 

We  terminate  our  calculations  at  this  order  and  shall  return  to  examine  the 
results  in  detail  in  the  next  section. 

The  same  perturbation  method  can  be  applied  to  the  simplified  nonlinear  plate 
equation  as  given  in  equation  (12) .;  In  terms  of  the  same  sec  of  nondimensional 
quantities  as  defined  earlier,  we  may  rewrite  equation  (12)  as 


2  i  ,1  2  2- 

*  f  7(t)"  +  -  T)')  tq  dr  +  a  q  = 


(58) 


where  has  been  given  in  equation  (15a)  and  q  here  satisfies  the  same  boundary, 
periodicity  and  initial  conditions  as  given  in  equations  (19a),  (ISb),  (20a)  and 
(21a).  , 

Making  similar  expansions  for  *j  and  as  given  in  equations  (22)  and  (24) 
and  substituting  them  into  equation  (58),  we  obtain  the  following  set  of  equations 


‘  •  1  *0  T  0  <0  u 

*  hV2  +  0  '2  *  u2  VX<"‘0  +  7  V  "’10  c 


(  •  . . 

2 

As  before  we  set  t)q  »  /fc' 

(35)  and  (36)  and  expand 

n  (r,0  =  Z  £  A  <2)V  (r)cos  m  % 

2  m=0  n*l  “n  " 


2 

(r)cos  r  and  iQ  = 
as 


(59a) 

(59b) 


(3 . 1962) 21  as  in  equations 


(50) 


uc  iubcf  rute  equations  (35),  (36)  and  (60)  into  (59b)  and  obtain 

®  '•  2  2  2  (2)  2 
Z  Z  (0  -  m  Cf)  A  V  (r)cos  m  t  »  «,  A,  ,V,(r)cos  \ 

„.u  imnn  2  111 

m*0  n*=l 

+  X(V,l'(f)  +fvj(r))  /  'V^Odr-cos3!  (61) 


We  now  multiply  both  sides  above  aith  rv  (')cos  p  t,  and  perform  similar  integra¬ 
tions  with  respect  to  r  and  r  and  obtamsf inally 

j  2/,  \ 

rr  2t ..  u  0  1  -  2. 4  ,2 

(J1  (  1)+  ,2.  ‘l  (  1)! 


2  3,22 

2  =  4  X'0  A11 


J0  ("l3 


2 

0  )  Jr*  '^1  ^  ?  2 

rv<v+2J0  <v- ttt:  V (\)] 


102<V 


(2)  _ 


In  4(~2 
for  n  =  2,3,..., 


3XA  "  1  1 

!  (v;,(r)+  -  v;('))/v (r)dr  /  rv;  ( 

(O'  -  T)  0  0  1 


■)d’ 


4(q;  -  v  o 


(62) 


(63) 


(2)  _  >-All 


1  1  1  2 

- /  (v"(-),+  r  v; ('))*v  C)d*  /  'vj  (r)d1- 

3n  4( -  9?h  0  1  1  n  0  1 

n  1 


(64) 


for  n  =  l,2,...;  .;  All  remaining  Ami^2\  including  Aj|23as  before,  are  zero.  We 
thus  have 


n„(‘’  ,i)  =  £  A,  V  (')cos  r+1'  A./2*  V  (')cos  3  i 

2  n=2  ln  n  n=l  3n  n 


(65) 
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s  are  given  in 


which  is  the  same  as  in  equation  (57),  except  that  now  the  A  (23< 
equations  (63)  and  (64).  nn 

RESULTS  AND  DISCUSSIONS 

Let  us  now  summarize  the  results  that  are  obtained  in  the  previous  section. 

In  terms  of  the  quantities  tf  and  ~  as  introduced  in  equation  (13)  we  have 

(66) 


and 


W»*>  =  «  q0(^,s)+t3q2((,t)  +  0(t5) 

7(f,l)  =  «2y0(r,s)  +  0(£4) 

n2  =  u02  +  t2u22  +  0(t4) 


(67) 

(68) 


where  tjq  is  given  by  equation  (35),  uq  by  equation  (36),  ?q  by  equation  (47),  ^ 
by  equation  (57)  and  u by  equations  (50)  and  (5i). 

As  an  inspection  of  the  expressions  involved  above  will  reveal,  the  .mall 
parameter  c  appears  only  through  the  combination  cA^.  Thus  we  may  set  y  =  1  and 
regard  An  as  being  small,  or  we  may  simply  regard  the  combination  ca^  as  a  small 
parameter. 

When  the  simplified  plate  equation  (58)  is  used,  we  have  correspondingly 
q(C.i)  m  tq0(r,U  +  +  °(t5) 

and 

(70) 


(69) 


a2  -  «-02  +  c2  a*  +  0(,4) 


where  qg  and  oig  are  given,  as  above,  bv  equations  (35)  and  (36)  respectively,  but 
r)2  is  now  given  by  equation  (65)  and  by  equation  (62).- 

Let  us  examine  in  detail  the  expressions  for  the  nonlinear  frequency  2  as 
given  in  equations  (68)  and  (70).  Following  equation  (68)  and  recalling  that  X  is 
equal  to  12(a/h)2,  we  may  write 


n2  =  aQ2  (1+12  F(£,u)(^  £  Au)2] 

The  ratio  of  the  nonlinear  period  T*  to  the  linear  perioo  T  is  then 
y  «  (1+12  (§  £  A)2]'1/2 


1  max 


where 


A  =  A  'V 

11  1  max 

Similarly,  following  equation  (70),  we  have 

2 


(71) 

(72) 

(73) 


U  + 


2  30  ^1^  2  2 
9[J,  (P.)+  V  I,  (^)l 
1  (>*  ) 

_ o  v  r _ 

j  2(<  )  ^ 

[J1i(31)+2JQ  (tit)-  V -  ll*(,1)) 


(5 


au) 


74) 


J0  <V 


so  the  ratio  of  T*  to  T  is  now  given  as 


X* 


«  i  1  +  ■ 


2  30  2  2 
9[j,  (:3.)+  -V""  !,  (',)] 

*0  <V 

2 

,2  2  2  J0  2  ; 
\  max^l  <:’l>+2J0  0  l1*  “17“  X1  <nl» 
0  '"l' 


A) 


-1/2 


(75) 


We  now  plot  the  ratio  T*/T  against  the  amplitude  parameter  atA/h  using  both 
equation  (72)  and  equation  (75),  It  is  observed  that  the  expression  F(a/h,0 
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appearing  in  equation  (50)  depends  on  a/h  as  well  as  on  p.  The  integral  for 
F(a/h,u),  given  in  equation  (51),  is  now  computed  numerically  on  a  CDC  6500  digi¬ 
tal  computer  using  a  Newton-Cotes  technique.  Four  different  values  of  p:  0.1, 

0.2,  0.3  and  0.4,  and  two  different  values  of  a/h:  10  and  100  are  used  in  the  com¬ 
putations.  The  numerical  values  of  F(a/h,p)  are  shown  in  Table  I,  where  q  refers 
to  the  number  of  terms  of  the  infinite  series  in  equation  (51)  that  are  used  in 
the  computations.  It  is  seen  that  for  an  accuracy  of  four  significant  figures  it 
is  sufficient  to  take  q  =  6,  i.e.,  to  base  the  computations  on  the  first  six  terms 
of  the  infinite  series.  Tae  values  of  F(a/h,p)  in  Table  I  also  show  that  the 
dependence  of  F(a/h,p)  on  a/h  is  not  sensitive. 

In  Figures  1  through  4  we  plot  the  curves  of  T*/T  versus  afA/h,  according  to 
equation  (72),  for  p  =  0.1,  0.2,  0.3  and  0.4  respectively.  The  curves  (designated 
as  (3,)  corresponding  to  a/h  =  10  and  a/h  =  100  are  undistinguishable.  In  these 
same  figures  we  also  plot  the  curves  of  T*/T  versus  atA/h  using  equation  (75) 
(designated  as  '2) )  as  well  as  those  obtained  by  Wah  in  [3]  (designated  as  (J/). 
These  curves  (1  and  '2)  do  not  depend  on  Poisson's  ratio,  so  they  remain  the  same 
in  Figures  1  through  4. 

All  these  curves  show  that  the  nonlinear  period  of  vibration  decreases  as  the 
amplitude  of  vibration  increases..  This  is  consistent  with  the  fact  that  the 
geometric  nonlinearity,  which  is  the  only  kind  of  nonlinearity  considered  here, 
possesses  the  hard-spring  characteristics.  The  more  accurate  results  obtained 
using  the  fully  coupled  nonlinear  plate  equations  do  exhibit  the  dependence  of  the 
solutions  upon  Poisson's  ratio,  a  fact  that  can  not  be  accounted  for  by  a  simpli¬ 
fied  single  plate  equation.  These  curves  show  that  the  numerical  errors  intro¬ 
duced  in  the  period-amplitude  relationship  in  the  free  vibrations  of  a  clamped 
circular  plate  depend  upon  p  and  this  error  is  minimized  for  a  material  with  a 
Poisson's  ratio  lying  between  0.3  and  0.4. 

Aside  from  the  fact  that  the  solutions  obtained  using  the  fully  coupled  non¬ 
linear  plate  equations  give  more  accurate  period-amplitude  relationships  of  the 
vibrations,  they  also  supply  information  on  the  in-plane  displacement  ~(r , t) ,  from 
which  the  variations  of  the  in-plane  strains  and  membrane  stresses  in  the  radial 
directions  can  also  be  computed.  In  Tables  11  and  111  the  two  sets  of  expansion 
coefficients  C0n  and  Cj,,,  which  appear  in  equations  (44),  (45)  and  (47),  are  com¬ 
puted  and  presented. 

CONCLUSION 

Nonlinear  perturbation  solutions  are  obtained  for  the  axisymmetric,  free 
vibration  of  a  clamped  circular  plate.  Two  sets  of  plate  equations  are  used  -  one 
a  more  accurate  set  of  fully  coupled  nonlinear  plate  equations  and  one  a  simpli¬ 
fied  single  plate  equation  in  which  the  effects  of  the  second  strain  invariant  of 
the  mid-surface  strains  and  the  in-plane  inertia  are  neglected.  Aside  from  the 
fact  that  solutions  obtained  using  the  former  set  of  plate  equations  give  more 
detailed  information  on  the  transverse  and  in-plane  motions  of  the  plate,  the 
results  also  show  that  the  error  introduced  when  the  simplified  place  equation  is 
used  depends  on  the  plate-radius- to-plate-thickness  ratio  and  on  Poisson's  ratio. 
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Table  I.  Values  of  F(j^  ,p) 
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Finite  Amplitude  Oscillations  of 
a  Thin  Elastic  Annulus 
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ABSTRACT 

The  free  and  forced  nonlinear  vibrations  of  an  annular  plate  with  a  free 
inner  boundary  and  a  clamped  •immovable  outer  boundary  are  studied.  Steady  state 
harmonic  oscillations  are  rssumed  and  the  time  variable  is  eli.  mated  by  a 
Kr- torovich  averaging  method.  Thus,  the  governing  equations  for  the  axisymmctric 
motion  of  the  plate  are  reduced  to  a  pair  of  ordinary  differential  equations  which 
form  a  nonlinear  eigenvalue  problem.  Approximate  solutions  are  obtained  by  uti¬ 
lizing  the  related  initial-value  problem  in  conjunction  with  a  numerical  method  of 
integration.;  The  results  reveal  that  the  transverse  shape  of  vibration,  bending 
and  membrane  stressec,  and  frequency  are  nonlinear  functions  of  amplitude.  Experi¬ 
mental  resonance  data  is  presented  for  a  diiecr  comparison  with  the  theoretical 
results . 


INTRODUCTION 


Modern,  light-weight  designs  often  require  that  thin-plate  structures  be 
able  to  withstand  large  amplitudes  of  vibration  when  they  are  subjected  to  severe 
dynamic  loading  conditions.;  If  the  amplitudes  of  motion  are  of  the  same  order  of 
magnitude  as  the  thickness  of  the  plate,  then  the  mathematical  description  of  the 
motion  must  be  extended  from  classical  linear  plate  theory  to  include  deformation 
of  the  middle  plane.  In  the  development  of  a  suitable  theory,  geometric  nonline¬ 
arities  arise  in  a  coupling  of  membrane  and  bending  theories  for  thin  plates.  Due 
to  the  complex  nature  of  the  resulting  governing  equations  it  appears  that  the 
only  present  means  of  solution  to  largp  amplitude  plate  vibration  problems  Is  by 
approximate  methods  of  various  types. 

Approximate  solutions  are  commonly  obtained  by  separating  the  variables  and 
Implementing  function  space  methods  (methods  which  minimize  a  measure  of  error  on 


*This  paper  is  condensed  from  the  first  author's  doctoral  thesis  submitted  to  the 
Department  of  Applied  Mechanics,  Kansas  State  University. 
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a  function  space)  for  the  purpose  of  eliminating  the  assumed -space-mode  shape 
function  from  the  governing  equations  [1,2,3,4.31. 

Problems  Involving  the  Targe  Jeflectlons  of  annular  plates  have  received 
limited  attention.  In  thi.  paper  the  problem  of  large  amplitude  vibration  of 
annular  plates  is  formulated  in  terms  of  von  Kansan's  [6]  Jynamic  equations.  The 
problem  could  be  formulated  in  terms  of  Berger's  equations  [7],  but  the  neglect  of 
the  second  strain  invariant  of  the  middle  plane  lacks  basic  physical  justification. 
Assuming  the  existence  of  harmonic  vibrations,  the  time  variable  is  eliminated  by 
employing  a  Kantorovich  averaging  method.  Thus,  the  basic  governing  equations  for 
the  problem  are  reduced  to  a  pair  of  ordinary  differential  equations,  which  form  a 
nonlinear  boundary-value  problem.  A  numerical  study  of  these  equations  is  pro¬ 
posed  by  introducing  the  related  .ntial-value  problem.  A  few  specific  cases  of 
free  and  forced  vibration  associated  vith  fundamental  mode  are  Investigated  in 
detail,  and  the  corresponding  results  are  illustrated.  An  experimental  study  of 
the  resonant  characteristics  of  an  annular  plate  is  also  presented  for  direct 
comparison  with  the  theory. 

THE  GOVERNING  EQUATIONS  OF  MOTION 

Consider  a  thin  annular  plate  located  in  its  initially  undeformed  configu¬ 
ration  by  cylindrical  coordinates  r,  6,  and  z.  The  annulus  is  composed  of  an 
elastic,  homogeneous  and  isotropic  medium  bounded  by  the  p) mes  z  =  +h/2  and  the 
cylindtrs  r  «  b  and  r  »  a.  The  plate  is  excited  in  a  manner  which  produces  large- 
amplitude,  flexural  vibrations. 

With  appropriate  assumptions  [9]  the  non-vanishing  components  of  strain  are 
found  to  be 
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where  u(r,t)  and  w(r,t)  are  the  radial  and  transverse  components  of  mid-plane 
displacement,  respectively.  In  terms  of  Hooke's  laws  the  radial  and  circumferen¬ 
tial  stresses  are  given  by 
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Writing  the  equilibrium  equation  for  the  forces  in  the  radial  direction  and 
neglecting  the  longitudinal  inertia,  the  result  is 
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By  eliminating  the  radial  displacement  function  u(r,t)  from  equations  (3b)  and 
(3c),  the  compatability  equation 
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is  obtained  with  the  aid  of  equation  (3a).  When  the  stress  function  4>(r,t)  and 
the  corresponding  relations 
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r  r  *  8  3r 
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which  satisfy  (3a)  exactly,  are  introduced  into  equation  (4),  the  result  is 
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The  equilibrium  equation  of  moments  about  a  circumferential  tangent  is 
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By  applying  d'Alembert's  principle,  dynamic  equilibrium  of  the  transverse,  z, 
forces  requires  that 

If  (rV  =  phr  71  <rNr  If)  W) 

a  t 

where  p  is  the  mass  density  of  the  plate  and  q(r,t)  is  the  lateral  loading 
intensity.  Combining  equations  (7-9),  one  obtains  the  equation 
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with  <ii/r  being  substituted  for  Nf.  Equations  (6)  and  (10)  are  dvnamic  forms  of 

von  Karman's  equations,  which  govern  the  finite-amplitude,  axisvnmetric  vibration 
of  a  thin  annular  plate. 

By  introducing  the  dimensionless  quantities 
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equations  (6)  and  (10)  can  be  written  as 
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APPROXIMATE  ANALYSIS 


An  exact  solution  of  the  differential  equations  (11)  is  at  present  unknown. 
The  standard  Fouri< c  analysis  used  in  linear  vibration  problems  cannot  be  applied 
in  an  exact  sense  due  to  the  nonlinear  character  of  the  differential  equations 
which  causes  a  coupling  of  vibration  modes.  Consequently,  the  analysis  and  solu¬ 
tion  of  the  problem  must  be  completed  in  some  approximate  manner.  The  following 
averaging  method  is  proposed  in  an  attempt  to  find  an  assumed-time-mode  solution 
[9]  of  the  equations  (11). 

Kantorovich  Averaging  Method 

The  first  simplifi.  ation  is  imposed  by  taking  the  time  varying  loading 
intensity  to  be  of  the  form 


P(5,t)  =  Q(5)  sinur 


(12) 


With  the  plate  being  subjected  to  a  sinusoidal  loading,  it  is  assumed  that  the 
steady  state  response  can  be  closely  approximated  by  the  expressions 

x(5,t)  ■=  G(0  sinut  (13a) 

4(5, t)  -  F(C)  sin2mT  (13b) 

where  G(5)  and  F(5)  are  undetermined  shape  functions  of  vibration.  The  assumption 
(13b)  follows  from  (13a)  and  the  supposition  that  the  resulting  membrane  stresses 
should  be  Independent  of  the  up  or  down  position  of  the  plate.. 

Substituting  (13)  into  the  governing  equation  (11a),  one  finds 
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Since  expressions  (12)  and  (13)  cannot  satisfy  equation  (lib)  for  all  t,  the 
integral 
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is  employed  to  obtain  a  governing  equation  which  closely  approximates  (lib)  within 
the  limits  of  the  assumed  form  of  motion  and  loading  as  given  in  equations  (13) 
and  (12),  respectively.  For  any  instant  of  time  t,  the  above  integral  is  equal  to 
the  virtual  work  of  all  the  tranverse  forces  as  they  move  through  a  virtual  dis¬ 
placement  dx  *  4G  sinuT.  Substituting  expressions  (12)  and  (13)  into  equation  (15) 
and  equating  the  average  virtual  work  over  one  period  oscillation  to  zero,  i.e., 

2x/u 

IA  «  J  I  dr  =  0,  (16) 

o 

yields 

V4G  -  A  -  9(^)2  i  ^  (F  4|)  -  Q(5)  (17) 

Thus,  the  assumed  harmonic  vibrations  become  governed  by  the  pair  of  nonlinear, 
ordinary  differential  equations,  (14)  and  (17).  For  convenience  let 

G(5)  =  Ag(5)  and  F(5)  =  A2f(5)  (18) 
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where  A  is  an  amplitude  parameter,  and  g(0  and  f(5)  are  revised  shape  functions. 
Substitution  of  expressions  (18)  into  equations  (14)  and  (17)  results  in  the  final 
fortis  of  governing  differential  equations 
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The  boundary  conditions  for  an  annual  plate  with  a  free  inner  edge  and  a 
clamped  itmsovable  outer  edge  are 
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The  equations  (19)  compose  a  nonlinear  two-point  boundary-value  problem  which 
describes  the  harmonic  response  of  an  annular  plate  undergoing  finite  amplitude 
oscillations.  Solving  this  nonlinear  boundary-value  problem  completes  the  analy¬ 
sis  and  reveals  the  salient  characteristics  of  the  plate  under  investigation.- 

Initial-Value  Method 


Due  to  the  nonlinearity  in  the  boundary-value  problems  posed  by  equations 
(19),  approximate  solutions  are  proposed  through  the  direct  application  of  numeri¬ 
cal  integration  to  the  following  initial-value  method  [8).; 

"■he  governing  field  equations  (19)  can  be  written  as  the  system  of  six 
first-order  equations 
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and  H  is  the  appropriately  defined  (6x1)  vector  function.  It  is  no“ed  that 
equations  (20a)  conta  .n  two  parameters  a  and  X  which  may  be  considered  as 
additional  unknowns.  In  order  to  obtain  a  unique  relationship  between  amplitude, 
</a,  and  frequency,  v'T,  an  additional  restriction,  which  supplement'  the  boundary 


S2S 


conditions,  must^  be  placed  on  Y(5).  This  requirement  is  fulfilled  by  normalizing 
a  component  of  Y(R).  Thus,  the  boundary  conditions  are  written  in  the  generalized 
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The  system  of  equations  (20)  is  studied  convenie.itly  by  introducing  the 
related  initial-value  problem 


dZ 

dt 


H  U,Z;  a,\,Q*) 


Z(R)  =  Y*(n1,n2) 


(21a) 


which  contains  initial  values  that  satisfy  the  boundary  conditions  (20b).  It  is 
now  supposed  that  for  a  known  function  Q*(f,),  a  solution  of  the  initial-value  prob¬ 
lem  (21)  is  obtained  on  the  closed  interval  [R , 1  ] .  ihis  solution  is  symbolically 
denoted  by 


Z  =  Z  (f,;n,a) 
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The  secondary  arguments  hero  indicate  thwt  the  solution  depends  upon  the  set  of 
parameters  n  and  a.  From  this  solution  and  the  boundary  conditions  (20c)  the 
three  simultaneous  equations 


NZ(l;n,a)  =  0 


(22) 


may  be  constructed.-  Thus,  it  is  seen  that  solving  th£  boundary-value  problem  (20) 
is  equivalent  to  obtaining  a  functional  relation  n  *  n(a)  such  that 
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forms  an  a-dependent  family  of  solutions  to  (20). 

For  a  fixed  value  of  a,  say  o  =  a®,  equations  (22)  reduce  to  three  transcen¬ 
dental  equations 


NZ(l;n,a“)  =  0 


(23) 


in  terms  of  three  unkrowns,  n.  A  root,  n°,  of  (23)  may  be  found  by  a  direct 
application  of  Newton’s  method.  Starting  from  an  initial  guess,  n^,  the  iterative 
sequence 

\-:-l  =  \  +  A\  ’  k  =  1>2>3»---  (24a) 

is  generated.  Retention  of  first-order  terms  of  a  Taylor  series  expansion  of  (23) 
about  n^f  provides  the  linear  correction 

Ank  =  -  fN(J1)lt]"1  NZ(l;nk,a°)  (24b) 
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step  of  iteration. 


The  (6x3)  matrix  (J^)  is  defined  as 
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and  can  be  interpreted  physically  as  the_change  of  final  values  with  respect  to  a 
change  of  data,  n..  The  expression  for  An.  In  (24b)  is  the  product  of  the  inverse 

th  ^  ~~ 

Jacobian  matrix  and  the  k  error  vector.;  If  the  starting  guess,  n  ,  is  in  a 

sufficiently  small  neighborhood  of  n®,  then  convergence  of  the  sequence,  nk  to  the 

root,  n°,  can  be  expected.  Since  an  explicit  solution  of  the  initial-value  prob¬ 
lem  cannot^  be  readily  obtained  due  to  the  nonlinear  character  of  the  vector 
function  H,  the  expression  for  (J^)  in  (24)  cannot  be  evaluated  diroctlv. 

Therefore,  a  method  of  constructing  the  (Jj)  mo'rix  at  any  given  step  of  iteration 

mus t_ be  devised.  Differentiation  of  the  initial-value  problem  (21)  with  respect 
to  n  in  a  formal  manner  yields  the  variational  problem 


(il) 

3H 

+  (— ) 

S 

(26a) 

3n 

3n 

3Z 

/il 

^  - 

ili. 

(26b) 

'  3  n  . 

ii 

& 

which  is  composed  of  eighteen  first-order  equations  and  a  corresponding  set  of 
initial  values.;  For  a  given  vectoi,  n,  and  a  =  o°,  this  derived  problem  and  the 
initial-value  problem  (21)  may  be  integrated  simultaneously,  at  least  numerically 
on  the  interval  (R,l].  Evt'uation  of  the  resulting  solution  to  the  variational 
problem  at  5=1  provides  the  (J^)  matrix  corresponding  to  the  given  values  of  n 

and  a  =  a®,.  Thus,  by  cetti-g  u  =  and  integrating  equations  (21)  and  (26)  from 
5=R  to  5=1,  the  first  corrected  vector,  n7.  can  be  calculated  according  to  equa¬ 
tions  (24).,  Returning  with  n  «  and  repeating  the  same  operations,  one  obtains 
the  second  corrected  vector,  n^.  Successive  repetition  of  this  procedure  yields 
the  desired  sequence,  nk*.  In  summary,  the  two  initial-value  problems  (21)  and 

(26)  in  conjunction  with  Newton's  method  provide  a  convenient  mode  of  investi¬ 
gating  the  two-point  boundary-value  problem  (20)  when  the  value  of  a  is  held 
fixed.; 
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The  analysis  of  Che  nonlinear  system  (20)  is  completed  when  Che  funcdonal 
relation,  n  *  n(a),  and  accoapanying  solutions 

7  «;a)  »  Z  (t;n(a),n) 

are  established.  The  initial-value  method  may  be  used  to  accomplish  this  in  a 
discrete  manner,  i.e., 

n1  =  n^a1)  ;  i  *  0,l,2,...,m  (27) 

After  having  obtained  a  root,  n*,  which  corresponds  to  a  =  a0,  the  value  of  a  can 
be  perturbed 

u  =  a"  +  Aa"  = 

For  this  value  of  a  iteration  is  reinstated  starting  from  n  =  n°-  If  Aa°  is  not 
exceedingly  large,  then  n°  is  contained  in  the  new  contraction  domain  of  Newton's 

method,  and  iteration  converges  to  the  root,  n^,  corresponding  to  a  *  o\ 

Successive  repetition  of  this  analytic  continuation  approach  leads  to  the  relation 
given  in  (27)  with 

ai+1  =  a1  +  Aa1;  i  =  0,1,2, ... ,m-l 
NUMERICAL  COMPUTATION 

The  theoretical  analysis  presented  above  suggests  the  employment  of  a  numeri¬ 
cal  integration  technique.  Thus,  by  integrating  the  initial-value  problems  (21) 
and  (26)  simultaneously  with  a_fourth-order  Runge-Kutta-Gili  method  and  performing 
the  successive  corrections  of  q  according  to  Newton's  method,  approximate  solu¬ 
tions  to  the  governing  system  (20)  can  be  obtained. 

First,  the  problen  is  reduced  to  that  of  free  vibration  by  letting  Q*  i  0, 
and  then  a  is  set  equal  to  zero,  a°  =  0.  In  this  case  the  equation  (19b),  which 
governs  the  transverse  displacement,  becomes  linear  and  has  a  well-known  general 
solution  [10].  This  Information  provides  a  reasonable  starting  guess,  n^, 

required  by  the  initial-value  -ethod.;  For  n  -  hj,  the  initial-value  problems  (21) 

and  (26)  are  integrated  numerically  on  [R, 1 )  with  a  step-size,  Ap.  Successive 
correction  and  integration  are  carried  out  until  each  of  the  equations  in  (23)  is 
satisfied  within  the  range  of  a  prescribed  error;  this  allowable  error  being 

consistent  with  the  order,  0(|Au|4),  of  the  Runge-Kutta-Gn.1  method..  The  corre¬ 
sponding  approximate  values  of  (r^.n^*^0)!  components  of  n°,  are  stored  and  the 

solution  is  recorded.-  From  this  "linear"  solution  the  effects  of  finite  ampli¬ 
tudes  can  be  examined  with  the  continual  use  of  the  concept  of  neighboring 
solutions. 

By  gradually  Incrementing  the  value  of  a  and  restarting  the  correction  and 
integration  procedure  from  those  values  of  (rij.r^'^)  obtained  in  the  solution 

corresponding  to  the  previous  value  of  a,  discrete  representations  of  the  reso¬ 
nance  curve  and  accompanying  solutions  are  found.  This  process  is  terminated 

momentarily  when  a  reaches  a  prescribed  maximum,  a™,  and  the  corresponding  values 
of  are  stored.  At  this  stage  the  steady  state  response  due  forced 

oscillation  can  be  determined  by  a  perturlition  technique  which  takes  advantage  of 
the  resonant  characteristics  of  the  plate.:  On  setting  a  =  am,  (n^.Hj,*)  = 

)  and  applying  a  small  load,  Q*(t),  to  the  plate,  the  response  is  easily 
determined  with  a  slight  modification  of  the  above  mentioned  process.;  Namely,  the 
type  of  loading,  Q*(0,  is  held  fixed  while  the  value  of  a  is  gradually  decre¬ 
mented  from  am  as  the  integration  and  correction  procedure  of  the  initial-value 
method  yields  successive  solutions  to  the  forced  problem.-  Since  the  /a  in 
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equation  (19b)  is  considered  to  be  positive,  Q* (Og(()<0  implies  that  the  force  is 
180*  out  of  phase  with  the  response,  and  Q*(C)g(C)>0  implies  that  the  force  is  in 
phase  with  the  response.  Hence,  two  distinct  response  curves  are  obtained  for 
+  Q*(5)  and  -  Q*(5).  It  is  noted  that  the  continuity  of  solutions  with  respect  to 
Q*(5)  and  a  allows  die  utilization  of  this  approach. 

Nuaerical  solutions  to  equations  (21)  and  (26)  were  obtained  with  a  fourth- 
order  Runge-Kutta-Gill  method  using  a  step-size,  An  »  1/AO.  The  suitability  of 
this  step-size  was  examined  by  conducting  several  trials  with  Ap  3  1/20,  1/AO, 

1/80.  For  each  element,  a1,  of  a  sequence  which  defined  discrete  values  of_a, 
successive  corrections  of  (n-.n,,*)  were  performed  until  the  final  values,  2(1), 
satisfied  the  norm, 

WL<3  I  nil  zi(1)  iO.lxlO'1  (28) 

- I  j=l  i 

where  (n^)  =  H  and  z^(l)  *  2(1).-  The  resulting  approximate  solutions  to  equa¬ 
tions  (20)  "ere  recorded  in  sequential  order.  The  a-dependence  of  solutions  was 
establishes  1/  letting  ai+1  «  a*  +  Aa1,  0<[Ao  |<0.1,  and  taking  the  solution 

J  * 

values  of  (n.,n,,l)  corresponding  to  a  =  a  as  initial  approximations  to  those 
solution  values  corresponding  to  a  =  a 

Figures  1-6  illustrate  the  type  of  results  that  were  found  for  free  vibra¬ 
tions.  The  resonance  curves  for  radii  ratios  of  R  =  0.1  and  R  -  0.3  are  shown  in 
Fig.  1,  where  and  are  the  deflections  at  the  inner  edges.;  Observing  the 

near  parallelism  of  the  two  curves,  the  influence  of  R  upon  the  degree  of 
nonlinearity  is  apparently  small. 

The  "swelling  of  the  mode"  with  increasing  amplitude  (inertial  force)  is 
shown  in  Fig.  2.  It  is  seen  that  the  nonlinear  mode  shape  when  a  «  A.O  differs 
significantly  from  the  linear  ( a  «  0.0)  mode  shape.  Intuitively,  the  influence 
of  amplitude  upon  the  distribution  of  bending  stress  should  be  of  greater  signifi¬ 
cance  since  the  bending  stresses  are  related  to  derivatives  of  the  transverse 
shape  function,  g(£). 


When  time,  T,  is  equal  to  tt/2u,  a  maximum  excursion  occurs  and  the 
expressions  for  the  stresses  are 


or  a2 
Eh2 

b  2 
g9  3 

Eh2 


rii  +  i 

2,  1  „2  (  dS  J 


2 (1-v  )  dC 


2(l-v  ) 


&  +  vi-f  j 

5  df2 


Eh 


— —  r  I  , 

1-v2  1  ^  1 


m  2 
o0  a 


Eh 


1-v 


-  f  —  1 
2  1  dt  J 


(29a) 

(29b) 


(2«c) 

(29d) 


Figures  3-6  show  the  stress  distributions  that  were  established  for  thi  free  vibra¬ 
tion  of  a  free  and  clamped-immovable  annulus  with  R  =  b/a  -  0.1.;  It  is  interest¬ 
ing  to  observe  the  rapid  changes  of  stress  levels  in  a  region  around  the  hole.- 
The  extreme  rise  in  the  circumferential  stresses  at  the  free  edge,  6=R,  illus¬ 
trates  the  occurrence  of  a  stress  concentration  phenomenon.-  It  is  thus  apparent 
that  the  circumferential  stresses  must  be  included  in  any  failure  criteria. 
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The  harmonic  response  in  a  neighborhood  of  the  first  node  of  resonance  was 
investigated  by  subjecting  the  annular  plate,  R  *  0.3,  to  a  unifora  loading 
distribution,  Q*.  The  response  curves  that  resulted  from  solutions  with  a  loading 

intensity  of  Q*  «  20  are  presented  in  Fig.  7,  where  W  is  the  deflection  at  Che 
inner  edge .  0 

EXPERIMENTAL  CONSIDERATIONS 


The  equipment  shown  in  Fig.  8  was  used  in  determining  experimental  resonance 
for  the  first  mode  of  vibration  of  an  annular  plate  with  a  free  Inside  edge  and  a 
built-in  outside  edge. 

The  plate  was  forced  into  motion  by  four  rubber  drivers  centered  around  the 
hole  and  mounted  on  a  small  circular  plate  which  was  connected  to  an  electro¬ 
dynamic  exciter.  The  exciter  was  powered  by  a  combination  audio  oscillator  and 
power  supply.  An  electronic  counter  displayed  the  driving  frequency  in  digital 
form.  A  micrometer  probe  which  extended  downward  from  a  plexiglass  frame  provided 
a  means  of  measuring  the  maximum  excursions  of  the  plate  from  its  equilibrium 
position. 


For  small  power  inputs  to  the  exciter,  preliminary  checks  on  linear  resonance 
and  mode  shapes  were  made  with  a  velocity  probe  and  sawdust  particles,  which  were 
placed  on  the  surface  of  the  plate  to  indicate  nodal  lines.  Then  with  the  power 
input  held  momentarily  constant  a  search  for  the  driving  frequency  that  resulted 
in  a  maximum  amplitude  of  response  for  the  first  mode  of  vibration  was  initiated.; 
The  micrometer  probe,  calibrated  in  thousandths  of  an  inch,  and  frequency  were 
adjusted  simultaneously  in  locating  the  maximum  response  at  the  edge  of  the  hole. 
In  particular,  the  frequency  was  increased  slowly  through  resonance  many  times 
while  the  probe  was  readjusted  each  time  until  the  maximum  amplitude  and  corre¬ 
sponding  frequency tere  found.  Readings  for  this  maximum  amplitude  were  taken 
when  the  micrometer  probe  just  lacked  contact  with  the  plate..  The  detectable 
difference  between  audible  contact  and  no  contact  was  found  to  be  less  than  one- 
thousandth  of  an  inch.  Repetition  of  the  above  procedure  for  increasing  power 
inputs  to  the  exciter  resulted  in  a  set  of  damped  natural  frequencies  and 
corresponding  amplitudes.; 


The  dimensions  and  physical  properties  of  the  test  specimen  are: 


a  =  5.045  in. 
b  =  0.505  in. 
h  «  0.037  ln.: 

E  -  29xl06  lb. /in. 2 
v  =  0.3 

o  «  0.000/'. 

in.4 


The  plate  was  released  and  reclamped  for  each  of  several  experiments  in  order 
to  ascertain  the  effectiveness  of  the  clamping  fixture.-  The  capabilities  of  the 
power  supply  and  exciter  along  with  the  choice  of  flexural  stiffness  in  the  speci¬ 
men  limited  the  maximum  attainable  amplitudes.  Figure  9  compares  experimental 
values  to  the  theoretical  resonance  curve.  The  inability  to  clamp  the  plate  in 
precisely  the  same  manner  for  each  experiment  is  the  probable  cause  of  the  shift 
in  frequencies  between  the  experiments. 


DISCUSSION  AND  CONCLUSION 


The  theoretical  study  presented  in  this  paper  is  based  on  the  assumption  of 
harmonic  oscillations.  Although  the  assumptions  (13)  contradict  the  insepara¬ 
bility  of  modes  in  von  Karman's  dynamic  equations,  however,  fundamental  physical 
arguments  can  be  made  to  justify  such  assumptions.-  The  experimental  resonant 
characteristics  that  were  found  for  the  annular  plate  are  indicative  of  the 
suitability  of  these  assumpt ions.- 
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Previous  works,  which  utilize  either  von  Kansan's  or  Berger's  dynamic 
equations,  have  approached  the  problems  of  large  amplitude  plate  vibration  by 
assuming  mode  shape  functions  and  applying  function  space  methods  to  eliminate  the 
space  variable.  This  procedure  places  limitations  upon  the  number  of  degrees  of 
freedom  that  can  be  maintained  in  the  resulting  assumed-space-raode  solution.-  In 
the  present  work  the  time  coordinate  function  is  assumed  and  eliminated  by  a  time 
averaging  method.  By  eliminating  the  time  variable  an  infinite  number  of  degrees 
of  freedom  in  the  space  coordinate  functions  are  maintained.  The  employment  of 
numerical  integration  leads  to  a  discrete  approximation  of  the  continuous  system. 
The  number  of  degrees  of  freedom  in  the  assumed-tioe-mode  solutions  and  the 
accuracy  of  computation  are  governed  by  the  choice  of  the  step-size,  An.  The 
numerical  solutions,  which  were  obtained  in  this  study,  reveal  that  the  mode  shape 
and  bending  stresses  in  addition  to  the  membrape  stresses  are  nonlinear  lunctions 
of  the  amplitude  of  vibration.  This  result  is  generally  not  achieved  by  assumed- 
space-mode  solutions. 

The  introduction  of  the  concentric  hole  results  in  significant  magnitudes  of 
membrane  stress  even  at  relatively  low  amplitudes  of  vibration.  This  effect  is 
due  to  a  stress  concentration  factor  at  the  edge  of  the  hole. 

Provided  that  the  initial-value  method  converges  for  modified  forms  of  the 
stifluess  matrices  M  and  N,  generalized  boundary  conditions  can  be  treated  without 
difficulty.: 

In  carrying  out  the  experiments  with  the  annular  plate  it  became  evident  that 
the  inclusion  of  damping  and/or  acoustical  effects  would  enhance  the  theory.  This, 
however,  may  prove  to  be  a  difficult  task.;  Also  the  higher  modes  and  stability  of 
vibration  have  not  been  considered  and  are  left  open  to  future  investigation. 
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A  Photoelastic  Study  of  Stress  Waves 
in  Fiber  Reinforced  Composites 


J.  W.  DALLY,  J.  A.  LINK  and  R.  PRABHAKARAN 

ILLINOIS  INSTITUTE  OF  TECHNOLOGY 


ABSTRACT 

The  methods  of  dynamic  photoelasticity  were  applied  to  the  study  of  stress  wave 
propagation  in  anisotropic  materials.  Transparent  birefringent  models  were 
fabricated  from  glass  liber  reinforced  plastics  and  a  pulsed  ruby  laser  system 
was  used  to  record  the  fringe  patterns.  Isochromatic  fringe  patterns  in  a  uni- 
directionally  reinforced  model  were  obtained  for  several  conditions  of  dynamic 
loading,  including  a  full-plane  with  internal  loading  and  a  half-plane  with  edge 
loading.  All  the  waves  observed  in  homogeneous  isotropic  materials,  namely  the 
P,  S,  PS  and  R  waves,  were  identified  in  the  case  of  the  orthotropic  models.  In 
addition,  a  new  wave  called  the  PS*  wave  was  observed.  It  is  suggested  that  the 
PS*  wave  was  generated  by  the  P  wave  as  it  pr  agated  across  the  glass  fibers. 
The  measured  velocities  of  the  P  wave  compared  well  with  the  values  obtained 
from  the  equation  for  the  plate  velocity  providing  the  equation  was  modified  to 
account  for  the  variation  in  the  elastic  constants  with  direction. 


I.  INTRODUCTION 


Wave  propagation  in  anisotropic  media  is  a  topic  which  has  received  considerable 
attention  beginning  with  Lord  Kelvin's  (1)  Baltimore  Lectures  in  1904,  Love  (2) 
in  1927  and  papers  by  Musgrave  (3)  Synge  (4)  and  Buchwald  (5)  in  the  1950's. 

These  papers,  highly  mathematical  in  nature,  deal  with  harmonic  waves  and  the 
establishment  of  wave  surfaces  in  homogeneous  crystalline  media  with  different 
degrees  of  anisotropy.  From  this  work  it  is  apparent  that  three  real  wave  veloc¬ 
ities  occur  regardless  of  the  direction  of  the  propagation  of  the  waves.  The 
displacements  associated  with  these  three  waves  are  orthogonal  with  one  wave 
corresponding  to  the  irrotational  dilatation  or  P  wave  and  the  two  remaining 
waves  being  associated  with  equivoluminal  distortion  with  the  displacement  par¬ 
allel  to  the  wave  fronts.  Also  it  was  noted  by  Synge  (4)  that  the  Rayleigh  wave 
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(for  a  certain  harmonic  frequency)  either  does  not  exist  or  that  it  is  propa¬ 
gated  in  certain  discrete  directions  with  corresponding  speeds. 

In  more  recent  literature,  wave  propagation  studies  in  anisotropic  media  have 
been  related  to  fiber  reinforced  t-oaqios  ites .  Achenbach  and  Herrmann  (6)  have 
considered  the  heterogeneous  nature  of  these  materials  and  have  predicted  wave 
velocities  along  the  fiber  direction  based  on  an  effective  stiffness  theory. 

Chou  et  al  (7),  using  a  control  volume,  derive  relations  for  the  dilatational 
wave  speed  in  the  direction  of  the  fibers  in  a  unidirectionally  reinforced  mate¬ 
rial. 

This  paper  deals  with  a  photoelastic  analysis  of  wave  propagation  in  fiber  rein¬ 
forced  composites.  The  experimental  methods  employed  are  relatively  new  as 
orthotropic-birefringent  model  materials  which  are  adequately  transparent  for 
photoelastic  analysis  are  recent  developments.  Also,  the  methods  for  interpre¬ 
tation  of  the  isochromatic  and  isoclinic  data  are  srill  i  he  development  stage. 
Pih  and  Knight  (8)  and  Sampson  (9',  have  developed  techniq  to  produce  the  mate¬ 
rials  and  have  proposed  versions  of  the  stress-optic  law  fc  'thotropic  mate¬ 
rials.  Dally  and  Prabhakaran  (10,11,12)  have  developed  simp..  .•  methods  for  pro¬ 
ducing  model  materials,  predicted  fundamental  photoelastic  constants  f^,  f^  and 
f  based  oi.  the  properties  of  the  constituents  and  have  theoretically  and  ex¬ 
perimentally  verified  a  stress-optic  law  in  close  correspondence  with  that  ad¬ 
vanced  by  Sampson. 

Much  work  remains  to  be  accomplished  in  photoorthotropic-elasticity  before  the 
method  can  be  applied  to  general  static  analyses.  However  it  appears  appropri¬ 
ate  to  initiate  work  on  the  dynamic  problem  in  spite  of  the  incompleteness  in 
the  development  of  the  experimental  method.  The  full-field  visualization  of  a 
dynamic  fringe  pattern  will  permit  identification  of  the  various  wave  types, 
estimates  of  the  wave  velocities  and  observation  of  the  effects  of  the  hetero¬ 
geneous  nature  of  the  fiber  reinforced  model  materials.. 

The  experimental  procedures  involving  Che  fabrication  of  transparent-birefring- 
ent  fiber  rei  .rorced  materials  and  the  dynamic  p’.otnelastic  recording  system 
are  covered  in  Section  II.  The  photoelastic  results  are  described  in  Section 
III  and  these  results  are  compared  with  theoretical  predictions  of  wave  speeds 
in  Section  IV. 

II.  EXPERIMENTAL  PROCEDURE 


A.  Material  Preparation 

A  photoelastic  study  of  stress-wave  propagation  in  anisotropic  materials  r.- 
quires  the  development  of  large  sheets  of  model  material  which  are  sufficiently 
transparent  for  light  to  be  transmitted  in  a  polariscope.  Also,  the  model  ma¬ 
terial  must  exhibit  the  required  degree  of  anisotropy  and  show  an  adequate 
degree  of  photoelastic  sensitivity. 

The  development  of  transparent  anisotropic  model  materials  for  photoelasticity 
is  quite  recent.  Pih  and  Knight  (8)  and  then  Sampson  (9)  were  the  first  to 
report  on  anisotropic  materials.  These  investigators  utilized  glass  roving  and 
epoxy  resins  and  employed  an  elaborate  fabrication  process  involving  filament 
winding  and  evacuation  of  entrapped  air,  to  fabricate  transparent  materials. 

More  recently,  Dally  and  Prabhakaran  (10)  have  developed  a  simpler  metho  of 
producing  both  unidirectionally-,  and  bidirectionally  -  reinforced  model  mate¬ 
rials  by  utilizing  commercial  glass  fabrics  and  j  blend  oi  polyester  resin 
specially  formulated  to  match  Che  refractive  indices  of  the  two  constituents. 

The  glass  fiber  reinforced  laminates  produced  were  larger  in  size  than  those 
obtained  before  and  were  sufficiently  transparent  to  give  very  well  defined 
photoclastic  fringe  patterns.  The  reinforcement  for  the  photoclastic  model 
materials  was  E-glass  fibers  available  in  the  form  of  woven  fabrics,-  Two 
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different  fabrics  were  used  in  fabricating  the  unidirectionaliy  reinforced 
laminates.  Plies  of  these  glass  cloths  were  cuL  to  size  and  their  ends  taped. 
Glass  fabric,  style  7500,  provided  the  major  share  of  the  reinforcement.  Be¬ 
cause  of  its  open  weave,  the  filler  fibers  could  be  easily  removed.  A  few  plies 
of  a  second  glass  fabric,  style  1557,  were  also  used  in  the  laminate.  The  style 
1557  cloth  having  85  per  cent  of  its  glass  fibers  in  the  warp  direction  was 
used  for  two  reasons.  First,  the  presence  of  the  filler  fibers  would  facilitate 
machining  of  holes  in  the  laminate.  Secondly,  these  filler  fibers  greatly  re¬ 
duce  residual  birefringence  due  to  shrinkage  in  curing  the  laminate.  The  num¬ 
ber  of  plies  of  glass  fabrics,  style  1557  and  style  7500,  were  arranged  in  the 
laminate  as  1-7- 1-7 — 1 . 

For  the  matrix  material,  Paraplex  P444A  was  selected  as  the  base  resin.  This 
polyester  resin  was  blended  with  30  per  cent  styrene  monomer  (by  weight)  in 
order  to  produce  a  refractive  index  of  1.548,  which  was  the  same  as  that  of  E- 
glass.  The  resin  system  was  mixed  with  0.5  per  cent  benzoyl  peroxide  and  0.5 
per  cent  methylethyl  ketone  peroxide  to  accelerate  the  cure. 

The  plies  of  glass  fabrics  were  soaked  in  the  resin  bath  to  obtain  complete  im¬ 
pregnation.  The  wet  plies  were  then  sandwiched  between  two  sheets  of  mylar  film 
in  a  tensioning  frameand  stretched  to  obtain  parallel  alignment.  The  wet  layup 
was  rolled  to  carefully  remove  all  of  the  entrapped  air  and  then  placed  between 
heavy  flat  plates  to  prevent  the  air  from  re-enLering.  The  layup  was  cured  in 
a  platen  press  at  10  psi  pressure  for  2  hours  at  67  C  and  then  for  4  hours  at 
100°C. 

The  cured  laminates  were  12x10  in.  in  size  and  0.1  in.  thick.  As  the  transverse 
fibers  in  the  laminates  constituted  less  than  3  per  cent  of  the  total  glass  con¬ 
tent  in  the  longitudinal  direction,  Che  material  was  considered  to  be  unidirec- 
tionally  reinforced.;  The  volume  fraction  of  the  glass  was  40  per  cent  by  weight 
and  the  resulting  product  was  sufficiently  transparent  to  permit  photographic 
recording  of  dynamic  fringe  patterns  with  exposure  times  of  about  100  nano¬ 
seconds. 

B.  Dynamic  Recording  Methods 

While  the  composite  model  materials  are  sufficiently  transparent  for  static 
photoelastic  applications,  they  absorb  enough  light  so  as  to  preclude  the  use 
of  the  multiple-spark  gap  camera  (13)  for  recording  the  fringe  patterns.  To 
circumvent  this  difficulty,  a  single-shot  recording  system  was  used  with  a 
pulsed  ruby  laser  as  a  light  source,-  This  recording  system,  shown  schematically 
in  Fig.  1,  is  similar  to  the  system  described  previously  by  Taylor  and  Hcmann 
(14).  The  components  in  the  laser  assembly  were:  the  Raytheon  L116  ruby  laser 
head  which  contains  a  3/8  in.  diameter  by  3  1/4  in.  ruby  rod  ,,nd  a  EGG  FX-42 
flash-lamp  in  a  highly  reflective  elliptical  cavity;  a  Crystalab  EOM-512D 
Pockels  cell  with  a  quarter  wave  voltage  of  5.7  K  volts,  a  Clan-laser  prism  and 
a  99  per  cent  reflective  plane  multilayer  dielectric  mirror. 

The  laser  was  operated  in  the  Q-spoilcd  mode  by  removing  the  quarter  wave  volt¬ 
age  from  the  Pockels  cell  with  a  negative  going  pulse  of  extremely  short  dura¬ 
tion  from  a  high  voltage  pulse  amplifier.  The  pulse  of  light  issued  from  the 
laser  operated  in  th.s  mode  was  sufficiently  intense  to  permit  the  recording  of 
dynamic  fringe  patterns  with  these  composite  models.-  The  light  pulse  was  also 
extremely  short  in  duration  (about  100  nano  seconds)  permitting  dynamic  resolu¬ 
tion  (15)  of  a  line  array  of  100  lincs/in.;  propagating  at  a  velocity  oi  10^  in./ 
sec . 

The  beam  of  light  from  the  laser  was  expanded  with  a  lens  system  and  passed 
through  two  circular  polaroids  (HNCP— 37)  to  give  a  light-field  polariscopc  with 
a  nine  in.-  diameter  field.  Dynamic  records  were  made  in  an  ordinary  conmercial 
view  camera  on  Kodak's  high-speed  infrared  film.  As  the  recording  system  was 
capable  of  only  a  single  record  during  the  dynamic  event,  it  was  necessary  to 
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repeat  the  event  and  change  the  tiae  between  the  application  of  the  load  and  the 
recording  of  the  fringe  pattern. 

The  loads  were  applied  by  utilizing  scull  charges  of  lead  azide  (200-700  ag.). 
The  tine  of  the  initiation  of  the  charges  was  controlled  to  +  2psec  by  igniting 
the  lead  azide  with  a  bridge  wire  activated  by  a  2000  volt  pulse  froa  a  20  joule 
source.  A  delay  generator  was  employed  to  fire  the  ruby  laser  at  a  preselected 
tiae  to  +  lpsec  after  detonating  the  explosive.  A  high  speed  photo  diode  was 
used  in  conjunction  with  an  oscilliscope  to  record  this  event  time.  By  repeating 
this  process,  it  was  possible  to  generate  several  tine-sequenced  records  of 
fringe  patterns  representing  wave  propagation  in  composite  models. 

III.  PHOTOELASTIC  RESULTS 

A.  The  Full  Plane  Model 


In  the  first  dynamic  test,  the  load  was  generated  by  a  230  mg.  charge  of  lead 
azide  packed  into  a  3/8  in.  diameter  hole  in  the  center  of  a  plate  0.1x10x12  in. 
in  size.  This  model  represents  a  center  of  dilatation  in  an  entire  plane.  The 
record  of  the  isochromatic  fringe  pattern  made  27  psec.  after  application  of  the 
loading  pulse  is  presented  in  Fig.  2. 

These  isochromatic  fringes  represent  the  stress  waves  propagating  in  an  ortho¬ 
tropic  full-plane.  Three  different  waves  can  be  clearly  identified.  The  first 
is  the  dilatational  or  P  wave  which  is  propagating  with  the  highest  velocity. 

The  fringes  associated  with  the  P  wave  arc  oval  in  shape  because  o.  the  depend¬ 
ence  of  the  P  wave  velocity  on  direction  in  an  orthotropic  medium.  Along  the 
L  direction  (the  major  axis  of  the  oval),  the  P  wove  has  developed  a  significant 
tail  showing  a  marked  oscillation  in  the  stress  field  behind  the  front.  Along 
the  T  direction  no  oscillations  are  evident. 

The  isochromatic  fringe  patterns  due  to  the  shear  waves  in  Fig.  2  are  complex 
because  two  different  waves  of  this  type  are  evident.  The  first  is  the  inci¬ 
dent  shear  or  S  wave  which  is  generated  at  the  source  and  produces  its  maximum 
photoelastic  response  near  the  45  degree  diagonals.  As  the  shear  stresses  can¬ 
not  exist  on  the  L  and  T  axes,  photoelastic  response  due  to  the  incident  S  wave 
front  in  these  regions  does  not  occur. 

The  second  shear  wave  is  connected  with  the  P  wave  at  the  T  axis.  It  appears 
that  the  P  wave  generates  this  trailing  PS*  wave  as  it  propagates  along  the  T 
axis,  in  a  manner  similar  to  the  generation  of  a  Von-Schmidt  wave  at  the  free 
boundary  of  a  half-plane.  The  trailing  PS*  wave  appears  to  be  tangent  to  the 
incident  S  wave  which  is  consistent  with  the  concept  of  the  continuous  generation 
of  the  PS*  wave  as  the  P  wave  propagates  along  the  T  axis  and  across  the  longi¬ 
tudinally  oriented  glass  fibers. 

B.  The  Half  Plane  with  Edge  Loading 

Two  series  of  tests  were  conducted  with  the  half-plane  loaded  with  a  500  mg.  lead 
azide  charge  at  one  point  on  the  boundary.  In  the  first  series,  the  longitud¬ 
inal  axis  of  the  orthotropic  model  was  parallel  to  the  boundary.  Isochromatic 
fringe  patterns  associated  with  this  model  were  recorded  at  18,  25  and  35  psec 
after  detonating  the  charge.  These  patterns  presented  in  Fig.  3  show  the  ex¬ 
panding  wave  forms  and  the  development  of  several  distinct  wave  fronts. 

In  the  first  frame  at  18  psec,  the  fringes  associated  with  the  leading  P  wave  are 
quite  evident;  however,  the  PS,  S,  and  Rayleigh  waves  have  not  propagated  far 
enough  to  be  clearly  distinguished.  The  fringes  in  the  second  frame  (t  =  25 
psec)  have  separated  far  enough  to  clearly  identify  the  P  wave  and  the  plane 
fronted  PS  wave  generated  by  the  P  wave  as  it  moves  along  the  free  boundary  at 
grazing  incidence.  Along  the  L  axis  it  should  be  noted  that  there  is  clear 
evidence  of  a  long  oscillatory  tail  following  the  P  wave.  The  incident  shear 
or  S  wave  appears  to  show  its  maximum  response  along  a  line  making  an  angle  of 
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about  50  degrees  with  the  L  axis.  The  Rayleigh  or  R  wave  can  be  identified 
although  it  is  still  combined  to  some  degree  with  the  tail  of  the  P  wave. 

The  final  frame,  recorded  at  35  usee,  shows  the  fringes  associated  with  each 
wave  after  separation  is  effectively  complete.  The  P  wave  has  attenuated  sig¬ 
nificantly;  however,  there  is  still  a  very  clear  indication  of  its  oscillatory 
tail  along  the  L  axis.  The  planar  front  of  the  PS  wave  is  tangent  to  the  inci¬ 
dent  S  wave.  Both  the  surface  and  subsurface  characteristics  of  the  Rayleigh 
wave  can  be  distinguished  although  the  response  is  too  low  to  make  a  detailed 
comparison  between  the  R  wave  form  in  isotropic  (16)  and  orthotropic  materials. 

Again,  it  is  evident  that  the  P  and  the  S  waves  appear  to  be  connected  near  the 
T  axis  by  the  PS*  wave.  As  the  P  wave  propagates  across  the  fibers  it  appears 
to  generate  a  new  shear  wave  (PS*)  similar  to  a  von-Schmidt  wave.  This  wave 
was  identified  previously  on  Lhe  full  plane  (Fig.  2);  however,  it  is  more 
clearly  defined  in  this  half-plane  model.  The  fringe  pattern  associated  with 
the  juncture  of  the  incident  S  wave,  the  PS  wave  and  the  PS*  wave  shows  the 
superposition  of  these  three  waves. 

The  second  series  of  tests  with  the  half-plane  were  made  on  a  model  with  its 
longitudinal  axis  normal  to  the  boundary.  Two  fringe  patterns  recorded  at  times 
of  18  and  30  |isec  in  the  dynamic  evert  are  presented  in  Fig.  4.  The  first  frame 
shows  the  P  wave  with  a  large  fringe  order  response  along  the  L  axis  followed 
by  an  oscillatory  tail.  The  response  due  to  the  P  wave  along  the  T  axis  is 
much  smaller.  The  other  waves  have  not  separated  and  cannot  be  distinguished 
easily.  The  second  frame  taken  at  30  usee  shows  four  different  wave  forms 
which  include  the  leading  P  wave,  the  von  Schmidt  PS  wave,  the  incident  shear 
wave  and  the  Rayleigh  wave.  It  is  not  possible  to  identify  a  PS*  wave  as  it 
should  coincide  with  the  PS  wave  for  this  model. 

IV.  ANALYSIS  OF  PHOTOELASTIC  RESULTS 


Analysis  of  the  photoelastic  results  to  give  the  distribution  of  the  dynamic 
stress  fields  propagating  in  orthotropic  materials  cannot  be  accomplished.  The 
stress-optic  law  for  photo-orthotropic-elasticity  has  not  as  yet  been  verified 
in  biaxial  stress  fields.  Analysis  would  be  possible  along  the  free  boundary  of 
the  half  plane  models  where  a  uniaxial  stress  field  existed  and  the  photoelastic 
calibration  constant  was  either  fL  or  f^,.  However,  in  these  eases  the  order  of 
the  fringes  was  too  low  to  give  an  accurate  representation  of  the  boundary  stress 
distribution. 

An  analysis  was  conducted  to  give  an  estimate  of  the  various  wave  velocities  as 
a  function  of  the  direction  of  propagation.  These  estimates  of  wave  'olocity 
were  made  by  computing  the  velocities  of  the  photoolastic  fringe  patterns  and 
thus  will  be  slightly  lower  than  the  actual  velocities  of  the  wave  fronts. 

Analysis  of  the  fringes  associated  with  the  P  waves  previously  shown  in  Figs.  2, 

3  and  4  yielded  the  distance  S  Jrcm  the  explosive  source  to  the  leading  edge  of 
the  fringe  pattern  and  the  time  t  required  for  the  fringes  to  reach  these  posi¬ 
tions.  Velocities  denoted  here  as  c«c  were  obtained  directly  by  (s/t)  .  These 
velocities  are  shown  in  Fig.  5  as  a  function  of  the  position  $  along  the  wave 
front.  These  results  for  Cpe  show  a  manmum  velocity  of  160,000  in/sec  along 
the  L  axis  and  3  minimum  of  104,000  in/scc  along  the  T  axis. 

As  the  photoelastic  fringes  representing  the  P  wave  propagation  are  oval  in 
shape,  it  is  apparent  that  the  velocity  Cpe  in  general  does  not  represent  the 
velocity  in  the  direction  normal  to  the  wave  front.  To  establish  this  normal 
velocity  Cpn,  the  normal  to  the  fringe  pattern  was  drawn  and  the  component  of 
Cpe  in  this  normal  direction  was  computed  to  give  Cpn  as  shown  in  Fig.  5. 

From  the  velocities,  it  is  evident  that  the  dilatational  wave  is  propagating  as 
if  the  fiber  reinforced  model  was  homogeneous  with  elastic  constants  having 
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values  between  those  associated  with  the  glass  fibers  and  the  polyester  matrix. 
In  order  to  analytically  describe  the  velocity  of  the  P  wave,  the  familar  equa¬ 
tion  for  the  velocity  in  a  homogeneous  isotropic  plate 


cp  -  \j E/p(I  -  v2)  (1) 

was  modified.  This  modification  involved  the  substitution  of  E  and  v^y  for  the 
elastic  constants  and  the  use  of  an  average  mass  density  p  Th<i  co-ordinate 
axes  x  and  y  are  defined  on  the  inset  in  Fig.  5  and  the  elastic  constants  are 
given  by 


1/Ex  -  mVL  +  m2n2  (l/G^  -  2vLT/EL)  +  n4^ 

1/vxy  <EJh)  [>  ‘  m2"2  C1  +  2*LT  +  EL/ET  '  V‘lt)] 

where 


(2) 


m  »  cos  if) 
n  ■  sin<{> 

Elastic  constants  E^  and  were  determined  with  data  from  a  pair  of  axial  and 
transverse  strain  gages  mounted  on  a  tensile  spocimenfthc  fibers  oriented  along 
the  axis  of  the  specimen.  The  shear  modulus  G ^  was  determined  with  another 
pair  of  axial  and  transverse  strain  gages  mounted  on  a  tension  specimen  with  the 
glass  fibers  oriented  at  45  degrees  to  the  axis  of  the  specimen.  The  modulus 
Ej  was  measured  with  a  strain  oxtensometer  mounted  on  a  third  specimen  with  its 
fibers  oriented  transversely  to  the  axis.  Loads  were  applied  statically  in  an 
Instron  machine.  The  results  obtained  for  the  elastic  constants  are  listed 
below 


4.20  x 

1.44  x 

0.43  x 

0.28 


10^  psi 
106  psi 
104  psi 


P 


1.64  x  10"4  lb. -sec2 /in4 


Utilizing  these  results  in  Eqs.  1  and  2  gave  the  theoretical  values  of  Cp  shown 
in  Fig.  5.  At  the  position  $  ■  0  corresponding  to  the  longitudinal  axis,  the 
results  from  Eq.  1  are  slightly  larger  Chan  the  experimental  observations.  This 
difference  of  a  few  per  cent  is  expected  since  the  fringe  front  is  slightly  be¬ 
hind  the  actual  P  wave  front.  At  the  position  $  ■  90°  corresponding  to  the 
transverse  axis,  the  predicted  velocity  is  about  10  per  cent  lower  than  the  ex¬ 
perimentally  observed  velocity.  This  difference  may  be  due  to  the  fact  that  the 
dynamic  modulus  of  the  matrix,  which  is  Important  in  the  velocity  of  propagation 
in  the  T  direction,  is  significantly  higher  than  the  static  value  measured  here. 
These  differences  in  the  static  and  dynamic  moduli  would  influence  Ef  and  account 
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for  a  portion  of  the  deviation. 

The  velocity  of  the  incident  shear  wave  c<-  was  established  from  the  data  pre¬ 
sented  in  Figs.  2,  3  and  4  over  a  range  of  angular  positions  ranging  from  tf  -  25 
to  <*>  =  64  degrees.  These  velocities  ranged  from  73,500  to  78,000  in/sec;  how¬ 
ever,  due  to  abrupt  variations  of  the  shear  stress  along  the  wave  front  and  the 
interaction  of  the  PS  and  PS*  waves  v ith  the  incident  S  wave  the  measurements 
may  be  subject  to  some  inaccuracies.  Due  to  these  reasons  no  attempt  was  made 
to  establish  c<-  as  a  function  of  <j>. 

The  velocity  of  the  von-Schmidt  or  PS  wave  evident  in  Figs.  3  and  4  was  found 
to  range  from  84,000  to  87,000  in/sec.  In  Fig.  3  where  the  boundary  of  the 
model  coincides  with  Che  L  axis,  the  normal  to.  the  plane  front  of  the  PS  wave 
makes  an  angle  of  60  degrees  with  the  L  axis.  The  shear  wave  velocity  in  this 
case  was  84,000  +  1,000  in/sec.  From  Fig.  4,  it  is  evident  that  the  normal  to 
Che  PS  wave  „iakes  an  angle  of  56  degrees  with  the  L  axis  with  a  value  of  Cg  = 
85,5000  +  1500  in/sec.  While  these  velocities  are  modestly  higher  than  those 
recorded  for  the  incident  S  waves,  they  probably  are  more  accurate  since  the 
measurement  of  the  angle  associated  with  this  von  Schmidt  wave  is  not  as  diffi¬ 
cult  as  positioning  the  front  on  the  incident  S  wave. 

The  Rayleigh  waves  propagating  along  the  edge  of  the  half-planes  illustrated  in 
Fig.  3  and  4  indicate  that  Rayleigh  wave  velocity  is  relatively  insensitive  to 
direction  of  propagation.  The  velocity  along  the  L  direction  computed  from  data 
obtained  in  Fig.  3  was  67,000  +  2,000  in/sec;  however,  the  velocity  in  the  T 
direction  established  from  Fig.  4  was  63,000  in/sec.  Considering  the  marked 
difference  in  the  velocity  of  the  P  wave  in  the  L  and  T  directions,  this  rela¬ 
tively  small  difference  in  the  R  wave  velocity  is  somewhat  surprising.  Never¬ 
theless,  the  evidence  of  Che  existence  of  the  Rayleigh  wave  is  clear. 

V.  CONCLUSIONS 

This  exploratory  study  has  indicated  the  feasibility  of  using  dynamic  photo¬ 
elasticity  to  investigate  wave  propagation  in  orthotropic  materials  made  from 
glass  fiber  reinforced  plastics.  Several  different  wave  forms  have  been  iden¬ 
tified  which  include  the  P,  S,  PS,  PS*  and  the  R  waves.  Of  these  waves,  the 
PS*  wave  is  the  most  unusual  since  it  does  not  occur  in  homogeneous  isotropic 
materials.  It  appears  that  the  PS*  wave  is  a  type  of  head  wave  generated  by 
the  P  wave  as  it  propagates  along  the  T  axis  across  the  glass  fibers.  Also  of 
interest  was  the  significant  oscillatory  tail  associated  with  the  P  wave  as  it 
propagates  along  the  L  axis  in  the  direction  of  the  glass  fibers. 

A  study  of  the  velocities  of  the  P  wave  indicated  that  the  glass  reinforced  com¬ 
posite  was  acting  essentially  as  a  continuum  with  the  velocity  Cp  depending  on 
direction  which  could  be  related  closely  to  the  directional  dependence  of  the 
elastic  constants  for  the  composite  material.  No  tendency  for  wave  propagation 
to  occur  at  velocities  associated  with  the  properties  of  the  individual  con¬ 
stituents  was  noted. 

Much  more  work  remains  to  be  accomplished  on  this  extremely  complex  problem. 

As  the  methods  of  photo-orthotropic-clasticity  arc  developed  to  a  more  advanced 
stage  it  will  be  possible  to  study  the  stress  distributions  associated  with  the 
different  wave  types  and  to  establish  conditions  required  to  generate  the  PS* 
wave. 
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Pig.  2  Isoch  romatic  Fringe  Pattern  Representing  Stress  Wave  Propagation 
from  a  Source  of  Dilatation  in  an  Ortholropic  Full-plane 
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ABSTRACT 

An  experimental  and  analytical  investigation  to  determine  the  effects  of  an  axi- 
syametric  imperfection  on  the  free  vibrations  of  conical  shells  is  presented. 

The  time-average  holographic  interferometry  technique  is  applied  to  the  study  of 
transverse  vibrational  modes.  The  images  formed  during  the  reconstruction  process 
illustrate  the  use  of  this  very  powerful  method  in  identifying  the  various  vibra¬ 
tion  modes  of  conical  shells  with  and  without  an  axisyranetric  imperfection. 
Photographs  of  the  images  obtained  are  presented  to  clearly  illustrate  the  modal 
shapes  of  the  conical  shells  at  natural  frequencies  and  the  presence  of  a  complex 
modal  coupling  pattern. 

The  finite  element  method  with  a  higher  order  Herndtian  polynomial  displacement 
field  is  used  to  analytically  obtain  the  vibrational  characteristics  of  clamped 
conical  shells  with  an  initial  axisymetric  imperfection,  the  axi symmetric  im¬ 
perfection  is  described  by  using  many  conical  elements  in  that  region. 

A  helium-neon  continuous  wave  laser  is  used  as  the  source  of  coherent  light.  The 
holography  is  first  applied  to  perfect  conical  shells  and  then  extended  to  a 
shell  containing  an  initial  imperfection.  Using  the  fringe  patterns  obtained 
from  the  reconstructed  wavefront,  radial  deflection  shapes  of  the  specimens  are 
plotted.  Very  good  agreement  exists  when  the  experimental  results  were  compared 
with  theory.  Results  indicate  that  the  natural  frequencies  of  the  shell  increased 
when  an  outward  axisymmetric  imperfection  was  present. 


INTRODUCTION 


Recent  developments  have  generated  a  great  resurgence  of  interest  in  extensions 
of  Gabor's  [1]  and  [2]  wavefront  reconstruction  process,  generally  known  as 
holography.  A  recent  review  of  the  historical  background  on  holography  is  given 
by  Leith  and  Upatnieks  [  3  i  and  Pennington  [  4 )  .  The  subject  of  holography  is 
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Also  discussed  in  many  textbooks  ss  in  References  [  5  )  -  I  9  1  •  Many  significant 
contributions  on  the  application  of  holography  occurred  around  1964  and  1966  (see 
References  [10]  -  [  14  j  ). 

Previous  applications  of  the  holographic  interferometry  technique  were  limited 
to  feasibility  investigations.  The  first  significant  application  of  holographic 
interferometry  to  studying  and  identifying  high-frequency  transverse  vibration 
■odes  was  Halted  to  beams  and  plates  by  Aprahamian  and  Eve  risen  [  15  ]  and  1 16  ]  . 
The  latter  reference,  however,  also  showed  the  feasibility  of  obtaining  modal 
patterns  for  cylindrical  shells. 

The  purpose  of  this  paper  is  to  apply  the  time-average  holographic  interferometry 
technique  to  the  study  and  identification  of  the  effect  of  an  axisymmetric  initial 
imperfection  on  the  natural  frequencies  and  mode  shapes  of  conical  shells. 

ANALYTICAL  APPROACH 

FINITE  ELEMENT  APPROACH 


The  shell  is  assumed  to  be  made  of  an  isotropic  homogenous  material  that  obeys 
Hooke's  law.  The  shell  thickness  is  assumed  a  constant  across  any  one  discrete 
eleaient  and  the  thickness  is  also  assumed  to  be  small  in  comparison  to  the  radius 
of  curvature.  The  Kirchoff  Love  hyopthesis  for  a  thin  shell  is  assumed  to  be 
valid.  The  Sanders  [  17  ]  strain-displacement  relations  for  moderate  bending 
were  substituted  into  the  strain  energy  (U)  for  a  thin  shell.  Only  the  transla¬ 
tional  velocities  were  used  in  the  kinetic  energy  (T)  expression.  The  finite  ele¬ 
ment  representation  and  the  coordinate  systems  are  shown  in  Fig.  1.  The  local 
coordinate  displacements  are  specified  as  u,  v,  and  w. 

The  assumed  finite  element  displacement  field  used,  is  resolved  into  Fourier 
components  in  the  circumferential  direction  and  is  expressed  in  terms  of  fourth- 
order  Hennitian  polynomials  in  the  meridional  coordinate.  The  displacements  w, 
u,  and  v  shown  in  Fig.  1  are  then  expressed  as 

w  =  t  a^s2  +  a^s  )cos 

u  =  ( +  a^s  +  ays^  +  ag  )cos 

v  =  (a9  +  a10s  +  a,1s2  +  a12s3  )sm  J0  ^ 

where  a^  are  constants;  3,0  are  the  circumferential  wave  number  and  angle, 
respectively;  s  is  the  meridional  distance  of  each  finite  element. 

The  terms  containing  87,  ag,  ail,  and  ai2  of  Eqs.  1  are  those  terms  not  normally 
carried  by  the  constant  strain  element  approximations.  The  coefficients  and 
the  natural  frequencies  are  determined  by  finding  the  stationary  values  of  the 
Hamiltonian  subjected  to  the  physical  boundary  conditions  and  the  compatibility 
of  W,  3w/ds,  K,  and  ?  at  the  adjacent  elements.  Hence  the  elemental  stiffness 
and  consistent  mass  matrices  written  in  overall  system  coordinates  can  be  ex¬ 
pressed  as 


Ik  ]  =  [<H[v1]T[aHv1][<>]t  (2) 

and 

[m]  =  [  ^  ]  [  V'1 1T  [  H  ]  [  V 1  ]  I  ^)T 

where  [ 0  ] is  the  coordinate  transformation  matrix  between  overall  generalised  dis¬ 
placements  in  terms  of  the  local  generalized  displacements;  I  V  ]  relates  the  lo¬ 
cal  generalized  displacements  in  terms  of  the  coefficients  tail  ;  |  A  )  contains 
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the  integrals  of  tbs  strain  energy;  and  ( K )  contains  the  integrals  of  the  kin¬ 
etic  energy.  All  of  the  aatrices  in  Eqs.  2  and  3  are  given  in  Deference  [  18  ]  . 


The  overall  stiffness  and  nass  aatrices  for  the  complete  structure  are  generated 
by  assuring  consistent  defoliation  between  the  adjacent  nth  and  (n+l)th  elements. 
The  finite  eleaent  representation  for  the  vibration  equation  to  find  ths  natural 
frequencies  uj  (in  radians  per  second)  can  be  written  as 


MXM  MX  1  Mxl 


where  j  q^j  are  the  generalised  displacements  and  the  subscript  R  denotes  the 
reduced  Mtrices  which  have  accounted  for  the  boundary  conditions.  The  order  M 
of  the  above  equation  depends  upon  the  various  stiffness  [K  ]  and  mass  [  M  ] 
Mtrices  generated. 

IMPERFECTION  HEPRE35NTATI0N 


The  geometric  shape  w^B  of  the  imperfection  Itself  was  approximated  by 

w™  !  l(‘  •  cos©*)  (5) 

where  8^  is  the  amplitude  of  the  iaperfection,  XL2  is  the  wave  length  of  the  im¬ 
perfection  for  the  cosine  distribution  and  si  is  the  slant  distance  measured 
from  the  left  end  of  the  imperfection  (see  Fig.  1). 

The  geometric  sketch  of  the  finite  element  representation  of  a  conical  shell  with 
an  axlsymmetric  imperfection  is  shown  in  Fig.  1.  The  -mperfoction  region  was 
idealised  into  many  short  conical  elements  to  account  lor  the  geometric  deviation 
from  the  perfect  shell. 

HOLOGRAPHY 


To  study  the  vibration  of  an  object,  there  are  two  common  holographic  interfero¬ 
metry  techniques.  One  is  the  stored  beam  technique  or  the  technique  to  study 
the  live  fringe  interference  at  real  time. 

The  second  comson  technique  in  identifying  the  mode  shapes  of  a  vibrating  object 
is  the  time-averaging  holographic  interferometry  technique.  A  beam  of  coherent 
light  is  split  into  two  beams  by  a  beam  splitter.  One  beam  is  directed  to  the 
test  specimen  and  is  diffracted  by  the  test  specimen.  The  object  wave  is  now  al¬ 
lowed  to  fall  on  the  photographic  plate.  The  second  beam,  normally  called  the 
reference  beam,  is  reflected  via  a  mirror  or  mirrors  to  the  same  photographic 
plate.  The  object  and  reference  waves  will  form  a  stable  interference  pattern 
when  they  meet  at  the  photographic  recording  media,  A  permanent  record  of  this 
interference  pattern  on  the  photographic  emulsion  is  the  hologram. 

The  reconstruction  process  consists  essentially  of  illuminating  the  hologram 
with  the  laser  beam  such  that  the  reconstructed  wavefront  gives  the  replica  of 
the  original  test  specimen.  The  realistic  image  of  the  test  cone  with  all  the 
complex  vibration  patterns  can  be  viewed  with  the  eye  and  thus  can  be  recorded 
with  a  camera. 

EXPERIMENTAL  PROCEDURE 
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COMT CAL  SHELL  TEST  SPECIMENS 


Thar*  «u  a  total  of  three  specimen*.  Two  specimens  with  different  thleknaasaa 
ware  aada  with  no  prescribed  initial  imperfection.  One  specimen,  with  an  axi- 
symmetric  initial  imperfection  was  studied  to  ascertain  the  effect  on  the  natur¬ 
al  frequencies  of  location,  a^litude  and  warn  length  of  the  Imperfection. 

Table  I  shows  the  details  of  the  cone  geometry  and  the  prescribed  imperfection. 

The  conical  specimens  were  manufactured  from  a  flat  sheet  of  alumi'nim  alloy.  A 
pattern  was  made  to  conform  to  an  existing  hard  plastic  mandrel.  'r'<*  test  speci¬ 
mens  were  welded  along  a  meridional  seam.  They  were  then  spun  for  ruing  to 
circular  form.  The  imperfection  was  introduced  by  adding  tape  around  the  mandrel 
and  then  flowing  the  soft  aluminum  alloy  material  around  the  tape. 

All  test  specimens  were  positioned  into  the  base  plates  by  using  cerrobend  mater¬ 
ial  to  simulate  the  clamped  boundary  conditions  at  both  ends.  The  cone  surfaces 
were  treated  with  flat  white  paint  to  provide  a  diffuse  optical  surface. 

EXPERIMENTAL  APPARATUS  AMD  TECHNIQUE 

A  schematic  of  the  test  setup  for  obtaining  the  hologram  is  presented  in  Fig.  2a. 
A  helium-neon  continuous  wave  laser  was  used  to  create  the  beam  of  coherent  light. 
TWo  mirror  arrangements  were  used  to  create  the  subject  beam  path  to  within  a 
quarter  of  an  inch  of  the  reference  beam  path  to  the  hologram.  The  mirrors, 
beam  splitter,  lens,  hologram  plateholder,  and  test  specimen  were  on  a  heavy 
shock-isolated  granite  table.  When  making  measurements  of  the  beam  paths,  it 
was  necessary  to  measure  the  mid-position  of  the  test  specimen  for  the  best 
holographic  results. 

The  holograms  were  positioned  as  shown  in  Fig.  2b  to  obtain  photographs  of  the 
images  of  the  vibrational  modes  as  a  visual  record.  Photographs  of  the  various 
modal  patterns  are  shown  in  Pigs.  3  through  6.  The  specimens  were  excited  by 
an  electromagnet  connected  to  an  amplifier  and  oscillator.  The  existence  of  the 
natural  frequencies  of  the  shell  ware  determined  by  monitoring  the  microphone 
output  to  an  oscilloscope. 

Difficulty  was  encountered  in  placing  the  hologram  after  development  exactly  in 
the  original  position.  This  made  the  stored  beam  technique  not  too  feasible. 

A  solution  to  this  problem  is  to  have  the  photographic  plate  developed  in 
position. 

INITIAL  IMPERFECTION  MEASUREMENTS 

The  initial  axisymmetrlc  imperfection  was  measured  by  a  dial  indicator  and  cali¬ 
brated  scale  with  a  0.001  vernier  reading.  The  approximation  to  the  actual  im¬ 
perfection  was  represented  by  Eq.  (5)  by  letting  XL2  equal  to  2.10".  A  compari¬ 
son  between  the  assumed  and  measured  imperfections  is  shown  in  Fig.  7.  The  im¬ 
perfection  measured  actually  shows  an  overshoot  of  approximately  0.003"  at 
positions  B  and  D  of  Fig.  7.  This,  however,  is  Just  a  littlo  over  yf>  of  the 
total  amplitude  of  the  imperfection  and  therefore  was  ignored. 

RESULTS  AND  DISCUSSION 

MODAL  CHARACTERISTICS  ItENTIFICATTON 


The  conical  test  specimens  were  marked  off  in  heavy  ten  degree  intervals.  These 
markings  on  the  test  shells  served  to  identify  the  number  of  circumferential 
waves.  The  actual  number  of  circumferential  waves  J  is  defined  by 


J  1 


(6 
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where  N  is  th«  total  ntxMjer  of  black  (or  whits)  patterns  visible  over  degrees 
measured  circumferentially.  The  6  can  be  summed  from  tbs  large  10*  Markings 
shown  in  Fig.  3.  Equation  (6)  was  used  throughout  to  establish  the  eirctarfer- 
ential  wave  nuaber  for  each  resonance  frequency. 

COIg  CAL  TEST  StECIMENS  WITH  WO  INITIAL  IMPERFECTIONS 


A  comparison  of  the  resonance  frequency  between  the  finite  element  solution  and 
the  experimental  results  for  Cone  1  is  shown  in  Fig.  8.  Figure  8  shows  excel¬ 
lent  agreement  between  the  experimental  and  numerical  results  for  all  circumfer¬ 
ential  harmonic  waves  found  by  the  tests.  The  boundary  conditions  used  in  the 
finite  element  program  for  the  small  end  were  w  =  6w/  6a  =  v  =  C  and  for  the 
large  end  w  =6w/ 6s  =  u  =  v  =  0  where  u,  v,  w  are  the  meridional,  circumfer¬ 
ential  and  radial  displacements,  respectively. 

Many  mixed  modal  patterns  were  obtained  even  for  the  shells  without  imperfections. 
The  primary  reason  for  the  twisted  patterns  for  the  perfect  cone  specimens  is 
the  existence  cf  s  coupling  between  two  or  more  neighboring  modes  of  nearly  equal 
frequencies.  A  typical  coupled  modal  pattern  is  shown  in  Fig.  3.  This  problem 
of  distorted  modes  existed  for  practically  all  mode  levels.  By  studying  another 
another  shell  which  was  considerably  thicker  (0.080"  compared  to  0.016")  it  was 
confined  that  the  existence  of  the  deformed  model  patterns  may  be  attributed  to 
the  coupling  phenomenon.  The  very  high  modes  were  not  obtainable  with  the  use  of 
the  existing  electromagnet.  A  typical  photograph  of  the  first  mode  for  the  per¬ 
fect  0.080"  cone  is  shown  in  Fig.  U. 

CONICAL  SHEIX  WITH  AW  INITIAL  AXI  SYMMETRIC  IMPERFECTION 

A  comparison  between  the  finite  element  solution  and  the  experimentally  determined 
natural  frequencies  for  the  conical  shell  with  imperfection  (Cone  3)  is  shown  in 
Fig.  9.  This  figure  shows  that  the  finite  element  method  can  indeed  account  for 
the  initial  imperfection  in  determining  the  natural  frequencies. 

Table  II  shows  the  comparison  between  the  perfect  0.080"  thick  conical  shell  and 
the  0.080"  thick  conical  shell  with  the  prescribed  initial  axisyimietric  imper¬ 
fection.  From  the  table  one  can  see  that  the  bump  increases  the  natural  fre¬ 
quencies  in  general.  However,  the  increase  is  very  little.  Figure  5  shows  that 
the  modal  deflection  pattern  for  the  imperfect  conical  shell  has  a  double  peak. 

In  Fig.  5  the  electromagnet  was  located  in  the  front  and  to  the  right  side  of  the 
specimen  where  the  pattern  is  not  fully  developed.  The  electromagnet  was  located 
in  the  rear  for  all  other  photographs  presented. 

Figure  6  presents  the  imperfect  cone  vibrating  at  the  second  mode.  From  the 
photograph,  it  can  bo  seen  that  the  largest  deflection  is  occurring  at  the  small 
portion  of  the  cone  above  the  imperfection.  As  the  natural  frequency  being  in¬ 
vestigated  was  increased,  the  influence  of  the  axisymmetric  imperfection  was 
less.  This  observation  agrees  with  the  numerical  results  obtained  from  the 
finite  element  solution  for  the  frequency  range  investigated. 

ANALYSIS  OF  THE  FRINGE  PATTERNS 


The  fringe  patterns  shown  in  all  of  the  holograms  can  be  analyzed  by  using  the 
procedure  developed  by  Powell  and  Stetson  [  12  ]  The  occurrence  of  each  fringe 
pattern  is  related  to  the  roots  of  the  zero-order  Bessel  function  J0.  This 
technique  was  successfully  applied  to  beams  and  plates  by  Aprahaaian  and  Evensen 
[  15  ]  and  (  16  ]  -.  vach  interference  ia  formed  when 


Jo  (  n, )  =  0 


(7) 
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where 


n 


2n 

X 


cos  flj  +  cos  f);. 


A 


1 


Th«  A,  #i,  #2  and  are  defined  as  follow: 

X  is  the  wave  length  of  the  coherent  light  used  to  make  the  hologram, 
dj  is  the  angle  in  degrees  between  a  vector  normal  to  the  shell  surface  and  the 
reflected  light  to  the  hologram. 

#2  i*  the  angle  between  a  vector  normal  to  the  shell  surface  and  the  incident 
light, 

is  the  amplitude  of  vibration  for  the  ith  fringe. 

Measurements  of  the  position  of  the  beam  splitter  and  hologram  relative  to  the 
test  object  and  the  dimensions  of  the  test  cones  were  made.  Values  of  and  Nj 
were  then  determined  for  each  fringe  location  along  a  given  generator.  Detailed 
dimensions  needed  for  determination  of  the  angles  are  given  in  Table  III  with 
the  shell’geometry  in  Table  I.  A  helium-neon  laser  with  a  wave  length  of  6328 
Angstroms  was  used  in  the  experiment  for  the  coherent  light  source. 

The  fringe  patterns  of  Figs.  4,  5.  and  6  were  analyzed  by  using  Eq.  (7).  Since 
linear  theory  is  used  in  the  numerical  results,  only  the  ratio  of  w/wmax  i®  ob' 
tained.  Thus  by  using  the  experimental  result  for  the  maximum  radial  deflection, 
Wmax,  one  can  compare  the  computed  answers  with  the  experimental  results  for 
the  mode  shape. 

Figure  10a  for  the  0.080"  thick  30°  cone  shows  excellent  agreement  between  de¬ 
flections  obtained  from  the  fringe  pattern  analysis  and  the  numerical  finite 
element  results.  Figure  10b  shows  a  slight  deviation  of  the  dbf lection  shape, 
but  indicates  a  relatively  good  trend  between  the  computer  results  and  the  exper¬ 
imental  values  for  the  0.080"  thick  30°  truncated  cone  with  an  initial  axisym- 
metric  imperfection  (  ^  =  0.082"  and  XL2  -  2.10")  positioned  at  the  middle  of 
the  slant  length. 

Figure  10c  shows  the  excellent  agreement  between  test  and  computer  results  for 
the  normal  shell  surface  deflection  for  the  second  mode  sixth  harmonic  deflection 
of  the  0.082"  thick  truncated  cone  with  the  axisyiaiietric  initial  imperfection. 

CONCLUDING  REMARKS 


An  initial  axisymmatric  imperfection  on  a  conical  frustum  increases  the  natural 
frequencies  over  that  of  a  similar  perfect  specimen. 

The  finite  element  approach  with  the  higher  order  Hermitian  polynomial  displace¬ 
ment  field  gives  very  accurate  results  in  determining  the  natural  frequencies 
of  conical  shells  with  and  without  an  axisymmetric  imperfection.. 

The  holographic  interferometry  technique  gives  very  descriptive  modal  patterns 
for  the  natural  frequencies  of  shells..  The  effect  of  two  near  frequencies 
causing  "coupling"  can  be  visualized.  The  fringe  patterns  show  excellent  indi¬ 
cations  of  the  magnitude  and  shape  of  the  lateral  deflections  on  a  si  >11.  The 
effe.ts  of  a  weld  and  an  initial  imperfection  are  all  graphically  portrayed  by 
the  photographs  of  the  virtual  images.  The  holographic  interferometry  method 
appears  to  be  faster  and  more  accurate  than  the  conventional  microphone  one. 
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Table  I.  Aluminum  alloy  test  ape  das  ns 


cone 

1 

cone 

2 

cone 

3 

Material 

2024 

1100 

1100 

Thickness,  t,  in. 

Diameter  (small  end),  in. 

0.016 

0.080 

0.080 

7.00 

7.15 

7.05 

Slant  length  (not  in  fixture),  in. 

9.10 

8.90 

8.80 

Half  angle,  0,  degrees 

30.0 

30.0 

30.0 

Amplitude  of  imperfection,  6, ,  in. 
Position  of  imperfection,  XL,  in. 

Mare  length  of  imperfection,  XL2,  in. 
Edge  clamp,  EC,  in. 

0.0 

0.0 

0.082 

4.40 

2.10 

(a)  small  end 

0.12 

0.12 

0.12 

(b)  large  end 

0.18 

0.18 

0.18 

End  plates  (aluminum) 

Diameter 

Thickness 

(a)  top,  in. 

9.0 

0.75 

(b)  bottom,  in. 

28.0 

0.75 

Table  II.  Experimental  results  on  the  natural  frequencies  of  0.000"  thick  30" 
truncated  cones  with  and  without  the  initial  axlayutric  imperfection 


Wave 

Natural  frequencies,  f ,,  cycles  per  sec. 

No. 

First  mode 

Second  mode 

Third  mode 

3 

Cone  2 

Cone  3 

Cone  2 

Cone  3 

Cons  2 

4 

1396 

3888 

5 

1218 

1292 

6 

1262 

1302 

2176 

2244 

7 

1424 

1466 

8 

1656 

1674 

ia 

1936 

1938 

2798 

2858 

3766 

2254 

2280 

3156 

3154 

n 

2606 

2674 

3572 

191 

2992 

4018 

tarn 

3404 

Table  III.  Detailed  dimensions  needed  for  analysis  of  the  fringe  patterns 


W.etanco,  in. 

(see  Pig.  2) 

Cone  1 

OB  to  H 

32 

OB  to  US 

33 

H  to  Mi 

Mx  to  BS 

5 

Test  specimens 

Cone  2 


31  1/2 
33  1/4 
6  1/2 
4  1/4 


Cone  3 


31 

32  1/2 
6  1/2 
4  1/2 


Notation:  BS  =  Beamsplitter  H  =  Hologram 

=  Mirror  1  OB  =  Object  (test  cone) 
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ELECTROMAGNET 


HOLOGRAM  - 


-LENS 


LASER  H 


-BEAMSPLITTER 
-MIRROR  1 


7* 


AMPLIFIER 


H. 


REMOTE  CONTROL  TIMER  (with  cabled 


TEST  SETUP  TO  OBTAIN  THE  HOLOGRAMS 


RECONSTRUCT  ON  PROCESS  TO  FORM  THE  VIRTUAL  IMAGE 


Fig.  2  Schematic  of  test  setup 


Fig.  3  Photograph  of  "coupline  effect*  obtained  from  the  reconstructed 

ioa«e  for  cone  1  (  Reproduced  from  ** 

best  available  copy. 


Fig.  4  Photograph  of  vibration  node  (m  =  1,  J  =  11,  f  =  2606  cfs)  obtained 
from  the  reconstructed  image  for  cone  2 


Fig.;  5  Photograph  of  vibration  mode  (m  =  1,  J  =  6,  f  =  1302  cps)  obtained 
from  t  ie  reconstructed  image  for  cone  3 


%1 


IMPERFECTION  AMPLITUDE 


Fig.  6  Photograph  of  vibration  mode  (m  =  2,  j  =  7,  f  =  2032  cps)  obtained 
from  the  reconstructed  image  for  cone  3 


Fig.-  7  Comparison  between  experimentally  measured  imperfection  and 
assumed  imperfection 


X 

„  2008 


CONE  3 

m  =  MODE  NO. 
O  =  TEST  DAfA 


"o  4  i  15  ii 

NUMBER  Of  CIRCUMFERENTIAL  WAVES 

Fig.  fl  Comparison  between  finite  element  12  coefficient  solution  and 
experimental  natural  frequencies  for  cone  1 


a 

x 

"3000 


CONE  1 

m  -  MODE  NO 


NUMBER  OF  CIRCUMFERENTIAL  WAVES 

Fig.  9  Comparison  between  finite  element  12  coefficient  solution  and 
experimental  natural  frequencies  for  ccne  3 
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The  Strain-rate  Sensitivity  of 
Lead  Under  Biaxial  Stress 


JOHN  G.  WAGNER 

UNIVERSITY  OF  PITTSBURGH 


ABSTRACT 

Experiments  were  performed  to  determine  the  influence  of  strain- 
rate  on  the  biaxial  stress-strain  behavior  of  lead.  A  tension-tor¬ 
sion  apparatus  is  described  which  is  capable  of  straining  short 
tubular  specimens  at  strain-rates  up  to  300/second.  It  is  found 
that  the  second  invariant  of  the  stress  deviator,  for  a  given  strain- 
rate,  is  a  good  approximation  to  the  effective  stress.  Moreover  the 
biaxial  yield  curve  for  a  particular  strain-rate  lies  between  the 
Tresca  and  von  Mises  curves. 


INTRODUCTION 


The  study  of  strain-rate  sensitivity  in  the  mechanical  behavior 
of  materials  is  one  of  increasing  importance.  To  date  most  of  the 
search  conducted  in  this  field  has  dealt  with  uniaxial  stress- 
strain  behavior.  However,  even  a  complete  description  of  uniaxial 
behavior  would  only  provide  information  for  a  rather  restricted 
class  of  applications.  For  a  more  complete  formulation  of  the  rate 
sensitive  elastic-plastic  behavior  of  a  metal,  it  is  necessary  to 
consider  more  than  one  stress  and  strain  component.  The  current 
study  involves  an  investigation  of  the  rate  sensitivity  of  the 
stress-strain  behavior  of  lead  under  biaxial  conditions.  Lead  was 
chosen  because  it  requires  little  energy  to  deform  and  because  it  is 
highly  sensitive  to  the  deformation  rate.  Strain-rates  up  to 
300/second  were  achieved  through  explosive  loading. 

The  paper  starts  with  a  brief  review  of  the  pertinent  research, 
followed  by  a  description  of  the  present  experiments.  Results  are 
presented  and  analyzed  in  relation  to  the  theory.. 
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Previous  Research  on  Multiaxial  Dynamic  Plasticity 

Perhaps  the  first  attempt  to  develop  a  constitutive  equation 
for  viscoplastic  materials  was  made  by  Bingham  in  1922.  He  suggest¬ 
ed  that,  for  certain  materials  in  simple  shear,  the  deformation  rate 
is  proportional  to  the  difference  between  the  shear  stress  and  the 
yield  stress  in  shear.  This  viscoplastic  body  was  generalized  by 
Hohenemser  and  Prager  in  1932  [21  to  include  multiaxial  stress 
states.  In  1963,  Perzyna  [33,  following  the  example  of  Malvern's 
overstress  hypothesis  [41 ,  introduced  a  rather  general  constitutive 
equation  for  the  elastic-viscoplastic  body.  In  this  theory  the 
elastic  behavior  is  presumed  time  independent  and  the  work  hardening 
viscoplastic  response  is  taken  as  a  function  of  the  excess  stress 
above  the  static  yield  stress.  Ar  alternative  approach  to  the  above 
is  a  phenomenological  theory  of  dynamic  plasticity  based  on  dis¬ 
location  studies.  Gilman,  who  is  responsible  for  much  of  the 
development  of  this  theory,  has  gi /en  an  excellent  survy  of  progress 
in  the  field  [5] .  Applications  of  the  theory  to  various  materials 
have  resulted  in  quantitative  prediction  of  transient  creep  curves, 
stress-strain  curves  and  impact  test  behavior.  References  to  these 
investigations  are  provided  in  Gilman's  review.  Recently,  Bodnar 
[6]  extended  the  theory  to  multiaxial  stress  states  by  relating  it 
with  classical  plasticity  theory.  Others  have  contributed  to  the 
field,  particularly  in  the  study  of  uniaxial  behavior.  In  this 
respect,  a  critical  survey  has  been  made  by  Symonds,  Ting  and 
Robinson  [7] .  A  brief  review  and  constructive  criticism  of  some 
of  the  pertinent  literature  was  given  by  Lindholm  m  1965  [81  .  From 
these  reviews,  it  is  evident  that  few  experiments  have  been  conduct¬ 
ed  involving  dynamic  multiaxial  stress  states.  However,  some  of  the 
more  important  ones  are  cited  below. 

In  1949,  Kolsky  191  presented  an  important  technique  for  con¬ 
ducting  tests  at  high  rates  of  strain.  The  technique  has  been 
employed  since  then  in  a  variety  of  forms  by  many  researchers. 

Kolsky  himself  has  presented  a  review  of  results  in  this  field  [10] . 
Although  most  of  the  early  tests  involved  uniaxial  behavior,  recently 
some  experiments  have  been  conducted  involving  more  than  one  com¬ 
ponent  of  stress.  Gerard  and  Papirno  [111 ,  using  shock  tube  loading 
of  thin  circular  diaphragms,  tested  1100-0  Aluminum  and  annealed 
SAE  1010  low  carbon  steel.-  The  strain  rates  were  on  the  order  of 
1/second  but  only  one  ratio  of  biaxial  tension  (CTl/(Ji  =  1)  could 
be  tested.  For  the  aluminum  alloy  they  found  no  significant 
difference  betweer  the  dynamic  and  the  static  response.  The  results 
for  low  carbon  steel  show  increases  in  the  yield  strength  comparable 
with  those  of  an  equivalent  dynamic  uniaxial  test.  Hoge  [121  con¬ 
ducted  dynamic  tests  on  small  tubular  specimens  under  a  combination 
of  tension  and  internal  pressure.-  The  ratio  of  the  tensile  stresses 
was  roughly  2  with  maximum  strain-rates  on  the  order  of  35/second. 

The  material  tested  was  6061-T6  Aluminum.  His  data  are  consistent 
with  a  modified  form  of  Hill's  distortion  energy  criterion  [131  for 
fracture.  Lindholm  and  Yeakley  [143  have  described  a  pneumatic 
tension-torsion  machine  which  can  achieve  loading  rates  as  high  as 
1.5  x  107  lb/sec  in  tension  and  4.5  x  105  m-lb/sec  in  torsion. 
Preliminary  tension-torsion  tests  were  conducted  on  1018  mild  steel. 
In  1968,  Lindholm  [153  showed  a  good  agreement  between  experimental 
results  and  a  combination  of  Perzyna' s  viscoplastic  contitutive 
equation  and  the  thermal  activation  dislocation  theory.;  He  did  this 
using  data  for  1100-0  Aluminum  obtained  over  a  wide  range  of  strain- 
rates  and  temperatures  for  both  uniaxial  and  biaxial  proportional 
loading.  In  additi  n,  several  tests  conducted  to  demonstrate  the 
effect  of  sudden  changes  in  the  direction  of  applied  load  of  load¬ 
ing  rate  show  little  evidence  of  the  influence  of  previous  loading 
history  on  the  subsequent  mechanical  behavior.  Under  the  test 
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conditions  described,  the  expansion  of  the  yield  surface  by  both 
strain  hardening  and  increasing  loading  rate  appears  to  be  iso¬ 
tropic.  More  recently.  Green,  Leasia,  Perkins  and  Maiden  [161  have 
described  the  design  and  construction  of  a  dynamic  biaxial  (internal 
pressure  and  tension-compression)  testing  machine  which  is  capable 
of  shear  strain-rates  on  the  order  of  lOVsecond.  Some  initial 
biaxial  data  have  been  reported  on  6061-T651  Aluminum  alloy  [17]. 

Rate-Sensitivity  and  the  Tension-Torsion  Test 

In  investigating  the  time  independent  biaxial  stress-strain 
behavior  of  a  metal,  a  convenient  experiment  is  the  tension-torsion 
test  on  a  thin-walled  tubular  specimen.  With  the  ratio  of  applied 
load  to  torque  constant  the  principal  stress  directions  remain  fixed 
Quasi-static  stress-strain  data  have  been  obtained  from  experiments 
of  this  sort.  By  appropriate  definitions  of  effective  stress  ( cre  ) 
and  strain  (£e),  the  data  along  different  radial  paths  have  been 
correlated  so  as  to  yield  essentially  a  single  curve.  A  well  known 
example  of  such  a  correlation  is  that  of  Osgood's  tests  on  24-ST 
Aluminum  alloy  [183.  Plots  of  his  data  on  the  basis  of  maximum 
shear  stress  versus  maximum  shear  strain  show  good  agreement. 

The  objective  of  the  present  report  is  to  investigate  the 
influence  of  strain-rate  on  the  biaxial  stress-strain  behavior  of 
lead.  A  dynamic  tension-torsion  test  apparatus  is  devised  for  this 
purpose. 


STATIC  TESTS 

The  static  tests  were  conducted  in  a  tension-torsion  machine 
in  which  the  tensile  load  and  torque  were  continuously  variable. 
Large  deformations  of  the  specimen  were  possible.  The  machine 
provided  a  tensile  load  of  up  to  300  pounds  and  a  torque  of  up  to 
40  inch-pounds.  Bending  was  monitored  and  never  exceeded  +  1%  of 
the  resultant  strain.  Loads  were  applied  through  long  non-twisting 
cables  in  series  with  load  rings;,  the  resulting  interaction  between 
tensile  load  and  torque  was  always  less  an  0.5%.  A  continuously 
variable  load  was  applied  at  one  point  and  mechanically  distributed 
so  as  to  provide  a  constant  ratio  of  applied  load  to  torque..  Rela¬ 
tive  elongation  and  rotation  of  the  specimen  was  measured  by  dial 
gages  and  recorded  photographically.  Such  an  arrangement  provided 
for  sensitivities  of  100  M  in/in  in  tension  and  200  ^  in/in  in 
torsion.  With  the  specimen  geometry  used,  maximum  possible  strains 
were  15%  in  either  or  both  tension  or  torsion. 

Specimens 

The  static  specimens  consisted  of  thin-walled  tubular  sections 
with  large  flanges  at  each  end  (Figure  la).  The  test  sections  were 
right  circular  cylinders  with  a  nominal  gage  length  of  1.000  inch, 
an  inside  diameter  of  0.500  inch  and  a  wall  thickness  of  0.50  inch, 
thus  furnishing  a  wall  thickness  to  radius  ratio  of  0.2.  Inside  and 
outside  diameters  were  finish  machined  with  very  light  cuts  so  as 
to  avoid  surface  effects.  The  flanges,  \  inch  thick  and  1  inch 
in  outside  diameter,  afforded  a  means  of  gripping  the  specimen  by 
cementing  it  in  place  coaxially  with  its  mating  load  bars.  Specimens 
were  cemented  with  Eastman  9id  in  order  to  facilitate  removal  while 
preserving  the  load  bars. 

The  lead,  from  which  the  specimens  were  machined,-  was  at  least 
99.99%  pure.  Heavily  cold-working  the  as-cast  material  and 
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allowing  it  to  recrystallize  produced  the  necessary  fine  grain 
structure.  This  procedure  provided  an  essentially  homogeneous  iso¬ 
tropic  material  with  all  grain  diameters  about  equal  and  averaging 
0.005  inch  (the  wall  thickness  of  the  specimens  was  0.050  inch). 


DYNAMIC  TFSTS 

The  dynamic  tests  were  performed  in  an  apparatus,  described 
below,  and  illustrated  schematically  in  Figure  2,  which  is  capable 
of  straining  the  specimen  in  either  pure  tension,  pure  torsion  or 
a  constant  ratio  of  the  two.  The  specimen  is  tubular  and  is  mounted 
in  the  apparatus  at  its  lower  end  while  its  top  end  is  attached  to 
a  large  head-mass.  Straining  of  the  specimen  is  effected  by  accel¬ 
eration  of  the  head-mass  through  the  detonation  of  sheet  explosive 
placed  on  it.  Direct  measurements  of  the  load  and  torque  carried 
by  the  specimen  and  of  the  axial  and  rotational  velocities  of  the 
head-mass,  are  made  by  means  of  long  slender  elastic  bars.  These 
bars,  properly  instrumented  with  strain  gages,  are  attached  to  the 
head-mass  and  to  the  lower  end  of  the  specimen  coaxial  with  it. 

The  inertia  of  the  head  mass  is  sufficient,  when  compared  with  the 
resistance  afforded  its  motion  by  the  specimen  and  pressure  bar, 
that  it  proceeds  with  a  reasonably  constant  velocity  once  acceler¬ 
ated  by  the  explosive.  The  gage  length  of  the  specimen  is  small 
enough  in  comparison  to  the  strain  pulse  so  as  to  insure  uniformity 
of  the  stress  and  strain  along  the  length  of  the  test  section. 
Maximum  obtainable  strain-rates  are  £  =  300/second  for  tension  and 
■ if  =  150/second  for  torsion,  with  the  ratio  of  the  two  strain-rates 
prescribed  by  the  ratio  of  the  imposed  head  velocities.  Maximum 
possible  strains  are  essentially  limited  by  the  lengths  of  the 
pressure  bars  and  range  from  10%  to  15%  depending  on  the  stiain- 
rates.  However,  mechanical  stops  are  incorporated  to  provide  a 
check  on  the  maximum  value  of  the  strain  measured. 

Specimens 

The  dynamic  test  specimens  are  thm-walled  tubes  with  keyed 
flanges  at  each  end  to  permit  gripping  (Figure  lb) .  Test  sections 
are  1.000  inch  long,  with  an  inside  diameter  of  0.500  inch  and  a 
0.050  inch  wall  thickness  (identical  to  the  static  specimens). 
Specimen  material  is  the  same  as  that  from  which  the  static  speci¬ 
mens  are  machined.  The  larger  of  the  two  flanged  ends  is  gripped 
in  the  moving  head  mass.  This  flange  is  1  inch  long  and  has  a  1 
inch  outside  diameter.  Its  large  size  is  chosen  so  as  to  increase 
the  effective  inertia  (both  axial  and  rotational)  of  the  head-mass. 
The  smaller  flange  is  5/8  inch  long  and  has  a  7/8  inch  outside 
diameter . 

Torque  is  transmitted  from  the  moving  head  to  the  larger 
flange  of  the  specimen  through  four  1/8  inch  diameter  hardened 
steel  keys..  The  keys  are  90°  apart.  Tensile  load  is  carried  in 
part  by  a  seat  in  the  head-mass  and  in  part  by  wall  friction  between 
the  outside  diameter  of  the  flange  and  the  head.  Expanding  inserts 
are  placed  within  the  inside  diameter  of  the  flange.  They  provide 
the  normal  force  required  to  generate  the  necessary  wall  fnctic,.. 
Similar  arrangements  to  carry  torque  and  tensile  load  are  made  at 
the  lower  end  of  the  specimen. 

Apparatus  and  Techniques  for  Dynamic  Tests 

The  specimen  is  gripped  at  its  lower  end  by  a  coupling  con¬ 
nected  to  the  lower  pressure  bar.  The  upper  pressure  bar  fits  down 
through  the  inside  diameter  of  the  specimen  and  of  the  lower  pres- 
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sure  bar.  This  arrangement  avoids  placing  the  upper  pressure  bar 
in  compression  and  frees  the  area  above  the  head-mass  for  the  lo¬ 
cation  and  initiation  of  the  explosive. 

The  head-mass  is  shaped  so  as  to  serve  several  important 
functions.  Its  primary  purpose  is  to  provide  large  translational 
and  rotational  inertia.  The  weight  of  the  head  is  1.25  pounds, 
while  its  rotational  inertia  is  1.1  pound-inches  squared.  Both  of 
these  values  are  for  the  entire  head-specimen  flange  assembly.  The 
head  is  made  in  two  halves  with  four  lead-filled  cavities.  The 
material  is  cold-rolled  steel  and  the  two  halves  are  bolted  together 
after  insertion  of  the  specimen  flange.  The  result  of  such  a 
construction  is  small  overall  size,  to  reduce  wave  propagation 
effects  within  the  head,  and  sufficient  toughness  to  resist  large 
distortions  resulting  from  detonation  of  the  explosive  placed  on 
its  surface.  Each  head  lasts  for  approximately  three  tests  before 
requiring  replacement  due  to  excessive  geometric  changes.  The  neck 
on  the  head  is  necessary  to  protect  the  specimen  from  crushing  under 
the  pressure  blast  associated  with  the  explosion.  The  flare  on  the 
neck  is  required  to  deflect  the  pressure  blast  away  from  the  lower 
pressure  bar  coupling.  An  O-ring  type  seal  is  installed  between 
the  two  halves  in  the  wall  thickness  and  flare  of  the  neck  to  pre¬ 
vent  leakage. 

The  explosive  used  is  Dupont  Detasheet  C  with  a  thickness  of 
0.083  inch.  It  is  cut  into  strips  and  cemented  in  shallow  grooves 
machined  on  the  outer  edges  of  the  head.  The  placement  of  the  ex¬ 
plosive  is  symmetric  about  the  specimen  axis  (Figure  2).  The  two 
vertical  strips  of  explosive  on  either  side  of  the  head  result  m 
a  torque  while  the  two  horizontal  strips  give  the  tension.  Varying 
the  ratio  of  the  explosive  charges  varies  the  ratio  of  the  imposed 
velocities.  An  explosive  leader  from  the  top  of  one  torsion  charge 
to  the  other  is  initiated  at  its  mid-point  by  means  of  a  miniature 
Dupont  detonating  cap  (Minidet).  The  torsion  charge  on  each  side 
serves  to  initiate  the  tension  charge.  Each  of  the  two  charges 
(for  both  tension  and  torsion)  is  thus  detonated  simultaneously 
and  no  bending  moments  are  imposed  on  the  specimen.  Steel  baffle 
plates  are  placed  between  the  leader  and  the  head-mass  to  protect 
the  head-mass  from  the  exploding  leader.  By  means  of  an  independ¬ 
ent  test,  the  explosive  was  found  to  have  a  constant  detonation 
speed  (2.85  x  1CP  inches/second)  along  any  finite  strip.  Con  a- 
quently,  even  if  the  detonating  cap  is  located  1/16  inch  from  the 
mid-point  of  the  leader,  the  primary  charges  are  assured  of  deto¬ 
nating  within  0.44  microseconds  of  each  other.-  Thus,  high  deto¬ 
nation  speed  (higher  than  the  bar  wave  speed  for  a  structural 
metal)  insures  that  the  charges  for  torsion  and  tension  detonate 
simultaneously. 

The  quantity  of  explosive  one  can  efficiently  utilize  has  a 
well  defined  upper  bound.  Beyond  this  limit  there  is  no  notable 
increase  in  head  velocity.  Below  the  limit,  however,  the  head 
velocity  is  roughly  proportional  to  the  quantity  of  explosive  used. 
Maximum  obtainable  average  head  velocities  are  300  inches  per 
second  axially  arid  600  radians  per  second  rotationally ., 

The  electronics  and  recording  instrumentation  are  quite  stand¬ 
ard  for  this  type  of  test.  Separate  dry  cells  power  each  of  the 
strain  gage  bridges  mounted  on  the  pressure  bars.  The  bridge  out¬ 
puts  are  recorded  on  two  dual-beam  oscilloscopes  the  band-widths 
for  which  are  from  D.C.,  to  1  x  10^  cycles  per  second.  The  strain 
gage  bridges  are  calibrated  electrically  before  each  test  by  means 
of  a  precision  shunt  resistor  system. 
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Sample  oscilloscope  traces  for  a  tension-torsion  test  are 
shown  in  Figure  3.  The  outputs,  of  the  strain  gage  bridges  on  the 
upper  pressure  bar  are  the  tip  traces  in  each  photograph..  The 
bottom  trace  in  each  phocograph  is  the  lower  pressure  bar  bridge 
output  corresponding  to  the  Same  mode  as  the  upper  trace,  either 
tension  or  torsion.  The  horizontal  sweeps  for  the  two  oscillo¬ 
scopes  are  triggered  withi'-.  microseconds  of  each  other  at  the 
instant  the  trigger  Wire  is  broken  by  the  exploding  leader.  Sweep 
times  for  all  four  traces  are  identical.  As  a  result,  all  time 
scales  are  treated  as  identical  and  relative  to  the  same  zero.  The 
head  rotational  velocity  &,  is  seen  to  be  quite  cons' --t  during  the 
duration  of  the  test.  This  is  to  be  anticipated  due  to  the  enor¬ 
mous  rotational  inertia  of  the  head  relative  to  the  influence  of 
the  specimen  and  upper  pressure  bar.  The  axial  head  velocity  x, 
is  lot  quite  constant,  but  is  still  considered  reasonably  good  for 
an  experiment  of  this  nature.  The  tension  and  torsion  strain  gage 
bridges,  on  both  the  upper  and  lower  pressure  bars,  are  located  in 
such  a  fashion  that  tensile  and  torsional  waves,  are  initiated  simul 
taneously  on  the  oscilloscope  traces.  That  is,  the  ratio  of  the 
distances  (from  the  input  end)  to  the  tension  and  torsion  bridges 
equals  the  ratio  of  the  tensile  to  torsional  wave  speeds  in  the  bar 
material.  Consequently,  one  further  observation  is  the  near  simul¬ 
taneity  of  the  x,  ,  and  S,  ,  wave  fronts  (  x,  ,  commencing  40  micro 
seconds  before  <9,  ).  This,  as  explained  previously,  is  attributed 
to  the  high  detonation  speed  and  arrangement  of  the  explosive  used. 
The  40  microsecond  difference  is  due  to  the  configuration  and  m- 
homogeneity  of  the  head-mass.  The  near  simultaneity  was  shown  to 
be  sufficient  so  as  to  considr  .  the  specimen  as  having  no  prestrain 
in  tension  prior  to  the  initiation  of  < 9,  .  In  these  photographs, 
the  impact  with  the  mechanical  stops  is  not  shown.  The  sudden 
decrease  in  is  due  to  the  tensile  wave  interacting  with  itself 
after  reflection  off  of  the  free  end  of  the  upper  pressure  bar.  In 
those  tests  in  which  impact  does  occur,  the  head  displacement  and 
rotation,  calculated  from  integrating  the  x,  and  »,  curves,  is 
always  within  3%  of  the  distance  to  the  stops.  In  Figure  3,  the 
transmitted  load  t’ ace  shows  a  small  compressive  pulse  leading  t. e 
tensile  wave  front.  By  conducting  a  series  of  tests  in  which  no 
specimen  is  used,  this  compressive  pulse  was  shewn  to  be  attri¬ 
butable  to  the  shock  wave  propagating  from  the  explosive  and 
impinging  on  the  lower  pressure  bar  coupling  for  about  100  micro¬ 
seconds.  In  other  words,  the  protective  baffle  arrangement  is  not 
completely  effective.  Since  the  specimen  sees  this  pulse  as  a 
slight  elastic  tensile  pulse  it  is  accounted  for  in  the  data  re¬ 
duction.- 

The  relationship  in  time  between  the  load  and  torque  carried 
by  the  specimen,  measured  at  the  lower  end  of  the  specimen,  and  the 
axial  and  rotational  deformation  measured  at  the  opposite  end  is 
treated  in  the  same  manner  as  that  for  the  split  Hopkins^n  pressure 
bar  experiment.  The  transit  time  of  a  wave  m  the  a-  ..  -n-*n  is 

small  in  comparison  to  ti.e  straining  pulse  length,  .  ,e  o  the 
resulting  numerous  reflections  within  ihe  specimen  durx..g  the  test 
the  stress  and  strain  distribution  along  the  gage  length  very 
quickly  becon.es  uniform.  In  the  test  shown,  for  example,  the  use¬ 
ful  pulse  length  is  on  the  order  of  500 ^microseconds .  Typical 
plastic  wave  speeds  for  lead  are  3  x  10*'  inches  per  second  for  a 
tensile  w  ve  and  7.1  x  104  inches  per  second  for  a  torsional  wave. 
There  're,  therefore,  10  to  20  reflections  of  both  the  tensile  and 
torsional  plastic  wave1-  before  the  strain-rate  decreases.  Further¬ 
more,  m  several  of  the  very  early  experiments,  grids  were  lightly 
scribed  on  the  surface  of  the  specimen.-  Following  the  test,  meas¬ 
urements  wore  made  of  the  resulting  permanent  strain  distribution 
in  both  tension  and  torsion.  For  both  modes  of  deformation,  the 
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deviation  from  the  average  permanent  strain  along  the  gage  length 
was  less  than  6%. 

The  data  reduction  for  the  dynamic  tests  is  outlined  as  follows. 
The  load  Ps  and  the  torque  Ts  carried  by  the  specimen  are  calculated 
from  the  load  P2  and  the  torque  T2  monitored  by  the  lower  pressure 
bar.  By  applying  equations  of  motion  to  the  coupling  between  the 
specimen  and  the  lower  pressure  bar  one  can  show  that: 

Ps  =  P2  +  M2P2/(?CoA) 

and 

Ts  =  T2  +  W'PVp' 

where  M2  and  I2  are  the  mass  and  moment  of  inertia  respectively 
of  the  coupling,  p  is  the  density,  A  the  cross  sectional  area  and 
12  the  polar  moment  of  inertia  of  the  lower  pressure  bar.  CD  is 
the  speed  of  a  tensile  wave  in  a  slender  rod  and  Cl.  the 

torsional  wave  speed  In  equation  (1),  P2  is  corrected  for 

the  small  compressive  pulse  discussed  above. 

Since  the  apparatus  is  not  perfectly  rigid,  motion  of  the 
lower  end  of  the  specimen  must  be  accounted  for  in  calculating  the 
average  strain-rate  of  the  specimen.  The  upper  pressure,  bar  moni¬ 
tors  the  axial  velocity  X,  and  the  rotational  velocity  0,  of  the 
head-mass.  The  axial  velocity  Xt  and  rotational  velocity  0*  of  the 
fixed  ;nd  of  the  specimen  can  be  determined  respectively  from  the 
measurements  of  P2  and  T2.  Consequently  the  engineering  strain- 
rate  of  the  specimen  is: 

€■=  (X,-Xz)/L0  (3) 

and 

if  =  Ts[9,  -&z)/L„  (4) 


(1) 

(2) 


where  ts  is  the  mean  specimen  radius  (rD  +  r^)/2  and  L0  is  the  gage 
length.  Figure  4  shows  the  natural  strains  versus  time  for  the 
sample  oscilloscope  traces  of  Figure  3.  The  dashed  curve  for 
represents  the  actual  test  condition  and  is  due  to  the  40  micro¬ 
second,  delay  of  Q,  relative  to  X,  .  The  data  reduction  assumes 
that  &,  and  x,  are  initiated  simultaneously  (solid  curves)..  Several 
tests  were  conducted  in  which  the  40  microsecond  delay  was  elimi¬ 
nated  so  as  to  establish  its  effect  on  results.  The  stress-strain 
behavior  was  not  detectably  different.. 


The  true  stresses  and  natural  strains  are  calculated  as  follows: 
<Tr  =  Pg  ,(1  +  £)/[ir(r3  -  r3)]  '(5) 

t  =  rsTg/lp  (6) 

In  (l  +  €  )  (')' 

■*>N=  tf/u  +  e  >'  '(8>: 

where  £  is  the  engineering  strain  (x1  -  x2)/  L0  and  Ps,  T, ,  ^  and 
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are  obtained  from  equations  (1),  (2),  (3)  and  (4). 
dynamic  tests  were  analyzed  in  the  abO'>e  manner. 


All  of  the 


TENSION-TOPS ION  TEST  RESULTS 

Static  Tests 

All  the  tests  (both  static  and  dynamic)  were  conducted  at  room 
temperature  (76°  F).  The  static  tests  consisted  in  probing  out 
along  five  radial  paths  in  (T-  space  at  a  constant  stress  rate. 

The  stress  measure  used  was  the  equivalent  stress  defined  as 
J*1^  ,  J2  being  the  second  invariant  of  the  stress  deviator. 

In  the  experiments  the  stress  rate  chosen  was  such  that  Ce  =  8.5 
psi/scc.  The  data  from  these  tests,  when  plotted  in  terms  of  the 
equivalent  stress  cre  and  strain  measures  £e«ZIiVi/3"  (12  being  the 
second  invariant  of  the  strain  deviator  with  1/  -  H) ,  gives  the 
results  shown  in  Figure  5.  The  true  stresses  and  natural  strains 
are  calculated  from  equations  (5),  (6),  (7)  and  (8)  using  the 
corresponding  loads  and  deflections  monitored  during  the  static 
tests.  Each  curve  represents  the  average  of  several  tests  along 
the  corresponding  radial  path.  The  deviation  from  the  average 
tension  or  torsion  behavior,  along  any  one  path,  was  always  less 
than  1.5%  on  the  stress  axis.  Average  values  for  the  measured 
Young's  modulus  and  shear  modulus  were  2.3  x  10“  psi  and  0.8  x  10& 
psi,  respectively.  The  static  stress-strain  beha  ior  in  compres¬ 
sion,  obtained  from  some  independent  tests, was  found  to  be  virtually 
identical  to  that  in  tension. 

The  correlation  obtained  in  Figure  5  is  reasonably  good  and 
comparable  to  that  obtained  by  Osgood  [183  for  his  24-ST  Aluminum 
alloy  data  on  an  octahedral  shear  stress  plot.  Maximum  deviation 
from  the  mean  is  roughly  one  and  one-half  times  as  much  when  the 
same  data  are  plotted  in  a  maximum  shear  stress-maximum  shear 
strain  space. 

More  general  deformation  theories  of  plasticity  may  provide 
for  an  even  better  correlation  of  the  data.  Prager  [19]  has  shown 
that  the  most  general  correlating  variable  for  an  isotropic,  plas¬ 
tically  incompressible  material  with  identical  stress-strain  dia¬ 
grams  in  pure  tension  and  pure  compression  is  of  the  form  f(J2»J3). 
Drucker  [20],  using  a  simple  form  of  the  general  relationship,  es¬ 
tablished  a  much  better  correlation  of  Osgood's  data.  However,  in 
the  case  of  the  current  data,  lack  of  ordering  of  the  curves  was 
almost  certainly  due  to  experimental  scatter.  Consequently,  the 
best  one  can  do  to  correlate  the  data  is  to  draw  an  average  curve 
on  the  equivalent  stress-strain  plot. 

Since  lead  is  rate  sensitive  even  in  the  "static"  range  of 
testing,  several  "static"  tests  were  conducted  to  determine  the 
influence  of  the  rate  sensitivity  on  the  above  correlation..  In 
these  tests  the  stress  rate  wa-  tepped  from  the  lowest  to  the 
highest  limit  of  the  testing  machine  (3.3  psi/sec  to  14.2  psi/sec 
for  tension  and  1.9  psi/sec  to  7.6  psi/sec  for  torsion).  Only 
uniaxial  tests  were  conducted.-  The  results  show  approximately  a 
3.5%  increase  in  flow  stress  when  the  stress  rate  is  increased  by 
a  factor  of  about  four.  The  static  tests  were  conducted  at  a  stress 
rate  about  mid-way  between  the  limits  of  the  stepoed  rate  tests.- 
Since  the  step  in  stress  rate  took  place  mid-way  out  the  strain 
scales,  the  resulting  chance  in  flow  stress  is  considered  to  be 
representative  of  the  rate  sensitivity  under  these  conditions.  The 
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sensitivity,  while  real,  is  insignificant  on  the  equivalent  stress- 
strain  plot. 


Dynamic  Tests 

The  dynamic  tests  were  conducted  by  straining  at  a  constant 
rate  along  essentially  radial  paths  in  strain  space.  The  strain 
measure  used  was  defined  above  as  the  equivalent  strain  €*=21 iYJ3  . 
Two  series  of  tests  were  conducted,  one  at  an  equivalent  strain 
rate  of  =  75/second  and  the  other  at  €e  =  280/second.  Deviations 
from  these  nominal  values  were  in  all  cases  less  than  20%.  Five 
radial  strain  paths  were  investigated  at  =  75/second.  Due  to 
the  limitation  of  the  maximum  shear  strain-rate  obtainable,  only 
two  paths  were  investigated  at  =  280/second. 

Figure  6  shows  the  data  plotted  on  an  equivalent  stress-strain 
plot  using  the  same  definitions  of  CTe  and  as  in  the  static  tests. 
Each  curve  represents  the  average  of  several  tests  along  the  cor¬ 
responding  radial  path.  The  deviation  from  the  average  tension  or 
torsion  behavior,  along  any  one  path,  was  always  less  than  5%  on 
the  stress  axis.  Once  again,  scatter  eliminates  the  possibility  of 
obtaining  a  more  exact  loading  function. 

In  addition  to  representing  the  strain  hardening  behavior  of 
the  material,  the  stress-strain  curves  provide  a  means  of  plotting 
"small  offset"  initial  yield  surfaces.  The  yield  criterion  chosen 
is  the  first  detectable  divergence  from  the  elastic  loading  line. 

For  the  dynamic  tests  the  utility  of  such  yield  surfaces  in  a 
quantitative  sense  is  questionable  due  to  the  possible  lack  of  a 
completely  uniform  stress  and  strain  state  in  the  early  stages  of  a 
test.  Figure  7  shows  the  resulting  initial  yield  surfaces  obtained. 
For  comparison,  the  maximum  shear  yield  criterion  of  Tresca  and  the 
Jq  criterion  of  von  Mises  have  been  normalized  at  the  static  yield 
point  for  pure  tension.  The  initial  yield  surfaces  of  lead  appear 
to  expand  isotropically  with  increasing  strain-rate. 

Discussion  of  Results 

In  both  cases,  =  75/second  anc.  £e  =  280/second,  the  tension- 

torsion  data  correlate  well  on  the  equivalent  stress-strain  plot. 
This  observation  has  an  important  implication.  The  second  invariant 
of  che  stress  deviator  tensor  (J2)  is  the  predominant  factor  in  the 
plastic  deformation  of  lead  at  high,  as  well  as  static,  strain- 
rates. 

We  shall  compare  the  static  test  data,  which  were  obtained 
along  radial  paths  in  stress  space,  with  the  dynamic  data,  obtained 
along  paths  in  strain  space.-  This  is  not  unreasonable  if  one  re¬ 
members  that,  for  an  isotropic  and  incompressible  material  for  which 
the  principal  stress  directions  and  ratios  have  been  maintained 
constant,  the  axes  of  principal  stress  and  strain  coincide  and  the 
ratio  of  the  principal  strains  remains  fixed. 

Figure  8  is  a  plot  of  equivalent  stress  against  equivalent 
strain.  The  three  curves  represent  the  average  values  of  the  cur¬ 
rent  results  for  all  tests  conducted  at  that  particular  strain-rate. 
The  intermediate  curve  has  been  extrapolated  for  the  purposes  of 
comparison  although  no  data  were  taken  beyond  a  strain  of  5%.  The 
equivalent  stress  and  strain  measures  are  defined  such  that  they 
reduce  to  the  conventional  uniaxial  stress  and  strain  values  for 
a  state  of  pure  tension  or  compression.  Consequently  the  results 
indicate  that,  for  all  practical  purposes,  the  curves  of  Figure  8 
may  be  thought  of  as  representative  of  tension  tests  conducted  at 
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the  strain-rates  indicated.  Virtually  all  of  the  test  data 
accumulated  on  lead  to  date  have  been  in  investigating  uniaxial 
compression  behavior.  In  general,  the  flow  stress  reported  in 
compression  is  lower  than  the  corresponding  value  in  tension,  par¬ 
ticularly  at  the  smaller  strains.  The  present  data  agree  reason¬ 
ably  well  with  the  results  of  Lindholm  [21]  and  with  the  more  re¬ 
cent  results  of  Green  et  al  [22]  (Figure  8).  The  agreement  is 
particularly  good  in  the  case  of  the  static  behavior.  Green's 
static  curve  lies  slightly  above  the  other  two;  however,  his  strain- 
rate  is  roughly  three  times  larger..  This  similarity  between  the 
present  results  and  the  static  compression  data  of  others  was  per¬ 
haps  to  be  expected  in  view  of  the  excellent  agreement  obtained 
between  static  tension  and  compression  behavior.  At  the  higher 
strain-rates  the  flow  stresses  are  undoubtedly  higher  than  those 
reported  separately  by  Lindholm  and  Green.  At  the  present  time  it 
is  difficult  to  say  whether  this  difference  is  due  to  a  difference 
in  behavior  between  tension  and  compression,  to  a  different  grain 
size  or  somewhat  different  material,  or  whether  it  is  due  to  speci¬ 
men  geometry. 

In  addition  to  t.ie  strong  influence  of  strain-rate  on  the  flow 
stress,  the  strain  hardening  characteristics  of  lead  are  also  of 
importance.  The  relative  slopes  of  the  curves  in  Figure  8  give  an 
indication  of  the  influence  of  strain-rate  on  work  hardening.  Thus 
for  strains  above  3%  the  work  hardening  rate  is  very  similar  for  the 
strain  races  shown.  The  implication  here  is  that  stress-strain 
relations  of  the  type 

£  =  g[<r-crs(£)]  (9) 

for  which  the  strain-rate  is  a  simple  function  of  the  absolute 
overstress  are  possible  models  of  the  behavior  of  lead  for  large 
strains.  In  equation  (9)  <ys  (£)  is  the  static  stress  corresponding 
to  the  strain  £  .  However,  at  strains  less  than  374  the  material 
work  hardens  more  rapidly  at  higher  strain-rates.  Under  these 
conditions,  functions  of  the  fractional  overstress 

£  =  f  [s-/<xsfe)  - 1]  (io). 

are  more  realistic  models  than  functions  of  the  absolute  overstress. 

The  current  investigation  provides  a  relationship  between  the 
second  invariants  of  the  stress,  str; in  and  strain-rate  deviators 
for  lead.  Figure  9  is  a  plot  of  thr  equivalent  stress  (CSe  =  43  J*>/l ) 
versus  the  equivalent  strain  rate  (  •' t .  2  )  on  log-log  scales 

at  constant  levels  of  the  equivalent  strain..  The  curves  of  constant 
equivalent  strain  tend  to  be  linear.  (There  may  be  a  "kink"  in  the 
vicinity  of  100/second  on  the  strain-rate  scale..  If  so,  there  may 
be  a  change  in  the  basis  dislocation  mechanism  govern’ ng  the  plastic 
deformation  above  and  below  that  rate.  A  simple  mathematical  model 
of  the  form 


(Je=  (11) 

will  describe  the  general  behavior  shown  m  Figure  9.-  If  one  uses 
for  A,  m  and  n  the  values  5490,  0.047,  and  0.255  respectively,  the 
model  predicts  the  solid  lines  shown.  This  relationship  and  the 
experimental  data  presented  in  this  paper  should  be  useful  when 
adopting  Bodner's  [6]  approach  to  constructing  a  generalized  con¬ 
stitutive  equation. 
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CONCLUSIONS 


The  primary  purpose  of  the  research  presented  is  to  investigate 
the  strain-rate  sensitivity  of  lead  under  biaxial  stress.  Within 
the  limitations  of  the  present  experiments,  simple  uniaxial  tests 
conducted  at  constant  strain-rates  are  sufficient  to  describe  the 
strain-rate  dependence  for  biaxial  stress  states.  This  was  found 
by  plotting  the  equivalent  stress  against  the  corresponding  equiv¬ 
alent  strain  for  constant  values  of  the  equivalent  strain-rate.  The 
second  invariants  of  the  stress  and  strain  deviators  are,  within 
multiplicative  constants,  good  approximations  to  the  effective  stress 
and  strain  respectively  for  high  strain-rates  as  well  as  for  static 
conditions. 

In  addition,  the  present  tests  provided  a  number  of  yield 
surfaces  for  lead.  The  initial  yield  surface  appears  to  expand 
isotropically  with  increasing  strain-rate.  The  static  yield 
surface  lies  between  those  of  Tresca  and  von  Mises.  An  increase 
in  the  strain  rate  on  the  order  of  loVsecond  will  result  in  an 
increase  in  the  flow  stress  of  approximately  50%.  However,  for  lead 
even  the  commonly  referred  to  static  behavior  is  sensitive  to  the 
testing  rate.  Furthermore,  the  strain-rate  sensitivity  is  dependent 
on  the  strain.  The  lack  of  a  time  independent  yield  stress  or 
stress-strain  curve  and  the  strain  dependence  of  the  strain-rate 
sensitivity,  combine  to  limit  the  utility  of  an  over-stress  type  of 
constitutive  theory.  The  development  of  constitutive  equations 
through  the  interaction  of  classical  plasticity  theories  and  dis¬ 
location  mechanics  may  be  able  to  overcome  these  difficulties. 
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FIGURE  CAPTIONS 


Figure 

1.  Static  (a)  and  dynamic  (b)  specimens.  The  length  of  each  test 
section  is  1  inch. 

2.  Head  mass-specimen  assembly  of  the  dynamic  tension-torsion 
apparatus. 

3.  Sample  oscilloscope  traces  from  a  dynamic  tension-torsion  test. 
The  vertical  scales  for  the  upper  and  lower  tension  traces  are 

X,  =  50  in/sec/cm  and  P2  =  85  lbs/cm  respectively.  For  the 
upper  and  lower  torsion  traces  the  vertical  scales  are  &,  =  225 
rad/sec/cm  and  T2  =  7  in-lbs/cm  respectively.  The  time  base  for 
all  four  traces  is  100,/cx.  sec/cm. 

4.  Typical  curve  of  natural  strain  versus  time  from  sample  oscillo¬ 
scope  traces. 

5.  Equivalent  stress  versus  equivalent  strain  from  the  static 
tests. 

6.  Equivalent  stress  versus  equivalent  strain  from  the  dynamic 
tests. 

7.  Initial  yield  surfaces  from  the  static  and  dynamic  tests. 

8.  Average  equivalent  stresu  versus  average  equivalent  strain  from 
the  static  and  dynamic  tests. 

9.  Equivalent  stress  versus  equivalent  strain  rate. 
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Nonstationary  Responses  of  Cylindrical 
Shells  Near  Parametric  Resonances 
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ABSTRACT 


A  study  of  nonstationary  responses  has  been  conducted  for  a  circular  cylindrical 
shell  subjected  to  a  longitudinal  (parametric)  load  employing  large  deformation 
shell  theory.  The  checkerboard  radial  modes  have  been  selected  in  this  study, 
characterized  by  the  number  of  longitudinal  half  waves  m  and  meridional  waves  n. 
Shells  with  initial  geometrical  imperfections  were  included  in  this  study.  Lxist- 
ence  of  both  parametric  and  combination  additive  resonances  have  been  established. 
The  analysis  is  given  for  the  parametric  resonance  and  passage  through  resonance 
(nonstationary  responses)  for  linearly  varying  frequency  of  externa*'  excitation 
(sweep) . 

Stationary  responses  exhibit  hard  spring  effects.  The  amount  of  overhang  depends 
to  a  great  degree  on  the  modes  characterized  by  m  and  n.,  Nonstationary  responses 
exhibit  beat  effect..  They  were  stabilized  when  the  frequency  sweep  was  in  the 
direction  away  from  the  instability  region.;  When  the  sweep  was  into  the  instabil¬ 
ity  region,  two  cases  were  observed  depending  on  shell  characteristics,  but  pri¬ 
marily  on  the  rate  of  sweep:  (1)  nonstationary  responses  were  following  stable 
branches  of  the  stationary  responses  or  (2)  they  approached  their  initial  station¬ 
ary  value.;  The  effects  of  initial  imperfections  selected  in  this  study  on  station¬ 
ary  and  nonstationary  regimes  of  motion  are  insignificant.. 


INTRODUCTION.  When  a  cylindrical  shell  is  subjected  to  an  axial  load  of  the  form: 
P(t)  =  Pq  +  P[  cos v t  where  F0,  P]  and  are  constant,  parametric  resonances  may 
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result,  that  Is,  lateral  oscillations  with  half  the  excitation  frequency  v.*  This 
occurs  for  a  certain  combination  of  the  shell  natural  frequencies  uj  and  load  par¬ 
ameters  P0,  Pi  and  v.  This  type  of  parametric  oscillation  is  referred  to  as  sta¬ 
tionary.  Some  previously  obtained. results  for  stationary  parametric  oscillations 
of  cylindrical  shells  are:  WenzkeL^J  for  linear,  simply  supported  shell;  Vijayar- 
aghavan  and  Evan-Iwanowskil2]  linear,  clamped-free  cylindrical  shell;  experimental 
work  was  also  conducted  confirming  analytical  calculation;  and  related  problems  by 
Dietz  and  Evan-Iwanowsklt4 J . 


It  has  been  established  that  shells  in  general  exhibit  large  prebuckling  deforma¬ 
tion.  This  fact  has  been  taken  into  account  in  the  study  resulting  in  nonlinear 
equations  of  motion  (field  equations).  It  has  been  recently  established  that  ini¬ 
tial  geometrical  imperfections  play  a  key  role  in  static  stability  of  shells.  In 
view  of  this,  initial  imperfections  have  been  included  in  the  present  analysis. 

The  nonstationary  characteristics  of  the  loading  are  encountered  in  practice  in 
earthquake  tremors  with  increasing  or  decreasing  frequencies,  time  varying  forces 
of  escaping  gases  of  rockets,  water  or  sound  waves  Impinging  on  a  structure  or 
exciting  the  inner  structure  of  an  ear.  The  form  of .nonstationary  parametric 
loads  is  P(t)  »  Po  +  Pj ( t)  cosfl(t)  where  P;(t)  and  6(t)  «  v(t)  are  functions  of 
time. 


In  the  present  study,  the  frequency  of  external  excitation  v(t)  is  increased  or 
decreased  linearly  from  a  value  corresponding  to  the  parametric  resonance,  and  the 
amplitude  of  excitation  P;(t)  remains  constant. 


BASIC  RELATIONSHIPS.  As  a  starting  point  in  this  study,  a  set  of  the  field  equa¬ 
tions  for  a  cylindrical  shell  derived  by  Dietz^3:  was  used.  These  equations  in¬ 
clude  effects  of  large  deformations,  stringers  and  rines  reinforcements,  rotational 
Inertias  and  geometrical  imperfections.  These  field  equations  wore  adopted  tor  ti.e 
case  of  longitudinal  (parametric)  load.  Two  checkerboard  types  for  radial  dis¬ 
placement  were  used: 

w0(x,y)  ■  f0  sinax  sinBy  +  g0  sin2ax  sin28y  (1) 

wi(x,y,t)  *  f i ( t)  sinax  sinBy  +  g;(t)  sin2ax  sin26y  (2) 

where  w0  represents  initial  geometrical  imperfections  which  are  in  harmony  with 
subsequent  oscillatory  modes  wj ;  a  ■  mn/L;  6  “  n/R;  m  is  number  of  half-waves 
in  the  longitudinal  direction  x;  and  n  is  number  of  full  waves  in  the  merldianal 
direction  y;  L  is  shell  length  and  R  its  radius. 


The  simply  supported  case  was  considered,  whereby  radial  displacement  and  longitu¬ 
dinal  moment  are  vanishing  at  both  ends  of  the  shell,  for  details,  see  [5J.  Apply¬ 
ing  Bubnov-Calerkln's  method  to  the  spatial-temporal  field  equations  of  the  shell, 
we  obtain  the  temporal  differential  equations  of  motion  for  the  two  modes  f;(t) 
and  gi(t).  The  normalized  form  of  these  equations  is  as  follows: 

-  2  3  2  2  3 

X;  +  <u x X j  *  D;Xi  +  D2X1X2  +  D3XJX2  +  D4X2  +  D5X1  COS6  + 

(3) 

+  D6X2  cos0  +  D7  '  ' 

2  3  2  2  3 

X2  +  Ij>2  X2  *  EjX;  +  ^2*1X2  +  E3X]  X2  +  E4X2  +  EgXj  COSB  + 

+  EgX2  cosO  +  E7 

Equations  (3)  and  (4)  represent  two  coupled  nonlinear  differential  equations  for 
the  amplitudes  of  the  two  normal  modes  xj  and  X2.  D’s  and  E's  are  constant  coef¬ 
ficients.  Since  we  will  be  interested  in  the  isotropic  case,  the  exact  form  of 
these  coefficients  is  not  presented  here  (see  [s]  for  details).  For  the  Isotropic 


*  General  relationship  for  the  parametric  resonance  is  v/2wj  ■  1/k  where  v  is  ex¬ 
citation  frequency,  uj  natural  frequency  of  the  J-th  mode  k  ■  1,  2,  3,,,, 


case,  the  coefficients  are  given  in  the  list  of  syabols. 

ASYMPTOTIC  SOL.ITIOMS  AND  RESONANCES.  Equations  (3)  and  (4)  have  been  solved  using 
the  asymptotic  method,  (see  for  instance  [6 ) .  The  first  asymptotic  approximation 
has  the  form: 

Xj (t)  -  aj (t)  cospi(t)  (5) 

x2(t)  »  a2(t)  cosp2(t)  (6) 

where  aj ,  a2  and  Pi,  P2  are  amplitudes  and  phase  angles  of  the  normal  modes, 
respectively. 


After  casting  the  problem  in  an  asymptotic  form  ant!  performing  necessary  opera¬ 
tions  (see  [“]),  the  following  relationships  resulted  from  which  resouance  condi¬ 
tions  can  be  found: 

_  3  3  32  D5ai 

DAn  -  2ai<i>iBn  =  ^ai  Di  +  2833182  +  — j —  [cos(B+2pi>  + 

+  cos(9-2pi)]  +  — 2 —  [cos(6+Pi+p2)  +  cos(0-pi-p2) ] 


D53l 

-  ( a  1 DB 1 1  +  2cu  1 A 1 1 )  =  — ^ —  [sin(0+2pi)  -  sin(9-2pi)  + 

D6a2  (8) 

+  — —  [sin(0+Pi+p2>  -  sin(0-p)-p2)  ] 

1  2  3  3  E$ai  , 

DAi2  -  2a22B12  =  +  ^4^2  +  ~ 2 —  [coj(8+Pi+P2)  + 

E6a2  (9) 

+  cos(6-Pi“P2) ]  +  —  [cos(9+2p2)  +  cos(0-2p2)] 

E5ai 

-  (a2DB12  +  2u2A]2)  =  — j —  [sin(0+Pi+p2)  -  sin(0-y|-p2) ]  + 

E6a2  (10) 

+  ~2 —  [sin(6+2p2>  -  sin(0-2p2)] 

where  D  3  v(t)  (3/30)  +  wi(3/0pj)  +  w2(3/0p2),  ,  B^ ,  i,j  »  1,2  are  functions  of 

time  and  D's,  and  E's  are  constants,  and  are  presented  explicitly  in  [ 5 ] .. 
General  resonance,  i.e.,  the  relationship  between  excitation  frequency  v  and  nat¬ 
ural  frequencies  wi  and  uj2  are: 

k0v  +  kioi]  +  k2w2  =  0  (11) 

where  kQ,ki  and  k2  are  positive  or  negative  integers  or  zero,  (see  [7]).  For  the 

case  on  hand,  it  was  found  that  in  the  first  order  asymptotic  expansion  represen¬ 
tation,  resonance  may  occur  for  the  following: 


v  =  co  1  +  (*>2 » 

the  combination 

<ko 

additive 

“  1»  k]  -  -1,  kp  = 

resonance,  and 

-i), 

(12) 

v  *  2u>  j ; 

<ko 

*  1,  k|  =  -2,  kp  = 

0) 

(13. 1) 

v  =  2a)2 » 

<ko 

*  li  kj  *  0,  k  ?»  ■ 

-2) 

(13.2) 

for  the  parametric  resonance. 

PARAMETRIC  RESONANCE.  For  the  parametric  resonance,  we  consider  the  case 
v  *  2ui],  and  the  temporal  equation  of  motion  of  the  fj  mode  reduces  to 
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*1  +  Bjf ! 


3 

Bjfj  +  Bjfj  cosO  +  B^ 


values  of  constant  coefficients  B],  B3,  Bs  and  B6  for 
in  List  of  Symbols.  The  amplitude  aj  and  phase  shift 
the  first  asymptotic  approximation  are  found  from  the 
equations: 


the  isotropic  case  are  given 
$](t)  of  the  first  mode  in 
following  two  differential 


•ii 

♦  l 


al®5 

-  —  sin2$, 


V 

-1  -  2 


3alB3  B5 
8u>i  "  2v  CCi2*i 


(15) 

(16) 


Stationary  Responses*.  In  order  to  obtain  the  stationary  responses,  we  set 
al  =  0,  $]  «  0 


This  results  in  the  following  relationship  between  aj  and  v: 


3]  -[- 


8wiv(ui  -  — ) 


3v  B  i 


- ] 


(17) 


Nonstationary  Responses.  Equations  (15)  and  (16)  representing  nonstationary  re¬ 
sponses  are  integrated  numerically  for  the  specified  values  of  shell  parameters 
and  material  constants  given  in  Table  1.  (These  values  correspond  to  the  experi¬ 
mental  model  prepared  at  the  Applied  Mechanics  Laboratory,  Syracuse  University). 
Here  h,  L,  R,  and  p  are  the  shell  thickness,  length,  radius  and  material  density, 
respectively. 

Results.-  Results  of  the  stationary  responses  for  parametric  resonance  of  the  iso¬ 
tropic  shell  are  shown  in  Figures  1-2  for  several  longitudinal  and  meridional  modes 
of  radial  displacement  characterised  by  the  integers  m  and  n..  The  effects  of  non- 
linearities  which  were  included  in  the  final  numerical  calculations  are  represented 
by  the  term  B3  in  equation  ( 1-4) .  It  represents  the  effects  of  large  curvatures  due 
to  large  deformations,  which  is  a  "hard  spring"  type  effect.  The  right  hand  over¬ 
hang  depends  on  the  vibratory  mode:  For  a  given  m  (longitudinal  half  waves)  and 
increasing  n  (meridional  waves),  the  trend  is  toward  the  "harder  soring'  responses, 
Figure  1.  An  opposite  trend  is  observed  for  fixed  n  and  increasing  m.  Figure  2. 

It  has  to  be  born  in  mind  that  the  parametric  resonances  for  various  modes  occur 
for  different  nacural  frequencies  pertaining  to  a  particular  mode  characterized  by 
numbers  m  and  n,  see  Table  HI.-  The  response  curves  at  the  end  of  the  paper,  how¬ 
ever,  are  plotted  for  the  nondimensional  quantities,  i.e.,  ratios  of  excitation 
frequency  vs.  twice  the  natural  frequency. 

Figures  3-7  represent  plots  of  stationary  and  nonstationary  responses  were  obtained 
starting  with  some  initial  stationary  value  and  varying  linearly  the  frequency  of 
external  excitation,  Table  III.-  The  nonstationary  responses  are  characteris'd  by 
the  beat  effect,  decreased  amplitude,  if  the  sweep  is  away  from  the  instability 
zone,  Figures  5  and  7.;  When  sweep  is  into  the  instability  zone  the  follow'ng  may 
happen:  (1)  the  nonstationary  response  may  follow  the  stable  stationary  braich, 
Figures  3  and  A;  (2)  the  nonstationary  response  may  approach  the  initial  station¬ 
ary  value.  Figures  3  and  6. 

Effect  of  initial  geometrical  imperfections,  which  are  selected  .n  harmony  with  the 
shell  spatial  oscillatory  modes,  is  shown  in  Figures  6  and  7.-  As  far  as  the  sta¬ 
tionary  response  is  concerned,  the  solutions  obtained  for  selected  values  of 


*  Stability  analysis  was  performed  in  a  usual  manner  adopting  Lyapunov  criteria. 
Using  small  perturbations  for  equations  (15)  and  (16),  it  was  found  that  the  upper 
branches  of  the  responses  are  stable  and  the  lower,  unstable.. 
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imperfections  indicates  that  there  is  no  difference  in  the  parametric  response  be¬ 
tween  a  perfect  shell  and  a  shell  with  imperfections,  see  Figures  1  and  6  or  7.  In 
regards  to  nonstationary  responses  again  show  only  slight  difference.  Some  slight 
difference  can  be  noticed  in  the  parametric  nonstationary  response  between  perfect 
and  imperfect  shells  for  decreasing  v.  Figures  5  and  7. 

COMBINATION  ADDITIVE  RESONANCE.  The  equations  of  motion  for  the  two  modes  f i (t)  - 
a i  cos^i  and  gj  (t)  »  ay  cosi Jiy  indicate  the  existence  of  additive  combination  res¬ 
onance  of  the  type 

•  •  • 

v  ■  u>]  +  ijiy;  6  «  v;  tl>j  »  dJj;  it>2  "  u2 

After  some  calculations,  the  differential  equations  for  the  determination  of  the 
amplitudes  aj  and  ay,  and  the  phase  shift  cf  »  0  -  ip i  -  i^y  in  nonstationary  regime 
has  been  obtained. 

.  ay  Dr.  •  . 

a,  -  ~  +  sln-*--.-  (1») 

1  2  (v  +  u)  \  -  u»;> ) 


v»  —  u>  j  —  u»2 


a,D,  +  j  a^D,)  + 


t  i  .  -i  2  u,nuf. 

+  -Z -  (-5-  aiEy  +  T  ayEl,)  +  [-T - j - “ - V  + 

2uy  2  1  4  2a |  (v  +  uij  -  u-,) 


2ay  (v  -  <i>i  +  uiy)  ^  COS^ 


.  a|Ef,  sinif 

“  2  (v  -  +  wy)  (2(1 

•  I  • 

Stationary  Response.  Setting  aj  »  ay  ■  ■!■  »  0,  we  obtain  the  following  stationary 
response  for  a.  (similar  expressions  were  obtained  for  .iy)(wtth  the  damping  coef¬ 
ficient  approaching  zero) 

'  „  r  ..0 

-Hull  IV  —  (ill  —  UJ'i  '  — ; )  ,■ 

1  1  'Awlu-  1 

ill  ■  - -  .  ■  --r  -  — .  ■  ■  — ■■■■  \  /‘»1 


3D,  +  3E<,  -r  +  4E-, 

i  1  ’  ,i>‘. 


A  further  simplification  was  utilized  in  obtaining  the  above  solution,  namely: 

III,  ■  K»,  and  l)|  ■  Ky. 

Nonstationary  Response.  The  excitation  frequency,  v(t),  is  allowed  to  vary  with 
time  according  to  relationships  specified  In  Tabic  II.  Equations  (19)  -  (20) 
could  be  solved  numerically  in  a  manner  similar  to  the  parametric  resonance  ease. 

CONCLUSIONS.  The  following  conclusions  can  be  drawn  from  the  analysis  presented 
in  this  paper:  1.  Stationary  parametric  responses  exhibit  typical  overhang 
characteristic  of  hard  spring  system  witli  upper  branch  being  stable.  No  differ¬ 
ences  have  been  noted  for  perfect  and  imperfect  shells  studied,  2.  The  nonata- 
tlonary  responses  of  perfect  shells  exhibit  beat  effect,  and  amplitudes  decrease 
rapidly  for  the  sweeps  proceeding  away  from  the  Instability  cone,  l.e.,  for  the 
decreasing  frequency  of  excitation  in  the  cases  analyzed.  For  the  increasing  fre¬ 
quency  of  excitations,  l.e.,  when  sweep  is  directed  into  the  instability  zone,  the 
parametric  nonstat  lonary  responses  either  folt<>w  the  stable  stationary  branch  (low 
sweep)  or  approach  the  Initial  stationary  value  (high  sweep  rate).  3.  Only  slight 
differences  have  been  observed  between  the  nonstat lonary  parametric  responses  for 
perfect  and  Imperfect  shells.  A,  The  existence  of  the  combination  additive  res¬ 
onance  has  been  determined.  It  has  been  found  that  combination  differential  and 
Internal  resonances  are  Impossible  for  the  type  of  analytical  model  presented  In 


this  study. 
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Table  I.  Specifications  of  Shell  Parameters 


o 


E 

Po 

Poisson's 

h 

L 

R 

P 

ps; 

lb 

Ratio 

in 

in 

in 

lb-sec2 /in' 

4.38  x  105 

20 

..4 

.021 

23.3 

6.25 

9.5  x  10‘5 

Table  II.  Nonstationary  Values  of  the  Excitation  Frequencies 
Case  1  v  =  2u>i  +  u»jt 
Case  2  v  *  2wj  +  O.lwjt 

Case  3  v*2.6wi~a0.lM|t 


Table  III.  Natural  Frequencies 


Modes 


Natural  Frequencies 
u>  rad/sec 


udinal  m 

Meridional  n 

Isotropic 

perfect  imperfect 

1 

4 

444 

441 

1 

6 

352 

335 

2 

4 

390 

387 

3 

4 

315 

312 

1 

7 

466 

445 
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C.L.S. 

LIST  OF  SVHBOl-S 


R  -  radius 

L  -  length 

h  -  thickness 

p  -  material  density 

E,  o,  G  -  material  constants 

a  *  nnr/L 

8  =  n  /R 

m  =  number  of  longitudinal  half-waves 

n  =  number  of  meridional  full  waves 

P(t)  =  Pq  +  Pi  cosO(t)  -  total  external  loading 

?!  =  P,/2nR 

0(t)  =  v(t) 

a^t)  -  temporal  amplitude  of  the  i-th  mode 
*/^(t)  =  phase  angle  of  the  i-th  mode 
w,  =  natural  frequency  of  the  i-tn  (normalized)  mode 
4>  -  phase  shift 


U(t)  39  +  “»  1S7  +  “2 


A. ,  B. ,  function  to  be  determined 

ij.  ij 


AH  =  A22  =  Ih 


A'2  ~2Gh  "  Eh 

-Bj  =  ui2  =  -r 
ph 


{- 

+ 


Eh3 

12(l-o2) 


(o2+S2)2 


o£  Eh  fn2Eh 
R2  (a2+B2)2  16 


(o2+cj62)  +  |  8“  Eh  (fo2+4g0‘)) 


(aVe1*) 


mi 


’  pl'  +  TI  +  ptl3 


Ph3, 

12 


B5  =  ?i  (a2  +  cus2)  /  [ph  +  (a2  +  6:)  tt-] 


12 
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Fig.  3.  Parametric  stationary  and  Geostationary  (increasing  y)  response  of  a 
perfect  isotropic  cylindrical  shelJ,  m  »  1,  u  •  4. 


Fig.-  4.  Parametric  stationary  and  nonstationary  (increasing  r)  response  ot  a 
perfect  isotropic  cylindrical  shell,  j  *  i,  j  «  7, 


Fig.  5.  Parametric  stationary  and  nonstationary  (decreasing  v)  response  of  a 
perfect  isotropic  cylindrical  shell,  m  «  1,  n  *  4. 


Fig,  6.  Parc  trie  stationary  and  nonstationary  (  increasing  v)  response  of  an 
isotropic  cylindrical  shell  with  imperfections,  m  »  1,  n  -  4. 


Fig.  7.  Parametric  stationary  and  nonstationary  (decreasing  v)  response  of 
isotropic  cylindrical  shell  with  initial  geometrical  imperfections, 
m  ■  1,  n  «  4. 
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The  Inextensional  Vibrations  of 
Paraboloidal  Shells  of  Revolution 


DAVID  S.  MARGOLIAS  and  VICTOR  I.  WEINGARTEN 

UNIVERSITY  OF  SOUTHERN  CALIFORNIA 


ABSTRACT 

The  inextensional  vibrations  of  paraboloidal  shells  of  revolution  are  compared  to 
the  results  obtained  using  Sandeis'  shell  theory  wherein  both  membrane  and 
bending  terms  are  included.  The  finite  element  method  is  used  to  solve  Sanders' 
shell  equations  by  employing  a  curved  meridian  frustum  element  Vibration 
results  of  the  two  theoretical  studies  are  first  compared  with  experimental  re-, 
suits  and  then  with  each  other  for  both  deep  and  shallow  paraboloids.. 


INTRODUCTION 


The  analysis  of  structural  shells  has  become  the  object  of  intensive  study  in  the 
past  two  to  three  decades  n  response  to  the  changing  needs  of  the  scientific 
community.:  While  the  application  of  such  structural  elements  is  by  no  means 
a  new  phenomenon,  the  refinement  demanded  of  the  analyses,,  which  define  their 
strength,;  stiffness  and  stability  characteristics,  required  a  research  and  de¬ 
velopment  effort  to  parallel  those  of  the  applications  for  which  they  .vere  inten¬ 
ded  It  soon  became  apparent,-  howevei,.  that  only  a  limited  number  cf  such 
shell  problems  could,  in  fact,,  be  solved  in  a  .closed,;  inalytical  orm,  and  many 
efforts  were  redirected  to  diveloping  approximate  methods  of  solution  which 
would  still  yield  reasonably  accurate  results. 

Because  of  the  availability  of  the  high  speed,  large  memory  digital  computer, 
the  most  attractive  approximate  solutions  to  the  shell  problems  were  those  thee 
numerically  rpproximated  the  exact  or  complete  theory,-  since  the  error  in 
approximation  could  always  be  minimized  by  expanding  the  size  of  the  numerical 
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solution,  i.  e. ,  by  taking  finer  increments  in  the  numerical  model.  The  two 
most  widely  used  numerical  solutions  were  the  finite  difference  method,  where¬ 
by  the  shell  equations  are  approximated  by  a  set  of  simultaneous  difference 
equations,  and  the  finite  element  method,  wherein  the  total  potential  and  kinetic 
energies  of  the  shell  are  approximated  as  the  sum  of  the  energies  of  the  discre¬ 
tized  elements  into  which  the  continuous  shell  has  been  mathematically  subdi¬ 
vided,.  By  describing  the  energy  properties  of  these  elements  and  subsequently 
mathematically  reassembling  the  continuum,  a  set  of  simultaneous  equations 
describing  th<  overall  shell  is  acheived.; 

While  both  of  these  methods  have  been  found  to  give  excellent  results  for  general 
shell  problems,  the  amount  of  work  necessary  to  set  down  the  initial  formula¬ 
tion,  to  perform  the  algebraic  steps  to  bring  the  problem  to  its  final  form,  and 
to  program  the  results  for  the  computer,  are  considerable  indeed.  Another 
approximate  method  of  solution  which  has  been  found  to  yield  excellent  results 
for  a  limited  class  of  shell  vibration  problems  is  called  the  inextensional  theory 
of  thin  shells..  This  solution  technique  compromises  the  basic  shell  theory  it¬ 
self  and  in  this  way  differs  from  the  other  methods  discussed.  The  inexten- 
sional  method  admits  to  no  straining  of  the  sheU  middle  surface,,  so  that  in  the 
case  of  the  dynamic  analysis  of  such  a  structure,  the  assumption  is  made  *h^t 
the  strain  energy  of  the  vibrating  shell  is  due  entirely  to  the  bending  of  the 
middle  surface.-  The  vibration  problem  is  then  solved  using  Rayleigh's  method 
of  equating  the  maximum  strain  and  kinetic  energies  of  the  shell.  One  of  the 
limitations  of  this  type  of  solution  is  that  solutions  are  obtained  only  for  the 
first  or  lowest  mode  of  vibrations  at  a  given  circumferential  wave  numbir. 

Since  this  frequency  is  usually  the  one  of  primary  inierest,.  however,,  then  de¬ 
pending  on  the  specific  problem  being  investigated,,  this  may  or  may  not  be  con¬ 
strued  as  a  serious  limitation  of  the  inextensional  method.:  On  the  other  hand, 
it  will  be  shown  that,  in  the  case  of  the  paraboloidal  shell  for  example,  a  far 
more  serious  drawback  of  this  type  of  solution  lies  in  the  fact  that  the  boundary 
condition  for  the  shell  is  no  longer  a  variable  parameter  which  can  be  adjusted 
to  suit  the  problem,  but  instead  is  determined  by  the  analysis  itself.  As  might 
be  expected,,  since  stretching  of  the  shell  middle  surface  is  denied  in  this  case,, 
the  analysis  usually  requires  that  at  least  one  edge  of  the  shell  be  completely 
unconstrained  and  free  to  deform  as  the  free  edge  of  the  shell  would.  It  is  also 
not  possible  to  include  the  presence  of  an  initial  stress  field  in  the  shell  middle 
surface,,  since  the  presence  of  such  a  field  implies  the  existence  of  the  for¬ 
bidden  middle  surface  strains. 


The  incxtcnsi anal  method  is  thus  quite  restrictive  as  to  the  type  of  shell  problem 
to  which  it  may  be  applied  and  is  for  this  reason  used  primarily  as  an  academic 
tool  rather  than  as  an  alternate  method  of  solution.  Nevertheless,,  for  ihose 
problems  which  conform  to  the  limitations  imposed  by  the  technique,;  the  inex¬ 
tensional  theory  has  been  found  to  yield  excellent  results  with  relatively  little 
work..  Weingarten  [2],  for  example,,  has  found  the  inextensional  theory  to  be 
in  excellent  agreement  wit'"  experimental  results  for  thin  cylindrical  shells, 
clamped  at  the  one  end  and  free  at  the  other.-  Watkins  and  Clary  [3]  and  Wein¬ 
garten  and  Gelman  [4]  have  found  the  same  to  be  true  for  the  case  of  conical 


frustum  shells,  likewise  clamped  at  the  one  end  and  free  at  the  other,  and 
Naghdi  and  i'alnins  [5]  and  Hwang  [6]  describe  similar  work  for  free  edge  spheri¬ 


cal  shells. 


This  paper  is  not  the  first  to  document  the  inextensional  solution  for  paraboloidal 
shells.  Lin  and  Lee  [7]have  presented  the  solution  to  such  a  problem  earlier. 
The  purpose  of  this  work  is  to  establish  the  accuracy  of  'he  paraboloid  mexten- 
sional  solution  by  comparing  it  to  both  that  of  the  complete  shell  theory  and  to 


experimentally  accumulated  resjlts. 


COMPLETE  THEORY 


As  was  pointed  out  m  the  introduction,  a  closed  form,  analytic  solution  for  the 
structural  shell  problem  is  possible  only  in  a  limited  number  of  cases.  The 
paraboloidal  shell  of  revolution  is  not  one  of  these  select  cases,;  so  that  solu¬ 
tions  utilizing  a  complete  shell  theory,  i.  c.  ,.  including  both  membrane  and  bend¬ 
ing  distortions,  must  of  necessity  involve  one  of  the  nimerical  techniques  dis¬ 
cussed  in  the  previous  section.  Accordingly,  the  finite  element  method  was 
employed,  with  the  continuous  shell  being  discretized  into  a  number  of  shell 
frusta,  formed  by  passing  a  set  of  parallel  planes  through  the  shell  surface  and 
normal  to  the  generating  axis  or  axis  of  revolution  of  the  paraboloid..  The  re¬ 
sulting  element,  shown  in  Fig.  1,  is  then  a  frustum  of  tne  original  shell,  and 
its  meridional  geometry  exactly  duplicates  that  of  the  paraboloid. 

Employing  the  finite  element  method,  then,  an  appropriate  set  of  dii  placement 
functions  are  assumed  for  the  discrete  element,  the  total  energy  for  the  shell 
(strain  energy  plus  kinetic  energy)  is  computed,  and  an  energy  principle  is  used 
to  minimize  this  total  energy  with  respect  to  each  of  the  assumed  displacement 
functions..  For  this  reason  the  finite  element  method  is  likened  to  the  Rayleigh- 
Ritz  method,  whereby  the  same  procedure  is  employed  without  discretizing  the 
continuous  body.-  When  the  tc  al  energy  is  so  minimized  with  respect  to  each 
assumed  displacement  function  (or  assumed  constants  in  these  displacement 
functions),  a  set  of  simultaneous  differential  equations  are  derived,;  which  when 
banded  together  into  a  single  matrix  equation,  succinctly  give  the  familiar  eigen¬ 
value  equation  for  the  free  vibrations  problem.. 


No  special  assumptions  other  than  those  normally  made  for  small  deflection 
ihin  shell  theory  are  needed  or  are  made.  The  shell  material  is  assumed  to  be 
Hookian,;  isotropic  and  perfectly  elastic,  the  shell  thickness  is  assumed  to  be 
small  in  comparison  with  its  principal  radii  of  curvature,,  the  Love-Kirchhoff 
hypotheses  governing  normal  stresses  and  normals  to  the  middle  surface  are 
assumed  to  apply,-  and  nonlinear  displacement  terms  in  the  governing  shell  equa 
tions  are  assumed  to  be  negligible.  Accordingly,;  tne  shell  strain-displacement 
relations  used  in  the  analysis,,  which  were  derived  by  Sanders  18]  are,;  for  the 
shell  of  revolution,  given  by 
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For  the  frustum  element  chosen  and  shown  in  Fig.,  1,,  four  degrees  of  freedom 
or  generalized  displacements  are  assumed  at  each  node  as  being  most  contri- 
butive  to  the  total  energy  value  of  the  shell.;  In  the  case  at  hand,,  the  axisym- 
metric  shell  geometry  permits  the  use  of  rather  simple  displacement  functions 
to  represent  these  generalized  displacements,  i.e. it  is  possible  to  expand  the 
circumferential  (asymmetric)  coordinate  dependence  in  an  infinite  Fourier 
series.  If  linear  theory  is  applied,  employing  the  principle  of  superposition 
makes  it  possible  to  consider  each  term  in  the  series  independently.;  The  dis¬ 
placement  functions  assumed,  therefore,  with  the  meridional  coordinate  de¬ 
pendence  being  expressed  in  the  form  of  Hermitian  polynomials,;  are 
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The  third  order  polynomial  is  used  for  the  normal  displacement  so  that  both  dis¬ 
placement  (w)  and  rotation  (ft  Ow/os  -  udi/ds)  continuity  arc  assured  at  each 
node,  while  linear  functions  are  used  for  the  two  in-plan?  displacements,,  since 
only  displacement  antinuity  is  sought  for  each  ot  these  coordinates  at  each  node, 


If  these  displacement  functions  arc  used  in  coniunction  with  the  strain  displace¬ 
ment  equations,  the  expressions  for  the  strain  and  kinetic  energies  of  the  shell 
can  be  written  in  matrix  form  as 

ir  1  T  T  i  ,  2j*t 
U  =  —  ia  j  Js ;  ia  j  c 

K  -  -  ~  [a  jT  [M]  [a  jo2''1 

I  equations  may  be  altered  to  a  more  familiar  form  by  utilizing  the  equa¬ 

tions  winch  relate  the  coefficients  in  the  assumed  displacement  functions  to  the 
nodal  di  spin  cements  for  any  given  element 
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The  altered  form  of  the  energy  expressions  is 

U  --•|lq]T['i]TiK]  M  iqi  -  |iqjT[K]lqj 

2 

T  -  -  — -  [qJTLl]T  JvTj  [l]  tq !'  =  \  tq]T[M]tqJ 

since 

tqj  -  j*iq} 

for  harmonic  vibrations.. 


Applying  Lagrange's  equation  to  this  conservative  system  of  generalized  coordi¬ 
nates  gives,  in  the  absence  of  any  externally  applied  loadings. 


Substituting  the  differentiated  energy  expressions  into  this  equation  gives  the 
familiar  equations  of  motion  for  the  shell 

CM]  {q}  +  CK]  lq]  =  0 

which  for  harmonic  vibrations,  i.e.  ,  [q )  =  -  u.Z  {q},  give'-  the  classical  eigen¬ 
value  problem 

[K  -  uiZM]  Cq]  =  0 

or 

|k  -  ujZm|  =  0 

The  eigenvalues  (frequencies)  and  eigenvectors  (mode  shay_s)  of  this  problem 
can  be  obtained  only  by  use  of  the  digital  computer,  since  there  are,  for  the 
shell  subdivided  into  N  finite  elements,  approximately  4(N  +  1)  degrees  of 
freedom  for  the  free  edge  shell  under  investigation  in  this  study.  The  total 
number  of  such  generalized  coordinates  must  be  modified  to  account  for  the 
"effective"  boundary  conditions  at  the  apex  of  the  closed  paraboloid..  These  con¬ 
ditions  are  derived  from  the  requirement  for  finite  strains  and  curvatures  at  the 
apex  [9],  [10]  and  are  given  in  Table  I. 


INEXTENSIONAL  THEORY 

The  fundamental  assumption  made  in  the  inextensional  theory,,  that  the  middle 
surface  of  the  shell  remains  essentially  unstrained  in  the  deformed  state,;  gives 
for  Eq.  (1) 


£.  -  —  Tucoscp  +  +  wsincfl  =  0 

oh  r  L  9  6  J 


Su 

3s 


8s 


-[ 
■u 


3u 

30 


-vcosCp  +  r 


SJ-  ° 


(5) 


The  equations  to  be  satisfied  by  the  inexi  ensional  displacement  functions  in  terms 
of  the  independent  variables  8  and  cp  are  then 


3  v 

ucoscp  +  —  +  w  sinep  =  0 
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(6) 

(7) 


It  is  observed  that  only  the  last  of  these  equations  contains  a  geometry  depend~nt 
coefficient  and  hence  need  be  modified  to  account  for  different  shell  of  revolu..on 
meridional  shapes.  Accordingly,  for  the  paraboloid  of  revolution  described  by 
the  equation  r^  =  Ax  ,,  this  equation  becomes 
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theory,  similarly  gives 
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Using  Rayleigh's  approach  of  equating  the  maximum  kinetic  and  potential  (strain) 
energies  gives  the  final  expression  for  the  inextensional  natural  frequencies 


The  retention  of  the  thickness  of  the  shell  inside  the  integral  allows  for  the  so-- 
lution  of  the  completely  general  inextensional  case.  Since  the  most  practical 
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means  of  solvin’?  the  frequency  Eq.  (12)  is  by  numerical  integration  in  any  cas.-,, 
the  inclusion  of  the  variable  th;ckness  in  the  problem  in  fact  adds  no  inconven¬ 
ience  or  complication  to  the  solution. 


EXPERIMENTAL  INVESTIGATION 


A  limited  experimental  program  was  conducted  to  accumulate  data  for  use  in 
ascertaining  ‘lie  validity  of  the  theoretical  results  and  in  particular  of  the  in- 
extensio-.al  results.  The  test  specimen  used  was  an  1100-0  aluminum  spun 
paraboloid  whose  diameter  at  the  free  (outer)  edge  measured  18.0  inches  whose 
thickness  was  nominally  measured  at  0.0375  inches,,  and  whose  meridional  shape 
conformed  to  the  paraboloid  equation,,  r^  6.  8930x.  During  the  experiment  the 
shell  was  rested  on  its  apex  and  was  stabilized  in  this  orientation  with  loosely 
packed  wood  shavings  scattered  around  the  shell..  The  excitation  was  provided 
to  the  specimen  by  pulsing  an  electromagnet  positioned  in  very  close  proximity 
to  the  shell  surface..  The  input  to  the  power  supply  used  to  drive  the  electromag¬ 
net  was  controlled  by  a  frequency  oscillator  and  was  monitored  with  an  electron¬ 
ic  counter..  The  response  of  the  shell  was  measured  with  a  microphone,  similar¬ 
ly  positioned  in  close  proximity  to  the  paraboloid  surface.  By  centering  the 
paraboloid  beneath  a  spider-like  fixture  which  supported  the  microphone  on  a 
rotary  arm  complete  circumferential  response  at  any  given  point  along  the 
meridian  was  measured.  The  circumferential  position  of  the  microphone  was 
indicated  by  using  a  potentiometer  to  measure  the  relative  position  of  the  ro- 
rary  art  with  respect  to  a  given  reference  on  the  supporting  fixture.  With  the 
microphi  le  output  (shell  response)  connected  to  the  ordinate  scale  and  the  po-- 
tentiomeior  output  (microphone  circumferential  position)  connected  to  the  ab¬ 
scissa  s<  lie  of  an  x-v  plotter,,  the  complete  circumferential  mode  shape  was 
recorded  ,ind  determined  at  each  frequency  for  which  a  resonant  rise  was  de¬ 
tected.  These  rises  in  the  response  spectrum  for  the  shell  were  found  h  sim¬ 
ultaneously  monitoring  the  microphone  output  on  an  oscilloscope..  Using  this 
setup,,  the  natural  frequencies  were  determined  for  the  parabo'oidal  shell  for 
the  lowest  three  vibration  modes,,  despite  the  fact  that  only  the  first  mode  data 
is  of  interest  for  the  inex<  uisional  case. 


COMPARISON  OF  RESULTS 

Table  II  shows  a  comparison  of  the  results  of  the  theoretical  and  experimental 
investigations  made'  uti  the  paraboloidal  shell,,  r^  -  6.  8936x  The  mexten- 
sior.al  results  were  obtained  by  numerically  integrating  Eq.  (12)  on  the  IBM 
’60/44  digital  computer.  These  integrations  were  carried  out  using  the  seven 
point  Newton-Co'-es  integration  formula,  with  the  shell  divided  into  50  segments 
or  (7)  (50)  +  1  351  integration  points.  It  should  be  pointed  out,,  however,;  that 

the  inextensional  solutions  were  found  to  converge,  in  fact,  for  a  much  smaller 
number  of  segments  (less  than  five). 

The  finite  element  solutions  were  similarly  obtained  using  the  digital  computer,, 
with  the  larger  IBM  360/65  being  employed  in  this  case.  The  program  written 
for  this  analysis  automatically  subdivided  the  shell  into  35  frustum  elements  of 
equal  meridional  length..  The  Choleskv  square  root  method  was  used  to  decom¬ 
pose  the  inertia  matrix  into  an  upper  and  lower  triangular  form,;  thereby  per¬ 
mitting  the  ultimate  formation  of  a  symmetric  dynamical  matrix  of  the  form 

lK':  [l]"1  Ck][lt]'1 
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where 


Cm]  =  [l]  [u]  -  [l]  [lt] 

The  resulting  eigenvalue  problem  was  then  solved  by  the  Given's  Method.. 

As  Table  II, ;  and  the  corresponding  graphical  representations  in  Fig.  2  and  Fig. 
3,  show,  the  inextensional  theory  gives  excellent  results  over  the  entire  range 
of  harmonics  investigated  for  the  laboratory  specimen.  It  is  apparent,  however, 
that  this  will  not  be  true  for  the  higher  harmonics,,  since,,  as  both  Table  II  and 
Fig.  3  demonstrate,  the  experimental  and  inextensional  results  are  already 
beginning  the  diverge  rather  rapidly  by  the  thirteenth  or  fourteenth  harmonic. 

Upon  initial  inspection,:  it  appears  that  the  more  approximate  inextensional 
theory  gives  better  results  than  the  complete  theory,  which  is  represented  by 
the  finite  element  method..  Although  giving  good  results,,  as  Fig.  2  shows,  it 
is  not  until  about  the  fourteenth  harmonic  that  the  finite  element  method  gives 
results  which  are  as  good  as  those  of  the  inextensional  theory  It  must  be  em¬ 
phasized,  however,  that  the  finite  element  solutions,;  because  they  are  derived 
using  an  energy  minimization  principle,;  will  converge  to  the  exact  solutions 
from  values  which  are  greater  than  the  true  solutions.;  Thus,  as  Fig.  4  shows,, 
the  finite  element  solutions  for  the  experimental  shell  have  failed  to  converge 
at  the  second  harmonic  using  only  35  elements,  which  is  indicative  that  the  so¬ 
lutions  shown  in  Table  II  and  Fig..  2  have,  in  fact,  not  converged  for  any  of  the 
harmonics  calculated.  On  the  other  hand,  as  was  previously  indicated,  the  .so¬ 
lutions  shown  for  the  inextensional  method  are  all  calculated  for  50  shell  seg-. 
ments  and  have  accordingly  reached  convergence. 


PARAMETRIC  ANALYSIS 


With  the  accuracy  of  the  inextensional  method  established  for  at  least  one  para¬ 
boloidal  shell  geometry,,  it  is  interesting  to  examine  the  behavior  of  this  approxi¬ 
mate  theory  for  other,,  more  extreme  paraboloid  shapes.  For  this  investiga¬ 
tion,  inextensional  results  arc  compared  to  the  finite  clement  solutions  for  a 
relatively  deep  (focal  length  =  0.  5)  and  a  relatively  shallow  (focal  length  =  4.  5) 
paraboloid,,  as  well  as  for  one  which  is  quite  similar  (focal  length  1  5)  to  the 
experimental  shell.  The  results  of  these  comparisons  are  given  in  Table  III  and 
in  Fig.  5  and  Fig.  6..  While  Fig.  5  shows  that  the  inextensional  results  con¬ 
tinue  to  give  good  agieement  with  the  finite  clement  solutions  for  all  paraboloid 
geometries,  an  examination  of  Fig.  6  more  clearly  shows  the  differences  be- 
.ween  the  two  solutions.  Discounting  somewhat  the  rather  large  discrepancies 
at  the  lower  harmonics,,  since  it  is  already  established  that  this  is  primarily  due 
to  the  lack  of  convergence  of  the  finite  element  solutions,,  it  is  observed  that  the 
deeper  the  paraboloid,;  the  better  is  the  agreement  between  the  two  solutions. 
There  is,,  in  fact,  no  real  agreement  for  the  paraboloid  with  the  focal  length 
4.  5,  since  the  difference  curve  cuts  the  zero  difference  axis  at  a  rather  sig¬ 
nificant  slope.  The  curve  for  th>’deep  shell,,  on  the  other  hand,;  is  almost  cons-, 
tant  at  about  2  percent  for  all  harmonics  greater  than  the  third. 


CONCLUSIONS 

The  foregoing  analyses  and  discussions  clearly  establish  the  ease  with  which  the 
inextensional  vibrations  of  paraboloidal  shells  can  be  calculated  and  the  geo¬ 
metries  for  which  such  solutions  are  accurate.  Eq.  (12).  as  originally  derived 
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by  Lin  and  Lee  [7]  ,  is  found  to  yield  excellent  results  for  the  lo”'»r  harmonics 
(up  ton®  16)  for  paraboloids  with  focal  lengths  as  high  as  2.  C  ~  2.  5.  For  t  ie 
shallower  paraboloids  (focal  length  >  2.5)  the  range  of  accurtcy  is  more  limi¬ 
ted,  probably  only  for  the  lowest  few  harmonics..  This  conclusion  is  drav-n  from 
the  supposition  that  the  low  harmonic  solutions  will  be  in  far  greater  agreement 
if  the  finite  element  solutions  are  permitted  to  converge  by  assuming  more  than 
35  discrete  elements.. 
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3nR 

404 

2.04 

3.59 

490 

496 

2.73 

3.98 

S92 

597 

3.  32 

4.  19 

702 

707 

3.85 

4.73 

822 

4.85 

9S2 

9*.» 

4.4? 

S.  44 

2 

3 

4 

4 

6 

7 

8 
9 

10 

11 

12 

13 

M 


16 

40 

76 
121 
174 
236 
307 
390 
477 
*.7  3 
676 


123S 

1552 


6.  11 
1.  36 
10.62 


6.  10 
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r»bl«  UI  -  Comparison  of  loe  Mention  and  Complete  Shell  Theory  Result*  for  the  Vibration*  of  Various 
Tree  E 6ft  Paraboloidal  Shells* 


Harmonic 

lnextcnfionai  Tneory  ResuW 
For  Natural  Frequency  lcp*i 

35  Finite  Element  Complete  Theory 
P»sults  for  Natural  Frequency  teps) 

— 

Percent  Difference"’  Between 
Compete  Theory  and  Inextensional] 
Theory  Results 

Number 

In) 

A*2 

A  =  6 

A=18 

A-Z 

A=© 

A-16 

A=2 

A-6 

Axl8 

2 

11.  56 

9.60 

11.99 

13.45 

14.58 

27.  36 

15.  11 

41.19 

76.  10 

4 

60. 82 

49. 07 

M.01 

61.% 

53.  36 

73.87 

1.86 

8.  36 

24.  05 

6 

142. 24 

112.18 

133.15 

144. 36 

117.18 

147.89 

1.47 

3. 74 

10.49 

8 

255. 46 

200. 47 

236.89 

260.47 

204.67 

246. 57 

1.94 

2.07 

4.61 

10 

400.83 

311.70 

369.  10 

409.  35 

315.65 

374.  t>6 

2. 10 

1.2* 

1.50 

12 

577. 17 

446. 52 

529. 73 

589.78 

450. 05 

S2«. 17 

2.16 

0.79 

-0.  94 

14 

785.66 

604.91 

718.75 

801.47 

607.72 

697.60 

1.  <»e 

0.46 

•  2.99 

16 

1025.8*) 

786. 85 

936.  15 

1044.88 

788. 54 

8^2, 24 

_ 

1  S3 

3.21 

-4  80 

•The  following  constants  were  used  for  the  shells  E  =  10  psi,  *  0.  3, 
thickness  =  0.030  inches,  radius  j  10,  0  inches,  and  geometry,,  r*  *  Ax 


(ZOOilFimte  Element  Solution  -  lnex‘*-»ional  Solution 
(Finite  Element  Solution  *  Inextensional  Solution! 


Fig.;  1..  Finite  Element  Model, 
Shell  Coordinates  and  Assumed  No 
dal  Displacements 


Fig.-  2.  Comparison  oi  Experimen¬ 
tal  and  Computed  Inextensional  and 
Complete  Theory  Results  for  the 
First  Mode  Natural  Freqi  ncies  of 
the  Paraboloidal  Shell,;  ri-  6.893bx 
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Fig.  3.  Percent  Difference  Be¬ 
tween  the  Theoretical  c.ni  Exp  ri- 
mental  Results  for  the  First  Mode 
Natural  Frequencies  of  the  Para¬ 
boloidal  Shell,  r2  =  6.  8936x. 


Fig.  5.  Comparison  of  Inexten- 
sional  and  Finite  Element  Solutions 
for  the  First  Mode  Natural  Frequen¬ 
cies  of  Paraboloidal  Shells  with 
Different  Focal  Lengths.- 


Element  Method  for  the  First  Mode 
Natural  Frequencies  at  the  Second 
Harmonic  of  the  Paraboloidal  Shell, 
r2  =  6.  8936x. 


Fig.  6.  Percent  Difference  Between 
the  Inextensional  and  Finite  Element 
Solutions  for  the  First  Mode  Natural 
Frequencies  of  Paraboloidal  Shells 
with  Different  Focal  Lengths. 
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Impact  of  Spheres  on  Elastic  Plates 

of  Finite  Thickness 
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IOWA  STATE  UNIVEtSITY 


ABSTRACT 

A  general  method  of  calculation  la  described  to  determine  the  stresses  and  contact 
time  for  the  Impact  of  spheres  on  the  surface  of  an  elastic  plate  of  finite  thick¬ 
ness  overlying  a  rigid  foundation.  Also  described  are  the  stress  distribution  and 
contact  time  for  the  impact  between  a  rigid  sphere  and  a  thin  plate.: 

Experiments  are  conducted  to  measure  the  contact  time  between  steel  balls  and 
glass  plates  of  various  thicknesses  overlying  a  large  steel  block.;  It  is  shown 
both  theoretically  and  experimentally  that  for  sufficiently  large  steel  balls  the 
contact  time  decreases  with  decreasing  plate  thickness,  and  a  good  agreement  be¬ 
tween  theory  and  experiment  is  obtained.-  The  impact  velocities  required  to  pro¬ 
duce  conical  fractures  are  measured  to  be  smaller  for  thin  glass  plates  than  for 
thick  glass  plates  overlying  a  hard  steel  block.;  This  is  shown  to  be  a  conse¬ 
quence  of  the  fact  that  for  the  same  impact  velocity  of  a  large  steel  ball  the 
critical  tensile  stress  around  the  contact  circle  is  larger  in  a  thin  plate  than 
in  a  thick  plate. 


INTRODUCTION 


The  measurements  of  the  dynamic  and  static  strength  of  thick  glass  plates  were 
carried  .  by  respectively  impinging  and  pressing  steel  balls  onto  the  surfaces 
of  glass  [l],  In  the  static  measurements  the  load  required  to  produce  Hertzian 
fractures  in  glass  plates  was  measured  and  the  corresponding  fracture  stress  was 
calculated  as  a  function  of  indenter  diameters..  It  was  found  that  the  calculated 
value  of  the  fracture  tensile  stress  is  not  constant  but  increases  with  decreasing 
radius  of  the  indenter.  The  relationship  between  apparent  tensile  strength  and 
indenter  radius  is  known  as  Auerbach's  Law,  and  has  been  discussed  in  terms  of  the 
statistics  ot  the  flaw  d< ;; >-ibut ion  in  a  glass  surface  [l]..  In  the  measurements 
of  the  dynamic  strength  in  Ref..  1  the  impact  tests  performed  were  limited  to  the 
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cases  of  small  indenters.  For  large  indenters  whose  diameters  are  compatible  with 
the  thickness  of  glass  plates,  however,  nu  dynamic  measurements  were  carried  out. 
Th?  difficulty  confronting  the  measurement  there  appears  to  be  the  understanding 
of  local  stress  distribution  around  the  area  of  contact  between  an  indenter  and  a 
vibrating  plate. 

The  above  difficulty  is  equivalent  to  that  of  accounting  for  the  effect  of  plate 
thickness  on  the  local  stress  distribution  around  the  area  of  con'  t  in  static 
and  dynamic  loadings.'  Recently  a  mathematical  study  was  conducted  on  the  effect 
of  plate  thickness  on  the  local  stress  distribution  produced  in  an  elastic  plate 
by  pressing  spherical  indenters  on  both  upper  and  lower  surfaces  of  the  plate  [2j., 
The  thickness  effect  was  studied  in  terms  of  the  nondimens iona 1  ratio  between 
contact  radius  and  plate  thickness.  It  was  shown  that  the  half-space  solution 
used  [1]  is  an  accurate  approximation  only  for  the  plates,  the  thicknesses  of 
which  are  large  compared  to  the  radius  of  the  contact  area.  For  thin  plates  under 
the  pressure  of  large  indenters,  however,  the  maximum  tensile  stress  in  the  plates 
may  become  twice  as  large  as  that  in  a  half-space  [2J.  The  above  magnification 
of  the  tensile  stress  due  to  thinness  of  the  plate  was  demonstrated  experimentally 
jy  pressing  steel  balls  on  the  surfaces  of  glass  plates  of  various  thicknesses  [3]., 
In  interpreting  the  experimental  data  obtained,  a  general  numerical  procedure  was 
suggested  to  determine  the  fracture  stresses  of  glass  specimens.  It  was  shown  [3j 
that  the  load  required  to  produce  fracture  in  glass  plates  decreases  rapidly  as 
the  plate  thickness  decreases.  This  was  determined  to  be  a  consequence  of  maximum 
tensile  stress  being  larger  in  a  thin  plate  than  in  a  thick  plate  for  the  same 
indentation  pressure.; 

The  static  solutions  obtained  [2]  can  be  extended  to  associated  dynamic  problems 
of  plates..  In  the  Hertz  impact  theory  [4,  5j  it  was  assumed  that  near  the  point 
of  contact  the  stresses  and  strains  may  be  computed  at  any  instant  as  though  the 
contact  were  static.  By  solving  three-dimensional  equations  of  motion,  the  above 
assumption  was  studied  as  a  function  of  contact  time  and  contact  radius  [b].  It 
was  shown  mathematically  that  the  Hertz  theory  applies  for  moderate  impact  veloc¬ 
ities  where  the  contact  time  is  large  and  contact  radius  is  small.  If  contact 
times  are  300  pi  sec  or  more  and  the  contact  radii  are  less  than  0.045  in.,  the 
Hertz  stresses  in  a  half-space  at  the  instant  of  maximum  contact  radius  are  shown 
to  differ  less  than  0.057.  from  the  results  obtained  bv  Tsai  [6].:  In  the  above 
dynamic  range,  therefore,  it  appears  reasonable  to  apply  the  Hertz  assumption  to 
the  associated  dynamic  problems  of  plates. 

Using  the  Hertz  assumption,  the  theoretical  results  obtained  by  Tsai  [2]  are 
extended  here  to  the  corresponding  dynamic  problems.  The  problem  considered  is 
that  a  plate  overlying  the  surface  of  a  rigid  foundation  is  subjected  to  the  im¬ 
pact  of  a  spherical  body.  General  numerical  procedures  are  suggested  to  deter¬ 
mine  contact  times  and  contact  stresses  for  plates  of  arbitrary  thickness. 

The  theory  described  here  has  two  apparent  parameters,  namely,  indenter  diameter 
and  plate  thickness..  Measurements  associated  with  the  theory  are  carried  out 
here  by  impinging  steel  balls  of  various  diameters  onto  glass  plate3  of  various 
thicknesses  overlying  a  large  steel  block.  The  times  of  contact  and  the  impact 
velocities  required  to  produce  fractures  in  glass  plates  .re  measured  as  a  fun. - 
tion  of  plate  thickness  and  indenter  diameter.-  The  contact  tines  measured  are 
compared  to  those  predicted  bv  the  theory  developed  hero.  Furthermore,  the  frac¬ 
ture  tensile  stresses  corresponding  to  the  fracture  velocities  .ire  also  determined 
on  the  basis  of  the  present  theory.  The  work  described  here  is  three-dimensional 
in  nature.  For  ex'  remely  thin  plates,  an  impact  problem  similar  to  that  considered 
here  was  investigated  in  Ref.  7.  The  stress  distribution  obtained  there  appears 
to  be  a  limiting  case  of  the  present  theory. 


i.lEORETICAL 


The  problem  considered  here  is  the  impact  of  a  spherical  body  on  the  surface  of 
an  elastic  plate  overlying  a  rigid  foundation.  In  order  to  make  the  problem 
amenable  to  a  mathematical  analysis,-  the  spherical  indenter  is  assumed  to  be  a 
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rigid  body.  This  is  also  the  assumption  adapted  in  the  mathematical  study  of  the 
symmetrical  indentations  of  spherical  bodies  on  the  upper  and  lower  surfaces  of  an 
elastic  plate  [2].;  The  theoretical  results  obtained  there  were  recently  extended 
to  a  general  method  for  determining  the  maximum  tensile  stress  in  an  elastic  plate 
subjected  to  arbitrary  spherical  indentations  [3].  '  e  method  developed  was 

shown  to  be  "seful  in  analyzing  the  experime  .a  *zt«.  ained  in  the  investiga¬ 
tion  of  fracture  in  glass  plates,  and  a  close  ag..  -nent  etween  theory  and  exper¬ 
iment  was  obtained  [3].  Therefore,  the  assumption  mentioned  above  appears  to  be 
reasonable  and  practical  for  the  current  problem. 


The  theory  for  the  present  problem  can  be  extended  in  cylindrical  coordinates  (r, 
9,  z)  from  an  earlier  work  [2j.,  The  problem  considered  there  is  an  infinite  elas¬ 
tic  plate  of  thickness  H  which  is  subjected  to,  a  rigid,  axisymmetrical  indentation 
on  its  upper  surface  z  =  H,  but  resting  on  a  smooth,  rigid  foundation  at  z  »  0.- 
This  problem  is  equivale- 1  to  a  plate  of  thickness  2H  subjected  to  the  same  inden¬ 
tations  on  both  upper  and  lower  surfaces..  It  is  assumed  that  the  shear  -tress 
vanishes  on  the  surfaces,  and  that  the  i  ormal  contact  stresses,  p(r,  t),  are  for¬ 
mally  known  funct  ‘ns  of  the  radial  di  tance,  r,  end  the  time,  t.  The  function 
p(r,  t)  was  written  as  an  unknown  to  'e  solved  in  an  integral  equation  [2].  For 
convenience,  some  equations  in  the  earlier  work  [2j  arc  quoted  here  with  proper 
addition  of  the  time  variable,  t.  These  equations  are  w» itten  hereafter  following 
proper  reference  brackets.  In  terms  of  p(r,  t) ,  the  vertical  displacement  in  the 
plate  surface  z  =  H  was  written  [2]  as 


U  (r,  II,  t)  =  2C 


m 

1 


J  (sr)sinh^  sH 
o _ 

2Us  +  sinh  sH 


t)\J  (Xs)dXds 
o 


di 


where  C,  --  (1  -  „)/pi,  pi  and  j  are,  respectively,  the  she...  -odulus  and  Poisson's 
ratio.  J  (x)  is  the  Bessel  function  of  the  first  kind  of  zeroth  order,  and  a ( t ) 
is  the  ia3ius  of  the  contact  area  between  the  indenter  and  the  plate.  The  deter¬ 
mination  of  a(t)  will  be  described  later  in  this  paper.-  When  II  tends  to  infinity, 
the  function  p(r,  t)  in  Eq.-  1  was  found  to  be  of  the  same  form  as  the  associated 
half-space  Hertz  contact  stress  [y].  Therefore,  the  Hertz  impact  theory  applies 
[  5  J The  other  limiting  case  of  Eq 1  occurs  wnen  H  becomes  extremely  small.;  If 
the  shape  of  the  vertical  displacement  produced  by  the  indenter  inside  the  area  of 
coacact  can  be  described  oy  g(r,  t) ,  Eq.,  I  for  small  II  reduces  to 


g(r,  t) 


HC 

7 


J  sdo(sr) 


p(X,  t)XJo(Xs')dXJs  -  ~  p(r,  t'‘ 


for  r  a(t"» 


(2) 


Thus  the  shape  of  the  normal  contact  stress  distribution  is  the  same  as  that  of 
the  indentation  for  very  th*n  plates.'  The  radial  and  circumferential  stresses  in 
the  surfaces  of  thin  plates  can  c Iso  be  deduced  from  the  corresponding  general 
expressions  obta*.  .ed  in  Re f.  [2).;  After  some  calculations  those  expressions  for 
small  H  reduce  to 


for  r  ->  u(t  i 

for  r  aft ) 


C  O 
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and 


vjp(r,  t)  -  J  p(\,  t)Xdxj 

r( 

n 


360  \  a(t) 

4  f  P(X,  t)>.d\ 


for  r  s  a(t) 


for  r  >  a(t) 


(4) 


The  general  express?  ns  2  -  4  are  valid  for  any  axisytrroetrical  indenters.  If  the 
radius  of  the  contS'  circle  is  small  compared  to  the  radius  R  of  a  rigid  spheri¬ 
cal  indenter,  the  penetration  function  can  be  written  [ 2 j  as 


K(t.  t,  =  -  a(t) 


(5) 


where  a  is  the  maximum  depth  of  indentation.  If  Eq.-  5  is  used  in  Eq.  2,  p(r,  t) 
is  obtained.  Since  p(r,  t)  must  vanish  at  r  ■  a,  this  leads  to 


a 


(6) 


Therefore,  the  normal  stress  on  the  surface  of  a  thin  plate  is 


0 


zz 


p(r,  t) 

0 


for  r  s  a 


for  r  >  a 


(7) 


If  Eq.  7  is  substituted  into  Eqs.  3  and  4,  the  stresses  are 
2 

via 

2RHC 


•d  into  Eqs .  . 

I  I,  - 


rr 


va 


4RHCr 


for  r  i  a 


(8) 


for  r  >  a 


and 


99 


va 

2RHC 


va 


1  - 


4RHCr" 


3 


for  r  s  a 


for  r  ■»  a 


(9) 


The  stress  distribution  inside  the  contact  area  expressed  in  Eqs.;  7-9  is  the  same 
an  that  obtained  in  Ref.  [7]  from  a  different  approach..  Since  stresses  are  assumed 
to  be  constant  across  the  thickness  of  a  thin  plate,  the  above  results  are  valid 
everywhere  in  a  thin  plate. 

The  total  applied  for  e  from  Eq,  7  is  equal  to 
a 

P  =  f  2rrp(r,  t)dr  *  -  a2  (10) 

"'o 
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If  in  is  the  mas*  of  the  projectile  impinging  on  a  thin  elastic  plate,  the  equation 
of  motion  can  be  written  as 


no. 


P 


(11) 


where  the  dot  means  differentiation  with  respect  to  time.  If  the  velocity  of 
approach  is  V  and  if  the  maximum  depth  of  penetration  is  a^,  the  integration  of 
Eq,  11  gives  L 


and 


4nR  3 
3HCm  a 


3  3HCm  .  2 
al  “  V 


Integrating  Eq.  12  over  t  gives 


(12) 


(13) 


(14) 


The  total  contact  time  T  is  equal  to  twice  the  value  of  t  for  a  «  a^. 

I  A-  e  (I\  .  a  .1/3 

I 3H(1  -  u  )mj 


r  d, 

1*77 


2nRE 


f 


Thus 

.-1/3 


(15) 


If  Eq.  13  is  employed  in  Eq.  6,  the  maximum  contact  radius  is  determined..  The 
value  of  e(t)  autu.j,  impact  is  also  obtained  from  Eq.  6  if  Cl(t)  is  determined  from 
Eq.  14  and  then  used  .n  Eq.  6. 


Between  the  above  two  limiting  cases,  an  elastic  plate  of  finite  thickness  is  of 
essential  interest  in  the  present  study..  The  function  p(r,  t)  was  written  by 
Tsai  [2]  as  an  unknown  in  the  integral  equation 


p(r,  t) 


P„(r,  t)  +  - r 

H  2nH2 


a 

l 


p(X,  t)\d\ 


06 


where 


(lb) 


Q(u) 


1  4-  u  -  e  U 
u  +  slnh  u 


(17) 


p  (r,  t)  is  the  associated  half-space  normal  contact  stress.  For  the  function 
gfr,  t)  described  in  Eq.  5,  the  associated  normal  stress  is  [2] 


PH(r, 


t' 


-  r2)i/2 
C"R 


(1SI 
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From  the  process  of  successive  approximations  [2j,  the  solution  of  Eq.:  16  can  be 
written 


P(r,  t)  =  pH(o,  t)kz 


(19) 


where 


PH(o,  t)  C;tR 

and  the  nondimensio'.dl  function  of  a/'1  and  x  =  r/a  is 


(20) 


(21) 


In  addition  to  the  above  equations,  the  subsidiary  equation  for  determining  the 
distance  of  approach  g(o,  t)  =  -  a(t)  was  also  obtained  [ 2 J  as  follows:' 


g(o,  t)  +  a 


a 


Qdm  +  1 

,  2  2.  1/2  2H 

(a  -  m  ) 


cos  (m)  f  P(X>  t)XJo  @) 


dXdu  =  0 


(22) 


From  Eqs.  5,  19  and  22,  a  can  be  written  as 


a 


where 


(23) 


(24) 


and  the  nondimensional  function  is 


ka  (h)  =  1  -  n  (£)  f  Q(U)  C0S  @)  f  KZ(h>  x)xJo(l!f)dxdu 


The  first  derivative  of  a  from  Eq.  23  is 


(25) 


(26) 


(27) 
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and 


<r  1 

V  =  1  +  n  fe)  / Q(u)  sin  (!h)u  /  kz(t-  x)xJ0fiif)dxdu  (28) 

o  o 

The  above  derivative  will  be  useful  in  the  following  determination  of  the  contact 
time  between  a  spherical  body  and  plate.  During  impact,  the  equation  of  motion  11 
also  applies.  P  is  the  total  force  exerted  by  the  plate  on  the  sphere  and  was 
written  [3]  as 


PHkp\H 


where 


P 


H 


(29) 


(30) 


and  the  nondimensional  function  k  was  calculated  and  shown  graphically  by 
Tsai  [3].  If  Eq.  11  is  multiplied  Dy  a  and  if  the  values  of  P  and  a'  are  substi¬ 
tuted  from  Eqs.  29  and  26,  respectively,  the  integration  of  Eq.  11  over  t  gives 


where  V  is  the  initial  velocity  of  approach  of  the  sphere.;  If  a/H  is  replaced  by 
y,  Eq.  31  can  be  written  as 


!«! (I 

1  15CR  V  '  ‘ 


(32) 


where  the  nondimensional  function  is 
a/H 


kV  =  1  + 


5  (!)  \ 


dv 


(33) 


When  the  impact  reaches  its  maximum  distance  of  approach  with  maximum  contact 
radius  a^,  the  velocity  of  the  body  vanishes,  i.e.,  d  =  0.  Under  this  condition 
Eq.  32  becomes 


=  Vv  (if) 


(34) 


where  the  associated  impact  velocity  is 


V 


H 


■4) 


(35) 


For  a  given  impact  velocity,  Eq.:  34  will  be  U9ed  later  to  determine  the  maximum 
contact  radius  a^.; 
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To  calculate  the  tlae  of  contact,  Eq.  32  ia  wr'tten  aa 


(36) 


From  Eqs.  36  and  26,  the  equation  relating  t  and  a 

.  f 

(¥)  ka'  (h)  da 

I  ~ 

V 

[  aM  (h)1 
5,2  f  A 

1/2 

alkv  V  h/. 

Let  x  =  a/a  ,  then  Eq.  37  gives 

..id  ?'•' 

xk  ^ 

a'  V  H 

-)dx 

kvQ)  * xS| 

2  /V\  1/2 

‘V  V  H  / 

Eq.  38  can  be  used  to  determine  the  dynamic  loading  curve  and  the  value  of  a(t) 
during  impact.  When  a  reaches  its  maximum  a^,  t  in  Eq.  38  equals  half  the  total 
contact  time  T.  Thus, 


T  *  THkT 


(39) 


where  the  associated  contact  time  is 
ka2 


th  -  rvJ-  k  "  2-94324 


and 
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(41) 


If  a  is  determined  from  Eq.  34,  Eq.  39  can  be  used  to  determine  the  contact  time 
T.  1 


All  the  above  complicated  nondimens ional  functions  are  calculated  by  using  an 
electronic  computer  as  a  function  of  the  nondimensional  parameter  a/H..  Only  the 
curves  for  ky(a/H)  and  k  (a/H),  which  are  of  practical  interest  here,  are  shown 
in  Figs.  1  and  2,  respectively.  The  calculation  oF  k^,  from  Eq.  41  involves  sin¬ 
gular  integrands  when  x  approaches  unity.  To  overcome  this  difficulty,  k  was 
calculated  by  using  a  common  four-point  integration  method  for  x  £  149/150,-  The 
remaining  part  of  k.^,  was  estimated  as 


149/150 
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xdx 
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(42) 
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vhtre  the  Beta  integral  ir 
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a  -  xV'2 


0.73581 


(43) 


Tie  calculated  value  of  (Fig.  2)  Indicates  that  the  contact  time  decreases 
with  increasing  a/H.  In  other  words,  for  the  same  impact  velocity  and  indenter, 
the  contact  time  decreases  with  decreasing  plate  thickness. 

The  above  results  can  be  applied  to  the  problem  that  a  sphere  of  radius  R  impinges 
on  the  surface  of  an  elastic  plate  of  thickness  H  overlying  a  rigid  foundation., 

A  trial-and-error  method  similar  to  that  used  by  Tsai  [3]  is  to  be  described  here 
for  determining  dynamic  quantities  associated  vith  the  problem.  For  a  given  V, 

R,  and  H,  the  maximum  contact  radius  a^  may  first  be  estimated  from  Eq.  35  by 
choosing  V  less  than  V.  For  this  a  ,  a^/H  is  calculated  to  determine  the  value 
of  k„  in  Fig.  1.  These  ky  and  values  are  then  substituted  in  Eq.  34  to  see  if 
their  product  equals  the  given  value  V.  Usually  two  or  three  such  trials  would 
give  a  sufficiently  accurate  result.  Once  a^  has  been  calculated,  T  and  P  can  be 
determined  from  Eqs.  39  and  29,  respectively.  Furthermore,  the  stresses  can  be 
calculated  as  suggested  by  Tsai  [3}.,  The  stress  which  is  of  importance  in  the 
present  work  is  the  following  maximum  tensile  stress  along  the  contact  circle 


orr(a)  -  - 


1  -  2v 
2 

2ha 


Vo  Q 


(44) 


The  curve  for  the  stress  correction  factor  k  (a/H)  was  determined  in  earlier  work 
[2,  3].  All  the  results  obtained  above  redu&e  to  the  Hertz  impact  solutions  when 
a/H  approaches  zero.  The  procedures  suggested  above  arc  used  to  calculate  the 
contact  times  and  critical  stresses  in  the  following  experiments.- 


EXPERIMENTAL 

The  present  experiment  falls  into  two  parts,  namely,  the  recording  of  contact 
times  and  the  measurement  of  fracture  velocities  for  impinging  large  steel  balls 
on  thin  glass  plates  overlying  a  large  steel  block. 

The  specimen  used  here  consists  of  a  glass  plate  with  6x6  in.  surface  and 
6x6x4  in.  stentor-steel  block.  The  plate  is  Pitttburgh  polished  plate  glass, 
and  its  thickness  ranges  from  1/8  to  1  in.  The  steel  block  was  hardened  by  heat 
treatment,  and  one  of  its  largest  surfaces  was  first  ground  by  a  machine  and  then 
finished  with  a  smooth  flat  lapping  plate.  The  glass  plate  was  placed  on  top  of 
the  smooth  surface  of  the  block  with  thin  oil  between  the  surfaces  to  insure  good 
contacts  [8], 

To  study  dynamic  behavior  of  the  specimen  in  terms  of  the  theoretical  results 
obtained  above,  the  contact  t.me  for  the  impact  of  steel  balls  on  the  free  surface 
of  the  glass  plate  was  measured  on  a  microsecond  counter  as  a  function  of  plate 
thickness  and  ball  diameter.  The  experimental  arrangement  used  is  similar  to  that 
used  by  Tsai  [9]  and  Lifshitz  and  Kolsky  [10].  In  order  to  make  the  free  surface 
of  the  glass  plate  electrically  conductive  with  minimum  effect  on  the  impact  pro¬ 
cess,  an  extremely  thin  silver  layer  is  mounted  on  the  plate  surface  by  a  shadow 
casting  process.  The  glass  plate  is  placed  in  a  vacuum  chamber  and  then  exposed 
to  silver  vapor  until  a  thin  silver  layer  is  formed  on  its  surface.-  The  hard 
steel  ball  is  suspended  by  a  long  fine  wire,  and  both  the  ball  and  specimen  serve 
as  part  of  an  electrical  circuit.  The  electrical  circuit  is  completed  when  the 
ball  and  the  specimens  are  in  contact.  The  circuit  is  open,  however,  when  they 
are  not  in  contact.  Therefore,  each  impacl  produces  a  voltage  signal  which  is 


rectangular  in  shape  for  a  good  electrical  contact.  The  signal  produced  is  moni¬ 
tored  by  a  cathode-ray  oscillos'- ape  and  fed  to  the  electronic  counter..  For  each 
measurement  of  the  contact  tire,  five  readings  very  close  to  each  other  are  re¬ 
corded  from  the  counter.  The  mean  value  of  these  readings  is  regarded  as  the 
measured  value  of  the  contact  time.  To  avoid  fracture  during  the  elastic  -'mpact, 
the  impact  velocity  is  kept  sufficiently  low,  ranging  from  7  to  16  in. /sec..  The 
ball  diameters  used  are  1-3/4,  2  and  3  in.-  The  contact  times  measured  are  plotted 
in  Fig.  3  for  various  values  of  plate  thickness,  impact  velocity,  and  ball  diam¬ 
eter.  For  a  1-3/4-in.  diameter  ball,  the  contact  time  does  not  vary  appreciably 
with  respect  to  plate  thickness.  However,  the  contact  time  decreases  with  de¬ 
creasing  plate  thickness  for  the  same  impact  velocity  of  a  3-in.  diameter  tall. 

If  a  plate  is  simply  supported  and  subjected  to  an  impact,  the  contact  time  would 
increase  with  decreasing  plate  thickness  instead  of  decrease  as  obrerved  above. 

The  variation  of  contact  time  with  respect  to  plate  thickness  can  be  predicted  by  ^ 
the  theory  developed  above.  To  calculate  contact  time.  Young’s  modulus  E  =  8  X  10 
psi  and  Poisson's  ratio  v  -  0.25  are  used  as  given  by  Fung  [ll]..  The  calculated 
contact  times  are  also  shown  in  Fig.  3  for  comparison  with  the  experimental  data.. 
The  predicted  contact  time  for  the  3-in.  diameter  ball  also  decreases  with  de¬ 
creasing  plate  thickness,  and  there  is  a  reasonable  agreement  between  theory  and 
experiment  as  can  be  seen  in  Fig.  3.  The  agreement  suggests  that  in  analysis  the 
steel  block  may  be  regarded  as  a  rigid  body  in  comparison  to  the  glass  plate.  The 
situation  is  similar  to  that  shown  by  Conway  et.-  al, ,  [7]. 

The  strength  of  glass  plates  was  measure  statically  as  a  function  of  indenter  di¬ 
ameter  [l]..  The  contact  diameters  involved  there  were  small  compa.ed  to  the  plate 
thickness.  The  smallness  of  contact  diameter  enabled  the  calculations  of  contact 
stresses  by  using  the  Hertz  half-space  solutions.:  For  large  indenters  which  pro¬ 
duce  contact  diameters  compatible  with  the  plate  thickness,  a  theory  was  recently 
developed  to  account  for  the  effect  of  plate  thickness  on  the  magnitudes  of  con¬ 
tact  stresses  [2].;  The  magnification  of  the  critical  stresses  due  to  the  thinness 
of  plates  [2]  was  confirmed  experimentally  in  the  static  measurements  of  the 
strength  of  tlun  glass  plates  [3],  The  dynamic  strength  of  glass  plates  was  mea¬ 
sured  only  for  small  indenters  where  the  Hertz  impact  theory  applies  [1].;  For 
large  indenters,  however,  the  dynamic  measurement  was  not  performed  because  the 
local  stress  distribution  could  not  be  determined  around  the  impact  area  in  the 
glass  plates  "lj.,  0t  the  basis  of  the  theory  developed  above,  the  dynamic  local 
stress  distribution  can  now  be  determined,  and  the  theory  is  used  to  determine  the 
critical  stresses  in  glass  plates  for  the  following  experiments. 

The  specimens  used  in  the  tests  are  similar  to  those  for  contact  time  measurements 
escribed  above.  However,  the  present  procedures  for  determining  the  impact 
velocities  required  to  produce  fractures  m  glass  plates  are  similar  to  those  used 
in  an  earlier  work  [l].  The  hard  steel  ball  is  suspended  by  a  long  fine  wire  and 
released  from  an  electromagnet  to  impinge  normally  onto  the  surface  of  the  glass 
plate.  From  the  arrangements  the  heights  of  free  fall  of  the  steel  balls  are 
measured,  and  this  in  turn  gives  the  impact  velocities.-  At  sufficiently  high  im¬ 
pact  velocity,  conical  fractures  are  produced  in  glass  plates.  The  shape  of  the 
fractures  is  similar  to  those  observed  in  Refs.  I,  J  and  8.  For  each  impact 
velocity,  the  ball  impinges  50  times  onto  the  glass  surfaces..  The  impact  veloci¬ 
ties  are  chosen  to  cover  the  region  from  where  fractures  almost  never  occur  to 
velocities  where  fractures  almost  always  occur.-  Therefore,  a  distribution  curve 
of  tli o  percentage  o  fractures  as  a  function  of  impact  height  is  obtained  from 
the  measurements  fer  each  ball  diameter.  For  each  experimental  distribution 
curve  obtained,  a  Gaussian  distribution  curve  which  closely  fits  the  experimental 
cuive  is  determined.-  The  mean  value  of  the  Gaussian  curve  is  regarded  as  the 
mean  impact  height  corresponding  to  the  fracture  velocity..  The  results  obtained 
are  shown  in  Fig..  4  for  various  values  of  indenter  diameter,  impact  heights  and 
plate  thickness.:  It  can  be  seen  from  Fig.  4  that  for  the  same  size  of  ball  the 
heights  of  fall  required  to  produce  fractures  are  smal'er  for  the  1/8-in.,  thick 
glass  plates  than  the  other  thick  glass  plates.  This  is' consistent  with  the  fact 
that  for  the  same  indentation  pressure  the  maximum  tensile  stress  is  larger  in  a 
thin  plate  than  in  a  thick  plate  [2,  3j.-  For  each  impact  velocity  corresponding 
to  each  measured  mean  fracture-height,-  the  contact  radius  is  calculated  from 
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Eq.  34  by  the  method  described  above.  For  each  contact  radius  obtained,  the  criti¬ 
cal  stress  is  calculated  from  Eqs.,  44  and  30.  These  critical  stresses  arc  shown  in 
Fig.  5.  It  can  be  seen  that  the  critical  stresses  are  decreasing  with  increasing 
indenter  diameter.  This  is  consistent  with  these  obtained  ir  static  measurements 

[1,  3J. 
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